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Generation of an isolated few-attosecond pulse in optimized inhomogeneous two-color fields
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We present a numerical study for optimization of ultrabroad supercontinuum spectrum by controlling the
waveforms of laser fields, with the ultimate goal to generate isolated ultrashort attosecond pulses. Specifically,
we extend a derivative-free nonconvex optimization algorithm for maximization of the supercontinnum power
spectrum near the high-order harmonic generation (HHG) cutoff. It is found that optimally shaped inhomogeneous
two-color mid-infrared laser fields can greatly enhance and extend the high-order harmonic generation plateau.
Wavelet time-frequency analysis and classical simulations show that the superposition of resulting hydrogen
HHG supercontinuum effectively gives rise to a robust isolated 5-as pulse.
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I. INTRODUCTION

The advance of attosecond (as) pulse technology has
attracted immense interest over the past decades, since it
enables observation and control of the dynamic process of
electrons in atoms, molecules, and solids in the natural
time scale [1–3]. The coherent superposition of a broadband
supercontinuum in high-order harmonic generation (HHG)
is the most reliable way to generate ultrashort pulses [3–5].
The HHG spectrum is characterized by a dramatic drop at
low orders, followed by a typically broad plateau where all
the harmonics have a similar strength, and terminated with a
sharp cutoff at the end of plateau, beyond which no further
harmonic emission occurs. Typically, for atomic gases the
maximum cutoff of the HHG energy is given approximated
by the formula Ip + 3.17Up, where Ip is the atomic ionization
potential and Up is the ponderomotive potential. The physical
features of the HHG can be qualitatively understood by a semi-
classical three-step model [6,7]. According to the three-step
model, the electron is first ionized toward continuum by
tunneling through the field-modified potential barrier, then
accelerated in the laser field, and finally driven back to recollide
with the parent ion and emit high-energy photons.

In a recent experiment, Chang et al. [8] have successfully
produced a 67-as pulse, which is the shortest attosecond
pulse known at present. In theoretical studies, many op-
timization schemes of controlling laser pulses to generate
attosecond pulses have been proposed using, for examples,
chirp lasers [9], two-color fields [9–12], and three-color
fields [13,14]. Numerical simulations showed that the opti-
mized laser pulses could significantly extend the HHG cutoff
and the supercontinuum near the cutoff. However, in general,
superposing the harmonics in extended supercontinuum cutoff
regime may fail to generate a shorter attosecond pulse [10,15]
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due to possibility of concurrent happening of both the long
and short quantum paths in that regime. It is well known that
generation of isolated attosecond pulses is a manifestation
of phase matching of just one type (i.e., either long or
short, but not both) of quantum paths in the supercontinuum
regime [16,17]. Simultaneous superposition of both long and
short quantum paths can destructively interfere with each other.

In a different experiment, Kim et al. [18] have shown
that spatially inhomogeneous laser fields could enhance the
surface plasmon resonance HHG. In their study, the output
laser was amplified by a factor of 20–40 dB compared to
the incident laser field. Moreover, the effect of the resonant
plasmons within a metallic nanostructure in the presence of
a spatially linearly varying inhomogeneous field has been
theoretical studied using the first-order approximation with
respect to position [19,20]. In particular, several theoretical
studies have demonstrated that using spatially inhomogeneous
fields could not only considerably broaden the HHG of the
plateau region but also effectively select an single quantum
path in the supercontinuum regime [21–24].

The optimal control theory (OCT) [25,26] is a powerful
tool to find optimized external fields that steers the system
to a certain objective with the maximum yield. It has been
widely applied to controlling various atomic and molecular
processes [27], including enhancing and suppressing the
ionization [28,29].

In this paper, we present numerical simulations to study
the HHG processes of a hydrogen atom using optimized inho-
mogeneous two-color mid-infrared (IR) laser pulses, aiming
to enhance the HHG plateau and extend the HHG cutoff,
and ultimately to generate an isolated ultrashort attosecond
laser pulse via superposing ultrabroad HHG supercontinuum.
For exploring the HHG power spectra, the time-dependent
Schrödinger equation (TDSE) is solved numerically, accu-
rately and efficiently, with the time-dependent generalized
pseudospectral method (TDGPS) [30]. To understand the
contributions of quantum trajectories, we also perform the
wavelet time-frequency analysis of HHG as well as classical
simulation; see Sec. III. Our simulations show in Sec. IV that an
ultrabroadband supercontinuum can produce a 5-as pulse with
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an optimized inhomogeneous two-color mid-IR laser pulse.
Finally, we draw a short summary of this work in Sec. V.

