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Quantum theory of a bandpass Purcell filter for qubit readout
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The measurement fidelity of superconducting transmon and Xmon qubits is partially limited by the qubit
energy relaxation through the resonator into the transmission line, which is also known as the Purcell effect. One
way to suppress this energy relaxation is to employ a filter which impedes microwave propagation at the qubit
frequency. We present semiclassical and quantum analyses for the bandpass Purcell filter realized by E. Jeffrey
et al. [Phys. Rev. Lett. 112, 190504 (2014)]. For typical experimental parameters, the bandpass filter suppresses
the qubit relaxation rate by up to two orders of magnitude while maintaining the same measurement rate. We
also show that in the presence of a microwave drive the qubit relaxation rate further decreases with increasing

drive strength.
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I. INTRODUCTION

The implementation of fault-tolerant quantum information
processing [1] requires high-fidelity quantum gates and also
needs sufficiently fast and accurate qubit measurement. Super-
conducting quantum computing technology [2—10] is currently
approaching the threshold for quantum error correction.
Compared with the recent rapid progress in the increase of
single-qubit and two-qubit gate fidelities, qubit measurement
shows somewhat slower progress. The development of faster
and higher-fidelity qubit readout remains an important task.

In circuit QED (cQED) [11,12] the qubit state is inferred
by measuring the state-dependent frequency shift of the
resonator via homodyne detection. This method introduces
an unwanted decay channel [13] for the qubit due to the
energy leakage through the resonator into the transmission line,
the process known as the Purcell effect [14,15]. The Purcell
effect is one of the limiting factors for high fidelity qubit
readout.

In principle, the Purcell rate can be suppressed by increasing
the qubit-resonator detuning, decreasing the qubit-resonator
coupling, or decreasing the resonator bandwidth due to
damping. However, these simple methods increase the time
needed to measure the qubit. This leads to a trade-off between
the qubit relaxation and measurement time, whereas it is
desirable to suppress the Purcell rate without compromising
qubit measurement. Several proposals have been put forward
for this purpose, which include employing a Purcell filter
[16-19], engineering a Purcell-protected qubit [20,21], or
using a tunable coupler that decouples the transmission line
from the resonator during the qubit-resonator interaction,
thereby avoiding the Purcell effect altogether [22].

The general idea of the Purcell filter is to impede the
propagation of the photon emitted at the qubit frequency,
compared with propagation of the microwave field at the
resonator frequency, used for the qubit measurement. A notch

“Present address: Rigetti Quantum Computing, 2855 Telegraph Ave,
Berkeley, CA 94705, USA.

1050-2947/2015/92(1)/012325(13)

012325-1

PACS number(s): 03.67.Lx, 85.25.—j,03.65.Yz

(band-rejection) filter detuned by 1.7 GHz from the resonator
frequency was realized in Ref. [16]. A factor of 50 reduction
in the Purcell rate was demonstrated when the qubit frequency
was placed in the rejection band of the filter. A bandpass
filter with the quality factor Oy ~ 30 (and corresponding
bandwidth of 0.22 GHz) centered near the resonator frequency
was used in Ref. [17]. This allowed the qubit measurement
within 140 ns with fidelities Fj;, = 98.7 and Fjp) = 99.3 for
the two qubit states. (The bandpass Purcell filter was also
used in Ref. [10]; it had a similar design with a few minor
changes.) A major advantage of the bandpass Purcell filter
in comparison with the notch filter is the possibility to keep
strongly reduced Purcell rate for qubits with practically any
frequency (except near the filter frequency), thus allowing
quantum gates based on tuning the qubit frequency, and also
allowing multiplexed readout of several qubits by placing
readout resonators with different frequencies within the filter
bandwidth.

In this work we analyze the Purcell filter of Ref. [17] using
both semiclassical and quantum approaches and considering
both the weak and the strong drive regimes. Our semiclassical
analysis uses somewhat different language compared to the
analysis in Ref. [17]; however, the results are very similar (they
show that with the filter the Purcell rate can be suppressed
by two orders of magnitude, while maintaining the same
measurement time). The results of the quantum analysis in the
regime of a weak measurement drive or no drive (considering
the single-photon subspace) practically coincide with the
semiclassical results. In the presence of strong microwave
drive, the Purcell rate is further suppressed with increasing
drive strength. We have found that this suppression is stronger
than that obtained without a filter [23].

In Sec. I we discuss the general idea of the bandpass Purcell
filter and analyze its operation semiclassically. Section III
is devoted to the quantum calculation of the Purcell rate
in the presence of the bandpass Purcell filter. In Sec. IV
we discuss further suppression of the Purcell rate due to an
applied microwave drive. Section V is the conclusion. In the
Appendix we review the basic theory of a transmon/Xmon
qubit measurement, the Purcell decay, and the corresponding
measurement error without the Purcell filter.

©2015 American Physical Society
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FIG. 1. (Color online) Schematic of a standard circuit QED qubit
readout setup. The qubit state slightly changes the resonator frequency
; (due to qubit-resonator interaction with strength g), and this is
sensed by passing the microwave through (or reflecting from) the
resonator. The amplified outgoing microwave is combined with the
local oscillator at the mixer, whose output is measured to discriminate
the qubit states. The energy decay « of the resonator is mainly due to
its coupling with the transmission line.

II. IDEA OF A BANDPASS PURCELL FILTER
AND SEMICLASSICAL ANALYSIS

In the standard cQED setup of dispersive measurement
(Fig. 1) the qubit interaction with the resonator slightly changes
the effective resonator frequency depending on the qubit state,
so that it is @/’ when the qubit is in the excited state and '®
when the qubit is in the ground state. The dispersive coupling
x is defined as

—wl) /2. (1)

In the two-level approximation for the qubit, y =g>/ (a)g — wd),

X = (a)ie>

where g is the qubit-resonator coupling and a)g and @
are the bare frequencies of the qubit and the resonator,
respectively [11]. For a transmon or an Xmon qubit, x
is usually significantly smaller, y ~ — g28q / [(a)g - wf)(wg -
8q — @P)], where 8, is the qubit anharmonicity (§q > 0);
moreover, x as well as the central frequency (a)re> + a)l’”)/ 2
depend on the number of photons n in the resonator (see
[24,25] and the Appendix for a more detailed discussion).
The resonator frequency change (and thus the qubit state) is
sensed by applying the microwave field with amplitude ¢, then
amplifying the transmitted or reflected signal, and then mixing
it with the applied microwave field to measure its phase and
amplitude (Fig. 1).

In the process of measurement, the qubit decays with the
Purcell rate [11]

2
Frax—5 ®)
(a)q - a)r)z

where « is the resonator energy damping rate (mostly due
to leakage into the transmission line, see Fig. 1). Note that
in this formula we do not distinguish the bare and effective
frequencies. In the quantum language this can be interpreted
as the leakage with the rate « of the qubit “tail” g?/(wq — @)%
existing in the form of the resonator photon. However, the
Purcell decay also has a simple classical interpretation via
the resistive damping [13], essentially being a linear effect,
in contrast to the dispersion (1)—see the Appendix for more
details, including dependence of I" on n [23].
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FIG. 2. (Color online) Qubit measurement schematic with the
bandpass Purcell filter of Ref. [17]. The readout resonator with
frequency w, (which depends on the qubit state) is coupled (coupling
G) with a filter resonator of frequency «y, which decays into
the transmission line with the rate ;. The further processing
of the outgoing microwave (not shown) is the same as in Fig. 1. The
microwave drive can be applied either to the readout (&,) or to the filter
(&r) resonators. Coupling with the decaying filter resonator produces
an effective decay rate k. of the readout resonator, which depends
on the drive frequency. As a result, for the measurement microwave
Keff = K, wWhile the qubit sees a much smaller value k. = kg, thus
leading to a suppression of the qubit Purcell decay by a factor kq/x;.

