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High-order-harmonic generation in molecular sequential double ionization
by intense circularly polarized laser pulses
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We present effects of electron energy transfer by electron collisions on high-order-harmonic generation (HHG)
in molecular sequential double ionization by intense circularly polarized laser pulses. Results from numerical
solutions of time-dependent Schrodinger equations for extended (large internuclear distance) H, where electrons
are entangled and hence delocalized by exchange show that HHG with cutoff energy up to I, 4+ 24U, can be
obtained, where I, is the molecule ionization potential and U, = Iy/4w} (in atomic units) is the ponderomotive
energy for pulse intensity I, and frequency wy. A time-frequency analysis is employed to identify electron
collisions for the generation of harmonics. Extended HHG arises from electron energy exchange, which agrees
well with the prediction of a classical two electron collision model. Results for nonsymmetric HHe™ where
initially electrons are localized on He are also compared and confirm the role of initial electron delocalization

via entanglement for obtaining extended HHG plateaus.
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I. INTRODUCTION

High-order-harmonic generation (HHG) in atoms and
molecules as a source for producing attosecond (1 as =
107'8 5) pulses is of growing interest due to its possible use
for monitoring electron dynamics [1-3]. To date the shortest
linearly polarized single pulse with a duration of 67 as has
been produced from HHG obtained with a linearly polarized
few cycle intense infrared laser field in atoms [4]. One of the
fundamental concepts of HHG has been the rescattering model
in the presence of intense laser pulses [5]. Thus, following
tunneling ionization, the electron remains “controlled” by the
laser field, returning to the parent ion after a phase (sign)
change of the electric field. This simple classical model of
laser induced recollision with the parent ion has led to the
development of a consistent theory of HHG in atoms [6]
and molecules [7]. Two-color linearly polarized excitation
schemes which have furthermore shown control of the rec-
olliding electron, including preionization with nonzero initial
velocity [8] instead of the zero initial velocity of the tunneling
model [5], can be used to explore new possibilities for control
of the HHG process. For nonlinear polarization, a zero-velocity
electron can never return to the parent ion and only for the
case of a nonzero initial velocity recollision is possible [9].
Recently many schemes, such as two coplanar counter-
rotating circularly polarized fields [10,11] or combinations of
circular polarization light and static or terahertz fields [12],
have been proposed to efficiently produce circularly
polarized HHG.

Collision with neighboring ions in stretched, large in-
ternuclear distance molecules leads to extended harmonic
orders or energies in HHG [13-20], beyond the linearly
polarized light recollision maximum energy law N,,hwy =
I, +3.17U,, where I, is the ionization energy and U, =
Iy/ 4a)(2) (atomic units, a.u., are used unless otherwise noted) is
the ponderomotive energy for a pulse maximum amplitude E,

“kaijun.yuan@usherbrooke.ca
fandre.bandrauk @usherbrooke.ca

1050-2947/2015/92(2)/023415(5)

023415-1

PACS number(s): 33.80.Rv, 42.65.Ky

corresponding to intensity Iy = %ceo E 3 and angular frequency

wp [2,5-8]. In linearly polarized laser induced collisions with
neighboring ions, maximum harmonic energies are given
from the initial zero velocity ionization model by I, + 8U,
[13-20]. Collision with the parent or a neighboring ion leads
to refocusing of the continuum electron wave packet [15],
thus enhancing the efficiency [21]. It has been shown that
in a one-color ultrashort intense laser pulse the maximum
harmonic energy up to I, + 32U, can be generated due to
a second collision of the continuum electron with neighboring
ions in both linear [16] and circular [20] polarizations. Of
note is that for these extended harmonics the intensity drops
dramatically as the energy increases, approximately ten orders,
thus leading to very low efficiency for attosecond pulse
generation.