II. THEORETICAL FORMULATION

To investigate the quantum dynamics in strong laser fields,
we numerically solve the TDSE (in atomic units),

i
∂ψ(r,t)

∂t
= Ĥ (r,t)ψ(r,t) = [Ĥ0(r) + V̂ (r,t)]ψ(r,t), (1)

where Ĥ0(r) and V̂ (r,t), respectively, represents the unper-
turbed Hamiltonian and the coupling between the atom and
the laser field. In this study, Ĥ0(r) is written as

Ĥ0(r) = −1

2
∇2 − 1

r
, (2)

and V̂ (r,t) as

V̂ (r,t) = −E(r,t) · r = −E(t)(1 + βz)z, (3)

for a hydrogen atom and a spatially inhomogeneous and
linearly polarized laser field E(r,t) along the z axis, where
E(t) is the temporal component laser field and β (in the
reciprocal length) denotes the inhomogeneity of the laser field.
The linear spatial approximation (1 + βz)z of inhomogeneous
laser field has been extensively used in previous investigations
on plasmon-driven HHG [21–24].

We solve the TDSE, Eq. (1), using the TDGPS method [30]
in the spherical coordinates. Specifically, the TDGPS is imple-
mented as follows: First, we use a nonuniformly discretized
spatial grid generated by the generalized pseudospectral
method for optimum representation of the wave function.
Then, we invoke the second-order split-operator (SO) tech-
nique in the energy representation for efficient and accurate
time propagation of the underlying time-dependent wave
function. The second-order SO method can be written as

ψ(r,t + �t) � exp

(
− iĤ0

�t

2

)

×exp

[
− iV̂

(
r,θ,t + �t

2

)
�t

]

×exp

(
− iĤ0

�t

2

)
ψ(r,t) + O(�t3), (4)

where �t is a sufficiently small time step for the propagation.
Once the corresponding time-dependent wave function is

obtained via Eq. (4), the expectation value of the induced
dipole acceleration can be evaluated using the expression

dA(t) = ∂2

∂t2
〈ψ(r,t)| z |ψ(r,t)〉 , (5)

where the two-color mid-IR laser is composed of two pulses
as follows:

E(t) = A1f1(t) cos(ω1t + φ1) + A2f2(t) cos(ω2t + φ2), (6)

with Ai=1,2, fi(t), ωi , and φi denoting, respectively, the
electric-field amplitude, the Gaussian envelope, and the fre-
quencies and the carrier-envelope phases (CEP) of the two
pulses. From Eq. (5) we can compute the HHG power
spectra by Fourier transforming the time-dependent dipole

acceleration dA, i.e.,

PA(ω) =
∣∣∣∣ 1

tf − ti

1

ω2

∫ tf

ti

dA(t)e−iωtdt

∣∣∣∣
2

. (7)

Moreover, a detailed time-frequency analysis of HHG spec-
trum can be made via the wavelet transform of the induced
dipole acceleration dA(t) using the relation [31]

A(t,ω) =
∫

dA(t ′)
√

ωW (ω(t ′ − t))dt ′, (8)

where the Morlet mother wavelet W (t ′ − t) is given as

W (x) = 1√
τ0

eixe
−x2

2τ2
0 . (9)

Finally, an attosecond pulse can be realized by superposing
the supercontinuum harmonics over a finite frequency window
[ωi,ωf ], and its temporal intensity can be computed via the
relation

I (t) =
∣∣∣∣
∫ ωf

ωi

DA(ω)eiωtdω

∣∣∣∣
2

, (10)

where DA(ω) = ∫
dAe−iωtdt and ωi and ωf are determined

judiciously for generating the shortest attosecond pulse.

III. OPTIMIZATION OF CONTROL LASER FIELDS

In the numerical OCT simulations below, only a subset
of parameters of the two-color laser control field, Eq. (6),
were optimized iteratively. These parameters include the
CEPs φ1, φ2 and the amplitude sum A = A1 + A2 (the ratio
A1/A2, the frequencies ω1 and ω2, and the Gaussian functions
f1,2(t) are kept fixed throughout). The inclusion of A as an
optimal control parameter permits the extension of the cutoff
without compromising on the efficiency in the generation of
HHG plateau. Specifically, the optimization is performed by
maximizing the merit function

J [φ1,φ2,A] =
∫ ωH

ωL

log10 PA(ω)dω, (11)

where ωL and ωH are, respectively, the lowest and highest
frequencies of the frequency window to be integrated over the
HHG power spectra (in log scale) for generating the coveted
ultrashort attosecond pulse. In the following calculations, to
enhance and extend the HHG near the cutoff, we have chosen
a proper frequency window [ωL,ωH ] between the 500th and
1600th harmonic orders. We achieve the maximization of the
merit function, i.e.,

max
x

J [x],x = {φ1,φ2,A}, (12)

via NEWUOA software [32], which is a recently developed
derivative-free nonconvex optimization algorithm.