The Purcell decay leads to measurement error; therefore,
it is important to reduce the rate I'. This can be done by
decreasing the ratio g/|wq — w|; however, this decreases x
and thus increases the necessary measurement time #;, (see
Appendix for more details). Another way to decrease I' is to
use a very small leakage rate «; however, this also increases
the measurement time #;,, because the ring-up and ring-down
processes give a natural limitation #,, > 4« ~!, and in many
practical cases it is even f,, > 1071,

It would be good if the rate ¥ which governs the mea-
surement time were different from « in Eq. (2): specifically
if « for the Purcell decay were much smaller than « for the
measurement. This is exactly what is achieved by using the
bandpass filter of Ref. [17]. There are other ways to explain
how this Purcell filter works [17], but here we interpret the
main idea of the bandpass Purcell filter as producing different
effective rates k. for the measurement and for the Purcell
decay (so that the measurement microwave easily passes
through the filter, while the propagation of the photon emitted
by the qubit is strongly impeded by the filter).

The schematic of the qubit measurement with the bandpass
Purcell filter of Ref. [17] is shown in Fig. 2. Besides the readout
resonator with qubit-state-dependent frequency w, = wl or
wr = wig> , there is a second (filter) resonator with frequency wy,
coupled with the readout resonator with the coupling G. (The
coupling G is inductive, but we draw it as capacitive to keep the
figure simple.) The filter resonator leaks the microwave into
the transmission line with a relatively large damping rate «,
so that its Q factor is Qr = w¢/ks >~ 30, while |G| K k¢. The
leaked field is then amplified and sent to the mixer (not shown)
in the same way as in the standard cQED setup. The readout and
filter resonators are in general detuned from each other, but not
much, |w; — w¢| < k¢ (detuning is needed to multiplex readout
of several qubits using the same filter resonator [10,17]; for
simplicity we consider the measurement of only one qubit).
The filter resonator is pumped with the drive frequency wq
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(close to w,) and amplitude ;. However, for us it will be easier
to first assume instead that the readout resonator is pumped
with amplitude ¢, (Fig. 2), and then show the correspondence
between the drives ¢, and &y.

Let us use the rotating wave approximation [26,27] with the
rotating frame e~'“¢’ based on the drive frequency wy. Then
the evolution of the classical field amplitudes «(¢) and () in
the readout and filter resonators, respectively, is given by the
equations

G = —i At — iGB — iy, 3)
f=—iAup —iGa— %ﬂ, )

where « and 8 are normalized so that || and | 8| are the
average number of photons in the resonators, &; is normalized
correspondingly, and

Ay = — w4, Ay =wr —wg &)

(recall that o, depends on the qubit state). If we are not
interested in the details of evolution on the fast time scale
K¢ !, then we can use the quasisteady state for B [obtained
from Eq. (4) using A = 0],

B i 6)
= C(’
Kf/2 + iAfd
which can then be inserted into Eq. (3), giving
@ = —i(Au+b0)a - S a — i, 7
41G|? 1
= , 8
T T 1T+ QA ®)
IGI*A A
= = Sl ©)
(ke /2)* + Agy Kf

Thus we see that the field o evolves in practically the same
way as in the standard setup of Fig. 1; however, interaction
with the filter resonator shifts the readout resonator frequency
by Sw; and introduces the effective leakage rate x ¢ of the
readout resonator.

Most importantly, «.; depends on the drive frequency. For
measurement we use wq & wy, SO Keg 1S approximately

_ 4GP 1
YTk T4 R(0 — op)/ke]?

However, when the qubit tries to leak its excitation through
the readout resonator, this can be considered as a drive at the
qubit frequency, wq = wq, and the corresponding k. is then

_ 4GP 1
T T 1t 20 — o/

(10)

(1)

which is much smaller than «; if the qubit is detuned away
from the filter linewidth, |wq — wy| > k¢. This difference is
exactly what we wished for suppressing the Purcell rate I':
the measurement is governed by «;, while the qubit sees a
much smaller value «4. Therefore, we would expect that the
Purcell rate is given by Eq. (2) with ¥ = k4 [see Eq. (32)
later], while the “separation” measurement error is given by
Egs. (A36)—(A38) with k = k; (see Appendix). As a result,
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compared with the standard setup (Fig. 1) with the same
physical parameters for measurement, the Purcell rate is
suppressed by the factor

_ Kq _ 1+ 20 — on)/kel
ok L [2eq — on)/k)?

This is essentially the main result of this paper, which will
be confirmed by the quantum analysis in the next section. (To
avoid a possible confusion, we note that k4 is not the qubit
decay rate; it is the resonator decay, as seen by the qubit.)
Our result for the Purcell suppression factor was based on
the behavior of the field amplitude in the readout resonator.
Let us also check that the field y; propagating in the outgoing
transmission line behaves according to the effective model
as well. The outgoing field amplitude is yy = /kf B (in
the normalization for which |yy|? is the average number of
propagating photons per second). Using Eq. (6) we find

_ g \/K_f S
Kke/2 + i Agg

so, as expected, the outgoing amplitude behaves as in the
standard setup of Fig. 1 with x = kg, up to an unimportant
phase shift ¢ = arg[—iG*/(k¢/2 + i Aq)]. Note that to show
the equivalence between the dynamics (including transients)
of the systems in Figs. 1 and 2 we needed the assumption of
a sufficiently large «¢ in order to use the quasisteady state (6).
However, this assumption is not needed if we consider only
the steady state (without transients).

So far we assumed that the measurement is performed by
driving the readout resonator with the amplitude &,. Now let us
consider the realistic case [10,17] when the drive ¢ is applied
to the filter resonator. The evolution equations (3) and (4) for
the classical field amplitudes are then replaced by

< 1. (12)

Y Keff O, (13)

a=—iAqya —iGB, (14)
f=—idup —iG'a— 3 p—ie. (15)
so that the quasisteady state for the filter resonator is
JR— 7 * — .8 ~
L - (16)
Kf/2+lAfd Kf/2+lAfd
and the field evolution in the readout resonator is
& =—i(Ay+dwp)a — Xoff g g, (A7)

2 _Kf/2+iAfd

with the same k¢ and Sw; given by Egs. (8) and (9). The only
difference between the effective evolution equations (7) and
(17) is a linear relation,

g < —igrG /(K /2 + i Agg), (18)

between the drive amplitudes &, and & producing the same
effect. Therefore, our results obtained above remain unchanged
for driving the filter resonator, and the Purcell rate suppression
factor is still given by Eq. (12).

Note that in the quasisteady state the separation between the
filter amplitudes g for the two qubit states does not depend on
whether the drive is applied to the filter or readout resonator,
as long as we use the correspondence (18) between the drive
amplitudes. The same is true for the separation between
the outgoing fields yy. Similarly, the separation between the
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outgoing fields for the two qubit states is the same (up to
the phase ¢) as in the standard setup of Fig. 1 with ¢ = ¢,
k = ki, and the resonator frequency adjusted by dw, given
by Eq. (9). Therefore, these configurations are equivalent to
each other from the point of view of quantum measurement,
including interaction between the qubit and readout resonator,
extraction of quantum information, back-action, etc.

Nevertheless, driving the filter resonator produces a dif-
ferent outgoing field yy = ,/kr B, which now contains an
additional term —ie¢ /kt/(kt/2 4+ iAsg) in comparison with
Eq. (13), which comes from the second term in Eq. (16). In
particular, instead of the Lorentzian line shape of the transfer
function when driving the readout resonator, the transfer
function for driving the filter is (in the steady state)

)/t_gﬂ . JKi 2A g/ Kest
& Kf/2 +iAg 1+ 2i(Arg + dor) ’
Keff

19)

where k. can be replaced with «.. (Note a nonstandard
normalization of the transfer function because of different
normalizations of yjf) and ¢¢.) This line shape for the amplitude
|y£0 /&¢| shows a dip near w, (note that y&ﬂ /er = 0atwg = wy)
and is significantly asymmetric when o, is comparable to «;
this occurs when the detuning between the readout and filter
resonators is comparable to kf—see Eq. (9). In terms of the
field « in the readout resonator, the outgoing field at steady
state is

y&ﬂ — _M a (20)
g
instead of Eq. (13) for driving the readout resonator.