Previous models have dealt with single electron collision
for interpreting HHG processes [5,16]. Double ionization by
circularly and elliptically polarized laser pulses in atomic and
molecular systems has been attracting considerable attention
in the past years, e.g., [22-25]. Recently it has been reported
that recollision with circularly polarized light can be possible
under certain conditions, resulting in HHG spectra by breaking
normal selection rules [23]. In this paper we focus on
sequential double ionization of two electron molecules in the
presence of circularly polarized laser pulses. We theoretically
investigate HHG spectra from numerical solutions of time-
dependent Schrodinger equations (TDSEs). We report for H;
the induced harmonics with cutoff up to 7, + 24U, obtained,
beyond the predictions of the classical model for single
electron neighbor collision with maximum energy I, + 8U,,.
We consider a classical two electron collision model and
attribute the extended harmonics to electron energy exchange
by collision in sequential double ionization. The mechanism of
HHG is further characterized with a time frequency analysis.

II. NUMERICAL METHODS

Considering a static nuclear molecular system, the corre-
sponding TDSE is written with respect to the center of mass
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of two nuclei as

i%'(//(l,Z) = H(r,t)y(1,2)

1
_ <_§v12,2 Vit Vi + w)wl,z), (1)

where /7 , is the Laplacian, V,, is the electron-electron repul-
sion, and the electron-proton attraction Coulomb potential is
Ven, The reduced four-dimensional TDSE is described in polar
coordinates r = (p,6) and numerically solved by a second-
order split-operator method combined with a five-order finite-
difference method and Fourier transform (FT) technique [26].
More details can be found in [27]. The laser-electron radiative
coupling is described by the time-dependent potential V;, in
the length gauge:

2
VL = —Eof(t) Z[pj cos 0 cos(wot) + p; sinB; sin(wpt)].

j=1
2)
f(¢) is the pulse envelope and Ej is the field maximum am-
plitude for intensity Iy = cegEZ/2. The HHG power spectrum
P, /y(w) is obtained from the absolute square of the FT of the
time-dependent dipole accelerations [28] (x(¢)) and (y(¢)):

2

Pe(w) = ‘/GXP(—iwt)@(t»dt ; 3)

with the laser induced electron acceleration obtained from the
time-dependent wave function i (r,?):

() = W] —dH /sy (1)), “4)

where ¢ = x,y.

Extended molecules H, and HHe™ are used at large inter-
nuclear distance R = 22 a.u. Such molecules have recently
been produced by pump-probe techniques [29]. At large R
the initial electronic state of H, involves a delocalized valence
bond (Heitler-London) atomic configuration H - - - H:

¥(1,2) = [154(D1s5(2) + Lsa(2)Lsy(D]/V2, ®)

where 1s, and 1s;, denote the 1s-like atomic orbitals on protons
a and b, respectively, and 1 and 2 are the coordinates of the two
electrons. For HHe™ the initial electronic state reads as [30,31]

v (1,2) = Lsp(2)Lsp(1), (6)

where electrons are mainly localized on He. The exact initial
wave function is calculated by propagating in imaginary
time the zero-field molecular Hamiltonian in TDSEs in
Eq. (1). The corresponding molecular ionization potentials are,
respectively, I, = 0.5 and 0.89 a.u. for H, and HHe™ [31].
A ten cycle trapezoid circularly polarized laser pulse is
used with intensity Ip = 2 x 10" W/cm2 (Eg = 0.0755 a.u.),
wavelength A = 400 nm (wy = 0.114 a.u., T = 1.33 fs), and
duration 7 = 10t = 13.3 fs, where one cycle T = 27 /wq. The
ellipticity dependence of 400-nm-driven HHG has shown that
high-harmonic yields decrease less as compared to 800-nm
HHG, thus concluding that HHG signals are less susceptible
to ellipticity at 400 nm [32]. We therefore focus on circularly
polarized pulses at A =400 nm. The large time duration
ensures the pulse area f E(t)dt = 0 to eliminate static field
effects in accordance with Maxwell’s equations [2].
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FIG. 1. (Color online) The x and y components of HHG spectra
in x aligned two electron molecules (a) H, and (b) HHe" at
internuclear distance R = x(¢.) = 22 a.u. with A =400 nm (w =
0.114 au.,, v =133 fs), Iy =2.0 x 10" W/cm? (E, = 0.0755
a.u.) circularly polarized light. The maximum harmonic energy
predicted from the single electron collision model in Eq. (9) is
1, +8U,.

