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Gaussian intrinsic entanglement: An entanglement quantifier based on secret correlations
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Intrinsic entanglement (IE) is a quantity which aims at quantifying bipartite entanglement carried by a quantum
state as an optimal amount of the intrinsic information that can be extracted from the state by measurement. We
investigate in detail the properties of a Gaussian version of IE, the so-called Gaussian intrinsic entanglement (GIE).
We show explicitly how GIE simplifies to the mutual information of a distribution of outcomes of measurements
on a conditional state obtained by a measurement on a purifying subsystem of the analyzed state, which is first
minimized over all measurements on the purifying subsystem and then maximized over all measurements on
the conditional state. By constructing for any separable Gaussian state a purification and a measurement on
the purifying subsystem which projects the purification onto a product state, we prove that GIE vanishes on all
Gaussian separable states. Via realization of quantum operations by teleportation, we further show that GIE is
nonincreasing under Gaussian local trace-preserving operations and classical communication. For pure Gaussian
states and a reduction of the continuous-variable GHZ state, we calculate GIE analytically and we show that it is
always equal to the Gaussian Rényi-2 entanglement. We also extend the analysis of IE to a non-Gaussian case by
deriving an analytical lower bound on IE for a particular form of the non-Gaussian continuous-variable Werner
state. Our results indicate that mapping of entanglement onto intrinsic information is capable of transmitting
also quantitative properties of entanglement and that this property can be used for introduction of a quantifier
of Gaussian entanglement which is a compromise between computable and physically meaningful entanglement

quantifiers.
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I. INTRODUCTION

Since the dawn of quantum information theory, its de-
velopment has been guided by the findings of classical
information theory. Indeed, some key quantum information
concepts, including early entanglement distillation proto-
cols [1], quantum error correction [2], and some fundamental
quantum information inequalities [3], appeared initially as
nontrivial translations of their classical counterparts into the
language of quantum states. Naturally, the further independent
development of quantum information theory has led to the
emergence of concepts with no analogy in classical theory.
This category includes, for instance, bound entanglement [4],
entanglement distribution by separable states [5], and super-
activation of entanglement [6]. It is not surprising then that the
opposite effect occurred when quantum information started to
enrich classical information theory with new concepts such
as bound information [7,8], secrecy distribution by nonsecret
correlations [9], and a classical analogy to superactivation [10].

Classical analogies of quantum phenomena are almost
exclusively cryptographic analogies of some properties of
quantum entanglement. Entanglement is the key resource in
quantum information and it is synonymous with correlations
among two or more quantum systems which cannot be
prepared by local operations and classical communication
(LOCC). The cryptographic parallels of entanglement proper-
ties are carried by classical probability distributions containing
so-called secret correlations [11,12]. The correlations are
a fundamental resource in cryptography and appear in the
scenario when two honest parties, Alice and Bob, and an
adversary Eve, share three correlated random variables A, B,
and E obeying a probability distribution P(A,B,E). The
distribution carries secret correlations if it is impossible for
Alice and Bob to create the distribution by local operations and
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public communication [13]. Owing to the apparent similarity
with entanglement, secret correlations can therefore be viewed
as a classical analogy to entanglement [14]. In fact, secret
correlations and quantum entanglement are not just analogs
but are directly linked as the latter can be mapped onto
the former as follows [15]. A third adversary party Eve,
seemingly missing in a quantum state p4 g, is associated with
all information which could potentially be carried by a third
system E, i.e., the global state |\V) 4 g of the tripartite system
is a purification of the state pap (Trg|V)ape (V| = pap)- A
given quantum state p4 g can then be mapped onto a probability
distribution P(A, B, E) by performing measurements 14, 13,
and ITg on subsystems A, B, and E of the purification as [15]

P(A,B,E) =Tr(Ilx @ g @ He[V)ape(¥D. (1)

The presence of secret correlations in the obtained distri-
bution can be certified with the help of the so-called intrinsic
conditional information defined as [16]

I(A;B | E) = EinfE[I(A; B|E)). 2)

