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We present results for single and double electron captures in intermediate energies H+ and He2+ projectiles
colliding with a helium target. The processes under investigations are treated using a nonperturbative semiclassical
approach in combination with Eikonal approximation to calculate the scattering differential cross sections. The
latter reveals pronounced minima and maxima in the scattering angles, in excellent agreement with the recent
experimental data. It turns out that the present structure depends strongly on the projectile energy and shows only
slight variations with different capture channels. The observed structure demonstrates the analogy of atomic de
Broglie’s matter-wave scattering with λdB = 1.3–3.2 × 10−3 a.u. and Fraunhofer-type diffraction of light waves.
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I. INTRODUCTION

Interference patterns observed during different electronic
processes induced in the collisions between ions and diatomic
molecules have been extensively investigated as analogous to
the seminal Young’s double slit experiment (see Refs. [1–3]
and references therein). It turns out, however, that a similar
pattern can be observed in the scattering from an atom, which
behaves like a single slit, instead of a diatomic molecule.
This is well known in classical optics by Fraunhofer-type
diffraction. The latter is observed when light is diffracted by a
circular aperture in an infinite screen and interpreted generally
as resulting from the coherent superposition and interference
of waves propagating via different paths through the diffracting
region.

In atomic collisions, a deeper understanding of the electron
transfer collision dynamics requires study of the scattering
differential cross sections (SDCSs), which provide, in addition,
more detailed information about the dynamical stage between
the collision partners. In that context, such an analysis of
SDCSs in terms of Fraunhofer diffraction of matter waves
from atomic targets has not received much attention except
for some experimental works [4–8]. The first experimental
observations of such phenomena were made by Van der
Poel et al. [4,5] for slow Li+-Na single electron-capture
collisions. Clear oscillation structures were observed in the
angular distribution of projectile, and good agreement with
predictions of the semiclassical impact-parameter method was
found. The phenomenon was attributed to Fraunhofer diffrac-
tion of the matter waves. The same phenomenon has been
revealed recently in the measured differential cross sections
at intermediate [6,8] and higher energies of the projectile [7].
However, to our knowledge no theoretical investigations of
such phenomena have been reported in two-electron processes
to actively take part in the collision dynamics.

Under the framework of these two-electron processes,
previous theoretical calculations of SDCSs mainly focused
on small [9,10] or higher [11–15] energies of the projectile.
At small energies, electron transfer proceeds via the formation

of the transient molecule formed by the passing projectile and
the atomic target, and the SDCSs show oscillation structures
depending on scattering angles [16]. Such structures have been
interpreted as arising due to different reaction paths associated
with the branching pseudocrossing of the potential curves. This
is well known as Stueckelberg-type oscillations (see Ref. [17]
for an overview of more analysis of these structures). At
higher energies, electron transfer is more likely governed by
a classical Thomas process [18] characterized by a clear peak
in the SDCS near the Thomas angle of 0.47 mrad [7,19–21].
In this picture, an electron is accelerated to the swift projectile
ion, and then this electron gets scattered off the target nucleus
such that it propagates toward the projectile and gets captured.
At intermediate energies, most of the theoretical investigations
are limited to the independent electrons model [22] or based on
a perturbation approach [23–26] in which a serious disagree-
ment with experiment was found. Such studies in this energy
range remain a challenge, since this requires us to take into
account different coupling open channels, including electron
capture, excitation, ionization, and all multielectronic pro-
cesses taking into account the electron-electron correlations.

Recently SDCSs for electron transfer at intermediate ener-
gies (25–75 keV/u) H+/He2+ + He collisions have been stud-
ied both experimentally and theoretically. The latter exhibits a
certain structure at small scattering angles, and its origin has
been widely discussed [22–31]. Although many suggestions
have been evoked either in terms of quantum-mechanical
description of the nuclei and heavy-particle-electron couplings
[29,30] or by considering an alternative source related to
unphysical meaning of the observed minima [23–26], no
definitive explanation has been reached.

