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Polarization entanglement of sum-frequency photons: A tool to probe the Markovian limit
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The article addresses the possibility of entanglement-specific infrared-visible sum-frequency generation
spectroscopy. In the case of an anisotropic interface, it is possible to employ SSS and PSS polarizations to
detect responses not only specific to χYYY and χXYY nonlinearities, but also to higher-order χ(YYY )(XYY ) and
χ(XYY )(YYY ) nonlinearities. Using quantum mechanical studies of the rhenium complex [Re(OH)3(CO)3] as a
molecular model, we demonstrate that if such complexes would form an anisotropic orientational distribution
at a surface, under the considered geometry and the polarization settings, we may prepare quantum correlated
C = O vibrational states to emit polarization-entangled photons. Accordingly, we explore the possibility of a
polarization-measurement protocol to extract spectral signatures of the entangled states. The response would be
informative on intramolecular interactions. As a result, we discuss the possible practical implications in probing
dynamics at interfaces, and different opportunities in the preparation of entangled vibrational states of quantified
fidelity.

DOI: 10.1103/PhysRevA.91.063831 PACS number(s): 42.65.−k, 03.67.Mn, 03.65.Ud

I. INTRODUCTION

Nonlinear spectroscopy, using sequences of ultrafast pulses,
provides a powerful opportunity to explore the dynamics of
quantum states and their correlations. In fact, the elucidation of
relaxation mechanisms and correlations on a femtosecond time
scale, both in the infrared [1] and in the visible [2] fields, has
been the center of attention for the last 15 years. Entanglement
is a quantum correlation, which may bypass locality [3]. It has
to be considered whenever a wave function of N two-level
systems or quantum information bits (qubits) may not be
factorized as a tensor product [4]. In principle, this provides
a 2N capacity to store information [5]. Quantum computing
stimulates the development of silicon chip technology [6–8],
the ion trap technique [9], and the engineering of rotational
[10–12] and/or vibrational packets [13,14]. Furthermore,
progress in the preparation of entangled photons [15,16] has
stimulated interest in using them as a spectroscopic tool.
Recently, Roslyak et al. [17] and Mukamel [18] suggested
novel experimental schemes (of second and third order) to
characterize the structure and dynamics according to quantum
correlations probed with entangled photons. This article
pursues a different perspective: rather than using entangled
photons, we focus on the phenomenon itself. Entanglement,
if present, reports on the nature of a quantum state, as a
mathematical object in Hilbert space. In fact, Bell states are
the eigenstates of an interaction Hamiltonian, when it includes
tensors product of σX and σY Pauli operators [19]. In other
words, once intermodal interactions are included, entangle-
ment is present, unless the expected spectral signatures of
intermodal relations are “erased” by the Markov limit.

Here, we address detection of polarization-entangled pho-
tons generated via infrared-visible sum-frequency generation
(IR-VIS SFG), which is specific to structural motifs and dy-
namics at interfaces [20–23]. In this respect, there are two ques-
tions to be accounted for. First, can entanglement of IR-VIS
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SFG photons be securely detected? Second, if yes, then how
informative and helpful can the entanglement spectrum be?

The outline of the article is the following. Section II
describes the geometry of nonlinear experiments, the content
(in terms of contributing nonlinearities) of second-order
signals under different polarizations, the theory of detection of
polarization-entangled two-photon states, and the molecular
model system used to test the concept. In Sec. III, we
explore the results of theoretical studies and discuss possible
implications of IR-VIS SFG entanglement spectroscopy.

II. THEORY AND METHODS

A. IR-VIS SFG experiment: geometry and responses

In order to illustrate the approach, we address first the
properties of the second-order IR-VIS SFG process on the
basis of the interaction Hamiltonian H Int = � B

†
SFGBVISBIR,

where B and B† are the boson annihilation and creation
operators. In lossless centrosymmetric media, most of the
27 elements of its third-order tensor become degenerate and
average to zero [24]. However, an anisotropic interface would
allow sampling contributions of most of its elements under
the geometry shown in Fig. 1. When the infrared and visible
beams are in the ZX plane, solving the equation

λVIS

λIR
sin[βIR]+ sin[βVIS] = 0, (1)

where λVIS and λIR are the wavelengths, it is possible to search
for such pairs of angles of incidence for two radiations (βVIS

and βIR), under which the SFG signal at the frequency ωIR +
ωVIS would be emitted exactly along the Z axis. A microscope
objective, as shown in Fig. 1, would be necessary if an area
of the interface with an anisotropic distribution of structural
moieties is of submicron dimensions.

