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Quantum spectra of Raman photon pairs from a mesoscopic particle
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Quantum Langevin formalism with noise operators is used to provide quantum descriptions of photon pairs
(the Stokes and anti-Stokes fields) emitted by a mesoscopic spherical particle composed of quantum particles
in a double Raman configuration. The spectra of the fields obtained are sensitive to the dimension of the
microsphere and can be controlled by pump and control laser fields. Spectral peaks due to quantum coherence
are Stark shifted by the laser fields experiencing autofocusing inside the spherical particle, causing broadening
of peaks as the size of the microsphere increases. The antinormal-order spectrum is found to be identical to the
normal-order spectrum. The anti-Stokes spectrum is identical to the Stokes spectrum when the linear dispersion
is neglected. Frequency-dependent dielectric functions of the Stokes and anti-Stokes spectra corresponding
to the linear dispersions of the particle yield narrow morphology-dependent resonance gain peaks at certain
frequencies of the Stokes and anti-Stokes spectra that depend not only on the particle size but also on the angle of

observation.
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I. INTRODUCTION

Quantum properties of photon pairs in the double Raman
scheme [1] have been studied in various systems such as single
atoms [2], two atoms with dipole-dipole interaction [3], an
array of atoms [4], a single-atom two-photon laser [5], and a
one-dimensional amplifier [6]. These systems are relevant for
generation of nonclassical photons in quantum information
[7]. Recent progress in nanotechnology has stretched the
applicability of quantum entanglement to nanophotonics [8].
The studies of quantum effects now extend to nanoparticles as
well as microparticles [9].

Coherent Raman scattering of light by microparticles
composed of atoms with quantum coherence has been studied
using semiclassical theory [10] in the interest of enhancing
backscattered signal. Also, optical bistability in a similar
system has been investigated [11]. In particular, light scattered
from spherical microparticles has prompted many theoretical
studies that encompass areas such as stimulated emission
processes [12], electronic Raman scattering [13], Raman
coupling coefficients [14], and second-harmonic generation
[15].

In this work we use quantum Langevin formalism [16] to
describe the interactions of particles with pump and control
laser fields inside a small spherical particle with arbitrary
dimension (Fig. 1). This formalism correctly expresses the
scattered Stokes and anti-Stokes electric fields as quantum
operators in terms of the noise operators [17], which enables us
to compute the quantum-mechanical expressions for field-field
correlation functions in a transparent manner. In particular, we
obtain the spectra [18] for both normal and antinormal-order
expressions of the Stokes and anti-Stokes electric fields. The
normal-order spectrum, being the Fourier transform of the
first-order correlation function GV (r,¢), plays an essential role
in the description of the experimentally observed quantities
such as photoelectron statistics.

The differences between the normal and antinormal-order
correlations can be understood as follows. Normal-order
correlation functions are utilized more frequently than the
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antinormal-order ones in the photodetection theory due to
the ubiquity of the photon detection experiment based on
the photoelectric effect [19]. However, there exists another
possible photodetection method using the quantum counter
introduced by Mandel [20], which can only be described by
the antinormal-order correlation functions. Such a photon-
counting device functions by stimulated emission rather than
by absorption of photons and would be useful when the
average number of photons is not too small. Thus, it is
the creation operator instead of the annihilation operator
that plays the central role. A comparison between the two
distinct correlations is interesting in terms of the photodetected
spectrum.

II. QUANTUM LANGEVIN FORMALISM
FOR COHERENCES

The quantum Langevin formalism for quantum particles
with the double Raman scheme in four levels a—d gives 16
coupled equations. If the Stokes E; and anti-Stokes fields £,
are weak the populations and the coherences 6,4, and G, can
be approximated as complex numbers. This enables us to solve
just the following four coupled equations

We have the closed coupled equations for the slowly varying
atomic envelope operators of the coherences p,. = Gaee Vet
Pad = 64ae™""", Ppe = e, and Ppq = Gpqe™’, where
vij= v; —v; and v; (i € p,s,c,a) are the carrier frequen-
cies of the pump, Stokes, control, and anti-Stokes fields,
respectively, which satisfy v, 4+ v. = vs 4+ v, for the closed
(parametric four photons) transitions

d . A
Epac = _Tacpac —18, Ea(pcc - paa)
- Z(Q:ﬁhc - Q;ﬁad) + eiiV"tFaCa (1)
_ﬁad - _Tadﬁad + i(ﬁabgs . Es - g: : Elﬁcd)

dt
+i(2p Pac — Q2 Pra) + e Fog, 2
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FIG. 1. (Color online) Illustration of a spherical particle com-
posed of four-level atoms interacting with pump €, and control
2, lasers (solid arrows) and emitting quantized Stokes ]??S and
anti-Stokes E, fields (wavy arrows) with their respective frequencies
v, (g = p,s,c,a).

