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Coherent effect of vacuum fluctuations on driven atoms
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We study the coherent effect of the Casimir-Polder interaction on the oscillations of two-photon driven atoms.
We find that, for oscillations between two degenerate states in A configuration, shifts on the Rabi frequency may
be induced by nonadditive level shifts. For oscillations between two Rydberg states in ladder configuration, shifts
on the Rabi frequency may be induced by the effective renormalization of the laser interaction.
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I. INTRODUCTION

The interaction of a neutral atom with a material surface
is a problem profusely addressed in the literature [1-6]. In
most of the approaches the atom is taken in a stationary state
with respect to the time of observation. At zero temperature
and in the dipole approximation, the atom undergoes a series
of virtual dipole transitions to upper levels. It is the coupling
of the charges of the atom and the currents on the surface
to the quantum electromagnetic (EM) field that induces the
correlation between their transient dipole moments, giving
rise to a nonvanishing interaction. The lifetime of the virtual
atomic transitions is very short in comparison to ordinary
observation times and thus, the use of stationary quantum
perturbation theory is well justified for the calculation of this
interaction [7]. For distances greater than the relevant atomic
transition wavelengths this interaction is referred to as retarded
Casimir-Polder (CP) interaction, while for distances much
shorter than those wavelengths it is referred to as van der
Waals or nonretarded CP interaction.

When atoms close to dielectric surfaces are driven under
the action of external sources, virtual and actual transitions
mix up with each other in the time evolution of the atomic
wave function. From a practical perspective, the effect of the
CP interaction on the dynamics of driven atoms is of great
importance in hybrid quantum systems—e.g. Ref. [8]. At first
sight, under quasistationary conditions, that effect reduces to
an additive level shift on the atomic eigenstates, which is just
a generalized Lamb shift [2,3,9]. In the closely related case
of the interaction between two driven Rydberg atoms, this
phenomenon originates the van der Waals blockade of the Rabi
oscillations. This is the idea behind neutral atoms quantum
gates [10], where the excitation of the target atom is blocked
as the energy shift of its Rydberg level exceeds the value
of the bare Rabi frequency. However, recent findings suggest
that other dynamical effects might be relevant under certain
conditions—cf. Refs. [11,12].

On the other hand, state of the art techniques on atomic
interferometry have proved useful in measuring accurately
the dynamical phase shifts accumulated by the wave function
of coherently driven atoms [13]. Those phase shifts contain
information about the interaction of the atoms with the envi-
ronment. This is at the root of the proposals of Refs. [14,15]
to measure the interaction of an alkali-metal atom with a
macroscopic surface at submicron distances. At this distance,
the dominant interactions are expected to be the CP interaction
and the gravitational interaction. In the experimental setup of
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Ref. [14] the atoms are trapped in a one-dimensional vertical
lattice, which allows for an accurate control over the relative
position of the atoms with respect to the surface. The uniform
Earth gravitational field creates a ladder of localized states
referred to as Wannier-Stack states. At first glance, the net
effect of the Casimir interaction reduces to additive shifts on
the atomic energy levels, both external (i.e., those involving
the center of mass) and internal (i.e., those involving the
electronic energy levels) [16]. As for the case of the van
der Waals blockade, this approximation assumes implicitly
that the Casimir energy can be integrated out a priori in the
energy levels, before the atom is driven. However, dynamical
effects may deviate from this assumption. Let us take as
an example an atom driven through a A configuration [see
Fig. 1(a)] in the presence of a material surface. On the one
hand, the atom is pumped by two Raman lasers from two
low-lying states, |g) and |e), to common excited intermediate
states, |i). It is the combined action of both lasers that gives
rise to the effective coherent oscillation of the atom between
the states |g) and |e) [17—-19]. On the other hand, the CP
interaction of the atom with the surface results in similar
excitation and de-excitation transitions which are mediated
by virtual photons rather than laser beams—see Fig. 3(d).
Therefore, it is possible that both processes interfere with
each other affecting the overall dynamics of the atom. It is
our purpose to investigate the conditions under which the
interplay between the Raman interaction and the CP interaction
provides appreciable consequences on the coherent dynamics
of an atom. We will show that, in the perturbative regime, the
net effect is an effective shift of the Rabi frequency.

In this article we concentrate on scenarios similar to those of
Refs. [8,14,16], where atoms are driven through a combination
of Raman lasers and microwaves at the time they interact
with a macroscopic surface. Our approach is based on the
time evolution of the atomic wave function. As long as the
surface resonant frequency is far from the atomic resonances,
the classical treatment of the EM response of the surface
is expected to be a good approximation. The case of the
interaction between two driven Rydberg atoms is left for a
separate publication. The article is organized as follows. In
Sec. Il we review the essentials of both the Rabi model and the
Casimir interaction and we motivate our work. In Sec. III we
address the renormalization of the energy levels and of the laser
vertices, and show the role of the nonadditive Casimir terms
on the coherent dynamics of a driven atom. We give explicit
expressions for the effective shift of the Rabi frequency.
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FIG. 1. (a) Schematic representation of a A system, where two
Raman lasers of frequencies w, and w, couple the states | g) and |e)
to a third intermediate state |i) with coupling strengths Q and 2,
respectively. (b) Schematic representation of a ladder syetem In thm
case the intermediate state |i) lays between |g) and |e).

Section IV A contains an explicit calculation of this shift
for a 3’Rb atom oscillating between two degenerate Zeeman
sublevels close to a perfectly reflecting surface. In Sec. IVB
the calculation is done for a ’Rb atom oscillating between
two Rydberg states. In Sec. V we present our conclusions.

II. ESSENTIALS OF THE EM INTERACTIONS

We briefly review here the two EM interactions which
govern the atomic dynamics. These are the interaction with
external electric fields and the interaction with the vacuum
EM field.

A. Laser fields interaction: Bare! Rabi oscillations

Let us consider first the interaction of the atom with the
external electric fields of two monochromatic lasers. An atom
in free space with atomic levels {|i)} is described by the free
Hamiltonian given by

Hi' =" haili)il, ()

from which the unperturbed time-evolution operator reads
U*(t) = Y, e~''|i)(i|. The Hamiltonian of interaction of the
atom with the electric field of lasers of frequencies w; and w,
is
HIE (1) =h) QP coswyt]i)(g] + Q; cos wyti) (el
+h Y @y cosat|j) gl
Jj#Eim
+ h Z QP cosw,tim)(g| + H.c., 2)
m#i, j

'Throughout this article we refer as bare all those observables which
are computed in the absence of surface-induced quantum fluctuations.
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(b)

FIG. 2. (a) Schematic representation of the effective vertices of
the Rabi Hamiltonian, Hi"|..(t) and HiM|..(t). (b) Diagrammatic
representation of the light shifts, dw, and dw,.