Using conventional linear polarizers, the geometry de-
scribed allows the sampling of eight polarization-specific
signals: SSS, PPP, SPP, PSP, PPS, PSS, SPS, and SSP.
Here, capital letters from left to right indicate the selected
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FIG. 1. (Color online) Experimental scheme.

polarizations for SFG, visible and infrared electromagnetic
fields, respectively. S indicates that the electromagnetic field
vector is along {0, 1, 0}. P implies that the electromagnetic
field vector is in the incidence plane: thus, in general, the
vector may have both X and Z components with respect to the
laboratory frame. In general, one may expect the following
contributions:

SSS : LyyyχYYY EY EY ,

PPP : LxxxχXXXEXEX + LzzzχZZZEZEZ

+LxzzχXZZEZEZ + LzxxχZXXEXEX

+LxzxχXZXEZEX + LxxzχXXZEXEZ

+LzxzχZXZEXEZ + LzzxχZZXEZEX,

SPP : LyxxχYXXEXEX + LyzzχYZZEZEZ

+LyzxχYZXEZEX + LyxzχYXZEXEZ,

PSP : LxyxχXYXEY EX + LzyzχZYZEY EZ

+LzyxχZYXEY EX + LxyzχXYZEY EZ,

PPS : LxxyχXXY EXEY + LzzyχZZY EZEY

+LzxyχZXY EXEY + LxzyχXZY EZEY ,

PSS : LxyyχXYY EY EY + LzyyχZYY EY EY ,

SPS : LyxyχYXY EXEY + LyzyχYZY EZEY ,

SSP : LyyxχYYXEY EX + LyyzχYYZEY EZ, (2)

where, the L-functions account for the local field contribu-
tions [25–30]. EX, EY , and EZ are the components of the
electromagnetic field vectors: the left component in a product
pair corresponds to the visible field and the right one to the
infrared field. Also, it is important to note that for IR-VIS SFG
nonlinearities, the tensor χijk is invariant under the interchange
of the first two indexes: for example, χXYZ = χYXZ . However,
this symmetry relationship does not hold for the L-functions,
namely, Lxyz �= Lyxz.

Let us consider the case of a single resonance at ωIR + ωVIS,
the signal of which satisfies Eq. (1) and is emitted strictly

along the Z axis. Under such a condition, due to the loss of
the Z components for the emitted responses, the content of the
signals reduces to

SSS : LyyyχYYY EY EY ,

PPP : LxxxχXXXEXEX + LxzzχXZZEZEZ

+LxzxχXZXEZEX + LxxzχXXZEXEZ,

SPP : LyxxχYXXEXEX + LyzzχYZZEZEZ

+LyzxχYZXEZEX + LyxzχYXZEXEZ,

PSP : LxyxχXYXEY EX + LxyzχXYZEY EZ,

PPS : LxxyχXXY EXEY + LxzyχXZY EZEY ,

PSS : LxyyχXYY EY EY ,

SPS : LyxyχYXY EXEY + LyzyχYZY EZEY ,

SSP : LyyxχYYXEY EX + LyyzχYYZEY EZ. (3)

However, if there is another spectrally narrow resonance at
a different frequency ωIR,2 + ωVIS,2, then it would not fulfill
the direction of emission along the Z axis. It would emit into
a different direction and the content of its signals would be
given by Eq. (2).

The detection of phase-matched patterns of complex polar-
ization content according to the spectral diversity of structural
states (of different nonlinear responsivity) at interfaces is an
interesting research direction. However, as a first approach,
we may adopt a spectrally universal geometry, in which
βVIS = βIR. For anisotropic interfaces, this implies a further
simplification:

SSS : LyyyχYYY EY EY and PSS : LxyyχXYY EY EY ,

SPP : LyxxχYXXEXEX and PPP : LxxxχXXXEXEX,
(4)

SSP : LyyxχYYXEY EX and PSP : LxyxχXYXEY EX,

SPS : LyxyχYXY EXEY and PPS : LxxyχXXY EXEY .