III. RESULTS AND DISCUSSIONS

Figure 1 shows results of HHG spectra of x aligned two
electron systems, symmetric H,, and nonsymmetric HHe™
by solving corresponding TDSEs in Eq. (1). We see that
for both H, and HHe™ molecules at large internuclear
distance R = 22 a.u. HHG spectra are efficiently produced in
circularly polarized laser pulses due to electron collision with
neighboring ions. A plateau is obtained with a cutoff in both
x and y directions, as illustrated in Fig. 1. We emphasize that
for equilibrium H, and HHe™ molecules no harmonics can
be appreciably produced due to the ionized electron’s large
radius inhibiting recollision with the parent ion [12,33]. We
note, however, that the harmonic cutoff energies are different
for symmetric H, and nonsymmetric HHe™. In Fig. 1(a) for
H,, HHG spectra exhibit an intense large cutoff order, up
to N. = 28 corresponding to the energy I, 4+ 24U ,, whereas
for HHe' in Fig. 1(b) a low order N, = 15 around the
harmonic energy I, + 8U,, is obtained and a second cutoff
at 24U, is very weak. Since the same ionizing pulses are
used, the difference of the harmonic cutoff frequency indicates
the influence of the electron structure of the molecular
medium.

We turn to a classical model of electron collision with
neighboring ions [12] for interpreting the results in Fig. 1.
For a single frequency circularly polarized laser pulse E,(t) =
Eqcoswot, E(t) = Egsinwpt, the laser induced velocities
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. Eo, . .
x(t) = ——(sinwgt — sin wyty),
o

(7

) Ey
y(t) = ——(cos wyty — cos wpt),
wo

for initial zero velocities x(fo) = y(f)) = O at initial time #,.
The average velocities (x(¢)) = Eo/wp sin wptp and (y(¢)) =
—Ey/wg cos wpty are nonzero and are called drift velocities.
Setting fp = 0 shows that a nonzero initial drift velocity always
occurs perpendicular to the tunneling x direction [5]. The
corresponding laser induced displacements are

Ey .
x(1) = ——[cos wpty — cos wot — (wot — wolp) sin wolo],
3
0
E ®)
0, . .
y(t) = ——[sinwoty — sinwyt + (wot — woly) oS wolp].
@

The time-dependent kinetic energies obtained from Eq. (7) are

_ 1, 2
K.(t) = 2[36 0+ y“®)]

2
Ey
= (—) [1 — cos(wot — wolo)], ©)
o
with maximum value 8U, at wot. — woto = 2n' + D, n’ =
0,1,2, ..., where ¢, is the collision time of ionized electrons
with neighboring ions. It should be noted that the maximum
kinetic 8U, energy cannot occur for linearly polarized laser
pulses as the electron is ionized via tunneling since the electric
field at the initial phase is zero since wypfy = w/2 and the
tunneling probability is zero as well. The total displacements
are a function of 7..:

Ry(te) = [x2(t.) + Y2(t))?

2E 12 .12
=—20|:1+<n’+—> n2:| :
wj 2

For collisions of electrons with neighboring ions at time #,
to produce efficient maximum energy 8U, in Eq. (9), the
internuclear configuration and distance Eq. (10) is R = R, =
Ro(t;) = 22 a.u., forn’ = 0, the internuclear distance in Fig. 1.

One sees that the results in Fig. 1(b) of nonsymmetric
HHe" where the two electrons are localized on He agree
well with the theoretical predictions in Egs. (7)—(10) with
maximum harmonic energies [, 4+ 8U,, similar as single
electron H;r systems [12]. However, for the symmetric H;
molecular system where the electrons are entangled by
Fermion antisymmetry requirements on the two different
protons, the cutoff energy of the HHG spectra exceeds the
predictions from Eq. (9), up to I, + 24U, in Fig. 1(a). We
show next that the extension of HHG for H, mainly results
from the energy exchange of entangled electrons by collisions.
In Figs. 2(a) and 2(b) we, respectively, illustrate evolutions
of single electron wave-packet densities |1/f(t)|2 of H, and
HHe™" at different times. The motions of electrons follow
the laser fields with a counterclockwise direction. For HHe™
the initial electron density is asymmetric with distribution of
electrons mainly localized on He. As shown in Fig. 2(b),
only one electron trajectory appears at each cycle. Driven