d R A ~ PN
prc = —TpePoc — i(Pacgs - Es — gZ : Ejlpba)
— i(Qe Pac — 2} Poa) + € F, 3)
prd T3}, Poa + i(Poy — Paa)@s - Es

+i(RpPre — QePaa) + € E,, (4)
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with £ dTh = F,, and the complex decoherences

Toe = i + Vac, (5)
Toa = i(Ac — A) + Vaas (6)
Tpe = i(Ap — Ay) + Vies @)

Tip = i+ Vab, 8)

with the detunings A, =v, — w4., Ay = V5 — wgp, A =
Ve — Wgp, and A, = v, — @, of the pump, Stokes, control,
and anti-Stokes fields, respectively. As before, the subscripts
p, s, ¢, and a stand for pump, Stokes, control, and anti-Stokes
fields, respectively. Also, w,. simply means the transition
frequency between energy levels a and ¢ and the same
method of definition applies for the other cases. Here we
may have the spatial dependence of the pump and control
laser fields but neglect the temporal dependence, i.e., €2,
and €2, are constant in time. Hence, the Rabi frequencies for
the lasers [ = p,care Q(r) = g - E;(r) = Z —vy.2 8 Eij(D),
where g;; = g;;/h with g;; as the jth component transition
dipole moment. To solve for p,.(r,w) and pp(r,w) we
assume ﬁaa - ﬁcc ~ wzc - <[3aa ﬁcc> ﬁdd - ﬁbb ~ wbb =
(Paa — Pov), Pab = (Pyp) = Pup»and Pac ~ (pj.) = piqtobe
the expectation values (the populations and the coherences
at the laser transitions). After the Fourier transformation

F{-.}= f_oooo{- - }e!“" dt, the four coupled equations become
|
Pac(r,0) = Gaclw = vo) = 7 @ [i Al (@)wfl — i Pre(@) + i Paa(@) + Gac(®)], 9)
Paa(F.©) = 6ua(@ = ves) = 7 [iS(@)ps), — i AN @) Pl + iQp Pac(®) — i Pra(@) + Gaa()], (10)
ad
1 e = .
ﬁbc(rvw) = é\'bc(w - Vac) = Tb—(a))[_l S(a))pdtc + ZAT(CU)P - lQLPdc(w) + lQprd(w) + Gbc(w)]v (1 1)
. . 1 3 st 1 e o a A
Pra(r,@) = Gpa(w + vy) = T*—(a))[—tS(w)wbﬁ, + Q2 Pre(@) — i Paa(@) + Gpa(@)], (12)
db

where

o0 o0
O(r,w) = / O(r,n)e' dt = / Or,n)e'” e ™'dt = O(r,w — vy),
— —00

with Q S ES,Ea, px,G (x € ac,ad,bc,bd) the Fourier transforms of the original operators 0 e ES,Ea,crx,F with the rapldly

Varymg phases v, t. Therefore, the conjugates are Of(r,w) =
=8a- Ea = v,

are Ty(w) =Ty —iwand T (w) = T, —iw.
Thus we have the solutions

ﬁac - ac(a)) lQ; —IQ:
ﬁad _ iQp —Tha(w) 0
ﬁbc o _ZQC 0 _Tbc(w)
Db 0 —iQ, iQ,

At this point, we note that the pump and control laser fields
inside the microparticle depend on the spatial coordinates of
the particle. This is due to refraction and focusing by the

OT[r — (@ —vy)]. We define S =g, - E, = D iy 8si E,; and
D jmx.y.z 8aj E,j, withg; = ﬁpdb,j and g,; = g@ac,_/, and the complex decoherences after Fourier transformation

o\ iAtws + Gy,
—iQ iSpst — iATpcd + G (13)
i —i8ps +iATpy + Gpe
T} (w) —lwab + de

(

geometry of the particle and it is taken into account by the
Lorentz-Mie theory [10,21], assuming that the incident laser
fields are x polarized. In particular, the coherences associated
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with the Stokes and anti-Stokes fields are, respectively,

4
> MG+ X AT+ GS | (14
j=1

Pra(r,w) = —

4
Pacr) = —[ > M;G; + G, AT+ X, 8], (15)

Jj=1

with the coefficients

Gy = i(p),Ms — pjj.Msz — wjj, M), (16)
G, =l( ST My, _pngIZ"‘P}S,;MB), (17)
X, = i(wiiMuy — piiMa + pjlMa3), (18)
Xa = i(pi,Mi — pli.Mi3 — wij, M), (19)
where Gl = G[w, Gz = Gad, G‘g = Gbc, G4 = de, and M is

the inverse of the 4 x 4 matrix in Eq. (13) above that can be
obtained analytically.