In the present work, we revisit the He2+-He collisions in
the framework of a nonperturbative semiclassical approach
in combination with Eikonal approximation to calculate the
SDCS taking into account the electron-electron correlations.
Our main attention will be addressed to the issue surrounding
the origin of such minima. This is achieved by evoking a
detailed analysis based on Fraunhofer-type diffraction effects
in connection with single capture (SC) and double capture
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(DC) processes in the energy range 10–60 keV/u (0.63–
1.55 a.u.). As we shall show later, our investigation can
be viewed as an analogy to spatial Fraunhofer’s diffraction
patterns found in classical optics, and we believe that this
picture makes evident the origin of the observed structures.
We will extend our results and show that such structures are
also present in asymmetry H+-He collisions. Since we observe
the scattering patterns in two different collision systems,
the mechanism appears to be a general feature of ion-atom
collisions.

This paper is organized as follows. In Sec. II we present
a short description of the theoretical formalism adopted to
study the collision processes under considerations. Section III
is devoted to the detailed analysis of SDCSs and direct
comparisons with experimental data. In the following, atomic
units will be used except where otherwise stated.

II. THEORY METHOD

We employ the semiclassical close-coupling approach
of atomic collisions [32] to solve the time-dependent
Schrödineger equation within double active electrons (see
Ref. [33] and references therein, for detailed insight into
the method). Briefly, the time-dependent wave function is
expanded in terms of Gaussian-type orbitals (GTOs) on each
center (projectile and atomic target at infinite separation), each
with appropriate plane-wave translational factors to take into
account the relative motion of the two collisions partners and
ensure Galilean invariance of the results.

In the present close-coupling calculations, we have used
the same sets of GTOs as in Refs. [33,34] to describe the
species He, He+, H, and H−. In order to check the accuracy
and convergence of this basis set, we have checked the sate-
selective capture probabilities by using a larger basis set, and
it is found that both sets calculation are closed.

For the scattering calculations, we use an Eikonal ap-
proximation [35,36] to obtain the differential cross sections
depending on scattering angle. For an inelastic transition the
latter can be written in the center-of-mass frame, at a given
angle θ , as

dσ

d�

∣∣∣
CM

= |Af i |2, (1)

where the quantal scattering amplitudes Af i

Af i(�) = β

∫ +∞

0
bdbJ|mf −mi |(2μv sin(θ/2))af i(b, + ∞)

(2)

are determined in turn from the impact-parameter-dependent
transition amplitude af i . Here β = μv(−1)|mf −mi |+1, μ is the
reduced mass, v is the relative collision velocity, and mf (mi)
is the magnetic quantum number of the final (initial) state.
The function J denotes a Bessel function of the first kind.
The semiclassical scattering amplitude af i = ãf ie

2i(ZT ZP /v) ln b

can be decomposed into an electronic part that is stemming
from the coupled equation in the close-coupling approach for
the transition amplitude ãf i . The second part corresponds to
the nuclear contribution that is due to the Coulomb repulsion
between the two nuclei. In the last expression, ZT and ZP are
the core charges of the target and the projectile, respectively.

The SDCSs in the laboratory frame are related to those in the
center-of-mass frame by

dσ

d�
=

[
(1 + 2ζ cos θ + ζ 2)3/2

1 + ζ cos θ

]
dσ

d�

∣∣∣∣
CM

, (3)

where ζ = MP /MT is the ratio of the mass of the projectile MP

and target nuclei MT . The scattering angles in the laboratory
frame can be deduced from those in the center-of-mass frame

tan θLab = sin θ

ζ + cos θ
. (4)

In order to check the convergence of the SDCSs, we
have evaluated the cross sections by integrating the SDCSs
over scattering angles and compared with those obtained
from integrating the electron capture probabilities over impact
parameters. Within this procedure the results obtained are
identical.