(10)
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FIG. 2. (Color online) Evolutions of electron wave-packet densi-
ties | (x,y,t)|*> with time for (a) H, and (b) HHe" at R = 22 a.u.
with intensity o =2 x 10" W/cm? and wavelength A = 400 nm
(r = 1.33 fs) circularly polarized laser pulses, corresponding to
Figs. 1(a) and 1(b).

by the circularly polarized light the electron wave packets
move from the right atom He to the left H where there are no
electrons initially, which leads to HHG spectra with maximum
energy I, + 8U,, according to the classical collision model in
Egs. (7)-(10). However, for the delocalized entangled valence
atomic configuration H - - - H, the same ionization amplitudes
from the two centers lead to two electron collision trajectories
at each cycle in Fig. 2(a), which offer the possibility to
exchange kinetic energies by a collision with each other. We
show in Fig. 3 the time frequency analysis of harmonics for
both H, and HHe™, which provides the collision time of the
ionized electron with parent or neighboring ions and thus
defines the population of the state to which electron collisions
occur in the presence of the laser field E(¢). The time profiles
of harmonics are obtained via a Gabor transform [34,35] of
the time-dependent dipole acceleration which includes phase
effects:

_ (t/_,)Z

o0
Jda),t):/ e e 2 (E())dE.

o0

(11

oo = 0.075 fs is the width of the Gaussian time window in the
Gabor transform, covering N ~ 10 harmonics in the analysis
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FIG. 3. (Color online) x and y components of time profiles of
corresponding harmonics obtained from the Gabor transform for (a)
H; at orders (1, + 8U,)/wy = 12 and (b) (I, + 24U,)/wo = 28 and
(c) HHe* (I, +8Up)/wy = 15 (cf. Fig. 1). Dashed (red) and dash-
dotted (purple) lines indicate the collision time of the first (el) and
the second (e2) electrons.

for wy = 0.114 a.u. (A = 400 nm). From Eqgs. (7)—-(10) we note
that to obtain maximum kinetic energies 8U , the phases should
satisfy the relation woty = —0.327 and wyt, — woty = 7 for
n’ = 0, i.e., the ionization time fo = —0.167 or 0.347 and the
corresponding collision time ¢, = 0.34t and 0.84t, where the
electron displacements x(t,) = R = 22 a.u. and y(z,) = 0 in
Eq. (10). The predictions are in good agreement with results of
time profile analysis of harmonics at orders (1, + 8U,)/wy in
Figs. 3(a) and 3(c), and evolutions of electron wave packets in
Fig. 2. For HHe™ initial localized electron density distributions
on He give rise to single collision trajectory at H in each
cycle.

In the symmetric H, with two delocalized (entangled by
symmetry) electrons on the proton centers their ionization and
collision times are different. From Eqgs. (7)—(10) we obtain
that the collision times ¢ of the ionized electron (e1) can
also be the ionization time t(()z) of the second electron (e2). Fox
example, to collide with their neighboring ions, the ionization
times for el and e2 are, respectively, t(()l) = —0.167 and téz) =
0.347, and the corresponding collision times are 1/ = 0.347
and t® = 0.847. At the time t) = 1\”, el can collide with
e2 on the neighboring (right) proton center, as illustrated in
Fig. 4. Following an energy transfer between electrons el
and e2, e2 is ionized with a nonzero initial velocity vo.. We
therefore regard this process as a laser induced sequential
double ionization. The corresponding laser induced velocities
of e2 are

o Eo . ;.
x(t) = —w—(sm wot’ — sin wpt.) + Vyoe,
0
(12)