where the strengths of the driven transitions are Qb =
—{(g,eld|r) - E, ;, with d the electric dipole moment operator
and E, ; the amplitude of the electric field of the lasers p
and s at the position of the atom. The intermediate states
labeled by i are commonly accessible from |g) and |e). On the
contrary, states labeled by j are only accessible from |g) by
the action of laser s and states labeled by m are only accessible
from |e) by the action of laser p. Adjusting conveniently the
detuning of the lasers with respect to the transition frequencies
to the common intermediate states, with Agl oi = Wigiie — Wp s,
as well as the strengths of the transitions, it is possible
to make the atom oscillate coherently between the states
|g) and |e). That is for instance the case of an atom in
either a A or a ladder system like those of Fig. 1. Provided
that |A? fe1| > Q7 fell Vi, the population of the common
mtermedlate states can be eliminated adiabatically? and the
effective dynamics of the atom reduces to that of a two-level
system [18]. Straightforward application of time-dependent
perturbation theory with the interaction Hamiltonian of Eq. (2)
yields the effective Rabi Hamiltonian Hx = H + HI™, with

Hy = hwg + 8wy)|8) (gl + Mw, + dw,)le) (e,  (3)

. h .
Hy'\(t) = Z 5 2i¢ " |g) el + Hee., (4)
where dw,, are the frequency light shifts, dw, =
> (Q" )2/4AP +ZJ¢I(QS )2/4A‘;j and dw, = Y ;(R5,)%/

4NS. + ;e,(Q )2 /4AL, respectively, Q; is the effective
bare Rabi frequency associated to the transition to the
common state |i), @ = Qy Q) (AL + AY)/4ALAY, and
wp = w, — wy is the effective laser frequency We note that for
a two-photon transition in ladder configuration we must take
ws < 0 in all the above equations. The diagrams contributing
to the effective vertices of interaction and to the light shifts are
represented in Figs. 2(a) and 2(b) respectively. In particular,
the equation for the effective vertex represented by the lower

2The probability of excitation to the state |i) is proportional to
(Qp, /AL sin® A%t 4 (Q),/AL) sin® Alr.
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diagram of Fig. 2(a) reads
int
HR }ge(t)

= (g|U()U' (1) H™()U(2) U™ (1))

—i t . N L, .
~ —iw;(t—t") pyini N, —iw,e inf iw
= :[—% /0 di'e OO HR (e o B (e gr}

x el 4 [e <> gllel! 3)
where U(t) = 7 exp fot dt'[H® + HI"(1")] and we have kept

only the leading order terms in the );econd row. In Eq. (4),
far off-resonant terms and terms of order Az;f;i /Wie,ig Smaller
have been discarded.

Under the action of the Rabi Hamiltonian, an atom initially
prepared in a linear combination of states |g) and |e) will
undergo coherent Rabi oscillations. This problem is solved
since long ago [19]; for an extensive review see [20]. For the
sake of comparison later on we are interested in two particular
cases for which analytical solutions are well known. These
are that of equal laser frequencies in A configuration, w; = 0,
and that for which the rotating-wave approximation (RWA) is
applicable.® The solution of the former is obtained by taking
oy, = 0 in the equations of the latter.

Transforming Hy into the rotating frame with matrix
R = —w;|g){(g| and discarding counter-rotating terms, the
eigenstates and eigenenergies of the transformed Hamiltonian,
eRITHE — ER]e ™R read

|+) = cosO.|g) + sinb|e), (6)
|—) = sin6,[g) — cosb|e), (7
h
Ey = (Ee—f-Eg—}-ha)L)/Z:l:zQR, ®)
. A |€2]
with cos20, = —, sin26, = —, 9)
R Qr
A =wp — W, — dw, + g, (10)

Q:Zszi, Qr = VA2 + Q2. (11)

The wave function W (T') for a time T > 0 of an atom driven
by the Rabi Hamiltonian and initially prepared at ¢+ =0
in a linear superposition of the states |g) and |e), W(0) =
ag(0)|g) + a.(0)e), is given in the Schrodinger picture by

W(T) = UNMHW(0) = [ U/ (Dag(0) + (U (T)ac0)]lg)
+[US(Dag0) + Uf(Ta0)]le),

where the components ,-U]R(T), i,j = g,eare

. A
JUNT) = e/ T [ cos (QrT/2) — iQ— sin (QRT/Z)},
R

‘ Q
JUKT) = —ie*’@rA/M% sin (Qr7T/2),
R

3The RWA is valid as long as the effective laser frequency is close
to the atomic transition, |w;, — weg| K w,,, and much larger than the
inverse time of observation, w; > T~!.
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. A
LUK = o7 !@etA/2T [cos (QrT/2) + iQ— sin (QRT/Z)},
R
. Q
LUK = —ie_’(“’f+A/2)Tu sin (Qr7T/2). (12)
g Qg

B. Vacuum field interaction

We evaluate now the effect of the vacuum fluctuations on
the dynamics of a free atom for the case that the state of
the atom is a coherent superposition of the states |g) and |e)
and the vacuum fluctuations contain the interaction of free
photons with a close-by dielectric surface. In this respect, we
use a semiclassical approach based on linear response theory.
It consists of considering the photonic states as dressed by the
classical interaction of free photons with the dielectric surface.
This implies that the linear response of the EM field—i.e., its
Green function, includes the scattering with the surface.* As
we did above for the driven atom, we restrict the calculation
of the time-evolution operator to the subspace {|g),|e)}.

The interaction of dressed photons with the atom is
treated quantum mechanically. In the dipole approximation,
the interaction Hamiltonian is W = —d - E(R) — m - B(R),
where d and m are the atomic electric and magnetic dipole
operators respectively and E(R) and B(R) are the electric and
magnetic quantum field operators at the location of the atom
R. They can be decomposed in terms of @ modes as

ER) = f ” do[ER; ) + E'(R; )],
0

BR) = / ” do[BR; w) + B(R; w)],
0

where E(R; »)[B(R; w)] and Ef(R; w)[BT(R; w)] are the cre-
ation and annihilation electric (magnetic) field operators of
photons of energy hw respectively. The quadratic vacuum
fluctuations of E(R; w) satisfy the fluctuation-dissipation
theorem (FDT) relations at zero temperature [21],

~ A . ~ —hw?

