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I theoretically investigate how the entanglement properties of a two-mode squeezed vacuum state (TMSVS)
can be enhanced by operating quantum-optical catalysis on each mode of the TMSVS. The quantum-optical
catalysis is simply mixing one photon at the beam splitter and post-select the beam-splitter (BS) output based
on detection of one photon, first proposed by Lvovsky and Mlynek [Phys. Rev. Lett. 88, 250401 (2002)]. I find
that there exists some enhancement in the entanglement properties (namely, entanglement entropy, second-order
Einstein-Podolsky-Rosen correlation, and the fidelity of quantum teleportation) in certain parameter ranges
spanned by the low transmissivities of the BSs and the small squeezing parameter of the input TMSVS.
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I. INTRODUCTION

Entangled resources are useful in quantum information
processing, such as quantum teleportation [1], metrology [2],
and communications [3]. Two-mode squeezed vacuum state
(TMSVS) is one of the most popular (if not the most) tools
for quantum-enhanced optical interferometers or continuous
variable (CV) quantum information processing as it is a
Gaussian and entangled state [4—6]. However, theoretical
investigations have shown that Gaussian entangled resources
have some restrictions [7,8]. For example, entanglement dis-
tillation from two Gaussian entangled states is impossible by
Gaussian local operations and classical communication [9,10].
Therefore, it is desirable to seek for non-Gaussian entangled
resources and operations which can be more efficient in
the quantum information processing. In recent years, some
entanglement criteria beyond the Gaussian regime, including
all orders of Einstein-Podolsky-Rosen (EPR) correlations,
have been proposed [11,12]. Moreover, it has been shown that
non-Gaussian two-mode entangled states provide the benefits
of enhancing the entanglement [13-16].

Previously, the effect on the entanglement has been the-
oretically analyzed based on the merit of concrete protocol,
such as the degree of entanglement, the EPR correlation,
and the fidelity of teleportation [13,14]. In fact, it was
shown that the performance of every protocol was improved,
implying that the entanglement of a non-Gaussian state must
be enhanced [12]. In recent years, many schemes of generating
two-mode non-Gaussian entangled states have been proposed.
Among these schemes, performing non-Gaussian operation on
a two-mode Gaussian state is a possible approach to generate
non-Gaussian entangled resources [17,18]. These typical
non-Gaussian operations include the elementary operations
(i.e., photon addition a’,b’ and subtraction a,b) and their
sequential operations (e.g., ab,aTbT) [19,20] as well as their
coherent superposition (e.g., a'? 4+ b1?) [21]. Recently, in order
to implement multiple photon addition and subtraction on
both modes of the TMSVS, Navarrete-Benlloch er al. [15]
demonstrate that the entanglement generally increases with
the number of such operations. On the other hand, one
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can generate non-Gaussian entangled resources by means of
a linear or nonlinear quantum-optical system [22-24]. The
systems generally consist of beam splitting, phase shifting,
squeezing, displacement, and various detection.

About two decades ago, the concept of “conditional mea-
surement”” was proposed by Dakna et al. [25] . They generate a
Schrodinger-cat-like state by using a simple beam-splitter (BS)
scheme for a conditional measurement. Following Dakna’s
idea of conditional measurement, many schemes have been
proposed to prepare quantum states [26—28]. Among these
works, the typical proposal is the quantum-optical catalysis,
proposed by Lvovsky and Mlynek [29]. They generated
a coherent superposition state 7|0) + «|1) by conditional
measurement on a BS. This state was generated in one of the
BS output channels if a coherent state |«) and a single-photon
Fock state |1) are present in two input ports and a single
photon is registered in the other BS output. They call this
transformation as “quantum-optical catalysis” because the
single photon itself remains unaffected but facilitates the
conversion of the target ensemble. Recently, Bartley et al. [30]
perform quantum-optical catalysis to generate multiphoton
nonclassical states, which create a wide range of nonclassical
phenomena. Since performing quantum-optical catalysis on
a single-mode Gaussian state can enhance nonclassicality
of the given state, one can ask whether it is possible to
enhance entanglement of a two-mode Gaussian state via
quantum-optical catalysis. This issue will be addressed here.

In this paper, I propose a scheme to generate a two-mode
non-Gaussian entangled state. This state is generated by oper-
ating quantum-optical catalysis on each mode of a TMSVS. I
investigate the entanglement properties (the degree of entan-
glement and EPR correlation) and the quantum teleportation
fidelity for the state I produce. I show that when ideal quantum-
optical catalysis is used, the input Gaussian state can be trans-
formed into a non-Gaussian state with higher entanglement.

The paper is organized as follows. In Sec. II, I begin with the
generation of a non-Gaussian two-mode entangled state by op-
erating quantum-optical catalysis from a two-mode squeezed
vacuum state (TMSVS) and derive its normalization factor
(i.e., success probability), which is important to discussing
quantum properties. In Sec. III, I investigate the entanglement
properties (degree of entanglement and EPR correlation) of
the non-Gaussian state and analyze the effect of the local
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quantum-optical catalysis. Then, I consider the non-Gaussian
entangled state as an entangled resource to teleport a coherent
state in Sec. IV. The main results are summarized in Sec. V.

II. TWO-MODE NON-GAUSSIAN ENTANGLED STATE BY
LOCAL QUANTUM-OPTICAL CATALYSIS

In this section, I make a brief review of quantum-optical
catalysis and apply it to prepare a two-mode non-Gaussian
quantum state. The theoretical scheme is proposed and the
success probability is derived.

A. Theoretical scheme

The basic idea on the quantum-optical catalysis was
introduced in Ref. [29]. The conceptual schematic is shown in
Fig. 1. If an input state p;, and a single-photon Fock state |1)
are present in the two input ports of the BS and a single photon
|1) is registered in one BS output port, then a catalyzed state
pc can be generated in the other BS output channel.