III. STOKES AND ANTI-STOKES ELECTRIC FIELDS

We now couple the quantum coherence operators of the
quantum particles to the electric-field operators of the Stokes
and anti-Stokes quantum fields E; (f € s,a)

2
(V2 )Ef(r w) = —SL{VV : +%}f)f(r,w) (20)
using the quantum-mechanical expression of the nonlinear
polarization P/ (r,0) = N pfaf(r ), where N ~ 10>’ m~3
is the number density, &y = @ps = (b|d|d) and H, = Peu =
(c|d|a) are the dipole matrix elements, and &, = 6,y = |b)(d|
and 6, = 6., = |c){(a| are the coherence operators correspond-
ing to the Stokes and anti-Stokes transitions, respectively.
The far-field solution of a mesoscopic particle (assumed to
be spherical) is

b & [ 1OR R
SO = 4e,|R — 1|

where the dispersive wave vector ky(w) is related to the
dielectric function ¢ s(w) by ks(w) = /€ (w)w/c. The obser-
vation point is at R =R(sin ® cos @, sin ® sin @, cos ®) and
the position of a dipole is r = r(sin 8 cos ¢, sin 6 sin ¢, cos ).
The distance is |[R—r| = VAZ + A2 + A2 where A, =

X — x, etc. The PY% and Py’ are the '® and @ components
PN L

&’r, (21)

of the nonlinear polarization and can be written as
PiL =6 PN Land PG = @ PN L respectively. Given the
transformatlon unit vectors © = (cos ® cos @, cos ® sin P, —
sin ®) and d = (—sin @, cos ®,0), the electric-field vector
can be decomposed into the Cartesian components 1) r=
[E fxo E fys E rz1- To couple the Stokes and anti-Stokes quantum
fields to the atomic operators, Eq. (21) is written as

If:f(w) _ / Ki(r, w)gobdobdi(r Np, o)
E;(w) K} (r,0)0,.6," (r,0)
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N ikp(@)IR=T| i . .
7 Ime, R—1] € with the dispersive

wave vector ky(w) = /er(w)w/c and €r(w) the dielectric
function. The transverse dipole moment vector is

$y = Opo + Ppo (23)

where K ;(r,w) =

with the angular components pg , = O - Hg, 00, = D - Hg
where g € bd,ac.

Noting that the slowly varying envelope of the field
is defined by E;,(R,t) = E;,(R,1)e™ """ (q € x,y,2), the
Fourier transforms of the envelope operators are related as

ibd(a)) _ / i(w—vy)t pbd([) di — p:bd(wi_) L@
E;(w) E; (1) E(o;)
B 5 (ot
(ia:(w) _ / Qi@ liaic(t) di — liaic(wa ) . ©5)
Eq(w) E:(1) Ei(w})

Es(w +
v,). Hence, the quantum fields

where w — v, = 0, and ® + v, = @] give E, (w) =
vy) and El(w) = Bl (0 —
become

B, (w) K (r,w NE(r,o;
il :/ *( )gibflzl;\;lL( +) . (26)
E(w) v \KG(C,0)0;:Pac (T,0;)
However, we have to compute pNF(r,w) and pNL(r,w),
which are the solutions of the coupled equations [instead

of pNE(r,w;) and pNE(r,w})], which give the Fourier
transforms of the envelope field operators

i ANL
I:];(a)) _ N/ Cy(r, w)@bdp/;\?L(r ,®) &, @7
E,(w) Ci(r,w)@a. pot (r,w)

(v, )? efks @R _
where Ci(r,o) = =3 TR and Cu(r,w) =
—p )2 pika(@—va)R—r| .
@-p) 2 " The wave vectors that include
c 4e,|R—r|
linear dispersion in the dielectric functions are

ks(w 4 v5) = A/&5(r,0 + vs)(@ +vg)/c and k(0 —v,) =
&(r,w —v,)(w—v,)/c with the dispersive dielectric
functions

es(r,w + vy N (Gy(r,w 2
« N Colpal) o
&, (r,o —v,) he, Gu(r,0)|Pcal
The superscript NL excludes the term proportional to the
respective quantum fields, thus

4
> MG+ XA,

Jj=1

(@) = —

(29)
4

> MG+ XS
j=1

Pac- (@) = =

IV. STOKES SPECTRUM

From the electric-field operators we obtain the power
spectrum (from Appendix A) for the Stokes and anti-Stokes
signals after applying the diffusion coefficients obtained from
the noise correlations in Appendix B and the solutions of the
matrix elements given in Appendix C.
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A. Normal-order Stokes spectrum