(OIER; 0)E/(R'; )]0) = a)2 Im[GR,R;w)],  (13)
TT€QC

- N h

(OIB(R; 0)B'(R; 0)|0) = 3
TTEQC

x Im[Vz x GR,R;0w) x Vg1,

where |0) is the EM vacuum state in the presence of the
surface and G(R,R’; ) is the Green function of the Helmholtz
equation for the electric field,

2
[w—zer =V x (1, V) x ]G(R,R’;w) = sORRIL,
C

Z,7' >0, (14)

which derives from Maxwell’s equations and from the
constitutive equations for the electric and magnetic fields.
G(R,R’;w) is the response function of the electric field
to a polarization density field PR’;w), (E(R; w)) =

“The resultant EM interaction is also referred to in the literature as
body assisted interaction [3].
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FIG. 3. (Color online) (a) Atom (in red) placed at R in front of a plane surface perpendicular to the 7 axis, with relative permittivity €, and
permeability w,. (b) Feynman diagram of a multiple reflection process which contributes to ,U gW in the nondegenerate case, w., T > 1. The
diagram equals three one-particle-irreducible additive phase shift factors, (E g)3—dissipative factors are omitted here for brevity. (c) Feynman
diagram of a single reflection process which contributes to the nonadditive shift factor § Ef,. Left-handed (L) and right-handed (R) photons are
created or annihilated at the time the atom transits from |g) to |i) and from |i) to |e) respectively. (d) Feynman diagram of a multiple reflection
process which contributes to , U ;V in the degenerate case, w,,T < 1. The diagram equals three one-particle-irreducible nonadditive phase shift

factors, (JE ﬁe)ZSE fg—dissipative factors are omitted here for brevity.

kzeo_l [@RGR,R;0) - PR;0) [21]. In Eq. (14) €, and p,
are the relative electric permittivity and magnetic permeability
tensors respectively, and the atom’s position lies to the right
of the surface, Z > 0 [Fig. 3(a)]. The Green function can be
decomposed into a free-space component and a scattering
component. The contribution of the free-space term to the
Casimir energy is the ordinary free-space Lamb shift that we
consider included in the bare values of the atomic transition
frequencies.

Next, we consider W as a perturbation acting upon
atomic and dressed photon states. The time-evolution op-
erator of the latter is Uy(r) = [U* ® U”](¢), with U” () =
Yac TG Zyk,,e, e |y, ;) (Vk,.¢,| the time-evolution
operator of dressed multiphoton states of frequencies w;,
effective momentum 7Kk ;, and polarization €. In the following,
we will refer to W as Casimir-Polder (CP) interaction.

We will show that for the case that the doublet {|g),|e)} is
nondegenerate in comparison to the observation time, w,g >
T~!, the net effect of the vacuum fluctuations is an atomic level
shift. On the contrary, for w,, < T-! we will show that, in
addition, the vacuum fluctuations may induce Rabi oscillations
in the degenerate doublet. In the latter case, the perturbative
nature of the calculation is preserved as long as the CP
interaction induced by the transition dipole moments (g|d|e)
and (g|m|e) is negligible. We assume this condition in the
following and apply time-dependent perturbation theory [22]
for the calculation of the time-evolution operator projected on
the subspace |P) = {|e),|g)} ® |0),

Ug (T) = 110)(0] ® (Ig) (g + le)(eD] Uo(T)
T
x T exp / dt Ul(t) W Up(2)
0

x [(18)(g] +le)(e]) ® [0)(OI]. 15)

1. CP interaction in the nondegerate case: Atomic level shifts

In the nondegenerate case, with w., T > 1, at any order in
T the diagrams which weight the most in the T exponential
of the diagonal components of U}, U ;V ,and ,U)Y, are those
in which the atom transits through intermediate virtual states

before getting back repeatedly to the original state, g and
e respectively. Each transition through intermediate states is
accompanied by the emission and reabsorption of a single
virtual photon which is reflected off the dielectric surface [see
Fig. 3(b)].

On the contrary, the diagrams corresponding to the off-
diagonal components, .U} and ,U ;V , weight much less and
the 7 exponential can be truncated at leading order. That
involves a single diagram in which the virtual photons are
created at the atom in one of the states and annihilated at
the atom in the other state [see Fig. 3(c)]. Adding up the
corresponding diagrams we obtain the components

gUW(T) — e—i(wg+ﬁ*‘5E§g)T—r§gT/27
g

JUN(T) = —e T [8ES, — TS, [2]/Ee

—iw, T e
+e T SES, [ Ee,

w —i(w,+h18ES)T—T¢,T/2
UNT) = et BT,

w —iw,T .
U (T) =e [8ES, — ik,

2]/ Ecg—e T SEE, [ Eey.
From these expressions we deduce that the off-diagonal
components of U} can be neglected up to terms of order
OBEZS e/ Eeg) for weT > 1. Thus, the effect of the CP
interaction reduces here in good approximation to a renor-
malization of the energy levels of the atom. In particular,
Ege—> Ego+ 8Egyce —iT5y ce/2.

In the above equations the additive energetic and dissipative
terms have the usual expressions,

i,y |W1g,0)
SES = — _— 16
& Z fiw + how;g (16)
L, Yke
¢ 2 . - 1
[ = 37 D Q@i IWIg,00 8wy — ). (17)
i,k

Analogous expressions hold for §EY, and I';, with the
substitution e <> g.
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The nonadditive energetic terms are

(e.0|Wli,y)(i,y|W|g.0)
SES — — , 18
eg l; hw—i-hw,g ( )
ngWlVWWW
SE¢, = — 19
e ; T T oo (19)

As for the nonadditive dissipative terms, they are

21 P . A
Té =25 D Ow)(g.0Wli.y)ti.y | Wle.0)dws — w).

L, Vke

and an analogous expression holds for I';, with the substitution
e < g. Single superscripts, g or e, in the expressions for I" and
S E denote the reference frequency for the transitions within
the sums. Double subscripts, gg, ee, eg, or ge, denote the bra
and ket states in the quantum amplitudes. In Appendix A we
evaluate the electric and magnetic vacuum field fluctuations
which enter all the above quantities via the FDT.

2. CP interaction in the degenerate case: CP-induced
Rabi oscillations

For w,T « 1 we review the calculation on Ref. [11]
adding up some details to it. In this case the diagrams which
weight the most, both in the diagonal and in the off-diagonal
components of UY, are similar to those of Fig. 3(b) in the
nondegenerate case, but for the fact that after each emission
reabsorption of a single virtual photon the atom may arrive at
either state, |g) or |e), with a similar probability. Figure 3(c)
illustrates this process. Initially, a virtual photon of left-handed
circular polarization, y*, is created at the time the atom is in
state |g). Later, that photon is reflected off the surface turning
into right-handed circularly polarized y ®. Finally, the photon
is annihilated at the time the atom gets to state |e). Diagrams
involving n-photon intermediate states with n > 1 can be
disregarded in good approximation since their contribution
is of the order of (Tw)'™" times smaller than the diagram
with n single-photon intermediate states, with @ the typical
frequency of the vacuum photons. In the nonretarded regime
multiphoton intermediate states are negligible since w >
¢/R > 2/T.In the retarded regime it holds that w ~ ¢/R, and
neglecting multiphoton states is possible as long as T > R/c,
which is a realistic condition too. A typical diagram which
contributes to the off-diagonal components of U} is depicted
in Fig. 3(d). Their summation yields the following recurrent
formulas:

UNT) = e o7 [1 +y 8 UgW(T)} , (20)

UY(T) = et Z sMUN(T),  with
—iT(n —1)! _
) prw _ ! & =1y 71 W
8" U (T) = — [(8ES, —ihTg,/2)8" 1 UM (T)
£ . & —1 w
+ (8E;, — i, /2)8" Ut (1)),
—iT(n —1)!
sy == (m—1 [(3EE — inrE /2)s" D u¥ (1)

hn!
& FHTE - W
+ (8E;, — i, /2)8" U (1)),
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sOUN(T) = —iTh ' (SEE, — ihlE,/2),

sOUN(T) = —iTh™ ' (8EL, — ihlé, /2), (21)
where we have used £ = (E, + E.)/2, w¢ = £/h. Analogous
expressions hold for ,UY(T) and ,UY(T) exchanging the
subscripts e <> g in the above equations.