My scheme is depicted in Fig. 2. Theoretically, the input
TMSVS [v),;, is obtained by applying the unitary operator
S,(r) on the two-mode vacuum |0,,0), i.e.,

1
[Y0)ap = S2(r)|04,0) = exp(a'b' tanh r)[0,,05)
coshr
1 o0
=— ;tanh” Flna.np), (1)

where S,(r) = exp [r(a'b! — ab)] is the two-mode squeezed
operator and the values of r determine the degree of squeezing.
The larger r, the more the state is squeezed. In particular, when
r =0, |¥o),, reduces to |0,,0). Enlightened by the idea of
quantum-optical catalysis, I prepare a state from the TMSVS
|Y0) ., by Operating quantum-optical catalysis on each mode.
Then, the prepared state |vLqc), is given by

1
ab = 141(1:|B2B; S 04,0) 1)1 14), 2
[YLoc) ab m( dl{1e|BaB1S2(r)|04,05) [16) [ 14),  (2)
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FIG. 1. Basic block of the quantum-optical catalysis. An input
state p;, and a single-photon Fock state |1) are present in the two
input ports of the BS. Measurement is conditioned on registering a
single photon |1) by the single-photon detector. Here, the output state
pe is called as the catalysis state of the input state p;, and this process
is quantum-optical catalysis. The catalysis parameter is the tunable
transmissivity of the BS.
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FIG. 2. Optical scheme to prepare a LQC-TMSVS by operating
quantum-optical catalysis on each mode of a TMSVS. The input
state is the TMSVS |vy),, with the squeezing parameter r and the
output state is the LQC-TMSVS |y qc),, related with the input and
catalysis parameter. The catalysis parameters are determined by the
transmissivities 7} and 7, of the tunable BS; and BS,, respectively.
In contrast with the TMSVS, the LQC-TMSVS has a wide range of
entanglement properties.

which will be called as “local quantum catalyzed TMSVS”
(LQC-TMSVS). Here, B; and B, correspond to the respective
unitary operators of the two tunable BS; and B S, with

By = explfi(a‘c —ac)], B, =expl6:(b'd —bd")] (3)

in terms of the creation (annihilation) operator a' (a), b (b),
¢! (¢), and d' (d) for modes a, b, c, and d. Using Eq. (3), one
obtains the following transformations:

B]anBlT = aTtl — cTrl, BlcTBlT = aTrl + cTtl,
4
ngTB; = le‘z — dTrz, Bzd]LB;L = bTrz + dTl‘g,

where 1; = cos@; and r; = sin0; (j = 1,2) are the transmis-
sion coefficient and the reflection coefficient of the beam split-
ter BS;, respectively. The normalization factor p., represents
the success probability heralded by the detection of a single
photon at the modes ¢ and d.

Using the above relation and some technique (see Ap-
pendix A), the LQC-TMSVS |y1qc),, can be expressed
explicitly as follows:

[Yrac)as = (co +c1a’b’ + 2ab™)$2()104.05),  (5)
where a squeezing parameter A satisfying

tanh A = t15, tanhr,

and
t1t, cosh A

o= ——"77,

/Pea coshr

(r12r22 — r12t22 — r22t12) tanh r cosh A
Ccl = )

Pea coshr

r12r22 tanh 7 sinh A

CZ =

/Pea coshr

Not surprisingly, the input TMSVS becomes non-Gaussian
after the catalysis. From Eq. (5), I find that the LQC-TMSVS
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[¥Loc),, is actually a superposition state of S$2(1)[04,05),
a’b’$,(1)]0,,0,), and at2b™25,(1)|0,,0,) with a certain ratio.
Note that the coefficients cg, ¢1, ¢2, and A are all the functions
of the input squeezing parameter r and the transmission
coefficients t1,#, of the BSs. Meanwhile, this state can also
be looked at as a non-Gaussian state by operating coherent su-
perposition operator (co + cja’bt + cat?b?) on $,(1)[0,,0).
So, I conclude that local quantum-optical catalysis operation
plays a role of preparing the non-Gaussian entangled states.
Inthe limitof t; = 1, = 1, [¥Lqc),, = 1¥0)aps 1-€., the output
state is just the input one. While at least one of 7,1, is zero,
leading to A =0, ¢ =0, ¢ =1, c2 =0, s0 [Yrqc),, —
[14,1p), 1.e., the output state is a twin single-photon Fock state.
By the way, I often use the catalysis parameters T; = tj?
(j = 1,2) (i.e., the transmittance for each BS) in my following
discussion and analysis. Compared with the input TMSVS,
what optimal properties will emerge for the LQC-TMSVS?
By tuning the input and catalysis parameters of the interaction,
the LQC-TMSVS may be modulated, generating a wide range
of entanglement phenomena, as I show in the next sections.

B. Success probability of detection

Normalization is important for discussing the properties of
a quantum state. The normalization factor of the LQC-TMSVS
in theory is actually the probability p., of detecting success-
fully single photon at the modes ¢ and d in experiment. The
density operator of the LQC-TMSVS proc = [¥Lqc) 4, (¥Loc
is expressed in Appendix B. According to Tr(p qc) = 1, the
success probability to get [ qc),, from my proposal is given
by

Pea = polag + a tanh? r + a, tanh* r
+as tanh® r + a4 tanh® r), (6)
with py = cosh'® 4/ cosh? r and

ap = 1313,
ay = 1 — 4] + 4t} — 413 + 46y + 166753

— 16t} — 166715 + 11}z5,
ay = 11115 — 281}t — 281713 + 64}ty + 1611}

+ 166218 — 281118 — 281817 + 111548,
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FIG. 3. (Color online) Success probability p., of detection as a
function of the input parameter r and the catalysis parameter 71,7, .
(a) In (T}, T») space for r = 0.5; (b) in (r,T') space.