For weak fields, only the first terms in Eqs. (14) and (15)
are significant. The electric-field vector of the Stokes signal
follows from Eq. (27),

4
B (0) = —-Ngj, / C(r.0) Y Myj(r,0)G(r.o)d’r.
Vv .
j=1
(30)
Consider first the g component of the electric field. The
normal-order correlation is

(E] (—0)Esy(@) = N[y, I / [C,(r',)]*Cy(r,)
\%4

4
x Y [Muj(r )] May(r,0)
=1

x ([G (', G/ (r,w))d’r d®r.
(31)

From [6], the normal-order noise correlation products in the
frequency domain are

([G ;"] Gi(r,w)) = (G +(x/, — )Gi(r,0))

(271)3 ™ / /
= 2Dt (r,0 — w)d(r' —r)

_ @n)?

2D (r,0" — )8’ — 1),
(32)

where the diffusion coefficient in the frequency domain
2~D;‘J(w) = [€"'2D;; ,(t)dt is related to that in time domain
D) = e"("/*“’)’Dﬁ,,(I) as defined in Appendix B, while
j,l € {ac,ad,bc,bd} and j*,I* € {ca,da,cb,db}. We have
used (Fj.(r’,t’)F;(r,t)) =2Dj; (', t)8(t — t/)%B(r/ —r)
and evaluated ([Gj(r’,a)’)]*Gl(r,a)» through the steps

</ e_iw”/e"”f’/FT;(r/,t/)dt//eiwte_i”’ll’z(r’t)dt>

— / e—ia/t’dl/ / eiwtdteivft/e_iv’l(F;(r/,t/)Fl(r,t))

. , 2r)}
= / e’@*w*”f*“ﬂszﬁ,,(r’,r)dr%3(1-’—r). (33)

In spherical polar coordinates dr = r?sinfdfd¢dr. In the
far field

. R
IR—rf]~~R—R-r=R——"r
R

= R — r[sin®sin 6 cos(P — ¢) + cos ® cos J].

(34)
Since
R? > |—2Rr[sin © sin 6 cos(® — ¢) + cos O cos O]
+ rz[sin ®sinf cos(® — ¢) + cos O cos 9]2|
in the denominator we have |R—r|*>~ R?2. From

Egs. (Al), (31), and (32) we have the Stokes spectrum
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S1 () = Re(El () sy (o)),

St (@) = AN |5, (@ + vy)*

4 P b4 2 R
X 2 : / / / 6’2 Imk;(w+vs)Rr
=1 r=0J6=0 J¢p=0

x Mj;(r,0)My(r,0)2D" (r,00d’r,  (35)

where A = (4ﬂ£iC2R)2(27r)3, d*r = r?sin0d@d¢pdr, and p is
the radius of the spherical particle. Note that the spectrum is
independent of the observation angles ® and @ since angular
dependence is entirely in the term pXLq* goslq that is uncorrelated
to any frequency-dependent term.

If the laser fields are homogeneous across the microparticle,
the M matrix elements would be independent of position,
hence the spectra would be essentially the same as a single
atom. The second line becomes Z?j.l:l Mj{jMMD;?J. Thus,
in the far-field approximation and assuming homogeneous
excitations,

4
Siy(@) = ANy "= P (@ +v))*

4
x Y M (@)My(@)2D],00).  (36)
Jil=1

B. Antinormal-order Stokes spectrum

To obtain the antinormal-order field correlation, we use the
antinormal-order noise correlation

Qn)?
N

(G, 0G| (r,w) = 2D (' — )8 —1). (37)

The g component of the electric-field correlation is the same as
above except the diffusion coefficient D’ is replaced by DY’.
Similarly, the antinormal-order power spectrum S{'(w) =

Re(Esq (w)qu (w)) due to the g component of the Stokes signal
is

4
S3@) = ANl w400t Y [ emerbs
. 1%
Jil=1

X Myj(r,0)M(r,0)2D%)(r,0)d’r. (38)

V. ANTI-STOKES SPECTRUM
The electric-field vector of the anti-Stokes signal is given
by
4
El(w) = —NgL / Ca(r.) Y My;(r.)G (r.w)d’r.
Vv N
Jj=1
(39)
The g component of normal-order power spectrum of the anti-
Stokes signal is