We note that expression (2) is reminiscent of the angular
distribution of light of wave vector �k, when it is diffracted
by a circular aperture in an infinite opaque screen. This phe-
nomenon is well known in classical optics by the Fraunhofer-
type diffraction of light, and its scattering amplitude is given
by [37]

f (θ ) ∝
∫ +∞

0
b dbJ0[2k sin(θ/2)]g(b), (5)

where g(b) is a pupil function reflecting the radial transmit-
tance and phase shift of the aperture. This function is, for an
ideal system (i.e., the light is merely transmitted), equal to one
at every point within the pupil, and zero out within it. In these
conditions, the latter expression takes the explicit form

f (θ ) ∝ J1(kρθ )

kρθ
, (6)

where ρ is the radius of the aperture.
The expression (2) provides the analogy between the colli-

sion of charged ions on atoms and Fraunhofer-type diffraction
of light. This analogy was evoked in Ref. [38] (see also
Ref. [34]). The similarity in both expressions (2) and (5) re-
quires that mf = mi and demonstrates that the collision mech-
anisms can play a role analogous to that of an aperture in light
diffraction. We will illustrate this analogy by evoking different
state-selective capture SDCSs at different projectile energies.

III. RESULTS AND DISCUSSION

In our scenario presented here, the de Broglie wavelength
of the incoming projectile wave (3He2+) is λdB = 2π

μv
≈

0.0016 a.u., and its value in the laboratory frame is 9.01 ×
10−4 a.u. (corresponds to the projectile energy 40 keV/u).
This wave propagates with the relative wave vector �ki through
the atomic target (He) and catches a two-electron into 1s2,
then it scatters off with the final wave vector �kf as sketched in
Fig. 1.

Such scattering patterns are shown in Fig. 2(a) and exhibit
ring structures in close analogy to spatial diffraction patterns
found in classical optics. The observed structures become clear
when the SDCSs are displayed in one-dimensional scattering
[cf. Fig. 2(b)] and exhibit a minimum following by a maximum
in scattering angles, in good agreement with the experimental
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FIG. 1. (Color online) Scenario of the scattering of a moving
3He2+ and a helium atomic He, characterized by initial (final) wave
vector and momentum transfer �ki(�kf ) and �k, respectively. θ and φ are
the scattering polar and azimuthal angles, respectively.

data [39]. Such structures become more pronounced when the
SDCSs are weighted by the sin θLab, as illustrated in the inset
of Fig. 2(b).

The validity of our interpretation of the features in the calcu-
lated results as being due to Fraunhofer diffraction is illustrated
by comparing the theoretical distribution for such phenomena
on the optical analogy with that obtained by SDCSs. The theo-
retical scattering angles of the first dark and first bright fringes
are given by 0.61λdB/ρ and 0.819λdB/ρ, respectively [37],
where ρ is the aperture radius. In the present analogy, the latter
is closely related to the radius of the interaction region and can
be deduced directly from the angular spacing between the first
minima and maxima using Fraunhofer-type diffraction condi-
tions (i.e., �θ = 0.209λdB/ρ). A similar procedure has been
adopted in the work of Gudmundsson et al. [7], in which the ra-
dius of the aperture was chosen to reproduce position of the first
minima in the measured SDCSs. In the present work, once the
value �θ is deduced from our data presented in Fig. 2(b) (the
first minima is located at θLab ≈ 0.25 mrad, and the first max-
ima at θLab ≈ 0.34 mrad), an effective radius is calculated and
the obtained value is ρ ≈ 2.1 a.u.. It is found out that this value
is quite close to a rough estimate of the value of the impact-
parameter b beyond which the probability of electron capture
P (b) is negligibly small, as indicated in Fig. 2(c) by red arrow.