PHYSICAL REVIEW A 92, 012318 (2015)

ay = 11t}t) — 16101 — 166710 + 4181} + 4e 48
+ 166518 — 4368 — 41863 + 1845,
as = 1215,

In Fig. 3, I plot the distribution of the success probability
pea in (T1,T7) space for r = 0.5 and in (r,T) space for the
symmetric catalysis 7} = T, = T.Itis found that the detection
probability of success is relatively low for the case of low
transmissivity. The maximum success probability is 1 for the
limit case of 7} = T, = 1. While at least one of T}, T, is zero,
I find that p.; — (1 — 2T;)* tanh? r/ cosh’ r (j = 1,2).

III. ENTANGLEMENT PROPERTIES

In contrast with the input TMSVS, can the local quantum-
optical catalysis be useful to enhance the entanglement
properties? If possible, then how can I adjust the catalysis
parameters in the process of preparing the LQC-TMSVS? In
this section, I shall discuss the entanglement properties of the
LQC-TMSYVS quantified by the von Neumann entropy and the
EPR correlation.

A. Degree of entanglement

Entanglement for a pure state in Schmidt form |y),, =
Y o @nletn)alBu)y (w, real positive), with the orthonormal
states |, ), and |B,),, is quantified by the partial von Neumann
entropy of the reduced density operator, i.e.,

E(1¥)ap) = —Tr(palog, po) = — Y _wllogy w2,  (7)

where the local state is given by p, = Tr,p(|¥),, (¥ ]) [31]. The
LQC-TMSVS [YrLqc),,, Written in Schmidt form yields

[YLac)as = ) @alna,ns), ®)

n=0

where the Schmidt coefficient is given by

(ff = n+n})(17 — n + nt3)(11)" " tanh” r 9

“n = /Pca coshr - O
The entanglement amount of the LQC-TMSVS E(|Y1.qc) ;)
can be evaluated numerically by these Schmidt coefficients, as
shown in Fig. 4.

In the limit cases, when at least one of #; or #, is zero,
the output state corresponding to |1,,1,) is separate, E =
0. While #; = t, = 1, leading to w? = tanh®" v/ cosh® r, the
output state is just the TMSVS (the input state), whose amount
of entanglement is analytically given by [32,33]

E(|W0)ap) = cosh? r log, cosh? r — sinh® r log, sinh?r. (10)

In order to understand whether the entanglement is en-
hanced by local quantum-optical catalysis, I compare the
von Neumann entropy values of the LQC-TMSVSs with the
TMSVSs. If E(|1Y1qc),,) > E(1%0) ), then the entanglement
is enhanced in principle, or else it is weakened.

There are three feasibility regions having E(|YLqc),,) >
E(|¥0),p), as shown in Fig. 5. One region is located in the low
transmissivities of two BSs, i.e., 71,75 € (0,0.5), the other
two are located in one-small-one-large transmissivity of two
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T, r

FIG. 4. (Color online) Neumann entropy E as a function of the
input parameter r and the catalysis parameter 71,7>. (a) In (7},73)
space for r = 0.5; (b) in (r,T) space.

BSs, i.e., T} € (0,0.5)but 7, € (0.5,1) or T, € (0,0.5)but T; €
(0.5,1). Three sections of Fig. 5 with r = 0.02,0.2,0.7 are
reshaped in Fig. 6. With increasing the input parameter r,
the enhancement region decreases and disappears at threshold
r = 0.785, as shown in Fig. 6.

Next, I discuss the symmetric catalysis case, i.e., assuming
T = Ty = T>. The feasibility region for enhancing the entan-
glement is depicted in the (r,7) plain space in Fig. 7. The
enhancement happens in small-squeezing (0 < r < 0.785)
and low-transmissivity (0 < T < 0.25) regimes. In Fig. 8(a),
I plot the von Neumann entropy E(|¥Lqc),,) as a function
of the input squeezing parameter » for different 7 = 0.1,0.3,
compared with 7 = 1 (corresponding to the input TMSVS).
With reference to the curve of the TMSVS, one sees that
the enhancement is possible for 7 = 0.1 but not for 7 = 0.3.
Compared with the corresponding TMSVSs (the red dashed
line), I plot the von Neumann entropy E(|¥1qc),,) as a
function of the catalysis parameter 7 for different input
parameter » = 0.2,0.785,0.9 in Figs. 8(b)-8(d). For instance,

FIG. 5. (Color online) Three-dimensional plot of the feasibility
region for E(|YLqc),,) > E(|Y0).,) in (r, 11,12 ) space.
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FIG. 6. (Color online) Plot of the feasibility region for
E(|1Yioc),,) > E(IYo),,) in (T7,T,) space with different r =
0.02,0.2,0.7, also three sections of Fig. 5. If r is larger than a threshold
value 0.785, the enhancement is impossible.

0'5,7““““““‘7,

FIG. 7. (Color online) Plot of the feasibility region for enhancing
entanglement, that is, E(|YLqc),,) > E(|Yo),,) in (r,T) space.
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FIG. 8. (Color online) Neumann entropy E(|Yqc),,) is depicted
in (a) as a function of the input squeezing parameter r for different
T =0.1,0.3, compared with 7 =1 (corresponding to the input
TMSVS); in (b)—(d) as a function of the catalysis parameter 7' (black
solid line) for (b) r = 0.2, (c) r = 0.785, (d) r = 0.9, respectively,
compared with their TMSVSs (red dashed line).
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when r = 0.2, the enhancement of entanglement will happen
in a certain catalysis range (about (0.03,0.23)) [see Fig. 8(b)].
But, above the threshold value r = 0.785, the enhancement is
impossible, as shown in Fig. 8(d) for r = 0.9.