The difference between the outgoing fields V&D and )/tir)
when driving the filter or readout resonator (for the same
o, i.e., the same measurement conditions) may be important
for saturation of the microwave amplifier. The ratio of the
corresponding outgoing powers is

n _ (ﬁ)z—“ @1
|yt§r)|2 S\ ) 1+ QAw/Ke)

where we assumed |A 4| < &t (so that ke & ;). For example,
if the drive frequency is chosen as wg = (a)ig ) + a)le)) /2, then
A = £x; if in this case |x| < «;, then driving the filter
resonator is advantageous because it produces less power to be
amplified, while driving the readout resonator is advantageous
if | x| > &, However, when wg # (0¥ + wl')/2, the situation
is more complicated.

Figure 3 shows the transient phase-space evolution S(t)
of the field (coherent state) in the filter resonator when a
step-function drive is applied to the readout resonator (red
curves) or to the filter resonator (blue curves), with the drive
amplitudes related via Eq. (18), and for real ;. The solid curves
show the evolution when the qubit is in the excited state, while
the dashed curves are for the qubit in the ground state. We
have used parameters similar to the experimental parameters of
Ref. [17]: ! /27 = 6.8 GHz, w!®' /27 = 6.803 GHz (so that
2x /2w = =3 MHz), w¢/2m = 6.75 GHz, Q¢ = 30 (so that
Kf_l = 0.71ns), and Kr_l = 30ns (sothat G/27 = 18.9 MHz).
The field evolution is calculated using either Egs. (3) and (4)
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FIG. 3. (Color online) Phase-space transient evolution of qubit-
state-dependent coherent states in the filter resonator for driving either
the readout resonator (red curves, left) or the filter (blue curves,
right), with the drive amplitudes related via Eq. (18). Solid curves
are for the qubit state |e), dashed curves are for the state |g). See text
for the assumed parameters. For (a) we choose the drive frequency
wq symmetrically for the readout resonator, so that 1l¢! = 711} = 50.
For (b) we choose wyq symmetrically for the filter resonator, so that
i =7y when driving the filter; we choose 7 = 50. The black
dots indicate time moments in the evolution every 10 ns until 100 ns,
then every 50 ns. Circles illustrate the coherent state error circles in
the steady state.

or Egs. (14) and (15); in simulations we have neglected the
dependence of x and (a)ie> + a)lg))/ 2 on the average number
of photons 72, = |&|? in the readout resonator (see Appendix).
The black dots indicate the time moments every 10 ns between
0 and 100 ns, and then every 50 ns. The circles illustrate the
coherent state error circles [28] in the steady state. We see that
when the drive is applied to the filter resonator (blue curves),
the evolution () is initially very fast (governed by «y), while
after the quasisteady state is reached, the evolution is governed
by a much slower «;, eventually approaching the steady state.
When the drive is applied to the readout resonator (red curves),
the transient evolution is always governed by the slower
decay «;.

InFig. 3(a) we choose the drive frequency wg symmetrically
from the point of view of the readout resonator field, so that
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in the steady state ¥’ = i1l = 50, where 7* and ) are

the average photon numbers for the two qubit states. For that
weneed wg = (0 + wl”)/2 + Sw, with Sw; given by Eq. (9);
for our parameters dw,/2n = 1.23 MHz, so wq/2m = 6.80273
GHz. Such symmetric choice of the drive frequency provides
the largest separation between the two coherent states for
a fixed drive amplitude if 2 |x| < «,. While the field in the
readout resonator is always symmetric in this case, Fig. 3(a)
shows that the field in the filter resonator is symmetric only
when driving the readout resonator (red curves, ﬁ‘f’”> = ﬁl-e) =
1.2), while it is strongly asymmetric when the filter resonator
is driven (blue curves, r‘z‘f‘g> =0.01, ﬁ‘fe) =1.0; r‘zllcg) is very
small because for our parameters dw. =~ |x| and therefore
wq X a)lg >). The number of photons in the filter is much less
than in the readout resonator because «¢ > k.

In Fig. 3(b) we choose wy so that in the steady state
ﬁlfg> = ﬁlfe> for driving the filter; this is the natural choice for
decreasing the microwave power to be amplified. This occurs
at wq/2m = 6.80120, which is close to the expected value
(@ + ol /2, but not equal because of the asymmetry of the
line shape (19). We choose the amplitudes to produce il =50
(then /2’ = 22). The difference between i1 and ! leads to
different values i)’ = 1.2 and 72’ = 0.5 when driving the
readout resonator, while for driving the filter the field in the
filter is symmetric, ﬁ'ﬁ = ﬁ‘fg) = 0.2. Compared to the case of
Fig. 3(a), there is 5 times less power to be amplified for the |e)
state (when driving the filter); however, the state separation is
1.3 times smaller (in amplitude) for the same ﬁ‘re>. Thus, there
is a trade-off between the state separation and amplified power
in choosing the drive frequency. Comparing the red and blue

curves in Fig. 3(b), we see that in the steady state ﬁ‘fg> and

ﬁl»e " are smaller for driving the filter rather than the readout
resonator. This is beneficial because there is less power to be
amplified; however, the ratio is not very big (as expected for a
moderate value | x |/x; = 0.28).

Note that our definition of «; in Eq. (10) is not strictly well
defined because the resonator frequency w, depends on the
qubit state, and the drive frequency can be in between ol and

ol However, this frequency difference is much smaller than
kg, and therefore not important for practical purposes in the
definition of «;. In an experiment «, can be measured either
via the field decay [17] or via the linewidth of the steady-state
transfer function showing the dip of | y&ﬁ /&¢| near the resonance
wq = w; [Eq. (19)], since near the dip ke & k.

Thus far we assumed that all decay «¢ in the filter resonator
is due to the leakage «f" into the outgoing transmission line.
If k™ < k¢ and the decay kf — «™ is due to leakage into
the line delivering the drive ¢ or due to another dissipation
channel, then the only difference compared to the previous
discussion is the extra factor /«xf"/k; for the outgoing field
yu. This will lead to multiplication of the overall quantum
efficiency of the measurement by «"/kf and will only
slightly affect the measurement fidelity. Adding dissipation
in the readout resonator with rate «, 4 increases the effective
linewidth to kg + ;g and multiplies the quantum efficiency
by «;/(k: + kr.4). Most importantly, since «; 4 does not change
with frequency, the Purcell suppression factor (12) becomes
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(kq + &r,0)/(kr + Kkr.4), sO that the Purcell filter performance
deteriorates; we will discuss this in a little more detail
in Sec. IIIC.

Note that our main result (12) for the Purcell suppression
factor is slightly different from the result F' = [xf/2(wq —
a)r)]z(a)q/wr)z, which was derived in Ref. [17] using the
circuit theory. The reasons are the following. First, in the
derivation of [17] it was assumed that the two resonators
have the same frequency, which makes the numerator in
Eq. (12) equal to 1. Second, the term 1 in the denominator
in Eq. (12) was essentially neglected in comparison with the
larger second term. Finally, the role of the factor (wg/ w,)? is not
quite clear. In the derivation of Ref. [17] keeping this factor
was exceeding the accuracy of the derivation, while in our
derivation we essentially use the rotating wave approximation,
which assumes wq/w, ~ 1. Aside from these small differences,
our result coincides with the result of Ref. [17].

III. QUANTUM ANALYSIS IN
SINGLE-EXCITATION SUBSPACE

In this section we discuss the quantum derivation of the
Purcell rate in the presence of the bandpass filter in the
regime when the resonators are not driven or driven sufficiently
weakly to neglect dependence of the Purcell rate on the
number of photons in the resonator [23]. More precisely,
we consider the quantum evolution in the single-excitation
(and zero-excitation) subspace. We apply two methods: the
wave function approach, in which we use a non-Hermitian
Hamiltonian with a decaying wave function, and the more
traditional density matrix analysis.