Our demonstration of the origin of this phenomenon is
supported by the picture of the DC-electron probabilities [cf.
Fig. 2(c)]. The latter distribution is akin to a pupil function in
optical analogy, and as expected no indication of an oscillatory
structure is observed. This rules out such an interpretation
related to the electronic behavior such as transient molecule
formed by the passing He2+ ion and the He atom. Here we
suggest an alternative explanation in terms of the scattered
matter wave of the projectile on an atomic target. This is
illustrated by considering the classical picture of the SDCSs
as shown in Fig. 2(b) with dashed lines: the results stem from
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FIG. 2. (Color online) Calculations for DC into 1s2 for 40 keV/u
3He2+-He collisions. (a) Scattering pattern in momentum space in
the plane perpendicular to the projectile direction (cf. Fig. 1) in the
laboratory system. (b) SDCSs in one-dimensional scattering angles:
(solid curve) our exact calculation is based on Eq. (2); (dashed curve)
results stemming from the classical formula (7) and divided by 20;
(full circle) experiment of Schöffler [39]. Inset: SDCS weighted by
sin θLab. (c) DC-electron capture probabilities. Red arrow indicates a
rough estimate of the radius of the interaction region.
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FIG. 3. (Color online) Calculations for DC into 1s2 at three energies 10, 25, and 60 kev/u 3He2+-He collisions from top to bottom panels,
respectively. Left panel: DC-electron probabilities. Right panel: Corresponding SDCS weighted by sin θLab in the laboratory frame. (full circle)
experiment of Schöffler et al. [27].

the classical formula [40]

dσ

d�
= |ãf i(b)|2

( dσ

d�

)
Ruth

, (7)

where ( dσ
d�

)Ruth is the Rutherford differential cross section for
the classical elastic scattering of the nuclei, and b is given
by the classical relation between scattering angle and impact
parameter. It is obvious that the latter expression cannot lead
to a complete information on the SDCS. This is owing to the
classical description of the elastic scattering, which is not valid
for small scattering angles [40]. Such lack of information is
characterized by the nonreproduction of the expected effect
by the classical calculation. We note that similar behavior has
been observed in previous works [28,40,41].

At this point we conclude that our observations suggest
that the observed structures result from the de Broglie matter-
wave scattering of the projectile on the atomic target. This is
consistent with our comprehensive picture resulting from our
quantum SDCSs and supported by the shape of the probability
distributions, which validates once again our interpretation in
terms of diffraction phenomena, in analogy with Fraunhofer-
type diffraction of light waves.

Let us now analyze the dependence of the observed minima
and maxima with respect to the projectile energy. In Fig. 3
(on the right) our theoretical SDCSs weighted by sin θLab are
displayed together with some available experimental data [27]

for three projectile energies (from top to bottom) 10, 25, and
60 keV/u (the corresponding values of λdB in the laboratory
frame are 1.8 × 10−3, 1.14 × 10−3, and 9.01 × 10−4 a.u.) and
the same electronic process as in Fig. 2. In the same figure (on
the left) are plotted the corresponding probability distributions
P (b). As in Fig. 2, the latter distribution allows us to determine
a rough estimate of the radius of the interaction region. It
is found that the size of this narrow region decreases with
increasing projectile energies. In parallel, the observed minima
and maxima are shifted in scattering angles between the results.
For the projectile energy 60 keV/u, the observed minima and
maxima are well reproduced by the recent measurements of
Schöffler et al. [27]. Their location for the three collision
energies dealt with here are shown in Table I and are quite
close to the values obtained in Fraunhofer diffraction theory
(FDT) in classical optics.

These data demonstrate a connection between the radius
and the projectile energy and illustrate how it affects the
location of such minima and maxima. This behavior is closely
analogous to that expected in classical optics, in which
such location is proportional to the ratio of wavelength to
radius of the aperture. Therefore, the projectile energy affects
significantly the observed pattern and plays a crucial role in
the formation of the predicted phenomenon.

In Fig. 4 we present results for the same system as in Fig. 3
and three different SC channels at the fixed collision energy
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TABLE I. Position of fringes deduced from SDCS for DC into
1s2 in the system 3He2+-He and the corresponding values predicted
by FDT at different projectile energies.