4
n _ 1L 2 4 2 Imk, (w—v,)R-r
$!, (@) = ANIp P = v,) Z/Ve

Jil=1

x My j(r,0)M;(r,0)2D¥)(r,00d’r. (40)
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FIG. 2. (Color online) The x-component spectra of the Stokes spectra (same as the anti-Stokes spectra) versus particle radii p without
linear dispersion for cases of resonant (A, = A; = A, = A, = 0) and symmetric laser fields (a) 2, = Q. = V. and (b) Q, = Q. = 10y,;
resonant and asymmetric laser fields (c) 2, = 3y, and Q. = 7y, and (d) 2, = Ty, and Q. = 3y,.; (¢) Raman-EIT A, = A; = —20y,,,
A=A, =0,2, = 1y, and Q. = 10y,,; and (f) off-resonance configurations A, = Ay = A, = Ay = =20V4¢, Q) = Vae, and Q. = 3.
Other parameters used (defined in Appendix C) are I', = I' = 5 x 107 s™! with x = ac,ab,db,dc; ii, = [exp(6;) — 1]7'; and 6, = hw,/kpT

at temperature 7 = 300 K.

The g-component antinormal-order power spectrum of the
anti-Stokes signal

4
Sen(@) = ANy, 4@ = va)* D /V oA tmha(wv)Rer
ji=1

x M};(x,0)My(r,0)2D} (r,0)d’r. 41)

We note that the anti-Stokes spectrum would be identical to
the Stokes spectrum, not only when the pump and control laser
parameters are the same, i.e., 2, = €., but for any parameters,
due to symmetry from the small separation between levels b
and c. Also, the spectra would not depend on the dispersion
of the wave vector if the dielectric functions &;(w) and &,(w)
were real. The imaginary part would be responsible for the
damping (or amplification) of the fields inside the particle, as
well as the directional dependence [22] of the spectra.

VI. RESULTS AND DISCUSSION

The Stokes and anti-Stokes spectra are plotted in Figs. 27,
showing the change in the spectra with particle radius p for four
cases of laser parameters at resonance: (i) small and same laser
strengths 2, = Q. = y,, (ii) large and same laser strengths
Q, = Q. = 10y,,, (iii) different laser strengths 2, = 3y,
and Q. = 7y,, and (iv) the opposite 2, = 7y, and Q. =3y,

The dimensionless spectrum (noted with an overbar)

Cabace)
ANV |@db(ac) |2 Vj(a)

Ss(a)q (a)) = Ss(a)q ((U) (42)
for the Stokes s or anti-Stokes a fields with the component
g (for x,y,z ) is plotted by multiplying S% (w) by a factor
shown above with V = 47”,03. The focusing effect of the
spherical particle gives rise to spatially inhomogeneous pump
and control fields inside the particle. This effect is included
using the Mie theory (see the Appendix of Ref. [15]) with
refractive indices n, = 1.5 and n, = 1.4.

Resonant peaks. When both pump and control laser fields
have the same value, the triple (Mollow) peaks [Fig. 2(b)]
are clearly visible for the small-particle case (which describes
well the single-atom scenario) and their separation increases
with higher laser fields. When the fields have different values
Q, # Q,, there are four strong resonant peaks at —(£2,, +
Q¢), =12, — Qcl, 12, — Qc|, and 2, + ., which can all be
explained as due to Autler-Townes splittings.

Normal vs antinormal order. The antinormal order cor-
responds to the opposite process, i.e., stimulated emission
instead of absorption [20]. Mathematically, the difference
between Egs. (35) and (40) and Egs. (38) and (41) is in
the diffusion coefficients, but the coefficients are frequency
independent. For the small-particle regime, any differences
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FIG. 3. (Color online) Normalized field intensity distributions |E ,,|*/E}, and |E ,|*/ E;, for the pump laser for the five different radii p.
Note that |E . |* is smaller than | E,,.|*.
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FIG. 4. (Color online) Normal-order x component of Stokes spectra (upper panels) and anti-Stokes spectra (lower panels) with linear
dispersion for particle radii p arranged in increasing size. The lasers are resonant and equal strength (symmetric resonant) for (a) weak
fields 2, = Q. = y,. and (b) strong fields 2, = . = 10y,.. The observation direction is ® = @ = 0. Other parameters used are A, =0,
I, =T@, +1),and T =5 x 10’s7! with x = ac,ab,db,dc; i, = (e —1)7'; 0, = how, /kpT; and T = 300 K.
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FIG. 5. (Color online) Stokes and anti-Stokes spectra with linear dispersion for different resonant fields (nonsymmetric resonant) (a)
Q, = 3y, and Q, = Ty, and (b) 2, = 7y, and Q. = 3y, with several particle radii p indicated.

would actually yield the quantum nature of the spectra since
classically there would be no distinctions between the two
orderings.