From the above discussion, I conclude that the degree
of entanglement measured by the von Neumann entropy
turns out to be enhanced only in the small-squeezing and
low-transmissivity parameter spaces.

B. Second-order Einstein-Podolsky-Rosen correlation

For two-mode Gaussian entangled states, the entangle-
ment can be fully described by the second-order Einstein-
Podolsky-Rosen (EPR) correlation, which is characterized up
to second-order moments of the state [34—36]. For two-mode
non-Gaussian entangled states, however, the entanglement
is fully described with all orders of moments [37,38]. It is
known to all that a TMSVS (Gaussian) is the correlated
state of two field modes a and b (signal and idle) that
can be generated by a nonlinear medium [39]. But, after
operating local quantum-optical catalysis on the TMSVS, how
does the EPR correlation change? Here, I further investigate
the EPR correlation, another entanglement property for the
LQC-TMSVS.

The EPR correlation of two-mode states is the total variance
of a pair of EPR-type operators

EPR = A%(xg — xp) + A%(pa + py)
=2(1 + (a'a) + (b'b) — (a'bl) — (ab))

—2((a) = (b")((a") = (b)), (1)
where x; = —=(j + j1) and p; = Z5(j — j1) (j = a,b). For
separable two-mode states or any classical two-mode states,
the total variance is larger than or equal to 2 [34]. The
condition EPR < 2, indicating quantum entanglement, can
be an important resource in continuous variable quantum

information processing protocols.
Given a LQC-TMSVS, one can evaluate the EPR correla-
tion with the expectation values in Eq. (11). Using the general

expression of (aTklekZal‘blz) in Appendix D, I prove that
(a') = (b!) = (a) = (b) = 0 and

(aTa) = M(xo + x; tanhr + x; tanh® r + x; tanh® r
+ x4 tanh* r + x5 tanh® r + x¢ tanh® r

+ x7tanh’ 7 + xgtanh® r + xotanh® r),  (12)

(bTb) = M(yo + yi tanhr + y; tanh® r + 3 tanh® r
+ y4 tanh* 7 4 ys tanh’ r 4 yg tanh® r
+ ystanh’ 7 + ygtanh® r + yotanh®r),  (13)

as well as

(a'bty = (ab) = N(z¢ + z; tanh r + 7 tanh? r
+z3 tanh’ r + Z4 tanh* r + z5 tanh’ r

+ ze tanh® r + z7 tanh” r + zgtanh®r), (14)
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FIG. 9. (Color online) EPR correlation as a function of the input
squeezing parameter r and the catalysis parameter 71,7>. (a) In (7}, T3)
space for r = 0.5; (b) in (r,T') space. The colored region represents
the condition EPR < 2.

where I have set x;, y;, z; in Appendix E and

M = (cosh'? A tanh r)/(p.q cosh? r),
N = (cosh'? A tanh 1)/( peg cosh? r).

Upon substituting the above equations into Eq. (11), the EPR
correlation of the LQC-TMSVS EPR(|¥/.qc),;,) can be calcu-
lated explicitly, which depends on the input squeezing degree r
and the catalysis parameters 7},7;. Inthe limitof 7} = 7, = 1,
EPR(|¥1.c),,) reduces to EPR(|),,) = 2¢~%, which tends
to zero asymptotically for r — oo. In Fig. 9, I plot the EPR
correlation of the LQC-TMSVS in (71,7,) space for r = 0.5
and in (,T) space under the condition EPR < 2. One can see
that there exists a threshold curve (boundary of EPR = 2) as a
function of 7} and 7, for r = 0.5 in Fig. 9(a) and as a function
of r and T in Fig. 9(b), respectively.

To exhibit whether the EPR correlation is enhanced, the
fact that EPR(|Yrqc),,) must be smaller than EPR(|v),;)
must hold. The feasibility enhancement region of the EPR
correlation is shown in Fig. 10. Three sections of Fig. 10 are
shown in Fig. 11. Obviously, the enhancement happens only in
one region with small squeezing and low transmissivity, unlike
that of the degree of entanglement in Figs. 5 and 6. Moreover,
with increasing the input parameter r, the enhancement region
decreases and disappears at threshold r = 0.585.

The feasibility region for enhancing the EPR correlation
is depicted in the (r,7) plain space in Fig. 12. For a
small squeezing (0 < r < 0.585) and low transmissivity (0 <
T < 0.3), the quantum-optical catalysis enhances the EPR
correlation of the TMSVS (see Fig. 2). In Fig. 13, I plot
the EPR correlation of the LQC-TMSVS as a function of
r or T. In general, the EPR correlation of the TMSVS
is enhanced with the squeezing parameter r, but it may
not be always true for the case of 7 = 0.1, as shown in
Fig. 13(a). I particulary compare the EPR correlation of the
LQC-TMSVS with that of the TMSVS for the cases r =
0.2,0.585,0.7 in Figs. 13(b)—13(d). For a moderate catalysis
parameter 0.12 < T < 0.3, the catalysis operation gives the
better EPR correlation for » = 0.2. For a large squeezing
(r > 0.585), the quantum-optical catalysis becomes the worse
operation.
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1.0

FIG. 10. (Color online) Three-dimensional plot of the feasibility
region for enhancing EPR correlation, that is, EPR(|Y1qc),,) <
EPR(|%0) ), in (r,T1,T>) space.

IV. QUANTUM TELEPORTATION USING NON-GAUSSIAN
ENTANGLED STATE

After employing local quantum-optical catalysis on the
TMSVS, I can see that the degree of entanglement and the
EPR correlation can be enhanced in small-squeezing and
low-transmissivity parameter regimes. Now, I consider the
LQC-TMSVS as entangled resources in the Braunstein and
Kimble (BK) protocol [1] to teleport a coherent state |y) in
CV teleportation. The fidelity between an input state and the
output state is usually used as a measure to describe the quality
of the quantum teleportation (QT).