IV. RESULT AND DISCUSSION

All of results presented in this section correspond to
Gaussian envelope functions f1(t),f2(t) with a FWHM
equal to 8 fs and an inhomogeneous parameter β = 0.003
for the inhomogeneous two-color laser fields. Figure 1(a)
depicts the initial right-shifted laser pulse (blue [dark
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FIG. 1. (Color online) (a) The initial laser field (blue [dark gray]
line): ω1 = 0.0228 a.u. (2000 nm), A1 = 0.0577 a.u. and φ1 = 0,
ω2 = 0.043 a.u. (1064 nm), A2 = 0.0258 a.u. and φ2 = −0.75π ,
and the optimized laser field (red [light gray] line): φ1 = 0.334π ,
φ2 = −0.73π , A1 = 0.0635 a.u. (1.4 × 1014 W/cm2) and A2 =
0.0284 a.u. (2.8 × 1013 W/cm2). (b) The HHG spectra for each case.

gray] line) [with ω1 = 0.0228 a.u. (2000 nm), A1 =
0.0577 a.u., and φ1 = 0, ω2 = 0.043 a.u. (1064 nm), A2 =
0.0258 a.u., and φ2 = −0.75π ] and the optimized pulse
(red [light gray] line) [with φ1 = 0.334π , φ2 = −0.73π ,
A1 = 0.0635 a.u. (1.4 × 1014 W/cm2), and A2 = 0.0284 a.u.

(2.8 × 1013 W/cm2)], which resembles a left-shifted pulse as a
consequence of spatial inhomogeneity inherent in the control
pulse. In this regard, it has been shown that a right-shifted
laser pulse, whose peak amplitude arrives after one half of
laser-operation time, is more likely to bring about a broad
HHG plateau of HHG [12].

Figure 1(b) shows the HHG spectra for the inhomogeneous
initial field (blue [middle gray] curve) and optimized field
(red [top gray] curve). For comparison, we also plot the HHG
spectrum for a homogeneous initial pulse field (β = 0) (green
[bottom gray] line). It was found that the inhomogeneous fields
cannot only substantially extend the HHG cutoff but also gen-
erate an ultrabroad supercontinuum, while the homogeneous
field can only produce a narrow band of continuous harmonics
near the cutoff. In particular, the optimized HHG plateau is

greatly heightened and extended over its nonoptimized coun-
terpart. The optimized supercontinuum is also significantly
broadened and the location of cutoff is shifted from the 950th
order to the 1400th order as a result of optimization. Here
we noted that the HHG energy cutoff for the homogeneous
pulse (green [bottom] curve in Fig. 1(b)) is around 300th
order, which is substantially less than those for both initial
and optimized inhomogeneous pulses (blue [middle] and red
[top] curves).

The results in Figs. 1(a) and 1(b) show that the optimization
of the laser CEPs are mainly responsible for the drastic
enhancement and extension of the HHG plateau and cut-off
energy, to be understood as follows. Since it is well known that
the ponderomotive potential Up ∝ Iλ2 as a function of laser
intensity I and wavelength λ, an increase of the laser amplitude
generally extends the HHG cutoff energy [33]. However, it is
unlikely to increase the laser intensity indefinitely due to the
limitation in ionization potential as well as the saturation effect
of the ionization. Fig. 1(a) clearly shows that the amplitude
of the optimized pulse is merely 1.18 times larger than the
initial one, indicating that the observed large improvement of
the HHG generation is mainly a result of the optimized CEP.
Clearly, the optimization of the intensities and CEP phases,
resulting in reacceleration of the electron before returning to
the ion, gives rise to high HHG yields between orders 500 and
1400. Moreover, away from the origin of the hydrogen atom,
the ionized electron undergoes a faster acceleration due to a
gradually increased intensity of inhomogeneous laser fields.
As a result of the increasing acceleration away from the center
of hydrogen atom and the saturation effect of the electron
ionization, a right-shifted spatially inhomogeneous pulse is no
longer suitable for broadening the underlying HHG plateau, as
shown in Figs. 1(a) and 1(b), contrary to the case of spatially
homogeneous pulse.

To further understand the extension of HHG plateau cutoff,
we also perform additional classical simulations and quantum
wavelet time-frequency analysis. The former were carried out
by solving the classical Newton equation for electron motion
in the laser fields, here z̈(t) = −∇zV̂ (z,t) = [1 + 2βz(t)]E(t),
while the latter was performed using Eq. (8). The classical
returning energy maps (yellow [light gray] lines) in Fig. 2
clearly show that the maximum kinetic energy of the returning
electron is in good agreement with the cutoffs of the HHG
spectra in Fig. 1(b).