- EO ’
y(t) = —w—(cos wole — €OS wot") + Vyo,
0

where ¢’ is the time after electron collision and ¢’ > 7. and the
“initial” velocity of €2 is vo. = v/ v3, + vy, After recollision
of 2 with its second neighboring ion, the resulting kinetic
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FIG. 4. (Color online) Illustration of laser induced electron colli-
sion in sequential double ionization of extended H,. e¢1 (red ball) and
e2 (blue ball) are the two delocalized electrons on protons (gray ball),
and green dotted lines denote their trajectories. l(()l) and t(()z) are the
ionization times and 7" and +® are the collision times. A collision
between el and e2 occurs on the right proton at times #{V = t((,z). The
thick arrow indicates the energy transfer due to collisions. Purple
arrows represent HHG with energies (right) I, 4+ 8U, by collision of
el with the ion at #" and (left) 1, + 24U, by collision of €2 at #?).

energy at time 7. (t¥) based on Eq. (12) gives

Ko(tee) = 3[5%(tee) + Y2 (te)] = 2voe + V'), (13)

where v'(t..) is the laser induced velocity of e2. The cor-
responding displacements x(#..) = y(t..) = 0. For an elastic
collision between el and e2, the initial velocity of the

second electron is |vo.| = |v(#.)| corresponding to energy 8U .
Assuming v'(t..) = v(z.), one finds final maximum energy
32U,,.

For HHe™, the electron distribution is strongly asymmetric
due to initial localization on He, and the electron-electron
collision on H is negligible. As a result no energy transfer
occurs and an extended harmonic order is not generated,
Fig. 1(b). For H, in Eq. (13) the energy transfer by electron
collisions gives rise to HHG up to orders (/, + 24U,)/wo.
From Fig. 3(b) we see that the collision of e2 with neigh-
boring ions occurs at wot.. = 0.5n'7w + 1.27, as illustrated in
Fig. 2(a). The maximum order at 24U, is slightly less than
the predictions from Eq. (13). This suggests that inelastic
scattering of electrons and molecular Coulomb potentials
reduce the efficiency of energy transfer.

Finally we compare with linear polarization. The results of
HHG spectra for x aligned H, by linearly polarized A = 400
nm and Iy =2 x 10" W/cm? are displayed in Fig. 5. We
choose from the laser induced electron collision model in
Egs. (7)-(10), the molecular internuclear distances R = 18
and 9 a.u. By collision with neighboring ions with phase
difference wot — wotp = m and m/2, the maximum kinetic
energies 8U, and 6U,, can be obtained, exceeding the same
parent ion recollision energy 3.17U, giving rise to cutoff at
Nyp =, +8U,)/wy =13 and (I, +6U,)/wy = 11. Large
orders 21 and 15 are nevertheless also obtained weakly
which correspond to the maximum kinetic energies 16U, and
12U, twice the single electron model. These extended orders
therefore indicate the possibility of electron-electron collision
in linear polarization HHG processes also but with much lower
intensity (by two orders of magnitude). Similar processes
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FIG. 5. (Color online) The x components of HHG spectra in x
aligned H, at internuclear distance R = 9 and 18 a.u. with linearly
polarized laser pulses at I, =2 x 10'* W/cm? (Ey = 0.0755 a.u.)
and A =400 nm (w = wy = 0.114 a.u., t = 1.33 fs). The corre-
sponding cutoff orders are, respectively, N,, = (I, + 6U,)/wy ~ 11
and (I, +8U,)/wy ~ 13.

occur for single electron ionization with double collision of
electrons [16,20].
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IV. CONCLUSIONS

HHG spectra are investigated theoretically by circularly
polarized laser pulses from numerical solutions of TDSEs for
stretched (large internuclear distance) molecules. We derive a
classical laser induced two electron collision model. Results
show that for the entangled two electron H, harmonic spectra
are obtained with energies I, + 24U, which are attributed
to energy exchange of electrons by collisions with each other
in sequential double ionization. A time frequency analysis
is used to clock collisions of electrons with ions to produce
high-order harmonics, indicating the importance of electron
entanglement in extending HHG plateaus. Harmonics for
localized electron nonsymmetric HHe™ molecular ions are
also presented and compared, confirming the absence of
electron-electron collision in this nonsymmetric case.
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