Fora CV system, a teleportation scheme has been proposed
according to the characteristic functions (CFs) of the quantum
states concluding input, source, and teleported states [40].
For the input coherent state, it is sufficient to calculate the
teleportation fidelity for a particular input coherent state since
there is no difference between the amplitudes of the input and
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0.8 0.8 0.8
0.6 weaken 0.6 weaken 0.6 weaken
N & N
0.4 0.4{P> 0.4\
0. e 0.2fchpanca 0.2} enhagiee
0_() 0.0 tﬁ@f‘ 0.0 N\
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 08 1.0
Ty Ty T,

FIG. 11. (Color online) Plot of the feasibility region for en-
hancing EPR correlation, that is, EPR(|¥/1qc),,) < EPR(|%0),), in
(T,T,) space with different r = 0.02,0.2,0.5, also three sections of
Fig. 10. If r is larger than a threshold value 0.585, the enhancement
is impossible.
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FIG. 12. (Color online) Plot of the feasibility region for enhanc-
ing EPR correlation, that is, EPR(|vLqc),,) < EPR(|%0),;,) in (,T)
space.

output coherent states in the BK protocol. For brevity, I take
y = 0, and then I only calculate the fidelity of teleporting the
input vacuum state with the CF x;,(z) = exp[—|z|?/2]. The CF
of the LQC-TMSVS (entangled resource or channel) [¥r.qc)
is given by

xe(e,B) = Tr[ Dy (@) Dy(B)pLocl, 15)

where D, (@) = €% ="4 D, (B) = PP' =" are the displace-
ment operators. The detailed calculation procedure and result
of xg(a,B) are shown in Appendix F. The CF xqy(z) of the
output state can be related to the CFs of the input state and the

6
5,
o
] L _
& &3 (b) r=0.2
2,
B
0,
00 01 02 03 04 05 06 0.0 0.2 04 0.6 0.8 1.0
r T

(¢) r=0.585

EPR
S = N W s o

EPR
oR TR W h N

FIG. 13. (Color online) (a) EPR correlation as a function of the
input parameter r for different 7 = 0.1,0.3, compared with 7 = 1
(corresponding to the input TMSVS); in (b)—(d) as a function of T
for different input parameters r = 0.2,0.585,0.7, compared with their
TMSVSs (the red dashed line).
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(a) =0.5 (b) T,=T,=T
0.8 0.8
0c= | o6
S & &~
0.4 0.4
0.2 0.2“/?’__
0.0E22 St seg [egs s 0.0t &
0.0 02 04 06 08 1.0 0.0 02 0.4 0.6 0.8 1.0 12
T, r

FIG. 14. (Color online) Teleportation fidelity of a coherent state
with the LQC-TMSVS as a function of the input squeezing parameter
r and the catalysis parameter 71,75. (a) In (T}, T3) space for r = 0.5;
(b) in (r,T) space. The red line is the boundary with F = 0.5.

entangled source by formula yo.(z) = xin(2)x£(z*,z). Hence,
the fidelity of QT of CVs can be obtained as [41]

d’z
F= / TXin(_Z)Xout(Z)- (16)
Thus, F yields
F = Po (mo + mj tanhr + m, tanh?® r
4pcd
+ m3 tanh® r 4 my tanh?* r), 17
where
my = 2t

my =21ty — ity — 413 — 26513,

my =1 — 42 + 4t} — 42 + 415 4+ 106342
— 21112 — 26313 + 5t}

my = tity — ity — 26t — ity — 2415
=266 + 6515 + 175 - 361,
2.2 4.2 6.2 2.4 2.6

my = 1213 — 1713 + 1812 — 121 + 171

4.4 6.4 4.6 , 6.6

+2t'ty; — 1)ty — 1) + 1)ty

In the limit case of #} = #7 = 1, the fidelity of LQC-TMSVS
F(|¥Lqc),,) reduces to that of the TMSVS F(|vo),,) = (1 +
tanh r)/2, which is 0.5 for r = 0 and tends to 1 asymptotically
for r — oo. In Fig. 14, I show the fidelity of teleporting a
coherent state using the resource (LQC-TMSVS) in (T1,7>)
space for r = 0.5 and in (r,T) space. The red line denotes the
boundary with F = 0.5. The fidelity over the classical limit
0.5 may be considered as a successful quantum protocol [42].

Similar analysis of the teleportation fidelity is performed
like that of the degree of entanglement and the EPR correlation
in Sec. III. In Fig. 15, I plot the feasibility region for enhancing
teleportation fidelity of a coherent state with the LQC-TMSVS,
ie., F(|YLoc),,) > F(Y0)),in (r,T1,T3) space. The figures
in Fig. 16 are three sections of Fig. 15 with r = 002,0.2,0.5.
In Fig. 17, I display the feasibility region in (r,T) space for
enhancing teleportation fidelity of a coherent state using the
LQC-TMSVS. The teleportation fidelity as a function of r
or T is plotted in Fig. 18. Compared with the TMSVS as
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FIG. 15. (Color online) Three-dimensional plot of the feasibility
region for enhancing teleportation fidelity of a coherent state with the
LQC-TMSVS, that is, F(|YLoc),,) > F(1¥o).), in (r,T1,T3) space.

the entangled resource, the enhancement of the teleportation
fidelity is found in therange of 0 < r < 0.6and0 < T < 0.27.
All these figures indicate that local quantum-optical catalysis
can enhance the teleportation fidelity at the small-squeezing
and low-transmissivity parameter regimes.