From the diagram of Fig. 3(d) we observe that each factor
(8Efg - thfg/Z) flips the state of the atom from |e) to |g),
while each transposed factor produces an opposite flip. This is
analogous to the action of the factors /£2/2 and ~A2* /2 of the
Rabi Hamiltonian respectively, except for the fact that here the
damping terms break the time reversal symmetry. As a result,
UY possesses the same functional form as U® in Eq. (12), with
the following substitution of the bare parameters in Eq. (12)
with the tilded ones defined below:>

c?)gEa)g—i-SEg/h ng/Z
@ = 0+ 8EL, [h—iT%, /2,
Q=20E;,/n—iT%, QF=20E;h—il}

ge’ eg eg’
R = ‘/ |Q|2 + AZ.

This means that the Casimir-Polder interaction may in-
deed induce Rabi oscillations between two quasidegenerate
states [11].

A=a,— o,

III. VACUUM-INDUCED SHIFT ON THE
RABI FREQUENCY

In this section we derive an expression for the total shift
induced on the Rabi frequency of a driven atom by vacuum
fluctuations, §Qg = §;Qr + 82Qr + §32%. In this equation
we distinguish three different kinds of shifts, namely that
induced by the additive CP terms 6;Q2g, the one induced
by the nonadditive CP terms 5,2k, and the one induced
by the renormalization of the vertices of interaction in
H™, §;Qp.

ex ?

A. Shift by additive CP terms

It is obvious that the additive terms of the Casimir
interaction cause a shift on the atomic levels which induces
a variation on the Rabi frequency [23]. First, the effective
couplings €2; appearing in Eq. (4) experience a variation §,€2;
as a consequence of the shifts on the detunings. Second,
the global detuning of Eq. (10), A, changes by an amount
3A due to the shifts of the levels E, and E, as well as to
the variations induced on the light shifts, dw, and dw, [see
Fig. 4(a)]. As a result, as a function of the bare quantities €2,
Qg, and A, and of the additive CP terms, we have at leading

Note here that * so defined is not the complex conjugate of Q
because of the damping factors.
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()

FIG. 4. (a) Diagrammatic representation of a multiple reflection process in which additive CP terms induce a shift on the Rabi frequency of
the kind 8,2 of Eq. (22). One-loop shifts in the levels E,, E,, and E; are included. (b) Diagrammatic representation of a multiple reflection
process in which nonadditive CP terms induce a shift on the Rabi frequency of the kind 8,25 of Eq. (28) for w., < |2]. (c) Diagrammatic
representation of the one-loop vertex renormalization processes which generates § Hl.; and § H;, respectively. They give rise to a shift on the
Rabi frequency of the kind 8;Q of Eq. (33). The transient states , g, and & belong to the same energy levels as the states i, g, and e respectively.

order

012g

~

Q A
— ) 8.+ —8A
Qg Z it o

(

QQ; 2
4hQg

AP?

81

3B, — oE,
A7

)

7|

A QS?(SE;I- —8EY,) Q;zz(‘sEzlz — 8E¢,)
AT AP - N
P Yy > & (8EJ, — 5ES)
fLQR 88 ee oyt 4A;3 JJ 88
Qhn
+ Z 4Ap2 (SErrrrllm - SE:e) (22)

m#i, j

B. Shift by nonadditive CP terms

We have found in Sec. II B 2 that for w,, T < 1 an induced
Rabi frequency may be provided by vacuum fluctuations. In
the case of a driven atom, |Q2| ~ 1/T, so that the degenerate
condition is equivalent to the so-called deep strong coupling
(DSC) regime, |2| > w,, [24]. The corresponding shift on
Q is given by diagrams in which pairs of consecutive Raman
vertices and pairs of consecutive CP vertices alternate—e.g.,
diagram of Fig. 4(b). As an example, we compute the leading
order terms which contribute to the variation of ;U ;‘, 8,U,.
To this aim, we treat W + H}e‘" as a perturbative interaction

upon Hj'. Leading order contributions are of cubic order and
correspond to the terms Hi"W? and W2 H". At this order, we
find

8yUy ~ —(iT/2Ecy)[e ™" Q8 ES, — ihlE, /2) (23)
+e " TQNSEY, — ikl [2)]  for we, > |QI,

i /)

T —iw .
e gT[Q(SEfg —ihl'¢
+Q*(8E§e — th;e/Z)] for we, < 1€2],

~

- (24)

8

where, in order to simplify matters, we consider zero global
detuning, A ~ 0, and we assume that all the transition
frequencies to intermediate states are much larger than |€2|.
Straightforward comparison with the equation for ;U gR reveals

that Eq. (24) is its term of O(T?) for
Q— Q+2(8ES /h—iT%,/2),
[h=iTg[2).

A similar calculation at order 4 in W 4 H" containing the
terms (HIMY? W2, W2(HI™)?, and HIMW?2HI™ yields

(25)
QF — QF +2(3E¢

T
" iry

8

i|1QPPT3 )
W[(BEgg - lhrgg/z)

+(Ez, — T [2) /2]

agUg — e*i(z)gT
(26)

Again, comparison with the equation for U, gR reveals that
Eq. (26) is its term of O(T?) for

A— A+ [(aEgg —8ES,)/h— i(rgg —hre)/2]. @1
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As expected, additive terms appear always as energy shifts
irrespective of the magnitude of the ratio |Q2]/w,,.
Disregarding dissipative terms, the shift of A was already
accounted for in Eq. (22). The additional CP-induced shift on
the Rabi frequency is therefore
2Q2 <
5,Qr =~ —Re[SEL,}, for w, < Q. (28)
Qpr
Alternatively, the shifts on the Rabi frequency induced
by the additive and nonadditive CP terms SE zf , SE¢

8E§E, (SEfg for w, < |22| can be computed out of the

J
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renormalization of the eigenstates |+), |—), and their corre-
sponding eigenenergies—see Appendix B.