Here, we group signals into pairs on the basis of the
orientation of the analyzer (S–P flip of the first index from
the left). For example, under the geometry βVIS = βIR, if
we employ the PSS polarization setting, we may detect the
second-order SFG nonlinearity χXYY . Consistently, rotating
the analyzer to the SSS setting, the signal would report on
the χYYY nonlinearity. It is worth stressing here again that
effective expressions for the χXYY and χYYY nonlinear re-
sponses require in-plane anisotropy, otherwise both, χXYY

and χYYY average to zero [24]. Finally, employment of a
spectrometer allows spectral characterization of both nonlin-
earities, through their dependences on the frequencies of the
contributing resonances. Thus, we may rely on the following
requirements: (i) for a simple example, we will consider a pair
of two-level oscillators with distinct (spectrally resolvable)
resonances; (ii) the oscillators are distributed anisotropically
at the surface; and (iii) both oscillators are Raman or IR active
to secure effective IR-VIS SFG.

B. Detection of polarization entanglement

In order to approach SFG spectroscopy in the described
system, we need to review and adopt the Jones matrix
formalism to characterize the polarization states of the detected
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photonic states. In particular, for single photons specific to
χYYY and χXYY nonlinearities at two different frequencies ω1

and ω2, we introduce the following notation:

|YYY1〉 =
[

1
0

]
1

and |YYY2〉 =
[

1
0

]
2

, (5)

|XYY1〉 =
[

0
1

]
1

and |XYY2〉 =
[

0
1

]
2

. (6)

To test a state (upon detection), we adopt the following
analyzing operators:

PYYY,1 =
[

1 0
0 0

]
1

and PYYY,2 =
[

1 0
0 0

]
2

, (7)

PXYY,1 =
[

0 0
0 1

]
1

and PXYY,2 =
[

0 0
0 1

]
2

. (8)

These correspond to orientations of the analyzer that allow
the passage of perpendicular and parallel (with respect to the
incident plane) polarized emitted photons at one of the two
frequencies as indicated by the subscripts. Accordingly, an
analyzing matrix to describe a 45◦ oriented analyzer can be
prepared as follows:

P45,1 = 1
2

[
1 0
0 0

]
1

+ 1
2

[
0 0
0 1

]
1

and

P45,2 = 1
2

[
1 0
0 0

]
2

+ 1
2

[
0 0
0 1

]
2

. (9)

The subscript sorts a matrix acting on its own frequency
subspace. Further, we will apply the formalism to address the
possibility of sensing vibrational entanglement at interface.

Using the description of analyzing operators, we express
the probability of observing a nonlinear emitted photon of
arbitrary polarization. By acting on a superposition of kets, we
obtain

PYYY,1PYYY,2(|YYY1〉 + |YYY2〉 + |XYY1〉 + |XYY2〉)
= 1|YYY1〉 + 1|YYY2〉. (10)

Exploiting the product with the incoming photons expressed in
bra vector notation, unit contributions of χYYY nonlinearities
are confirmed. Analogously, using an analyzer with its axis
oriented parallel to the incidence plane, we obtain unit
contributions of χXYY nonlinearities,

PXYY,1PXYY,2(|YYY1〉 + |YYY2〉 + |XYY1〉 + |XYY2〉)
= 1|XYY1〉 + 1|XYY2〉. (11)

The probabilities when the analyzer is set to 45◦ are obtained
from

P45,1P45,2(|YYY1〉 + |YYY2〉 + |XYY1〉 + |XYY2〉)
= 1

2 |YYY1〉 + 1
2 |YYY2〉 + 1

2 |XYY1〉 + 1
2 |XYY2〉. (12)

The usual multiplication of Eq. (12) by the incoming photons in
bra vector notation confirms a probability of one-half for each
nonlinearity. The important implication of these observations
is that a measurement with the analyzer geometry at 45º is
equal to half of the sum of two measurements taken under

parallel and perpendicular (with respect to the incidence plane)
orientations of the analyzer.