V. DISCUSSION AND CONCLUSION

Interestingly, when comparing the different enhancement
feasibility regions of the quantities [degree of entanglement
(orange), the EPR correlation (green), and the teleportation
fidelity (red)] of the LQC-TMSVS in Figs. 5, 10, and 15
and 7, 12, and 17, I find that these enhancement regions
do not overlap completely and locate in different input and
catalysis parameter intervals. Taking the symmetric catalysis
as example, the enhancement regions are different as (i) 0 <
r <0.785 and 0 < T < 0.25 for the degree of entanglement
(i) 0 <r <0.585and 0 < T < 0.3 for the EPR correlation;
(i) 0<r <0.6 and 0 < T < 0.27 for the teleportation
fidelity. I further reshape each two of the three plots (Figs. 7, 12,

r=0.02 r=0.2 r=0.5
1.0 1.0 1.0]
0.8] 0.8] 0.8]
0.6 weaken 0.6 weaken 0.6 weaken

N~ ~ ~
0.4 0.4 0.4
0.2 0.2} 0.2 Nj
0.0!
0

0.0 0.0
0.0 0.2 0.4 0.6 0.8 1.0 .0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
T T T

FIG. 16. (Color online) Plot of the feasibility region for enhanc-
ing teleportation fidelity of a coherent state with the LQC-TMSVS,
that is F(|YLoc),,) > F(1Yo),,) in (T1,T2) space with different
r = 0.02,0.2,0.5, also three sections of Fig. 15. If r is larger than
a threshold value 0.6, the enhancement is impossible.
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0.0 0.2 0.4 0.6 0.8

r

FIG. 17. (Color online) Plot of the feasibility region for enhanc-
ing teleportation fidelity of a coherent state with the LQC-TMSVS,
that is, F(|¥Lqc),,) > F(¥o),,) in (,T) space.

and 17) in the same graph, as shown in Fig. 19. The conclusions
are concluded by answering the following question: If A is
enhanced, then must B be enhanced?, as demonstrated in
Table 1. For instance, there exists a parameter region where
there is no EPR correlation enhancement, nevertheless, the
fidelity enhancement is achieved [see the red area in Fig. 19(f)],
so my answer is “no.” For all these three quantities, there
are common enhancement regions as shown in Fig. 20. This
region locates in the regime of the relatively low beam-splitter
transmissivities 77 and 7, (from 0 to around 0.25) and the

0.75 T=1
------ T=0.1
0.70F  eem =03
o 065 7T e
0.60 <o
RS 7 0.2 (b) r=0.2
: e (a) T1=D=T
055/ @n o1
0500 T 0.0|
0.0 0.1 02 03 04 05 06 00 02 04 06 08 1.0
r T

0.2 (c) r=0.6 0.2 (d) r=0.7
0.0 0.0
0.0 02 04 06 08 10 00 02 04 06 08 1.0
T T

FIG. 18. (Color online) (a) Teleportation fidelity of a coherent
state with the LQC-TMSVS as a function of the input parameter r
for different T = 0.1,0.3, compared with 7 = 1 (corresponding to
the input TMSVS); in (b)—(d) as a function of T for different input
parameter r = 0.2,0.6,0.7, compared with their TMSVSs (the red
dashed line).
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0.5

0.4 (e)
0.3
0.2
0.1

KR Py

0.01£ 0.0
0.0 02 04 0.6 08 0.0 02 04 06 08
r r r

0.5

0.4 )
03]
0.2

0.1

0.0 0 n : 0.0
00 02 04 06 08 00 02 04 06 08 00 02 04 06 08
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FIG. 19. (Color online) Comparison of the enhancing feasibility
region for each two of the three properties, i.e., the degree of
entanglement (orange, E), EPR correlation (green, EPR), and
teleportation fidelity (red, F) in (r,T') space for symmetric catalysis.
(a) E under EPR; (b) EPR under E; (c¢) E under F; (d) F under
E; (e) EPR under F; (f) F under EPR. The stack-ups indicate the
enhancement difference of these three properties. The illustration is
explained in Table I.

small squeezing parameters (from O to around 0.6), which are
the most experimentally accessible.

As the quantum-optical catalysis is an operation based
on post-selection, the probability of success is naturally an
issue. However, it is disadvantageous to see that the success
probabilities in the most desirable parameter ranges (i.e., the
enhancement regions) are relatively low in my protocol, as
shown in Fig. 3. There is a fundamental tradeoff between
success probability of the operation and the resultant enhance-
ment in entanglement. In addition, the catalysis operation
maximizes entanglement at low but nonzero probability. Thus,
the success of detecting the single photon, also the key of the
quantum-optical catalysis, is determined by the perfection of
the detectors. As long as the detector is enough perfect, the
single photon can be detected successfully. Using the current
detection technology, the problem of low detection probability
is possible to solve. This is good news. For example, the
single photon can be counted by using superconducting single-
photon detector with high efficiency (>90%), ultralow noise
(<1 Hz), and low timing jitter (<100 ps) [43] . In experiment,
it is possible to count near-infrared single photon with 95%
efficiency. The measured 95% system detection efficiency is
consistent with measurements and simulations of the optical
elements [44] . On the other hand, the probability of success in

TABLE I. If A is enhanced, then must B be enhanced?

Case A B Answer
Fig. 19(a) E EPR No
Fig. 19(b) EPR E No
Fig. 19(c) E F No
Fig. 19(d) F E Yes
Fig. 19(e) EPR F No
Fig. 19(f) F EPR No
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FIG. 20. (Color online) The common feasibility region for en-
hancing entanglement, EPR correlation, and teleportation fidelity in
(r,T) space (a) and in (r,77,T,) space (b). The brown regions are
located at small-squeezing and low-transmissivity regimes.

experiment is actually the normalization factor for a prepared
quantum state in theory. From the point of view of quantum
mechanics, once the detection is succeeding, the quantum state
can be generated.