In the absence of the drive and in the rotating wave
approximation, the relevant Hamiltonian of the system shown
in Fig. 2 (without considering decay «y) is (h = 1)

H = a)gmra, + a)FaTa + wib'b + gla'o_ +aoy)

+Ga'b + G*abl, (22)

where wg is the bare qubit frequency, ] is the bare frequency
of the readout resonator, wy is the filter resonator frequency,
raising/lowering operators o and o_ act on the qubit state,
a' and a are the creation and annihilation operators for the
readout resonator, b' and b are for the filter resonator, g is
the qubit-readout resonator coupling, and G is the resonator-
resonator coupling. For simplicity we assume a real positive
g, but G can be complex for generality (for the capacitive or
inductive coupling between the resonators, G is real if the same
generalized coordinates are used for both resonators).

Note that in the case without drive it is sufficient to consider
only two levels for the qubit because only the single-excitation
(and zero-excitation) subspace is involved in the evolution,
and therefore the amount of qubit nonlinearity due to the
Josephson junction is irrelevant. However, in the presence
of a drive (considered in the next section) it is formally
necessary to take into account several levels in the qubit (as
done in the Appendix). Nevertheless, to leading order the
Purcell rate is insensitive to this, because the Purcell decay
is essentially a classical linear effect (see discussion in the
Appendix). Also note that the laboratory-frame Hamiltonian
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(22) assumes the rotating wave approximation (as in the
standard Jaynes-Cummings Hamiltonian), since it neglects the
“counter-rotating” terms of the form aTJ+, ao_,a'bt, and ab.
This requires assumption that | — 7|, |of — ?|, g, and |G|
are small compared to wP.

Let us choose the rotating frame with frequency a)g, ie.,
Hy=wb(o0_ + a'a + b1b); then the interaction Hamiltonian
V=H- H() is

V = Arana + qubTb + g(afa_ +aoy) + Ga'b + G*ab',
(23)

where

Atg = 0p — @} (24)

_ b b
Ay =0 —o 9

q
and the interaction picture is equivalent to the Schrodinger
picture because exp(i Hot)V exp(—i Hyt) = V, which is be-
cause the starting Hamiltonian (22) already assumes the
rotating-wave approximation. The master equation for the
density matrix p, which includes the damping «; of the filter
resonator is

p = —ilV,pl + ke(bpb' — b'bp/2 — pb'b/2).  (25)

In general, the bare basis is | jnm), where j represents the
qubit states, while n and m represent the readout and filter
resonator Fock states, respectively. However, in this section
we consider only the single-excitation (and zero-excitation)
subspace, so only four bare states are relevant: |e) = |e00),
Ir) = [210), |f) = [g01), and |g) = |g00).

Note that the interaction hybridizes the bare states of the
qubit and the resonators. (Hybridization of the readout res-
onator mode is essentially what makes the qubit measurement
possible.) Therefore, when discussing the Purcell rate for
the qubit energy relaxation, we actually mean decay of the
eigenstate, corresponding to the qubit excited state. This makes
perfect sense experimentally, since manipulations of the qubit
state usually occur in the eigenbasis (adiabatically, compared
with the qubit detuning from the resonator).

A. Method I: Decaying wave function

Instead of using the traditional density matrix language for
the description of the Purcell effect [15], it is easier to use the
language of wave functions, even in the presence of the decay
k¢ [23]. Physically the wave functions can still be used because
in the single-excitation subspace unraveling of the Lindblad
equation corresponds to only one “no relaxation” scenario
(see, e.g., [29]), and therefore the wave function evolution
is nonstochastic. Another, more formal way to introduce this
language, is to rewrite the master equation (25) as [30,31]
0 = —i[He,p] + kibpb', where Her = V — ixbTh/2 is an
effective non-Hermitian Hamiltonian. Next, the term beprf
can be neglected because in the single-excitation subspace
it produces only an “incoming” contribution from higher-
excitation subspaces, which are not populated. Therefore, in
the single-excitation subspace we can use p = —i[He,p].
Equivalently, |v/) = —i Heg|¥), which describes the evolution
of the decaying wave function |y (¢)) = ce(t)|€) + cr(t)|r) +
ce(1)|f). Therefore, the probability amplitudes ce ¢ satisfy the
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following equations:

ée = —igCr, (26)
Cr = —iAyger —igce — iGoey, (27)
éf = —iquCf — ig*cr - (Kt/z) Ct, (28)

while the population pgs of the zero-excitation state |g) evolves
as Pgg = Kkilcgr]? or can be found as pgg = 1 — |Ceel* — |Cre|* —
|cee|”. Note that Egs. (27) and (28) exactly correspond to the
classical equations (3) and (4) with A4 replaced with A, also
Agq replaced with Agg, and &, replaced with gce.

From the eigenvalues Aeyf = —i®werf — [ert/2 of the
matrix representing Eqs. (26)—(28), one can obtain the eigen-
frequencies we ¢ and the corresponding decay rates [ f.
These eigenvalues can be found from the qubic equation

)MB + )\-Z(iArq + iqu + Kf/z) + )\(_Arquq + |g|2 + 82
+ i Argkt/2) + g%(i Agg + k¢ /2) = 0. (29)

We are interested in the Purcell rate I' = I'e, which corre-
sponds to the decay of the eigenstate close to |e). Since A is
close to zero, in the first approximation we can neglect the term
A% in Eq. (29), thus reducing it to the quadratic equation. If
more accuracy is needed, the equation can be solved iteratively,
replacing A* with the value found in the previous iteration
(the second iteration is usually sufficient).

Besides finding the Purcell rate I exactly or approximately
from Eq. (29), we can find it approximately by using quasis-
teady solutions of Egs. (27) and (28), to a large extent following
the classical derivation in the previous section. Assuming
¢¢ = 0in Eq. (28), we find ¢f = —iG* ¢y /(i Agq + k5/2). Insert-
ing this quasisteady value into Eq. (27) and assuming ¢, = 0,
we find c,= — igce/[i Arg + |G1?/(i Arq + k1/2)]. Substituting
this quasisteady value into Eq. (26), we obtain

g2

- C
iArg +1G12/( Ag + 5/2) €
Finally, we obtain the Purcell rate as I' = —2Re(A),

Ce =

= AeCe. (30)

&2 1G ks
= 31
Arzq[(qu - |g|2/Arq)2 + (Kf/z)z] Gl
821G ks _ &g

~ = 32

AL[AR + Ge/27] AL 2
where kg is given by Eq. (11) and we assumed IG]? « AggAryg
to transform Eq. (31) into Eq. (32).

The Purcell rate given by Eq. (32) is exactly what we
expected from the classical analysis in Sec. II: in the usual
formula (2) we simply need to substitute « with the readout
resonator decay rate k4 seen by the qubit. Since the measure-
ment is governed by a different decay rate «;, the effective
Purcell rate suppression factor is given by Eq. (12), as was
expected. This confirms the results of the classical analysis in
Sec. II.

B. Method II: Density matrix analysis

We can also find the Purcell rate in a more traditional
way by writing the master equation (25) explicitly in the
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single-excitation subspace:

Pee = 18(Per — Pre) (33)
Per = —1 AgqrPer — 18(0rr — Pee) + 1G" et s (34)
pet = =5 pet = i Bqtpr + iGper — ot (35)
Pre = —i8(Per — Pre) — iGpte +iG" prt, (36)

. Kt . . . .
pet = =5 out + iAo — iGow + G or — igpers (37)
P = —kepir — 1G" per + 1G g (38)

Note that pgg = Kt pofr and pee + prr + pr + pPgg = 1 (however,
we do not use these two equations for the derivation of the
Purcell rate).

Using the quasisteady solutions of Egs. (34)-(38), i.e.,
assuming Per = Pet = Prr = Prt = Pr = 0, we can obtain a
lengthy equation for per, Which is proportional to pe.. If we
use the first-order expansion of this equation in the coupling g
and neglect g3 terms (there is no g2 contribution), then

_ ig

CiAg + G2/ Arg + K£/2)
which has the form similar to Eq. (30). Substituting this pe, into
Eq. (33), we obtain the evolution equation pee = —I"pee With I"
given exactly by Eq. (31). If we do not use the above-mentioned

approximation for the quasisteady per, then the result for the
Purcell rate is slightly different and much lengthier,

I = g’1GPPke[(AgArq — 1G1P) + (A7, + &°) (ki/2)
+g2(A%q + 2quArq - |g|2) + g4]_l

Thus the derivations based on the wave function and density
matrix languages using the quasisteady-state approximation
both lead to practically the same result for the Purcell rate T".
The most physically transparent result is given by Eq. (32),
which corresponds to the semiclassical analysis in Sec. IT and
simply replaces « in Eq. (2) with x4 seen by the qubit, in
contrast to the measurement process, which is governed by «;.