Now, let us consider the implication of polarization-
sensitive detection for two-photon states, which can be
described as

|XYY1XYY2〉, |YYY1YYY2〉,
(13)

|YYY1XYY2〉, |XYY1YYY2〉.
Here, we make no assumption on the origin of the two-
photon states, leaving this to the discussion. The considered
algebra for polarized states is analogous to that of sigma and
tau spin operators for |ab〉 two-electron states in the Bell
experiment [31]. The probabilities of observation with the
analyzer oriented perpendicular to the incidence plane are

P1 = 〈XYY1XYY2|PYYY,1PYYY,2|XYY1XYY2〉
= 〈XYY1XYY2|0102〉 = 0,

P2 = 〈YYY1YYY2|PYYY,1PYYY,2|YYY1YYY2〉
= 〈YYY1YYY2|YYY1YYY2〉 = 1YYY,11YYY,2,

(14)
P3 = 〈YYY1XYY2|PYYY,1PYYY,2|YYY1XYY2〉

= 〈YYY1XYY2|YYY102〉 = 0,

P4 = |XYY1YYY2〉PYYY,1PYYY,2|XYY1YYY2〉
= 〈XYY1YYY2| 01YYY2〉 = 0,

where the subscripts of the probabilities, for example, in
1YYY,11YYY,2, indicate both the nature and the polarization
character of the states. Analogously, probabilities of
observation with the axis of the analyzer oriented parallel to
the incidence plane are

P5 = 〈XYY1XYY2|PXYY,1PXYY,2|XYY1XYY2〉
= 〈XYY1XYY2|XYY1XYY2〉 = 1XYY,11XYY,2,

P6 = 〈YYY1 YYY2|PXYY,1PXYY,2|YYY1YYY2〉
= 〈YYY1YYY2|0102〉 = 0,

(15)
P7 = 〈YYY1XYY2|PXYY,1PXYY,2|YYY1XYY2〉

= 〈YYY1XYY2|01XYY2〉 = 0,

P8 = 〈XYY1YYY2|PXYY,1PXYY,2|XYY1YYY2〉
= 〈XYY1YYY2|XYY102〉 = 0.

Consistently, the probabilities of observing photon emission
with the axis of the analyzer oriented at 45° are

P9 = 〈XYY1XYY2|P45,1P45,2|XYY1XYY2〉
= 1

2 XYY,1
1
2 XYY,2,

P10 = 〈YYY1YYY2|P45,1P45,2|YYY1YYY2〉
= 1

2 YYY,1
1
2 YYY,2,

P11 = 〈YYY1XYY2|P45,1P45,2|YYY1XYY2〉
= 1

2 YYY,1
1
2 XYY,2,

P12 = 〈XYY1YYY2|P45,1P45,2|XYY1YYY2〉
= 1

2 XYY,1
1
2 YYY,2. (16)
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Here, it is important to note that a spectral response of
two-photon states shows up as double-hump spectral sig-
nature, where each hump is specific to one of the res-
onances. The contribution of nonlinearities to each reso-
nance is according to the indicated probability. However,
factoring a doublet (if observed) into single resonance
contributions would be improper. The considered spectra
of the entangled photons would include signatures of both
resonances. A use of a chromatic optics to split spectral
components of the entangled states would be identical to a
measurement.

Next, we consider the difference between a measure-
ment with analyzer set to 45° and half the sum of two
measurements with the analyzer set parallel and perpen-
dicular to the incidence plane. This is somewhat analo-
gous to the witness operator formalism [32]; there, the
one-photon manifold does not contribute to such differ-
ence. Considering evaluations of the integrals P1÷P12,
the difference would yield a pair of two-photonic states
compositions:

P9 + P10 + P11 + P12 − 0.5 (P2 + P5)

= 〈YYY1XYY2|P45,1P45,2|YYY1XYY2〉
+〈XYY1YYY2|P45,1P45,2|XYY1YYY2〉

= 1
2 YYY,1

1
2 XYY,2 + 1

2 XYY,1
1
2 YYY,2. (17)

The subtraction procedure would ensure elimination of the
local field factors and instrumental contributions due to the
properties of the analyzer, spectrometer, and detector. The
extraction of the signal would therefore be possible in the
presence of entanglement. Thus, the suggested treatment
answers the first question: how to determine unambiguously if
polarization entanglement is present. We may call the spectral
contribution of Eq. (17) an “information-sharing” term.