In summary, this paper presents the effects of quantum
optical catalysis on the two-mode squeezed vacuum in terms
of various entanglement measures, namely, entanglement
entropy, second-order EPR correlation, and the fidelity of
quantum teleportation. The operation of the quantum-optical
catalysis is a powerful tool which can be used to increase
entanglement under certain conditions.
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APPENDIX A: EXPLICIT FORM OF |¥1oc)as

In this appendix, I derive the the explicit form of [¥1.qc) -
Noting the integral form of |v) ;.

[Wo)ap =

2 ,
1 d ae—\a\Zlanh’lr+aa7+a*b"|0 0)
sinh r T ’

and the differential form of Fock state |1), such as
|1e) = e 10|y, —o and [1a) = 3 e%*'04)|s,0. T rewrite
I¥Lqc),, as

4 2
[YLqQc)ab ! d / d_aeflalztanh" p

- /Dca Sinhr dsids,dssdsy T
% (0cle™ Bye e Bf10,)10.)

d bl spdt
(041" Bye®™' ¢ B110})104)5.52.53.50)=0»

where (s1,52,53,54) = 0 denotes s; = s, = s3 = 54 = 0. Fur-
ther using the transformation in Eq. (3), B1]0,)]|0.) = 10,)|0.)

PHYSICAL REVIEW A 92, 012318 (2015)

and B|0,)|04) = 105)|04), I have

4 2
Wiac)a = — d [ L o
JPea sSinhr dsydsrds;dsy T

% <OC|eS3ceCi(sltl —otr])loc) (Od |€S4d€di(52t2_a*r2)|0d)
t t *
Xea (at1+slr1)|0a> ® eb (sor+a t2)|0h) |(A‘1,s2,x3,x4)=()-
Inserting the completeness relation of coherent state

f %uj)(zﬂ = 1 (j = 1,2) in the appropriate place, I have

1 d4 / dza —|o|? tanh™" r
= —¢€
Pea sSinhr dsyds,dsidsy T

[VLQc) ab
[ d*z 4
x (0| / Lz (e Cra=emo,.)
T

d*z> .
x “’"'emf 7|m><mle‘”“ﬂf“ 10,)

i i *
x e“ (@b +bl(sarsta t2)|0a 7Ob>|(S|,S2,S3,S4)=0'

After a straightforward integration, I finally arrive at the
derivative form of [YrLqc)

1 d*
J Pea coshr ds dsydsydsy

4538547177 tanh r+s1 53¢ +525412

[YLoc)ar =

X e

x e+aTs1 ri—a'satyry tanh r+btsyry—bls3tr, tanh r

atbtti, tanhr
xXe 1" Ioaaoh) |(x1,s2,x3,m):0-

Therefore, the explicit form in Eq. (5) can be obtained after
making derivation.

APPENDIX B: DENSITY OPERATOR
proc = [¥Loc)as (Yrocl

The conjugate state of |Y1qc),, can be given by
d4
A/ DPed coshr dhidhydhsdhy

X e+ah1r1 —ahatyry tanh r+bhyry—bhstyry tanh r

ab<1/fLQC| = (anob |eabfllz tanhr

+h3hgriry tanh r-+hyhat; +hohgt
X e 3141112 113101 2 42|(h1,h2,h3,h4)=0'

Then, the density operator is
PLQC
1 d?
Pcd COSh2 r dSldSZdS3dS4dh1dh2dh3dh4

% e+3334r1r2 tanh r+s153t +52541

X e+h3h4r1 rp tanh r+hyhyty+hohsty

x eaTJm —atsstyry tanh r+btsory—bls3t,r tanh r

atbltit; tanh r abtyty tanh r
x e 7 0,,05) (04,06 €7

ahyry—ahyt ry tanh r+bhyry—bhstyry tanh r

xe |(51,qu53,34,h1qhz.hs,h4)=0‘
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APPENDIX C: SUCCESS PROBABILITY OF DETECTION

Due to Tr(prqoc) = 1, I have

cosh? A dd
COSh2 r dS]dSzdS3dS4dh1dh2dh3dh4

X eXp (E)l(s'] ,Xz,S},S4,h1,]12,/’13,114):05

Pcd =

where I have set
E = 4€1(5354 + h3hyg) 4 ex(s152 + hho)
+e3(s153 + hihz) + €4(s254 + hahy)
—é€s(hys3 + $2h3) — €6(sahy + s1he)
+e751h1 + €gs2hy + €953h3 4 €1054h4

with
r1ra sinh 2A riry sinh 21
6l = —’ 62 = —7
241t 2
2 sinh? A
€3 =ty cosh“ A — ,
n
2 sinh? A
€4 = tpcosh“ A — ,
15)
rir sinh 2\ ryr sinh 2\
€5 = —F7—, €= —F71
21 2t
€ = ”12 cosh? A, €= r22 cosh® A
rl2 sinh? A r22 sinh? A
€=—"7 > €f=" 5
5 5

APPENDIX D: EXPECTATION VALUE OF (at*1pt*24'1p"2)

According to (af1ba"bl2) = Tr(aT™ 1 b™2a"1 b2 pr o) and
making detailed calculation, I obtain

(ankl pikegh blz)

COSh2 A d8+k|+l|+k2+lz

" Peacosh® r dsydsydssdssdhydhydhsdhad fF dfl dgF dg”
X eXP (& + O)(s).52.53.55.h1.h2.h3.hy. fi. f.81,82)=0,
where I have set

O = +ni1(s181 + h182) + m2(s2.f1 + ha f2)
+13(5282 + h2g1) + nalsi f2 + hi f1)
—ns(s382 + h3g1) — ne(safo + ha f1)
— n7(sa81 + haga) — ns(s3 f1 + h3 f2)
+n9(f181 + f282) + mo(f1/2 + &182)

with
r1 sinh 2\ rp sinh 2\
m = 5 mn = -
n=r cosh? A, Ny =1y cosh? A,
ry sinh 21 rp sinh 21
Ns = 2—t1’ Ne = 2—t2,
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r, sinh? A ry sinh? A
n=—— ng=——,
%) 151
sinh 2\ .2
Ny = 5 N0 = sinh” A.