As an example, let us use the parameters similar to that
in Ref. [17]: wq/2m = 5.9 GHz, w; /27w = 6.8 GHz, w;/2m =
6.75 GHz, Q¢ = 30 (sothatk; ' = 0.71ns), g/2m = 90 MHz,
and ;' = 30 ns (so that G/27 = 18.9 MHz). In this case the
resonator decay [Eq. (11)] seen by the qubit is «g- U= 1.45 ps,
the Purcell rate [Eq. (32)] is I' = 1/(145 us), and the Purcell
rate suppression factor [Eq. (12)] is F =30ns/1.45 us =
(14 0.44%)/(1 +7.6%) = 0.021.

Thus, for typical parameters the bandpass Purcell filter
suppresses the Purcell decay by a factor of ~50. It is easy to
increase this factor to 100 by using wq/27 = 5.5 GHz in the
above example; however, further decrease of the Purcell rate is
not needed for practical purposes, while increased resonator-
qubit detuning decreases the dispersive shift 2y (in the above
example 2y /2w ~ —3 MHz for the qubit anharmonicity of
180 MHz, while for wq/2m = 5.5 GHz the dispersive shift
becomes twice less).

Note that for the parameters in the above example, Eq. (32)
overestimates the exact solution for I" via Eq. (29) by 5%,
the same 5% for Eq. (31), and Eq. (40) overestimates the
Purcell rate by 2%. The solution of Eq. (29) as a quadratic

Per Pee> (39)

(40)
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equation neglecting A3 gives I', which overestimates the exact
solution by 22%, while the second iteration is practically exact
(—0.01%). The inaccuracies grow for smaller resonator-qubit
detuning (crudely as Ar‘qz), but remain reasonably small in a
sufficiently wide range; for example, Eq. (32) overestimates
the Purcell rate by 50% for wq/27 = 6.5 GHz, i.e. detuning
of 0.3 GHz.

C. Nonzero readout resonator damping

In the quantum evolution model (25) we have considered
only the damping of the filter resonator with the rate «;. If there
is also an additional energy dissipation in the readout resonator
with the rate «; 4 (e.g., due to coupling with the transmission
line delivering the drive ¢, in Fig. 2), then the master
equation (25) should be replaced with

p =—ilV.pl+ ke(bpb' — b'bp/2 — pbib/2)
+ /cr,d(a,oaT — aTa,o/Z — paTa/Z). 41

In the wave-function-language derivation this leads to the extra
term —k; qcr/2 in Eq. (27) for ¢;. This does not change the
quasisteady value for ¢ but changes the quasisteady value
Cr = —igce/[iAyg + |g|2/(iqu + k¢/2) + Kr.a/2], so that the
Purcell rate is

g2

iArg + G2/ Ag + K1/2) + Kr.a/2
~ gz(’(q + Ky d)
A%

r= 2Re|: ] (42)

(43)

instead of Eq. (32). Practically the same result can be obtained
using the derivation via the density matrix evolution (assuming
kra < kr). As expected, the dissipation «; 4 simply adds to the
rate kq seen by the qubit. Since «; 4 is not affected by the filter, it
adds in the same way to the bandwidth «, governing the qubit
measurement process and thus deteriorates the Purcell rate
suppression (12), replacing it with F' = (kq + «r,a)/(k; + Kr.q)-

IV. PURCELL RATE WITH MICROWAVE DRIVE
AND BANDPASS FILTER

The Purcell rate may decrease when the measurement
microwave drive is added [23]. A simple physical reason is the
ac Stark shift, which in the typical setup increases the absolute
value of detuning between the qubit and readout resonator with
increasing number of photons in the resonator, thus reducing
the Purcell rate. However, this explanation may not necessarily
work well quantitatively.

The Purcell rate suppression due to the microwave drive
was analyzed in Ref. [23] for the case without the Purcell
filter and using the two-level approximation for the qubit. It
was shown that in this case the suppression factor I'(i7)/ I"(0)
is approximately [(1 + i/ nei) "% + (1 + 7i/neq) ' instead
of the factor (1 4 71/ R~ expected from the ac Stark shift,
where 71 is the mean number of photons in the resonator
and ne = (Arg/ 2g)2. This difference results in the ratio 3/2
between the corresponding slopes of I'(77) at small 72, with
the ac Stark shift model underestimating the Purcell rate
suppression (see the blue lines in Fig. 4). However, when the
third level of the qubit is taken into account, then the ac Stark
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FIG. 4. (Color online) The Purcell relaxation rate I'(77) with a
microwave drive, normalized by the no-drive rate I'(0), with the
filter (red solid curve) and without the filter (blue solid curve), as
functions of the mean number of photons 7 in the readout resonator.
The numerical simulations used the two-level approximation for
the qubit, for which 7i/|Ay/x(0)| =7i/4n.y. The dashed lines
show the values expected from the model based on the ac Stark
shift: ['(71)/ T'(0) = (1 + i/ ney) =2 with the filter and (1 + 71/ 1) !
without the filter. The parameters used in the simulations are given in
the text.

shift model describes correctly the slope of I'(77) at small 71
when the qubit anharmonicity is relatively small, |54/ A 4| < 1
(see Appendix). In this case the ac Stark shift model predicts
F@)/T0)=1+4ix(0)/Aryq at i K neg, where x(0) is the
value of x ati = 0; note that | x(0)] < |g%/Aq| and x(0) < 0
when A > 0.

With the filter resonator, we also expect that the ac Stark
shift model for the Purcell rate suppression should work
reasonably well, so that from Eq. (32) we expect

82|g|2/<f
[wr - a)q,eff(ﬁ)]z{[wf - wq,eff(ﬁ)]z + (Kf/z)z} ’

(7)) ~ (44)

where wg.f(71) is the effective qubit frequency, wqes(ii) =
w3+2x(0)fz if we neglect dependence of y on 7 and
the “Lamb shift” Therefore, in a typical situation when
lwg — x| K |or — wg| and kf K |o; — wql, we expect the
suppression ratio

(7 b
(”)%[ o wq_] (45)
IN(0) Wy — wq,eff(n)

To check the accuracy of this formula numerically, we
need to add into the Hamiltonian (22) the terms describing
the drive and higher levels in the qubit (see Appendix).
However, the resulting Hilbert space was too large for our
numerical simulations, so we numerically calculated I'(77)
using only the two-level approximation for the qubit. Using
the rotating frame based on the drive frequency wy [i.e.,
Hy = wg(o,0_ + a’a + bTb)], we then obtain the interaction
Hamiltonian

Vi = ArdaTa + Afdeb + Agoio_ + g(ata_ +aoy)
+Ga'b + Grab' + ga’ + €fa, (46)
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where Ard = Ct)lJ — q, Afd = wr — g, Aqd = a)g — g, and
for simplicity we assumed that the drive &, is applied to
the readout resonator. (For the rotating wave approxima-
tion we also need to assume that |Ayl, [Agl, [Agl, |l
|G|, and |&;/e;| are all small compared with wq.) Note
that in the two-level approximation [@; — g efr(71)]* = qu +
4g% = Ay (1 471/ neo).

We have numerically solved the full master equation with
the Hamiltonian (23), including the decay «; of the filter
resonator. As the initial state we use the excited state for the
qubit and vacuum for the two resonators, | );, = [€00). The
Purcell rate is extracted from the numerical solution of p.,.(7)
by fitting — In[p,.(¢)] with a linear function in the long time
limit [still requiring 1 — p.(¢) < 1]. In the simulations we
pump the readout resonator with the frequency wq = wl and
control 77 by choosing the corresponding value of &;. The value
of 7 is calculated numerically; it is close to what is expected
from the solution of the classical field equations when the

n dependence of x and ol is taken into account: in the

two-level approximation () = —g*/[AqV1+4¢%1/ A} ]
\e) changes with 77, we change

and ol = P + x (7). Since
wq accordingly.