C. Molecular system

To illustrate the described nonlinear phenomenon, we
consider a surface with an anisotropic distribution of rhenium
complexes, [Re(OH)3(CO)3]. For example, the (001) surface
of Al2O3 or the (111) surface of MgO has either three-
or sixfold symmetry [33]. Accordingly, it is reasonable to
expect possible anisotropic distributions of rhenium com-
plexes at such crystalline surfaces [34,35]. To compute
the optimized structure, vibrational frequencies, transition
dipole moments, and Raman tensors of the complex, we
have employed density functional theory implemented in the
GAUSSIAN09 package [36] with the restricted B3LYP exchange-
correlation functional [37,38] at the LanL2DZ level of
theory.

Figure 2 provides a graphical representation of the complex
at the surface with a structural reference to describe the
orientation. Additionally, it indicates the atomic displace-
ments of antisymmetric and symmetric stretching modes
of carbonyls, which peak at 1942 and 1972 cm−1, respec-
tively. Using the computed transition dipole moments and
Raman tensors specific to these carbonyl modes, we have
calculated the macroscopic nonlinearities in dependence on
the orientation of the complex. The integration protocol

FIG. 2. (Color online) Rhenium complex considered at a crys-
talline surface according to Ref. [34]. We adopt the orientation when
the oxygen atoms of the OH groups form a plane parallel to the
surface. The black dashed lines indicate projections of the oxygen
atoms on the surface (XY plane of the laboratory frame; see also
Fig. 1). The magenta OE vector, which connects the middle of the
line between the surface projections of the two oxygens and the
projection of the third oxygen (as shown), is the reference vector.
We use it to represent the dependence of the nonlinear intensities on
the angle between OE and the X axis of the laboratory frame. Red
and blue arrows indicate relative displacements of C = O moieties
specific to the normal modes with frequencies at 1942 and 1972 cm−1.

to obtain nonlinearities as angular functions is provided
elsewhere [39].

III. RESULTS AND DISCUSSION

In the preceding section, we have described the conditions
for the detecting of spectral signatures specific to polarization-
entangled photons formed upon an IR-VIS SFG process at
an anisotropic interface. Hence, now we need to establish
how informative the response could be in the characterization
of a material system. Copropagation of photons, generated
through second-order nonlinear responses, may lead to the
formation of two-photon correlated pairs [40,41]. Moreover,
Nagasako et al. [15] demonstrated that the recombination
of such pairs is a useful approach to engineer Bell states.
However, considering the density of suitable vibrational states
at a surface, here we disregard intermolecular interactions to
correlate second-order SFG photons [42]. To account for the
suggested entanglement, we assume that the generation of two
photons, at frequencies ωIR1 + ωVIS and ωIR2 + ωVIS, takes
place on the same molecule.

To address the time evolution of the system, where sum-
frequency excitations of two normal modes take place on
the same metal cluster, we adopt the Keldysh-Schwinger
formalism [17,43]. In this case, bra and ket sides describe
contributions of two normal modes, respectively, as shown in
Fig. 3. Following Mukamel [44], we may write the response
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FIG. 3. (Color online) Keldysh integration contour for two-
photon emission IR-VIS SFG processes specific to a pair of C = O
normal modes of a rhenium cluster, and the corresponding level
diagram.

function in Hilbert space as

R(τ ′
3,τ

′
2,τ

′
1,τ1,τ2,τ3)

=
(

i

�

)4

〈G(τ ′
3,τ

′
2,τ

′
1) · G(τ1,τ2,τ3)〉,

G(τ ′
3,τ

′
2,τ

′
1)