Stokes vs anti-Stokes spectra. We find that the Stokes and
anti-Stokes spectra look identical in the absence of dispersion
(so it is trivial to show both), not only for the resonant
cases [Figs. 2(a)-2(d)] but also for the Raman-electromagnetic
induced transparency (EIT) [Fig. 2(e)] case when the pump and
Stokes fields are far detuned and all the four transitions are off
resonance as shown in Fig. 2(f). There are minor differences
that are immaterial as they are not the main features.

Unexpected shift. The spectra for mesoscopic particles with
finite sizes are significantly different from the spectrum of an
isolated quantum particle or single atom. A closer look reveals
that the side peaks in Figs. 2(b)-2(e) are shifted slightly less
than ©, + Q. from the center. This can be understood by
looking at the pump-field distributions inside the particle in
Fig. 3 for |E,|? and |E,|*. Note the presence of regions
with normalized intensity (| E |2+ |E 2 %)/ E,zm below unity
(IEpy| = 0) corresponding to an effective Rabi frequency
smaller than the input value £2,,.

Unresolved peaks. The side peaks become unresolved as the
particle size p increases due to spectral broadening. The three
(Mollow) peaks in the case of a weak field Q, = Q. = yq
can no longer be resolved at around p = 0.1 um. For larger

fields 2, = Q. = 104, the Mollow peaks are clearly visible
and they can still be resolved when the particles are larger. The
two side peaks for €2, # €2, coalesce into a single peak and
become unresolved. However, the broadening does not affect
the central peak in the case 2, = Q. = 10y,., which remains
narrow. For different values 2, # €2, there is no central peak.

Broadening mechanism. As the particle size increases, the
central peak is essentially unaffected, but the side peaks
undergo significant broadening and are shifted away from
the center. This is due to the collective effect of spatially
inhomogeneous laser fields inside the particle that causes a
position-dependent ac Stark shift in the resonance frequencies.
The focusing effect of the spherical particle creates a large ac
Stark shift around a small spatial region. Most volumes of the
spherical particle experience a range of ac Stark shift. Thus,
the shift and broadening of resonance lines are due to the
superpositions of a range of ac Stark shifted peaks. Note that
the nature of this spectral broadening is due to a spatial factor
or mesoscopic particle, an entirely different mechanism from
other known broadenings, due to atomic collision, Doppler
effect, or high laser fields.

Dispersion effect. When the frequency dependence of the
wave vector is included through ¢ (@) in Eq. (28), the spectra
show a significant difference at a certain particle size. This
is due to the presence of morphology-dependent resonant
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FIG. 6. (Color online) Angular-dependent Stokes and the anti-Stokes spectra with linear dispersion for the same resonant fields: (a) weak

fields 2, = Q. = y,. and (b) strong fields 2, = Q. = 10y,.

(MDR) peaks near the center. In Fig. 4(a) for Q, = Q, = y,.
it can be clearly seen that the narrow MDR peak in the Stokes
spectra is at around —y,, and the slightly broader peak in the
anti-Stokes spectra is at 2y, for p >~ 0.01 um. For stronger
fields, as shown in Fig. 4(b) with Q, = Q. = 10y,,, the MDR
peaks are not seen until p ~ 0.1 um. The MDR peaks grow
with the particle radius. Their positions do not change with
laser parameters but remain the same. These features hold
for different laser fields (nonsymmetric resonant) as shown in
Fig. 5. Thus, we may say that the strong fields can reduce the
effect of particle size on the spectra.

Angular dependence. In the absence of dispersion (g, is
constant) the spectra do not vary with the angle of observation

® and field components (x,y,z), although their absolute
values change. We found the variation of the spectra with
the observation angle ® through Eq. (34) and the presence
of dispersive loss or gain through the terms Q2 Imk @Rt gpq
k(@R i the integrals of S ,(w) and S, ,(w). For p =
1 nm, the spectra do not depend on the angle, although the
magnitude of the peaks changes with the angle. For p = 10 nm
or larger, the spectra begin to change with ®, as shown in
Figs. 6 and 7 for nonsymmetric resonant fields and the Raman
EIT scheme. The variation of the spectra with ® can be clearly
seen, especially in the case of the same weak resonant fields.
Fano-like dips appear for weak symmetric resonant fields,
while the side peaks of the Mollow triplet is comparable to
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Non-symmetric Resonant fields: A, = A.=0, Q,=3v,., Q=7 7.,
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FIG. 7. (Color online) Angular-dependent Stokes and the anti-Stokes spectra with linear dispersion for nonsymmetric fields: (a) 2, = 3y,
and Q. = 7yuc, (b) 2, = Ty, and Q; = 3y,., and (c) the Raman EIT scheme A, = —20y,., A, =0, Q, = V4, and Q. = 10y,.