C. Shift by vertex renormalization

Last, we are left with the effect of vacuum fluctuations on
the Raman vertices appearing in Eq. (2). This corresponds
to diagrams in which single Raman vertices and single
CP vertices alternate. At leading order of time-dependent
perturbation theory, the variations correspond to the diagrams
of Fig. 4(c). They read

SH™|;o (1) = (i,0U*()UYT(1) HE (1) UY (1)U (1)|g,0) — (i |H2(¢)|g)

t
~ h—2 Z/ dt/ei(T_t’)(w+wg)eit’w, (i,()|W|g,y)e_i“"g’(g,y|Hl"t(t)|l V) / dt"e —i(T—t")w+w;) —iz”a)g (;,)/|W|g,0>
0

Yool

t t
72 3 [ard T g W ey ey RO ) [ e T ey Wi O
~J0 0

~ (SHf; cos wpt + 8H;, cos wyt, (29)
with
p
—Sd s 2 [ duu?
P _ 8t . G ) - d- — - s 1 - d-
aHig—ZTOCZ<O)lgTr{d,g G (C()lg) dig}+71,"/(; 2 ingr{dlg G(lu) dig}>’
i3
—QS ® du uP(u? — wiewei)
SHS = 87 Tr(d;; - G d;
s Mocz / oy T -GG ),

where d,;, denotes (a|d|b) and G(w) denotes G(R,R; w). In Eq. (29) the U" matrices have been at order W. An analogous

equation for s HM|;,(t) yields

SHY'|, (1) ~ 8H[ coswpt + §H;, cos wst,

with

A

2
7 (O
sl = 2 (e Gl -

Q3. 2
2 (wdTr{dié -G (@a) - A} + = /
c T Jo

® du uP(U? — wiewe)
+ _1/ igWei
Tl el el)

In the above equations the tilded states |7), |g), and |&) belong
to the same energy levels as the states i, g, and e respectively.
For simplicity, we have assumed equal energies for all the
intermediate states, w; = w; Vi. Far off-resonant terms with
respect to the transition |g) <> |e) and rapidly evanescent terms
have been discarded. The complete expressions for § HIM|;, (t)
and BHim|w(t) can be found in Appendix C. We note that
all the terms above are of the order of QP g 8E§g ce/Wig.ei-
Therefore, their contribution is generally relevant for very
strong CP interaction with respect to the transition frequencies
to intermediate states. This might be for instance the case
of an atom which is made to oscillate between two close
Rydberg states in ladder configuration, near a metallic surface.

(30)

® duu?®

o ———Tr{d;; - G(iu) - d,e})

u ie

2
— P Te{d,; - Glwe) - dy,)
Wei

ig —

Tr{d;; - G(iu) - d;e}).

(

Thus, w,; > 0 has been assumed in the above equations.
It is now straightforward to calculate the effect of vertex
renormalization (v) on the coherent evolution of the atomic
wave function. By comparing Egs. (29) and (30) with Eq. (2)
we read that it consists of a shift on the effective bare Rabi
frequencies. Generally we find

8, = (8H), /h2b; + SHY, [ h<2,) Qi (31)

while for the special case |2w, s — wr| < |A| we have

80 = [(§Hy + 8 Hy) /1S + (SH; + 8H) /7]

(32)

013838-7



M. DONAIRE AND A. LAMBRECHT

Using these expressions, the total variation of the Rabi
frequency due to vertex renormalization reads

Q
0 Qp >~ — 6,2, 33
3% QRX,-: (33)

IV. CP-INDUCED SHIFTS ON THE RABI FREQUENCY OF
A RUBIDIUM ATOM CLOSE TO A REFLECTING SURFACE

A. Oscillations between degenerate Zeeman sublevels
in A configuration

In Ref. [11] it was found that a CP-induced Rabi fre-
quency as large as 2w Hz could be obtained between the
Zeeman sublevels |g) = |5251/2,F =1,mp =—1)and |e) =
152812, F = 1,mp = +1) of a Rb atom at zero temperature
when it is placed in the vicinity of a perfectly reflecting surface
parallel to the quantization axis, and as long as |g) and |e)
remain degenerate, w,; < 27 Hz. Symmetry considerations
imply that the CP interaction respects this condition since
the additive energy shifts of both states are equivalent.
However, the presence of stray magnetic fields may induce a
Zeeman splitting, hw,, = g By, with B the effective strength
of the magnetic fields along the quantization axis, say X,
which could break the quasidegeneracy of the states and
violate the condition w,, < Qr = 20E fg /h. In order to avoid
this potential problem we propose an alternative setup in
which we aim to measure the CP-induced shift on the bare
Rabi frequency of a driven atom in the DSC regime. The
computation is in all points equivalent to the one of Ref. [11].
The advantage of working with a driven atom is that, for a
sufficiently high value of the bare Rabi frequency |2|, the
unknown quantity ., contributes to the actual Rabi frequency
with a shift ~ a)zg /2|2|, which can be made negligible for
sufficiently large |€2| with respect to the shift provided by the
nonadditive CP terms, 28 E fg /h.

The setup is sketched in Fig. 5, where the parameters
have been chosen so that the value of the effective bare
Rabi frequency is Qr = || =27 x 20 Hz. Two Raman
lasers of equal frequency and opposite circular polarization
drive the transitions from |g) and |e) respectively to a
virtual state close to |i1) = [5%P; o, F = 1,mp = 0) and |i) =
|52P1/2,F = 2,mp = 0). For convenience we take A;il =
Afil = Ao = 10 GHz, and the same intensity for both lasers,
|| = 27 x 8.0 MHz, such that || < Ay K w5]s5P1/2~ De-

noting their electric field strength by |Eg|, we define
Qo = 1~ (5%1211d]]5 °Pr/2) [Eol, (34)

and the effective bare Rabi frequency can be computed as a
function of ¢, A, and dw; as
Q = [Eol*[{gldy |i1)(eld_i1)*/2A0
+ (gld+li2){eld_i2)" /2(Ag + Sw1)]
~ —w&ol, (35
24N}

where the hyperfine interval satisfies w; < Ag and the dipole
moment operator is expressed in the spherical basis. The
expectation values and transition frequencies have been taken
from Ref. [25].