= e− i
�

Hgτ
′
3μIR2(τ ′

3)e
i
�

He2 τ ′
3e− i

�
He2 τ ′

2μVIS(τ ′
2)

×e
i
�

Hvτ
′
2e− i

�
Hvτ

′
1μSF2(τ ′

1)e
i
�

Hgτ
′
1 ,

G(τ1,τ2,τ3)

= e
i
�

Hgτ1μSF1(τ1)e− i
�

Hvτ1e
i
�

Hvτ2μVIS(τ2)

×e− i
�

He1 τ2e
i
�

He1 τ3μIR1(τ3)e− i
�

Hgτ3 . (18)

Here, the angular brackets determine the time-correlation func-
tion. τ3 = 0, τ1 = t1, τ2 = t1 + t2, and τ ′

3 = 0, τ ′
1 = t′1,τ ′

2 =
t′1 + t′2, where t′1 and t′2 are negative times that provide
backward evolution along the bra side. Also, considering
that visible excitations are nonresonant, we set t2 = 0 and
t′2 = 0. Hence, αSF1(t1) = μSF1(t1)μVIS(t1) and αSF2(t ′1) =
μSF2(t ′1)μVIS(t ′1). As a result, we may rewrite the response
function

R(t ′1,t1) =
(

i

�

)4〈
μIR2e

− i
�

He2 t ′1αSF2(t ′1)e
i
�

Hg(t ′1+ t1)

×αSF1(t1)e− i
�

He1 t1μIR1
〉
. (19)

Stemming from the commutation relations of the memory
kernel in the master equation, the results of diagrammatic
studies [45] suggest that the two-color entanglement would
manifest itself directly on anharmonic terms of the intermodal
interaction, 	iij and 	ijj , where the i and j indexes correspond
to the two modes. In fact, upon subtraction, as shown in
Eq. (17), the residual term provides spectral signatures, which
is strictly specific to the case when both normal modes
are excited: the protocol implies subtraction of the spectral
signatures of the responses when each mode is excited alone
(uncorrelated).

Four operators, along the integration contour, suggest scal-
ing of the response in Eq. (19) with susceptibility χXYYYYY ; see
Sec. 6B in Ref. [42]. To understand the nature of the correlation
of the signals better, we explore χXYY , χYYY , χXYYYYY , and

FIG. 4. (Color online) The dependence of the intensities of the
second-order, χYYY and χXYY , and the fifth-order, χ(YYY )(XYY ) and
χ(XYY )(YYY ), nonlinearities specific to one and another resonance on
the angle between the OE vector (see Fig. 2) and the X axis of the
laboratory frame. The numbers 1 and 2 in the legend correspond to
the normal modes at 1942 and 1972 cm-1, respectively. In the case of
the fifth-order nonlinearities, the two triplets of indexes are specific
to different resonances as indicated in the legend.

χYYYXYY nonlinearities through their dependences on the angle
of orientation of the complex: see Fig. 4. The nonlinearities
are expressed at instantaneous limit. The numerical values
are according to the integration protocol described earlier
[39]. As a first approach, adopting the instantaneous limit is
reasonable since the time variance of the response function
would be according to the time duration of the second (visible)
excitation.

Optical properties, as expressed in Fig. 4, are determined
for a rhenium complex coordinated to a surface with its three
oxygen atoms (of OH groups) forming a plane parallel to the
surface. Next, we express the second-order χYYY and χXYY

nonlinear intensities specific to the normal modes at 1942
and 1972 cm−1 in their dependences on the angle between
the OE reference vector and the X axis of the laboratory
frame (see Fig. 2). In particular, the cyan square line and
brown circle line show angular dependencies of the χYYY