or higher than the central peak for high fields (in Fig. 6). For Stokes and anti-Stokes electric fields acquire the y-component
nonsymmetric resonant fields, the four peaks are not clearly fields after scattering, which has spectra similar to that of the
shown (in Fig. 7). The Stokes peaks in the Raman EIT scheme x component but quite different from the spectra of the z com-
are displaced from zero due to detuning, while the anti-Stokes ponent that vanishes at ® = 0,7 due to transversality of the
spectrum has a narrow peak at certain angles. The scattered ~ waves.
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In summary, the mesoscopic nature of the microparticle
hides or modifies the spectral peaks originally formed due to
quantum coherence and laser interaction effects. The narrow
side peaks can no longer be resolved. We expect the results of
this mechanism of spectral broadening to have implications on
spectroscopy of mesoscopic materials composed of quantum
particles.
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APPENDIX A: POWER SPECTRUM AND FIRST-ORDER
CORRELATION FUNCTION

The Fourier transform for a convolution reads
[ e[ At)B(t — t')dt']ldt = A(w)B(w). However, it
should be realized that this expression is not readily usable
here. To connect the spectrum to the correlation function
C(r) = [, E*(t)E(t + T)dt, we may not use the convolu-
tion theorem directly. Instead, by definition of the Fourier

transform of the electric field E(w) = \/#27 [ E(t)e dt we
have
S() = |E(@)* = E*(~0)E(w)
1 o o
- e—lle*(t)dt/ etwt E(t/)dt/
27 J o —00
1

o S ~
L S f E*0E@hdr'dr. (A
2r J o —00

Defining v = ¢’ — ¢, we recover the spectrum as the Fourier
transform of the correlation function

S(w) = L /‘00 T C(1)dr.
2 J_

o0

(A2)

For quantum fields, the normal- and antinormal-order spectra
are defined, respectively, as S"(w) = (Ef(—w)E(w)) =
1Re [ e (EN(NE(t 4+ 1))dr  and  $(w) = (E(w)ET
( w)) = 1Ref e“T(E(t + 1)Ef(t))dt. For unpolarized
detection we may also compute the spectrum due to all g
components

ST (@) = Re(El(~w) - E () = Z (@), (A3)
S (w) = Re(E (o) - E( w)) = Z S (). (Ad)
q=x,y,2

The spectrum of an unpolarized signal is unaffected and
remains the same as the spectrum of any polarized signal
since the summation only involves the transition dipole
matrix elements and the observation angles ®,® through
> d=x.y.2 Ipsiq |? that are frequency independent.

APPENDIX B: DIFFUSION COEFFICIENTS

Using the 16 coupled Heisenberg-Langevin equations of
motion for the atomic operators (corresponding to coherences
and populations) for the double Raman scheme, we obtain the

PHYSICAL REVIEW A 91, 063826 (2015)

diffusion coefficients 2D;’(“" in a frequency domain, given in

Egs. (32) and (37). First, we use the Einstein relation

2D = d(AB) A(d—B F) (d—A F)B
AB=\Tar  \ar ") ar

(BI)

where A = 6; and B = §; are atomic operators, with j,/ €
1,2,3,4 (1 =ac, 2=ad, 3 =bc, and 4 = bd). Then we
transform to a frequency domain and eliminate the rapid
time-varying exponential.

1. Normal-order diffusion coefficients

Normal-order diffusion coefficients 2D?f} are given here,
where jl€1,23,4 (1=ac, 2=ad, 3=bc, and 4 =
bd). For example, 2D§’,1 is evaluated as ZD{’,1 =2D;g.4c =

jz (Jcaaa( ) <6C'a [%6116 - Fac]) - <[E6c'a - Fca]é\—ac>' USing
a similar method, other normal-order diffusion coefficients are
found. All the nonzero normal-order diffusion coefficients are

2D} | =2Deq.ac = VactBaa) + Tac(Gaa) + 2¥ac(Gec),
2D\ ) = 2Dcq.aa = (—Vae + Yac + Yaa)(Pea)

2D5 | = 2Dga.ac = (—Vac + Yac + Yaa){Pac).