PHYSICAL REVIEW A 92, 013838 (2015)
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FIG. 5. Schematic representation of the action of two Raman
lasers which drive a 3Rb atom between two Zeeman sublevels
of the ground state, |g) =5%512,F = l,mr=—1) and |e) =
|52S1/2,F = 1,mp = +1). The quantization axis is taken along the
X direction. The lasers have opposite polarization, o+ and o,
equal frequency, A ~ 795 nm such that Ay =27 x 10.0 GHz and
equal intensity such that Qy = 27 x 8.0 MHz. They couple both
states to a pair of common intermediate states of the level [52P; ),
lit) = |5%Py2, F = 1,mp = 0) and i) = |5°Pyp,F =2,mp =0),
with transition frequencies wlgs p,, and wlgs Py, T 8@1 respectively,
where s P, = 27 % 377.107 THz and the hyperfine interval is
dw; =21 x 0.817 GHz. Grey lines represent secondary couplings
of the three Zeeman sublevels of the ground state, |5 28, 2. F=1),t0
other states in |5 2P ). They are relevant for the computation of light
shifts. In addition to the D1 transition line, relevant to the calculation
of §, Q2 are the D2 line transitions from |g) and |e) to the Zeeman sub-
levels of 5P5, with my = 0. For those transitions, w}gs Py = 27 X
384.230 THz, 8wy, = —27 x 0.072 GHz, dw,, = 2 x 0.157 GHz.
Also relevant to 8, Q2 are the transitions 5Py, <> 6, and 5P, <
4D3/2.

Besides the couplings between the states |g) and |e) and the
common intermediate states |i;) and |i, ), the Raman lasers also
couple the Zeeman sublevels of the multiplet |5%S 2, F = 1)
to all the hyperfine Zeeman sublevels within |5 2P, s2). The
pairs of couplings are depicted in Fig. 5 with gray lines.
The result is that while the differential light shift between
le) and |g) is exactly zero, there exists a differential light
shift between the state |5 2, 12, F = 1,mp = 0) and the other
two states. This light shift breaks the degeneracy between
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the three Zeeman sublevels and rises |5 25, 2, F =1,mp =0)
above |g) and |e) by an amount A|2|/2 = 10Hz X 27h. In
turn, this is an advantage, since the states |g) and |e) become
the lowest energy states and no dissipative decay terms enter
the calculation. Only at very short distances may the positive
magnetic energy shifts, u%/192megc?Z>, take the states |g)
and |e) over |57, F = Lmp = 0) [11].

We proceed to compute §Q2g. In the first place, given that
the bare global detuning is approximately zero, the Rabi shift
induced by additive CP terms is caused by the variation of A
in the equation for 2 [Eq. (35)]. The variation of Ay is itself
due to the differential level shift between the states 55 ,, and
5Pi,. In the near field, Z < 100 nm, the main contribution
to it comes from the difference between the reduced dipole
matrix elements (6 2S1/2||d| |5 2P1/2>, 4 2D3/2| |d]|5 2P1/2>, and
(5 251/2||d||5 2P1/2,3/2) [26]. As a result, we have §;Qp =~
%(8 E!, — SEj,), where i stands for any of the intermediate
states, i or ip. Using the equations in Appendix A for the
additive CP terms as functions of the Green’s tensor which is,
for a perfectly conducting reflector,

2ikZ
. — . — : 272
GXX(Z,CL)) = ny(Z,C()) = m(—l +2ikZ 4+ 4k“Z ),
2ikZ
2 Ziw) = ——=(—14+2ikZ),
GolZs0) = ez (-1 +2ikZ) (36)

the differential level shift in the near field can be written as

SEj; — 8ES,

(|<6 281 211d115 %P1 2) 2

T 48menZ?
6
+ )1 D3plld]|57Pr2) P — (5712111152 2)
n=4
=2|(5 2sl/z||d||52Pl/z>|2>. 37

As for the Rabi shift induced by nonadditive CP terms, the
calculation was already carried out in Ref. [11]. Here we just
give the final formula,

3/2,j+3/2
u? + «?

JF j=1/2,F=|j-3/2|

S —— / N :
~ o
2R N6hentey 22 0 355F;

x (eld_|5°P;, Fmp = 0)(gldy|5°P;, Fmp = 0),
where f(u) = e (1 +2u —4u?) and kjr = w?sspj Z/c,
with wf s5P, being the transition frequency from the hyperfine
level F 0f52Pj to the states |g), |e).
In Fig. 6 we represent the values of the Rabi frequency shifts
as a function of the distance to the surface in the nonretarded

regime, Z < 100 nm. It is clear that §,Q2x dominates over
812 in our setup.

B. Oscillations between Rydberg states in ladder configuration

Let us consider now the ®’Rb atom close to the re-
flecting surface oscillating between two Rydberg states,
lg) = 148812, F = 1,m; = —1/2) and |e) = [49°S))5,F =

PHYSICAL REVIEW A 92, 013838 (2015)
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FIG. 6. Graphical representation of the Rabi frequency shifts as
a function of the distance to the reflecting surface for the 8’Rb atom
driven in A configuration.

1,m; = —1/2), under the action of a w-polarized microwave
source which is resonant with the two-photon transition,
Wy = Weg/2 =21 x 35.2387 GHz (Fig. 7). This setup is
meant to mimic the situation of some hybrid quantum systems
in which the coherent manipulation of Rydberg atoms is
used to probe the EM fluctuations near a surface—e.g.,
Ref. [8]. The microwave source couples the states |g) and
le) to the intermediate states |i;) = |48 2P1/2,mj =—1/2)
and |ip) = |48 2P3/2,mj = —1/2), with equivalent detunings
A =Ajge=—2m x1.093 GHz, Ay =Aj,.=—-21 X
0.1611 GHz, and with nearly equivalent strengths —$2y =
Q5 2 Qi ,e. We set Qo = 2 x 53.884 MHz so that Qr =
27 x 10.0 MHz. We note that, despite the two-photon reso-
nance condition, there exists a bare global detuning due to the
light shift, A = 6w, — dw, = —2m x 1.719 MHz.

As already done in the previous section, the computation of
812 involves the evaluation of differential light shifts. In the
nonretarded regime this implies the addition and subtraction
of the squares of reduced dipole matrix elements. While the
nS states couple only to nP and (n — 1)P states in good
approximation, n P states couple also to nD, (n — 1)D, and
(n — 2)D states. This implies that the order of magnitude of
the differential shifts in Eq. (22) is ~8 Eﬁg 16 4gp- Making use of
the data in Refs. [27,28], we obtain

Q 18.148 A 8.147
8190 = | o — " lor MHz
Qp Z° (um) ~ Qg Z° (um)
18.282
= ————2m MHz. (38)
Z3 (jum)

As for the shift induced by the renormalization of the
laser vertices, 832z, we use Eq. (33) combined with Eq. (32)
since there exists only one microwave source. Nonetheless,
it can be verified that, in the nonretarded regime, 6 H;