The red solid line in Fig. 4 shows the numerical re-
sults for the Purcell rate suppression factor I'(i7)/ I'(0) as
a function of 7 = !9, normalized by |Ay/x(0)]. Note
that in the two-level approximation (which we used in the
simulations) 71/| A/ x(0)| = 7i/4neic. In the simulations we
have used g/27 = 100MHz, «,' =36ns, ;' =0.71ns,
/21 = ws/27 = 6.8 GHz, and a)g/Zn = 6 GHz. The blue
solid line shows the numerical suppression factor for the
standard setup [23] (without the filter resonator), also in
the two-level approximation for the qubit. We see a larger
suppression for the case with the filter, as expected from the
ac Stark shift interpretation and the fact that I' qu4 with

the filter, while I' Ar’qz in the standard setup. However,
comparison with the prediction of the ac Stark shift model
(dashed lines) does not show a quantitative agreement. There
is about 10% discrepancy for the slope of I'(77) between the
red solid and red dashed lines in the case with the filter.
This is a better agreement than for the case without the filter
(blue lines).

Note that the numerical calculations have been made using
only the two-level model for the qubit. It is possible that the
agreement between the ac Stark shift model and the numerical
results is much better if three or more levels in the qubit are
taken into account. This is an interesting question for further
research.

Also note that in experiments, increase of the drive power
often leads to decrease of the qubit lifetime, instead of the
increase, predicted by our analysis (both with and without
the filter). The reason for this effect is not quite clear and
may be related to various technical issues. Therefore, either
suppression or enhancement of the qubit relaxation with the
drive power may be observed in actual experiments.

V. CONCLUSION

In this paper we have discussed the theory of the bandpass
Purcell filter used in Refs. [10,17] for measurement of
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superconducting qubits. An additional wide-bandwidth filter
resonator (Fig. 2) coupled to the readout resonator easily
passes the microwave field used for the qubit measurement,
but strongly impedes the propagation of a photon at the qubit
frequency, which is far outside of the filter bandwidth. A
simple way to quantitatively describe the operation of the
filter is by noticing that the effective decay rate kg of the
readout resonator [Eq. (8)] depends on frequency. Therefore,
the measurement is governed by a relatively large value «;
[Eq. (10)], which permits a fast measurement, while the Purcell
relaxation is determined by a much smaller value x4 seen by
the qubit [Eq. (11)]. The ratio of these effective decay rates of
the readout resonator gives the suppression factor for the qubit
relaxation [Eq. (12)]. The result for the suppression factor is
similar to the result obtained in Ref. [17] using circuit theory
(with a few minor differences).

We have first analyzed the operation of the Purcell filter
quasiclassically, and then confirmed the results using the
quantum approach. In the quantum analysis we have used
two approaches: based on decaying wave function and density
matrix evolutions. While the Purcell effect is traditionally
described using density matrices, it is actually simpler to
use the approach based on wave functions. The results of
our semiclassical and two quantum approaches are very close
to each other; however, they are not identical because the
approaches use slightly different approximations. A simple
and most physically transparent result for the Purcell rate is
given by Eq. (32).

The Purcell rate of the qubit decay is further suppressed
when a microwave drive is applied for measurement. The effect
is similar to what was discussed in Ref. [23] for the standard
setup without the filter, and can be crudely understood as being
due to the ac Stark shift of the qubit frequency, which increases
the resonator-qubit detuning A.q. Since the Purcell rate with
the filter scales with A crudely as Ar_q4 [Eq. (32)] instead of

Ar’qz in the standard setup, the Purcell rate suppression due to
microwaves is stronger in the case with the filter. Numerical
results for the suppression due to microwaves using the two-
level approximation for the qubit show that the explanation
based on ac Stark shift works well, but underestimates the
effect by about 10%. This discrepancy may be significantly
less if more levels in the qubit are taken into account; however,
this still remains an open question.

The bandpass Purcell filter decreases the qubit decay due
to the Purcell effect by a factor of ~50 for typical parameters,
for the same measurement conditions as in the standard setup
without the filter. This allows much faster and more accurate
measurement of superconducting qubits, compared to the
case without the filter. The qubit measurement within 140 ns
with 99% fidelity using this filter has been demonstrated
in Ref. [17]. With a slight change of parameters it seems
possible to perform qubit readout within ~50 ns with fidelity
approaching 99.9%. Such fast and accurate qubit readout
would be very useful for quantum information processing with
superconducting qubits.

ACKNOWLEDGMENTS

The authors thank Daniel Sank, Mostafa Khezri, and Justin
Dressel for useful discussions. The research was funded by

PHYSICAL REVIEW A 92, 012325 (2015)

the Office of the Director of National Intelligence (ODNI),
Intelligence Advanced Research Projects Activity (IARPA),
through the Army Research Office Grant No. W911NF-10-1-
0334. All statements of fact, opinion or conclusions contained
herein are those of the authors and should not be construed
as representing the official views or policies of IARPA, the
ODNI, or the U.S. Government. We also acknowledge support
from the ARO MURI Grant No. WO11NF-11-1-0268.

APPENDIX: QUBIT MEASUREMENT AND PURCELL
EFFECT IN THE STANDARD SETUP

In this Appendix we review the trade-off between the
Purcell rate and measurement time for a transmon or Xmon
qubit in the standard cQED setup (without a filter). In the
standard setup [11,12,24] (Fig. 1) the qubit is dispersively
coupled with the resonator, so that the qubit state slightly
changes the resonator frequency. This change causes a phase
shift (and in general an amplitude change) of a microwave
field transmitted through or reflected from the resonator. The
transmitted or reflected microwave is then amplified and sent
to a mixer, so that the phase shift (and amplitude change) can
be discriminated, thus distinguishing the states |g) and |e) of
the qubit.

1. Basic theory

For the basic analysis of measurement [24], it is sufficient
to consider three energy levels of the qubit: the ground state
|g), the first excited state |e), and the second excited state | f),
so that the Hamiltonian is (A = 1)

H = ofle)(e] + (200 — 85) | /){f| + wbala

+ga'lg) (el + g*alg) (el + ga'le)(f| + g*al f) (el
+eale” ™ 4 g*ae'™ + H, + H,, (Al)

where a)g is the bare qubit frequency, 4 is its anharmonic-
ity (8q > 0, (Sq/a)g ~ 0.2GHz/6 GHz « 1), a)'r’ is the bare
resonator frequency, a is the annihilation operator for the
resonator, g is the coupling between the qubit and the resonator,
g ~ /2 g is the similar coupling involving levels |e) and | f),
and ¢, is the normalized amplitude of the microwave drive
with frequency wy. For brevity H, describes the coupling
of the resonator with the transmission line, which causes
resonator energy damping with the rate «, while H, describes
the intrinsic qubit relaxation (excluding the Purcell effect)
with the rate Tl_ixln' Note that in the Hamiltonian (A1) we
neglected the céupling terms creating or annihilating the
double excitations in the qubit and the resonator. For simplicity
we assume a real coupling: g* = g and §* = g.