2D% 5 = 2Dya.aa = [2Vaa — Tap + Tac)(6aa),
2D§1,3 =2Dp.pe = Tac(6aa) + Tac(6aa) + 27bc (Gee)s
2D3 4 = 2Dy pa = (—Vae + Voe + Yan)(Pea)-

2D} 3 = 2Dap.pe = (—Vae + Voe + Van)(Pac),

2D} 4 = 2Dap.pa = [2¥ap — (Cap + Tac)l(Baa)-

(B2)

2. Antinormal-order diffusion coefficients

In a similar manner, the antinormal-order diffusion coeffi-
cients 2D} with nonzero values are obtained

2D{" =2Dyc.ca = [—(Cap + Tac) + 2¥acl(6ua),
2D{" = 2Dac.cb = (—Yab + Ve + Vac)(Pab)-

2D5% = 2Dud.da = [—(Tap + Tac) + 2¥aal(Baa),
2D5% = 2Dua.ab = (—Vab + Yab + Yaa)(Pav),

2D5" =2Dpe.ca = (—Vab + Vac + Vo) (Pra),

2D5% = 2Dpe,cty = Tap(6aa) + Tan(6aa) + 2Voc(6m),

(B3)

2D5" = 2Dpa.ga = (—Vab + Vaa + Yav){Pra)
2D5" = 2Dpa.ap = Tap(6aa) + TCap(6aa) + 2¥an(6u),

where I', is the spontaneous emission rate and y, the
decoherence rate, with x = ac,ab,db,dc.

APPENDIX C: MATRIX ELEMENTS IN
DIFFUSION COEFFICIENTS

In order to compute the diffusion coefficients we have to
solve the following coupled equations for the populations.
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Taking the Fourier transform, we have the equations for
populations in the frequency domain

0=1i(Qpap — Q:ﬁba) — Tha(w)baa
+ 1-‘abﬁaba'bb + 1_‘ac"_lac(/)\-cc + Faa’ (Cl)

0 = (2 Pra — QcPap) — Top(w)bpp

+ Cap(iah + 1)6aq + Cap(fiap + 1644 + Epp, (C2)
0= i(Q;ﬁcd - Qpﬁdc) — Tee(@)Gec

+ 1—‘Iac(ﬁac + 1)6aa + ch(ﬁdc + 1)&dd + FCC! (C3)

0 = i(RpPac — ), Pea) — Taa(®)8aa
+Tavfiapbep + Cacltacec + Faa, (C4)

where pup(z,w) = e V6., and puc(z,w) = e "' 6y, with
I'y and y, (x = ac,ab,db,dc) defined in Appendix B, and
iy = [exp(8;) — 1]7! represents the thermal photon numbers
ex = ha)x/kB T,

Taa(w) = 1—‘ab(ﬁub + 1) + Tac(ae + l) —iw,

Typ(®) = Capiiap + Capitap — iw,
abla . (C5)
ch(w) = 1—‘acﬁac + chﬁdc —lw,

Tyo(w) = Cap(iap + 1) + Lye(ge + 1) — iw.

Note that these equations for the populations are decoupled
from Egs. (1)~(4) for puc(z,®), Paa(z,®), Ppc(z,), and
Pra(z,w). The equations for coherences at laser transitions
are

. A A i~ —iv,t
_le(be - Uaa) + Fabe Ve

Aa - B C6
Pap(®) ) (C6)
—i Q2% (6ec — 6qa) + Fgee™™!

p c = - ’ C7
Pac(®) T @) (C7)
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where Ty (@) = i Aap + Yap — iwand Tye() = i Age + Ve —
iw. Since pj(—w) = [prj(w)]", actually
¢ QB — bua) + Blye
—iAup + Yap +io
QB — aa) + Elye!
Top(@)
and not pp,(w). Eliminating p,, and p,. in Egs. (C1)—(C4)

and using I — 644 — Gpp — 6cc = 644, We have the solutions
needed in the diffusion coefficients

DPra(—@) = [Pap(®)]

1
(Daa) = B(NZNle3c + N3Ni:Nyp),
. 1
(Pop) = B(NlaNZNSC — N3, N1cNy + Ny N1:N3),  (C8)

. 1
(Dec) = B(NsaNlez + NiaNap N3 — Ny N1y N3),
where
D = Ni4NyyN3c + NigNopyN3 + N1g No N3 + Nog N1 N3

+ NoN1pN3c + N3gNip Ny + N3NicNoy — Nog N1y N3
— Nog N1y N3 — N3 N1cNoy — N3gNicNo; (C9)

Nig =46, + Taa(a))v

Nlb = Sc + Fabﬁaba (ClO)
Nlc = Facﬁac;
NZa - 80 + Fab(ﬁab + 1)7
Nop = 8¢ + Tpp(w), (C1D)
Ny = Typ(iap + 1);
N3a = Fac(ﬁac + 1)7
N3 = 8p + ch(w)v (C12)
N3 = 8[) + ch(ﬁdc + 1)’
: : _ 12 122 —
with the power broadenings 6. = Tu@ T Thi@ and §, =
12,1 12,1
T;.(w) Tic(w)*
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