APPENDIX E: EXPRESSIONS OF x;, y;, z;
Here, I list the expressions of x;, y;, and z; as follows:
xo = =23ty + 21},
x1 =1 — 41} + 4t} — 45 + 41, + 16715 — 166/t;
— 14126} + 14115 + 1715 — 2618 4 1848,
xy = 4ttty — 121113 + 81713 — 1667ty + 48t}t]
— 326019 + 141715 — 341115 + 206518,
x3 = 221715 — 60t}t5 + 40015 — 56171ty + 146113
—92e813 + 26883 + 336345 — 921148 + 611818
— 86818 + arted — 81018 4 48,
xq = 241}t) — 52101 + 28t} 1) — 48115 + 881013
— 40615 + 208115 — 3410eY + 141885,
= 40}ty — 76015 + 308}t — 76t]15 + 140015
— 561518 + 4115 + 361115 — 58513 + 261813

— 41198 4 £52)0 — 2684)0 4 £104)0,

xg = 81018 — 8815 — 81818 + 8848 4+ 2151)0 — 2484)°,
x7 = 146085 — 166715 + 4115 — 206018 + 166883

— 4198 4560000 — 4r81)° 4-1]°1,°,

X

W

8.8
X8=0, X9 =111,

yo = —2t13 + 2t]13,

yi =1 =4t + 4] — 417 + 4¢3 + 16171; — 16171,

— 146]15 + 148}ty + 1015 — 21085 + 115,

yo = 4tlty — 166}t + 141065 — 126715 + 48t)1]
—3delt) + 8175 — 32118 + 208818,

y3 = 221713 — 56113 + 33113 — 601}ty + 14611,
—92:013 + 41Pty + 40t7S — 921148 + 612818
— 8818 4+ 21)15 — 81018 + ar}iS,

ya = 241}t — 48101y 4+ 2068ty — 521115 + 881018
— 34815 4 28118 — 40013 + 141848,

ys = 408ty — 7610ty 4 3615ty — 76115 + 140¢018
— 586518 4 1198 + 301715 — 561045 4- 261548
— 2198 4+ 4101)° — 4r81)° 4-1]°1)°,

vo = 81019 — 81518 — 81518 + 81815 + 2¢/15 — 241043,
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y7 = 142818 — 206515 + 5¢/°15 — 161515 + 161815
— 41108 + 4r1)0 — 4ef1)® + 1]%1,°,

ys =0, yo =113,
as well as
20 =1 —2tF — 265 + 41743,
21 = —tf +2t) — 13 + 26, + 617t; — 81115
— 8713 + 8t)13,
2o = 8 =271} + 22t) — 2715 + 2215 + 87115
— 671113 4+ 26067 — 671215 + 491}t — 61017
420268 — 61118 + 41548,
73 = L4111} — 371183 + 224083 — 371745 + 921)1)
— 506815 4 226215 — 50115 + 24548,
24 = 45715 — 981115 + 48101y — 98ty + 19711,
— 906013 + 41dty + 48135 — 90} 1S + 461018
— 61318 + ar}ed — 61018 4 26848,
25 = 206t ey — 33100} + 12086} — 331148 + 461818
— 146318 4 12028 — 141545 4 aeiS,
26 = 241}t — 3160 + 881 — 314110 + 331045
—0r8e8 + 81} — 91843 31843,
77 = 26065 — 1815 — 108, 25 = 1015,
APPENDIX F: CHARACTERISTIC FUNCTION OF |¥ioc),,
Noticing the  displacement operators D,(x) =
¢t e agma Dy(B) =T e P, the CF of |Yioc),,
can be calculated as
cosh? A A
Peq cosh? r dsydsydssdssdhydhadhsdhy

E—Alorl+ X+ Xox o —A|BI*+xp B+ xp* B* 10 (B +a* B*)

xe(e,p) =

xXe

X |(Sl ,52,83,84,h1,h2,h3,h4)=0>
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where I have set A = cosh? A — % and

X = hina + s2m2 — 5318 — hane,
Xer = —S104 — hana + h3ng + sane,
Xg = sim + hans — hans — san,
Xp= = —him — s2m3 + 5305 + hany.

APPENDIX G: FIDELITY OF QT OF CVs

Considering the entangled state |Y1qc),, to teleport a co-
herent (vacuum) state and substituting x;,(z) = exp[—|z|2 /2]
and xou(@) = Xin(@)XE(*,2) into F = [ L2 x5(=2)xou(2)
yields

Ko d8
- Pcd cosh? r ds\dsydszdssdhdhodhsdhy

X exp (H)|(S|,Sz,S3,§4,hlsh29h37h4)=0’

F

where I have set

IT = 4k1(s152 + h1hy) + k2(53854 + hshy)
+ k3(5183 + h1h3) + ka(5254 + hohy)
— ks5(s3hy + $2h3) — ke(sahy + s1hs)
+ k781hy + kgsrhy + kos3hs + K1gSahy

with kg = [2(1 — tanh A)]~! and

1
K1 = KoFrira,ky = (K() + 5 rira tanhr,

t; sinh2A  kptanh A

K3 = + 1, cosh? A,
8k 5]
t, sinh2A  kgtanh A
K4 = — +1 cosh? A
L) 15
Kor1rp tanh A Kor1rp tanh A
KS = —7 K6 = —3
n 1)
K7 = Kory, Ks = Kol3,
Kor12 tanh? A K()I’22 tanh? A
Kg=——5——, Kjo=—"">75 "

2 2
4 2

Thus, Eq. (17) can be obtained.
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