Figure 2 also shows the results of the wavelet time-
frequency analysis. It was found that with the homogeneous
field, due to the wide extent of their emission times, Fig. 2(a), it
is ineffective and unlikely to superpose the plateau harmonics
from 260th to 310th order for producing an ultrashort attosec-
ond pulse. In contrast, with both the initial and optimized
inhomogeneous pulses, due to their much shorter emission
time span, Figs. 2(b) and 2(c), it is straightforward to superpose
the corresponding supercontinuum harmonics near the cutoff.
Moreover, as seen in Figs. 2(b) and 2(c), the subpeaks of
HHG emission in the inhomogeneous fields are drastically
suppressed, because parts of ionized electrons fail to return
to the parent ion [34]. In the optimized inhomogeneous
pulse, the returning electrons favor long trajectories, all come
back to the atom simultaneously, and are responsible for
the HHG generation from about between 500th and 1600th
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FIG. 2. (Color online) Wavelet time-frequency profiles of the
HHG spectra and classical returning energy maps (yellow [gray] solid
lines) of hydrogen atoms driven by the initial homogeneous field (a),
the initial inhomogeneous field (b), and optimized inhomogeneous
field (c).

order. Similarly, in the initial inhomogeneous pulse, the
long-trajectory electrons also dominate the harmonics, here
from 600th to 900th order. Importantly, the optimization of
the inhomogeneous pulse also greatly reduces the contribution
of the short-trajectory electron emission. These observations
provide the physical underpinning for further cutting down
the length of isolated ultrashort attosecond pulses with either
long or short returning quantum trajectory path, but not both.
We further remark that the total intensity of each harmonic
order (as shown in Fig. 1) is related to the time integral in the
time-frequency profile (Fig. 2). For the homogeneous case,
the distribution of harmonics between 200 and 300 is broad
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FIG. 3. (Color online) Attosecond pulses by synthesizing the
harmonic order of (a) 600–900 for inhomogeneous initial laser field
and (b) 486–1596 for inhomogeneous optimized laser field.

in time, but the corresponding magnitude is smaller, as shown
on the right panel in Fig. 2(a). Therefore, the intensities of the
harmonic orders between 200 and 300 are similar for all three
cases, as shown in Fig. 1.

Figure 3 depicts intensities of attosecond pulses generated
in the inhomogeneous initial and optimized fields: (a) an
isolated 19-as pulse from superposing the harmonics from the
600th to the 900th order generated by the initial laser pulse and
(b) a much shorter single 5-as pulse from superposing all har-
monics between the 486th and the 1596th order generated by
the optimized laser pulse. Remarkably, the optimized attosec-
ond pulse is enhanced a hundredfold over the unoptimized
one. It is especially important to note that all of the ultrabroad
supercontinuum harmonics of the optimized two-color inho-
mogeneous fields were nearly coherently superposed, making
possible very efficient generation of a greatly enhanced and
ultrashort attosecond pulse as seen in Fig. 3(b). Figure 4 shows
the time profile of a series of harmonics constituting the 5-as
pulse, in which each harmonic is synchronized with each other,
for generating a robust attosecond pulse. We note that the HHG
generation has a close relation to the single-atom response as
well as macroscopic phase matching. For the macroscopic
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FIG. 4. (Color online) The corresponding time profile of the
consecutive harmonics in generation of the 5-as pulse.

propagation of supercontinuum harmonics, it has been found
that while the HHG emission with short quantum path is
increased, the HHG emission with long quantum path would
not change after the macroscopic propagation [11]. As a result,
the single attosecond pulse generating by inhomogeneous
fields can be produced by spatial filtering.

V. CONCLUSION

In conclusion, we have demonstrated that it is possible
to optimize spatially inhomogeneous two-color mid-IR laser
fields for generating single ultrashort attosecond pulse in

atomic hydrogen. Even though there have been several
studies using inhomogeneous one- or two-color fields for
generating isolated attosecond pulses [21–24], optimal control
of inhomogeneous fields has never been performed in those
studies. The current study demonstrates the possibility of
generating an isolated ultrashort few-attosecond pulse via
careful optimization of the spatially inhomogeneous two-color
fields. By optimizing both the field intensity and CEPs, the
resultant inhomogeneous laser pulse not only enhances the
HHG plateau but also extends its cutoff greatly. As a result,
a robust isolated 5-as pulse can be produced by superposing
the corresponding ultrabroad supercontinuum. The magnitude
of the optimized attosecond pulse is two orders of magnitude
over its unoptimized counterpart as a result of using the entire
supercontinuum region effectively. The inhomogeneous laser
fields considered in the present study should be achievable in
laboratories, thus making possible the realization of ultrashort
few-attosecond pulses experimentally.
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