28
and 8H/ , are much smaller than §H , and §H; ,, and
hence negligible. This means that processes like that depicted
in Fig. 8(a) in which two virtual transitions take place
between |g) and |e) can be neglected, and we end up
with 8,2, , =~ —[8H/ , + 8H; 19/ Q. Discarding next the
resonant components of § H,”_ o and 8H; . which are much

smaller than the nonresonant components in the nonretarded
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FIG. 7. Schematic representation of the action of a w-polarized
microwave source which drives the oscillations of a ¥Rb atom
between two Rydberg levels, |g) = |48 2Sl/z,mj = —1/2) and |e) =
|492S,2,m; = —1/2). The quantization axis is taken along the X
direction. The intermediate states are |i;) = [482P;y,m; = —1/2)
and |i,) = |48 2P3/2,mj = —1/2). Exact a prioriresonant condition is
assumed, wy = wey /2 = 27 x 35.2387 GHz. Hence, A = Ay ,-

812

e -12 12

49S1 -1/2 1/2

48P
48P12

32

48S12 -
-1/2 12

g
(a) (c)

FIG. 8. Schematic representation of three processes which con-
tribute to (a) BHgiz, (b) SHjiz, and (c) SH;-I, respectively. Wavy
lines depict virtual transitions driven by vacuum photons. Dashed
lines depict actual transitions driven by the microwave source. In the
nonretarded regime (a) is negligible and, after considering all kinds

of transitions, only processes of the kind of (c) survive.
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FIG. 9. Graphical representation of the Rabi frequency shifts as
a function of the distance to the reflecting surface for the ’Rb atom
driven ladder configuration.

regime, and using the Green’s function of Eq. (36) in the near
field, we obtain

o
SH ~ ———
' wobdmegZ?

> Lildolg) (ildolg)
iz

— (3/2)(ild-18)(ild+|g)]. (39)

An analogous expression holds for § HS,. In Eq. (39) conser-
vation of total angular momentum implies that only processes
mediated either by two 7 virtual transitions or by two consec-
utive o1 and o_ transitions yield a nonvanishing contribution.
In Figs. 8(b) and 8(c) we depict two of these processes. It turns
out that the contribution of those processes involving 7 virtual
transitions vanishes for E; 2 E;,. Therefore, we are left only
with processes of the kind of Fig. 8(c),

. 39
187 wl28mwenZ3
X [(48P12, + 1/2|d+|g) + (48P52, + 1/2]|d[8)].

(40)

(i]d-|48S1/2, +1/2)

Finally, adding the contribution of § H, and making use of
the fact that the reduced dipole matrix elements between S »
and P; states hardly depend on j [27], we can write in closed
form

—Q 29, + Qi

Qr wo512weghZ3

x [|(48P|(d[|48S)]* + [(48P||d[|495) ]
0.025

=2 (um)

which is almost three orders of magnitude smaller than §; Q2.
A graphical representation is given in Fig. 9. The ratio
81Q2r/83Q2r can be worked out from their expressions in
Sec. ITII. We have §; 2z /832g ~ A,/ Awy, with A a numerical
prefactor of order unity. We conclude that, although §323 is
generally a few orders of magnitude smaller than the ordinary
812, it may have an effect on high precision measurements.

We finalize this section with a comment on the setup
of Ref. [13], where a 3Rb atom is made to oscillate in
ladder configuration between two hyperfine-structure states,

[

FX o

277 MHz, (41)
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1g) = 152812, F = 1,mp = 0) and le) = |5%S1)2, F =
2,mp = 0), with w.e =~ 7 GHz. The two states are connected
by an M1 transition. An analogous calculation to the one
performed above yields 83Qz ~ ©/100Z% (nm), which is
negligible for operational distances larger than 100 nm.

V. CONCLUSIONS

We have analyzed all one-loop radiative corrections which
contribute to the shift on the Rabi frequency of a driven atom
close to a material surface. In addition to the shift induced
by the ordinary differential level shifts, §; 2, two additional
contributions have been reported. A shift induced by the
nonadditive Casimir-Polder terms, 5,2, is found to dominate
when the atom is made to oscillate between two degenerate
Zeeman sublevels in A configuration. A shift induced by the
renormalization of the laser vertices of interaction, §5Q2g,
contributes at higher order than §;Q2z for an atom which
is made to oscillate between two Rydberg states in ladder
configuration.

(k.01 Weliy ) iy IWeall,0)
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APPENDIX A: ADDITIVE AND NONADDITIVE CP TERMS

In this Appendix we compile the expressions for the
energy shift and dissipative CP terms, § E and I" respectively,
both additive and nonadditive. As in Sec. II B, the single
superscripts in the expressions I'}, and SEj, denotes the
reference frequency for the transitions, j = g,e,&, while the
double subscript denotes the bra and ket states in the quantum
amplitudes, kI = gg,ee,ge,eg. In addition, we use the notation
d,, = (a|d|b), m,, = (a|m|b). We apply the FDT outlined
in Sec. IIB for the evaluation of vacuum field fluctuations
at zero temperature. We separate electric and magnetic field
contributions and, for the sake of simplicity, we assume that
the surface possesses no chiral response,

aElil = - Z[l - 8£j(8ie + 81g)]|:

L, Ve

ﬁa)—i—hw,-j

(k0| Wi li, ) (i, | Wi |L,0)
h(,()-l—h(,()ij

1 o di; - Im[G(R,R; w)] - dy;
= P do »* 1 —8¢:(8ic + 8i)]T
" /0 ®w Xi:[ £j(8ie + ig)ITr .
1 R my; - Im[VR X G(R,R, a)) X VR] - my;
— P d 1 —85i(8; + 8i)]T , Al
—r @ 301 = e+ 8T P (AD

i 2 ~ . . ~ ~ . . =
Iy = 7 Z[l — 8¢ (8ie + 8ig)1O(@ ;) [{k, 0| Wy, i) (y,i|Wei|l,0)8(wji — @) + (k,0|W, |y, i) {y,i|Wn|l,0)8(w;i — w)]

1,7k,

he

2

+ 56062

2
e Z[l —8g;j(1 — &0 — 5ig)]®(wji)w§;Tr{dki -Im[G(R,R; w;;)] - di/}

Z[l —8gj(8ie + 8ig)1O(w;i)Tr{my; - Im[V x G(R,R; wj;) x V]-my}. (A2)

The factor [1 — 8¢;(8;c + di¢)] in these expressions accounts for the removal of the states g and e from the sums when the
reference energy level is £ = (E, 4+ E.)/2 in the quasidegenerate case. This ensures the perturbative nature of the calculation.