For a simple analysis of the measurement process, let us
first neglect H,, H,, and the drive ¢,, and consider the three
Jaynes-Cummings ladders of states |g,n), |e,n), and |f,n),
where n denotes the number of photons in the resonator. The
coupling g provides the level repulsion between |g,n + 1)
and |e,n) (effective coupling is v/n + 1 g), while g provides
the level repulsion between |e,n 4 1) and | f,n) (with coupling
+/n + 1 g). Assuming sufficiently large level separation, |a)g -
wP| >/ |g|and |w) — 8y — wP| > /n |gl, we can treat the
level repulsion to lowest order; then the energies of the
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eigenstates |g,n) and |e,n) are

ng
E|g.n) =nw, — ws—w'ﬁ’ (A2)
1 2 2
Erm=oltnop+ SFDE "8y
g — @ wq — 8q — w;

Therefore, the effective resonator frequency o when the
qubit in the ground state is

oo
()

a)ig> = Em — EW = a)rb - Z, (A4)
where
A=Ay =0} —of, (A5)

while for the qubit state |e) the effective resonator frequency
is

le) b, 8 : g
wre=Ee.nl _Eﬁ=wr+__ . (A6)
le,n+1) le,n) A A — 8q
Denoting the frequency difference by 2y, we obtain
ol — ol =2y, (A7)
Y SR /E N VR e LN
A A—=4 A(A —8y) A — &g
The corresponding effective qubit frequency is
it b, &
a)g = E|e»'l) — Emza)q—i- Z—I—an, (A9)
which includes the “Lamb shift” g2/ A and the “ac Stark shift”

2ny.
Therefore, in this case the first two lines of the Hamiltonian
(A1) can be approximated as

— % t f
H—?Uz—i—wraa—i—xa ao;, (A10)
where
2 52
b, 8 p 1 &
wg=w,+—, =0 — = s (A11)
1A TO2A=4

o, = |le){e|] — |g)(gl, we shifted the energy by —wq/2, and we
no longer need the qubit state | f).

Note that the dispersive coupling x given by Eq. (A8) is
much smaller [24] than the value g?/A expected in the two-
level case. This is because the transmon and Xmon qubits
are only slightly different from a linear oscillator, for which
§=+/2g and dq = 0, thus leading to x = 0. The effect of
nonzero anharmonicity d4 in Eq. (A8) is more important than

the effect of nonzero § — /2 g because

1)
P g (A12)
@y

N | o9y,

and [A| K a)g. Therefore, x can be approximated as

25 25
8% o 8% (A13)
A(A = 8) A2

where the last formula also assumes |A| 3> §;.

X’&:
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The dispersive approximation (A10) is based on the
approximate formulas (A2) and (A3) for the eigenenergies,
and therefore requires a limited number of photons n in the
resonator,

A (A =89

n < N erit, Aerit), rgz’ RNerit = 4g2

Nerit = s

(A14)

where the factor 4 in the definitions of the critical photon
numbers n¢ and 7l is a usual convention. For n beyond this
range it is still possible (at least to some extent) to use the
dispersive approximation (A10) if the spread of  is relatively
small; however wg, wr, and x should be redefined. For that we
need to use similar steps as in Eqs. (A4)—(A9), but starting with
more accurate formulas than (A2) and (A3). In particular, in the
two-level approximation for the qubit (§ = 0 or §; = 00) we
would obtain x &~ g%/,/A? + 4iig? with 7 being the average
(typical) number of photons; however, the generalization of
the realistic case (A13) is not so simple (see below).

The dispersive approximation (A10) cannot reproduce the
Purcell effect [11] after including the last line of the Hamil-
tonian (A1), so it should be added separately. Without the
microwave drive (¢; = 0) only levels |e,0), |g,1), and |g,0)
are involved into the evolution described by Eq. (A1), and for
sufficiently small resonator bandwidth, « < /A% + 4g2, the
qubit relaxation rate due to Purcell effect is

r~=(1 ALY 8* Al5
¥ 2 ( m) Yar BD
Note that this rate does not depend on the qubit anharmonicity
dq, in contrast to the dispersive coupling x, which vanishes at
8q — 0.This is because the Purcell effect is essentially a linear
effect (energy decay via decay of a coupled system), in contrast
to x, which is based on qubit nonlinearity. This linearity is the
reason why the Purcell rate I does not change (in the first ap-
proximation) when the microwave drive ¢, creates a significant
photon population in the resonator, 1 < n < min(#cyit, A erit)-
(Someone might naively expect that I scales with n because of
effective coupling +/n g.) However, in the next approximation
I" depends on n [23] and can be calculated as

T'(n) = « [{g,nlale,n)|?, (A16)

with subsequent replacement of n with the average photon
number 7 if the spread of n is relatively small.
Using the third-order (in g and/or g) eigenstates,

— ng’ Vnln—T)gg
lg,n) = (1 - m)h&’»”) + A(T—(Sq) | fin —2)
_«/ﬁg<1_3ng2 (n—1g* )| 1
A 207 T AQA -5 ) T
(A17)
(i (ntDe g
le.n) = ( 247 2(A— aq)2>|e’">
Jn+1lg | 3n+ Dg?  ngx(A — 254)
RN ( ~ oAz 2A(A—8q)2>
Vng
x|g.n+1) — Ao, |fin — 1), (A18)
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where the last term in Eq. (A18) for brevity is only of the first
order, we find the Purcell rate
'S ( 3g° g2 FBA 45y

P =wyz AA — 5)?

e ) (A19)
which is an approximation up to fifth order in g. This
result coincides with the result of Ref. [23] when g = 0.
Approximating § = +/2 g [see Eq. (A12)], we obtain

N g’ 3g? 2g%8,2A — 38,)

I'(n)~« A <l A2 +n ANA =5, ) (A20)
It is interesting to note that while in the two-level approx-
imation (g = 0) the Purcell rate is always suppressed with
increasing n [23], Eq. (A20) shows the suppression only when
A < (3/2)8q (which is the usual experimental case, since
A is usually negative). Numerical results using Eq. (A16)
show that even when I'(n) initially increases with n, it
is still suppressed at larger n. Note that the result (A20)
requires assumption (A 14) of a sufficiently small nonlinearity.
Comparing Egs. (A20) and (A13), we see that in the case
of large detuning, |A| >> §4, the dependence of the Purcell
rate on n is consistent with the explanation based on the ac
Stark shift, I'(n) ~ kg% /(A + 2nx)?. (This is in contrast to
the two-level approximation, in which this explanation leads
to a discrepancy in the slope [23] by a factor of 3/2.) We have
checked that taking into account the fourth level in the qubit
does not change Egs. (A19) and (A20); there are no additional
contributions of the order g*.

Besides the qubit energy relaxation I', the resonator
damping « in the presence of drive leads to the qubit excitation
[23] |g) — le) with the rate T'jg_ o) = k |(e,n — 2|alg,n)|*
and the excitation |e) — |f) with the rate T 5 =
« |(f,n — 2|ale,n)|*. These rates (up to sixth order in coupling)
are

2 2 g2 :
kgenin—1)[ g 8
oy = £ ___ & A21
lg)—le) A2 I:AZ AQA — (Sq)i| ( )
2 2 82
~XE () T (A22)
A2 \ i) 16 2A — §,)>
- k@ —D[ @ g & T
le)—>1f) = (A=8)% LA=8g 2A -8, 2A-38
(A23)
N /(gz (n/ncril)2 SSAS (A24)

A2 2(A = 890N — 822N — 38,

where § & +/3 g is the coupling due to the fourth qubit level
with energy Swg — 384, and in Eqs. (A22) and (A24) we also

used § = +/2 g and replaced n(n — 1) with n2. In the assumed
range, n << i, the excitation rates are much smaller than the
Purcell decay rate I'.

Now let us discuss the n dependence of the dispersive
coupling x(n) = [0 (n) — 0¥ (1)]/2, where /¥ (n) =
Epri — Egmy and w0l (n) = Egry — Egny [see
Egs. (A4), (A6), and (A7)]. Using the three-level
approximation for the qubit with accuracy up to the
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fourth order in g and/or g (assuming n < ng), we obtain

2 4 252
D0 — 8 §C2n+1)  2¢°¢°n AD5
g g g'2en+3) g'Cn+1)
wl(n) = = — —
' A A-4 A3 (A — 8
28,8787 (n+ 1) (A26)
AXA =52
so that assuming g = V2 g, we obtain
o 8%, 4g%8, 1 —8,+5;/2
n)~ — ~
X AA =38y AT T (1-3,p
2 3 4
3ngt 1 -8 +83-453/3 (A27)

A3 (1=384/2(1 =59

where Sq = 8q/A. This result predicts a quite strong n
dependence of x, which is, however, not correct. The reason
is that it is not sufficient to consider three qubit levels for
x (n). When the fourth level of the qubit is taken into account
(with energy 3a)3 — 344 and coupling £), this does not change

Eq. (A25) for wlg )(n), but introduces an additional term

2§%8%n
(A —8¢)*(2A — 3684)

(A28)

into Eq. (A26) for ol (n). Assuming § = +/3 g, this changes
Eq. (A27) into

fo, sy 1A B
A(A —8g) A4 (1—135y)7°

Ing*ss 1 —(5/3)8q + (11/9)87 — 53 /3

x(n) ~ —

= = = . A29
2A5 (1 —46q/2)(1 — 83 (1 — 384/2) (429
which shows a quite weak dependence on n,
d 946 0
x(m) 9 8q x( ), (A30)

dn - 8 A Nt

assuming 8y < |Al. In the usual case when A <0, the
absolute value of x (n) decreases with increasing n.