SDCS FDT
E (keV/u) Fringes (mrad) (mrad)

ρ = 2.7 a.u.
1st dark 0.35 0.4

10 1st bright 0.56 0.55
2nd dark 0.8 0.74
2nd bright 1.0 0.9

ρ = 2.5 a.u.
25 1st dark 0.28 0.28

1st bright 0.4 0.37
ρ = 2.0 a.u.

60 1st dark 0.25 0.22
1st bright 0.32 0.3

60 keV/u: SC to 1s (top panels), SC to 2s (middle panels),
and SC to 3s (bottom panels). Again similar diffraction profile
is observed for the three SC channels, in excellent agreement
with the measurements of Schöffler et al. [27]. Although the
SDCSs exhibit similar behavior for such capture states, their
amplitudes are much smaller for 2s and 3s states than those

TABLE II. Angular spacing deduced from SDCs for SC to 1s,
2s, and 3s in 60 keV/u 3He2+-He collisions and the corresponding
radius of the interaction region predicted by FDT.

State-selective SC 1s 2s 3s

Angular spacing
(mrad) (SDCS) 0.04 0.05 0.04
Radius ρ (a.u.) (FDT) 3.8 3.1 3.8

for 1s. The observed difference is resulting from the smaller
cross sections for 2s and 3s compared to those for 1s, which
can be seen clearly in the picture of SC-electron probabilities.
Additionally, the observed diffraction signals show only slight
variations in scattering angles depending upon the capture
states. This is consistent with their dependence on the radius
of the interaction region, which seems in turn to be varied
slightly. This dependence is illustrated in the Table II in which
the angular spacing for the three SC channels are listed together
with the radius of the interaction region deduced from FDT to
reproduce the first minima and maxima in the SDCSs.

These observations provide, therefore, an additional feature
of atomic profile of diffraction of a projectile de Broglie matter
wave related to the role of the radius of the narrow region, in
analogy with Fraunhofer diffraction phenomena.
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FIG. 4. (Color online) Calculations at energies 60 keV/u 3He2+-He collisions for SC into 1s, 2s, and 3s from top to bottom panels,
respectively. Left panel: SC-electron probabilities. Right panel: Corresponding SDCSs weighted by sin θLab in the laboratory frame. Full circle:
Experiment of Schöffler et al. [27].

012702-5



HICHAM AGUENY PHYSICAL REVIEW A 92, 012702 (2015)

0 1 2 3 4 5
0.0

0.1

0.2

0.3

0.4
P

(b
) 

(a
.u

.)

0.0 0.5 1.0 1.5 2.0 2.5
0.000

0.001

0.002

0.003

P
(b

) 
(a

.u
.)

b (a.u.)

0.000 0.001 0.002 0.003 0.004
0.0

0.1

0.2

0.3

Lab
 (rad)

s
in

L
a

b
d

d
  

(1
0

-1
6

c
m

2
) 

0.0000 0.0005 0.0010 0.0015 0.0020
0

200

400

600

800

s
in

L
a

b
d

d
  

(1
0

-1
6

c
m

2
) 

0.0000 0.0005 0.0010 0.0015
103

104

105

106

107

d
d

(1
0-1

6
cm

2 )

Lab (rad)

0.0000 0.0005 0.0010 0.0015
101

102

103

104

105

d
d

(1
0-1

6
cm

2 )

Lab (rad)

FIG. 5. (Color online) Calculations at energy 25 keV/u H+-He collisions for SC to 1s (top panels) and DC into 1s2 (bottom panels). Left
panel: Electron-capture probabilities. Right panel: Corresponding SDCS weighted by sin θLab in the laboratory frame. Inset: Total SDCSs vs
scattering angles in laboratory frame. Dashed lines: Calculation of Harris et al. [24]. Short dashed lines: Calculation of Chowdhury et al. [26].
Full circle: Experimental data of Schulz et al. [29].