In general, in the energy shift terms we can distinguish resonant (r) and off-resonant (or) components [2,5,9]. The resonant
components account for the single poles of the integrand in Eq. (A1),

; 1
SE|l, = o Z[l —3gj(1 = &ie — 5ig)]®(wji)w§iTr{dki ‘Re[G(R,R; w;)] - dif}

1
T el Z[l — 8¢ (8ie + 8ig)|O(w;i)Tr{my; - Re[V x G(R,R;wj;) x V]-my}. (A3)

For the off-resonant components, making use of the properties of the Green’s functions, G(R,R; —w) = G*(R,R;w),
©’G(R,R; @) — 0 as |w| — oo, and employing standard integration techniques in the complex plane [2] we find

. _ Zi 00 dki . G(R,R, m) . d[]
OBl = 225 [ dus D1 =8 Gie + Sigo Tr—— ———
i Y
Zi i - Im[Vg x G(R,R;iu) x Vg]-my

o m
/ du Z[l — 8¢ (8ie + 8ig)w;; Tr (A4)
0 i

Tepc? u? + wl2]
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Finally we note that these expressions can be formally rewritten as functions of the atomic polarizabilities using the appropriate
definitions [3].

APPENDIX B: RENORMALIZATION OF EIGENENERGIES AND EIGENSTATES FOR w,, < |2].

We consider the eigenstates of the Hamiltonian Hy of Egs. (3) and (4), |+), |—), as stationary states upon which W acts as
a stationary perturbation. This is a good approximation for small effective laser frequency, w; T <« 1, and for the case that the
virtual transition between |g) and |e) are irrelevant in the CP interaction. Application of time-independent perturbation theory at
order W2, up to O(8E A?/|R2|?), yields the energy shifts

Ly |W+) 2 A
SE,=— Y % 2(3155 +8EL) + Re[SEL) + 2|Q|(5E5 SEL) ~ yigaRelEL). ®BD
i78.€, Ve
Lyl W= 1P 1 A A?
SE_=— ) hﬁf% 2(5E5 +8EL) — Re{(SEfg}—m((S ggg—SEfe)+WRe{6Efg}. (B2)
178:€, Ve

As already explained in Sec. II B, the double subscripts in the quantities §E, gg, ee, eg, or ge, denote the bra and ket
states in the quantum amplitudes, while the superscript £ denotes the common reference frequency, wg = (v, + w,)/2, for the
intermediate atomic transitions involved in their calculations. We have assumed |Q2| < wj.,wiq,wi¢ Vi relevant in the sums over

intermediate states, i # g,e, so that we can approximate § E¢ eg.g8.ce = 8Efgi,£,|£ . As anticipated in Sec. III B, the net result of
these energy shifts is a renormalization of the bare parameters which enter U,
Wy = Dy = Wy +8Efg/h, w, — @y = w, + SE Jh A= A=A- (SEE, —SE;,)/h, (B3)
Q| > 12| = Q] + 2Re{sEL, }. (B4)
A?
Qr — Qp = Qp +2Re{8EL} + @(M:E —SEL,) — WRe{SE‘S ). (BS)

For the sake of completeness we compute the variations on UR due to the interaction W, §UR. To this aim we calculate the
wave function at time 7' > O for the initial condition W (0) = |g),

|W(T)) = [UR +8URY(T)|g) = e T E+TE[cos? G, |g) + sin 20, |e) /2] + e~ T E-HE)[sin* G| g) — sin20.]e) /2],  (B6)

where the renormalized (tilded) trigonometric functions are given by the expressions in Eq. (9) but for the replacement of the
bare parameters with the renormalized ones of Egs. (B3)-(B5). In turn, [UR 4 §UR](T) presents the same functional form as
the operator UR(T') in Eq. (12) with the replacement of the bare parameters by the renormalized ones. For the sake of simplicity
we choose A = —aw,,, so that all exponential prefactors in front of the components of UR(T) in Eq. (12) become e~/*¢T with
wg = (wy + w,)/2. We obtain, at leading order in the energy shifts up to terms of the order of O(ASE/ hI2)%),
R —iwgT -SEzfg 1 T EN
SeUg (T) > e7'* {cos(|Q|T/2) —1 N [cos (IAT/2)T/2 + 2] sin(|RT/2)] — ﬁRe{SEgg} sin (|2|T/2)

SEege —1 o
— i leos (1QIT/DT/2 - 1| sm(|SZ|T/2)]}, (B7)

8.UNT) ~ ’wﬂ{z sin (|Q7/2) + (SEL, + 8ES,) sin (1Q|T/2)T /2h + %Re{SEfg}Tcos(|Q|T/2)}. (B8)

APPENDIX C: VERTEX RENORMALIZATION

We give the complete expressions for the one-loop vertex shifts, § Hei;“| ig(t) and <3Hei,‘2t lie(t). We restrict ourselves to the electric
dipole approximation and assume that the atom is driven in ladder configuration, w;,,w.; > 0,

‘ -QP. 4 :
SHY'|, (1) = Z Hjl [wigTr{dig - GH(wig) - i} + wig Tr{dig - Glwig) - dy, Je'@r 27"

o0
d
d / = 'jr“wz (€' + & P29 Te(d; - Gin) - dy,)

Cduwte™ L, . . ;
- — — ¢ x Tr{diz - [G(iu) — G(—iw)] - di, } | + [wp = —w)]
u —i—a)
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du u2e—ut

ei(ws—w;g)l /OO
+ ; -
2 o (u— wig)iu — w,)

du ue

ol @ toa) oo
g du
2 o (u+wigliu+ we)

N

—Q% [ du uP (U — wigwer) | ‘
+ éi igWei Tr di” . G(@in) - d; etw;t + el(w9+wei7wi3)t
Z |:27'[6002 /0 (2 + @) (u? + ) {diz - G(iu) - d }( )

ei

Tr{dz - [G(iu) — G(—iu)] - dj,}

Tr{d:s - [G(iu) — G(—iu)] .d;g}] + (w5 — —wy],

SH! |, (1) = Z 4 I:wieTl‘{dié - GH(wie) - di }e" + w;c Tr{diz - G(wye) - dy Je' @2

460C2

u? + o?

ie

0 J 2 ) )
/ R (@ 4 @200 Te(d,, - Gin) - dy, )
0

o 4 2 ,—ut )
= f @ Te{d,, - [Giu) — G(—iu)]-d;e}} + [, = —,]
0

N /oo du uze—ut
o (u+wig)liu+ we)

—Qr. % du u2(u2 — Wi We;) . .
+ 8l / 1g-el Tr{d[" . G(iu) X d;e}(elwpt + et(w,,-ﬁ-a)y,»—wig)t)
[ o (24 f)(u?+ §

")gz)

Tr{d;; - [G(iu) — G(—iu)] - d;,} [/ @r @) 4 ¢l@rteal] )

b4 , o .
+ —Tr{d,-§ . [w?gG(wig)e’(“’pJ"""’ @iglt | wing*(a)ig)e""P’
1

Wig — We

— @2, G* (e )e! @rT i@l wfiG(wei)ei“’”[] ~d;~e}:| + [w), > —w,].

As in Sec. ITI C, the tilded states |), | &), and |é) belong to the same energy levels as the states |i), |g), and |e) respectively. Equal
energies have been assumed for all the intermediate states, w; = w; Vi.
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