tensor elements of antisymmetric and symmetric equatorial
metal carbonyl stretchings, respectively. Analogously, orange
and blue lines would help to predict the surface anisotropy
of the χXYY responses for the same modes. In principle, the
angular dependencies of the intensities (the contrast by ratio
of maximal and maximal readings) may provide information
on the anisotropy of the preferred orientation of the complexes
and on the reorientation dynamics (through smearing upon
averaging). Of course, the main interest of this work is to
understand higher-order correlations. Considering the two
terms in Eq. (17), in Fig. 4 we compare two nonlinearities.
One is related to χ(YYY )(XYY ), where the subscript YYY reflects
the hyperpolarizabilities of the lower-frequency mode and the
subscript XYY is specific to the higher-frequency symmetric
equatorial stretching. The other nonlinearity is characteristic
to surface anisotropy and corresponds to χ(XYY )(YYY ). The
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two dependencies of the entangled responses relate to the
corresponding second-order contributions. We see that the
χ(XYY )(YYY ) peak at about 180° correlates with the nonlin-
earities χXYY and χYYY of the normal modes at 1942 and
1972 cm−1, respectively, as reported in the middle panel of
Fig. 4. Analogously, the χ(YYY )(XYY ) nonlinear intensity at 210°
correlates fairly well with the χYYY and χXYY of the normal
modes at 1942 and 1972 cm−1, respectively (see bottom panel
of Fig. 4). Overall, the higher nonlinear intensities around 10°
and 190◦(±20◦) occur because, under such orientations, the
displacements of the equatorial C = O moieties are the most
parallel to the Y axis of the laboratory frame. The anticipated
dependencies of the high-order correlations suggest that for
the two stretching modes of the complex, the |YYY1XYY2〉
contribution in Eq. (13) is dominant, and that may be
confirmed, optimized, and even rectified by the angle 	 of
the sample rotation: see Fig. 1. Furthermore, considering the
|YYY1XYY2〉 and |XYY1YYY2〉 terms as the |01〉 and |10〉
components, we may establish a Bell state at 	 = 181°.

It is important to address here that the explored
susceptibilities are computed at the instantaneous limit.
Accounting of time dependences (dynamics) may lead to
smearing of the entanglement responses or even to their decay,
when the probed resonances are specific to structural moieties,
which undergo a rapid (on the time scale of the pulses’
duration) structural reorientation and/or rearrangement. This
provides an opportunity to test entanglement enhancement
upon a motional narrowing in a temperature-dependent
experiment. In other words, an observation of two-resonant
spectral signatures would be possible as long as the dynamics
of the system is non-Markovian on the time scale of
the emission-detection time window. For example, in a
recent theoretical study concerning non-Markovian effects
on entanglement between two modes interacting with an
Ohmic bath, the results indicate that (under all regimes) the
Markovian limit enhances a rapid decay of the correlations
[46]. The approach could be particularly insightful in the
elucidation of structural and dynamic relations between
dangling and bound stretching modes at crystalline surfaces
[47,48], and in paired states under effective coupling [49].

Finally, it is important to notice that the suggested detection
of spectral signature specific to entangled states may provide
the necessary condition for the quantitative characterization
of the modes under quantum correlations. The suggested
experimental approach provides the necessary input to search
for an optimal measurement scheme for a quantum state
tomography [50]. If accomplished, this would lead to a
quantitative characterization of the corresponding density
matrix.

IV. CONCLUSIONS

In this work, we suggest an experimental approach aimed
to observe polarization entanglement of photonic states in
IR-VIS SFG spectroscopy. Specifically, the article explores
theoretically possible quantum correlations of photons using
nonlinearities of carbonyl stretching modes of the rhenium
complex [Re(OH)3(CO)3], which may form an anisotropic
distribution upon coordination to an oxide surface. Quantum
mechanical calculations combined with orientational averag-
ing studies suggest that under the SSS and the PSS polarizations
(a pair of settings among several possible combinations),
photon correlations can be possible due to the χ(YYY )(XYY )

and/or χ(XYY )(YYY ) nonlinearities. Furthermore, rotation of the
sample plane (with oriented metal complexes) with respect to
the laboratory frame may help suppress the relatively weaker
χ(XYY )(YYY ) nonlinearity to yield the dominant χ(YYY )(XYY )

contribution. The described experimental geometry and the
signal extraction protocol offer a different approach to probe
structural and orientation dynamics at interfaces: quantum
correlation is expected to decay fast at the Markovian limit.
Finally, the approach may provide a valuable opportunity to
design and test entangled vibrational states (at interfaces) of
quantified fidelity.
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