In order to make conclusions about the general features
of the observed phenomenon in energetic ion-atom collisions,
we extend our study to an asymmetric system. Interestingly,
similar structure prevails also in a 25 keV H+-He collision
system and for the two evoked capture channels (cf. Fig. 5):
SC to 1s and DC into 1s2. However, it is found out that
summation of the SDCS over the bound states of the projectile
can wash out the observed structure. Similar observations
were reported experimentally by Mergel et al. [42] for swift
ion-atom collisions. Indeed, the observed structure in DC into
1s2 disappears in the total DC process [cf. inset of Fig. 5
(bottom panel)], which is due to the destructive interferences
between the bound states involving H− in SDCSs. In contrast,
such structures remain clear in the total SC [cf. inset of
Fig. 5 (top panel)]. This is because the 1s state capture
is the dominant channel in the system considered here.
Our results compare well with the measurements of Schulz
et al. [29], except for DC where they are small in the
magnitude by a factor of 2. However, their shape is reproduced
almost perfectly. In contrast, the recent calculations based on
perturbative approach [24,26] show a serious disagreement in
both magnitude and shape of the SDCS (cf. insets of Fig. 5).

The close agreement between our nonperturbative cal-
culations and the experimental data, on the one hand, and
those based on Fraunhofer-type diffraction theory, on the

other, supports our interpretation of the origin of the observed
structure.

Although diffraction-like oscillations are well known as
a general feature of charge exchange in scattering theory
of ion-atom collisions [35], most of them were observed at
slow collision energies and often termed either “Stueckelberg
oscillations” [43,44] or resulting from the number of times that
the active electron moves between nuclear centers [45,46].
At the energy range considered here both explanations are
unlikely and an alternative source is required. This is reached
in the present work by evoking an asymmetric and symmetric
ion-atom system, in which Fraunhofer-type diffraction effects
are observed clearly and interpreted in terms of the de Broglie
matter wave of the scattering projectile on the atomic target.

IV. CONCLUSIONS

In conclusion we have presented a semiclassical close-
coupling approach in combination with an Eikonal approxima-
tion to calculate the SDCS. We have found excellent agreement
with available experimental data over a broad range of impact
energies considered here. Our study provides a complete
theoretical demonstration of Fraunhofer-type diffraction in
connection with DC and SC in intermediate 3He2+-He and
H+-He collisions involving correlated two active electrons. It
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was found that the SDCSs exhibit a behavior closely analogous
to the intensity distribution obtained in Fraunhofer diffraction
theory in classical optics. Such an analogy was supported
by further analysis of the SDCSs, which gave evidence for
coherent matter-wave scattering of the projectile from atoms
via electron transfer processes.

A demonstration of the origin of the observed phenomenon
was provided by an additional calculation based on classical
elastic scattering, and supported by the shape of the probability
distribution. The latter enables us to determine the radius of the
interaction region, which plays a crucial role in the predicted
phenomena. We have emphasized this role by evoking different
capture channels in which the narrow regions of the probability
distributions can be affected. It was found that such study
shows only slight variations of the observed fringes, which is

consistent with the observed modifications of the radius. In
addition, we have analyzed the dependence of the predicted
phenomena with respect to the projectile energy: since as
the projectile velocity increases the de Broglie wavelength
decreases, hence the density of oscillation patterns gets higher.
Extending this to an asymmetric system reveals a similar
effect and demonstrates a general feature of the de Broglie
matter wave of the scattering projectile on the atomic target,
in analogy with Fraunhofer-type diffraction of light.
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[12] I. Mančev, V. Mergel, and L. Schmidt, J. Phys. B: At. Mol. Opt.

Phys. 36, 2733 (2003).
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[15] M. S. Schöffler, H.-K. Kim, O. Chuluunbaatar, S. Houamer,

A. G. Galstyan, J. N. Titze, T. Jahnke, L. Ph. H. Schmidt,
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