Note that in Eqs. (A27) and (A29) we used § = V2 g and
& = /3 g. If a better approximation is used,

g V2g(1-8/200), §~~3g(1—8,/ul), (A3D)

then correction to the g> term in Eq. (A26) creates an
additional contribution g28q / [a)g(A — &)1 to x, which for
typical parameters is much larger than the second terms
in Egs. (A27) and (A29). The correction (A31) also yields
an additional n-dependent contribution of approximately
2g45qn/(A3a)g) (assuming 84 < |Al]) to both a)lg>(n) and

wlf (n). These additional slopes are comparable to the slope of
x(n) in Eq. (A29) because A2/ (Sqa)g) is on the order of 1 for
typical experimental parameters. However, the contribution
to x(n) from the correction (A31) is only 9g48§n/(A4w5’)
(assuming 84 < |Al), which is smaller than the last term in
Eq. (A29) because |A| K a)g. Therefore, the slope of x(n) in
Eq. (A29) is practically not affected by the correction (A31).
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Similarly, inaccuracy of our approximation of the fourth qubit
level energy by 3w3 — 384 produces only a small correction
to the slope of x(n): the correction to the fourth-level energy
is on the order of 55 / a)g, and therefore the correction to x ()
[via Eq. (A28)] is on the order of g48§n/(A4a)3) for 84 < |Al.

Thus, we see that for a transmon or Xmon qubit, calculation
of x(0) requires at least three qubit levels to be taken into
account, while the first correction due to x(n) dependence
(n < ng) requires at least four qubit levels to be considered.
In contrast, calculation of the Purcell rate I'(0) requires two
qubit levels, while the first correction due to I'(rn) dependence
requires three qubit levels.

2. Measurement error

Now let us discuss the qubit measurement error caused
by the qubit relaxation due to Purcell effect. To describe
measurement, we will use the dispersive approximation (A10)
with x = —g%*84/A? [Eq. (A13)] and neglect the small
difference between A defined in Eq. (A5) and wq — w; defined
via Eq. (A11). For the Purcell rate we will use the simplest
form I' = g%k / A%. Both approximations assume a sufficiently
small number of photons, Eq. (A14).

Assuming that the qubit is either in the state |g) or |e)
(nonevolving), from Eq. (A10) we see that the effective
resonator frequency is constant in time, w, £ x, where the
upper sign is for the state |e) and the lower sign is for |g).
The corresponding resonator state is a coherent state |o.),
characterized by an amplitude o4 (¢) in the rotating frame
based on the drive frequency wgq [in the laboratory frame the
resonator wave function is e ~1*+I"/2 3" (ae~i@y'n=1/2|n) up
to an overall phase]. The evolution of the amplitude is

Gre = —i(Arg £ x) s — gai —ig,  (A32)
where the upper sign everywhere is for the state |e),
A = o — Wy, (A33)

and complex &.(¢) can in general depend on time to describe
a drive with changing amplitude and frequency. (Note a
difference in notation compared with the main text: now Ay
does not depend on the qubit state and the frequency shift
+x is added explicitly.) The steady state for a steady drive,
& = const, is

i (A34)

oy =——",

T2 (A E )

so that the two coherent states are separated by

_ —2&x
/24 i D)+ x?

oy — (A35)
and this is the difference, which can be sensed by the
homodyne detection (it does not matter whether the microwave
is transmitted or reflected from the resonator when we discuss
the measurement in terms of a).

In the case when A,y = 0 (so that wqg = w,), both states
have the same average number of photons, 7i = |ai|? =
loe_|? = |&/? / (k2 /4 + x2), and the absolute value of the state
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separation is

2V
V22 +1

Theoretically, the distinguishability of two coherent states
separated by o is the same as the distinguishability of
two Gaussians with width (standard deviation) of 1/2 each,
separated by da. However, a measurement for the duration f,,
increases the effective separation by a factor of \/kty,, while
imperfect quantum efficiency n of the measurement (mainly
due to the amplifier noise) increases the Gaussian width by
n~'/2 or, equivalently, decreases the effective separation by
n~'/2. Therefore, we may think about the distinguishability of
two Gaussians with width 1/2 each, separated by

Seff = A/NKIm S,

which gives the error probability due to state separation

1 — Erf(8cresr/v/2) _ expl—(Soetr)?/2]
2 LY, 2 50leff -
The other contribution to the measurement error P, for the

state |e) comes from the qubit energy relaxation with the rate
L+ T mt during the measurement time #,,

da=lay —a_| = (A36)

(A37)

PP = (A38)

Pey = Peslip +3 tm(r + Tl 1nt) (A39)

where the factor 1/2 is because the relaxation moment
is distributed practically uniformly within the measurement
duration t,,. Since Pay’ decreases with time f,, exponentially,
the main limitation for P, comes from the second term.

It is easy to find that Ps’ = 1072 corresponds to Saefr =
2.3, Po? = 1073 corresponds to 8aes; = 3.1, and Py’ = 10~
corresponds to Soer = 3.7. For an estimate let us choose
Saegr = 3. Then from Eq. (A37) ty, 2 9/(nK 8a?), and there-
fore even neglecting intrinsic relaxation T, in Eq. (A39), we
obtain the condition

int

I' < 4 Peenic(Sa)’. (A40)
Now using I' = kg?/A? and assuming ¥ > 2 |x|in Eq. (A36),
so that Sa >~ 4 i /K, we rewrite this condition as

)
<2 Trrnn le ~9 %Ig |

A4l
AL (A41)

where for the second expression we used x =~ —gzaq/AZ.
Since the measurement time f,, should be at least few times
longer than k~!, we obtain

4. 2 A 4/5,

Iy > — > = I
" A Perniin |g8 | N Pere1a/ L/ Rerig

These estimates show that the Purcell effect requires a
sufficiently long measurement time when we desire a small
measurement error P... The limitation is not severe, but it
is still inconsistent with a fast accurate measurement needed
for quantum error correction. As an example, from Eq. (A42)
we see that for §4/27 >~ 200 MHz, Py =~ 1073, 5 ~ 0.3, and
1 2 neic/4 we need f,, > 400ns (this in turn would require
a very long T in). Also, the detuning should be sufficiently

(A42)
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large,

|A/g] > /Ktm/2Per > /2 Pere

as directly follows from I' = k(g/A)? and «ty, > 4.

As a more detailed example, let us choose g/2mw~30 MHz,
A/2m ~ —1.35GHz, §4/2m >~ 200 MHz, «~ 1 ~ 100 ns,
m >~ 400ns, n~0.3, and 7 =~ ngy/4 >~ 125. Then for
the excited qubit state the Purcell decay brings the
error contribution #,,I"/2 ~ 1073; the dispersive coupling is
x/2m ~ —0.1 MHz, so 6o =~ 0.25y/71 =~ 2.8 and Soregr > 3, SO
the separation error is also about 1072 [actually slightly larger
since | x | decreases with 71 for negative A—see Eq. (A30)].

(A43)
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Thus we see that even with the qubit decay due to the
Purcell effect, it is possible to measure a qubit with a low
measurement error, but this requires a relatively long time
and large resonator-qubit detuning. Note that we also had to
assume a large number of photons in the resonator, which
can lead to detrimental effects (neglected in our analysis)
such as dressed dephasing [32,33] and various imperfections
related to nonlinear dynamics. Suppression of the Purcell effect
(using a Purcell filter or other means) allows us to significantly
increase the ratio |g/A|, thus increasing the coupling x and
correspondingly decreasing the measurement time for the
same measurement error.
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