Here,
I(A;B|E)=H(A,E)+ H(B,E)— H(A,B,E) — H(E)
3)

is the mutual information between A and B conditioned on E,
where H (X)is the Shannon entropy [17], and the minimization
is performed over all channels E — E characterized by a
conditional probability distribution P(E|E). The intrinsic
information gives a lower bound to the information of
formation [12] quantifying the amount of secret bits [18]
needed for preparation of the distribution, and an upper bound
to the rate at which a secret key can be distilled from the
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distribution [16] in the secret-key agreement protocol [11].
More importantly, the distribution P(A, B, E) contains secret
correlations if and only if I(A; B | E) > 0 [9,12]. Moving
back to the mapping (1) one can then show using intrinsic
information (2) that provided that the state p4p is entangled
one can always find measurements IT; such that the obtained
distribution contains secret correlations [7]. Moreover, the
multipartite form of the mapping (1) is even capable of
mapping more subtle properties of entanglement such as its
boundedness [8].

So far, the mapping (1) has been investigated only from the
point of view of the ability to transmit qualitative properties of
quantum states onto classical probability distributions. A nat-
ural step forward would therefore be to elucidate whether the
mapping can also preserve the quantitative properties of input
states. Specifically, it would be of interest to know whether
there is a function of a probability distribution P(A,B,E)
associated with a quantum state p4p via mapping (1) which
does not increase under any LOCC operation on the state.
This would mean that the composition of the mapping and the
function preserve the fundamental property that entanglement
does not increase under LOCC operations. This is, however,
important from a practical point of view because such a
function then can be used to quantify entanglement [19].

An interesting attempt to quantify entanglement with the
mapping (1) has been put forward by Gisin and Wolf [7]. They
introduced the following optimized intrinsic information:

sup [I(A;B | E)] } “4)

w(pap) = _inf {
{He W)} {11y, 1)
where the supremum is taken over all projective measurements
{ITy = |A)(Al|} and {I1p = |B)(B|} on subsystems A and B,
respectively, and the infimum is taken over all purifications
|W) of the state p4p and all positive operator-valued measures
(POVM) {I1g} on subsystem E. Further, in Ref. [7] it was
shown that the quantity (4) possesses some properties of an
entanglement measure such as equality to the von Neumann
entropy on pure states and convexity, and it was also calculated
analytically for two-qubit Werner states. The quantity (4) is
particularly interesting because unlike most of the other en-
tanglement measures it is intimately related with a meaningful
protocol: it is an upper bound in the secret-key agreement
protocol [11]. What is more, it may even characterize secret
correlations distillable to a secret key provided that the
conjectured bipartite nondistillable secret correlations with a
strictly positive intrinsic information (the so-called bipartite
bound information [7]) do not exist. Despite this fact, the
other properties of entanglement measures have not been
investigated for the quantity (4) but it inspired the introduction
of a different measure called squashed entanglement [20]. In
particular, the key questions of whether the quantity (4) is
nonincreasing under LOCC operations and whether it can be
calculated also for other quantum states remain open.

To find answers to the latter questions can be a hard or
even intractable task owing to the apparent complexity of the
quantity (4). Nevertheless, the quantity (4) can still inspire
the introduction of a closely related quantity for which the
proof of monotonicity under LOCC operations as well as
its computation can be considerably easier. The quantity in
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question is the so-called intrinsic entanglement (IE) defined
as [21]

E | (pap) = sup

(s, 1} UTE 1Y

{ inf ) [/ (A;B | E)] } 5)
In comparison with the quantity (4), the order of optimization
in the definition of IE is reversed and hence E, < u due
to the max-min inequality [22]. In fact, the two quantities
may coincide if the intrinsic information (2) together with
the sets {I14,I15} and {I1g,|¥)} possess the strong max-min
property [22] which guarantees that the order of optimization
in Eq. (5) can be commuted. Reference [21] further deals
with a Gaussian version of IE, the so-called Gaussian intrinsic
entanglement (GIE). The GIE is defined as in Eq. (5), where
all channels E — E in Eq. (2), and all quantum states p4 3 and
|¥), and measurements {I1;}, j = A, B, E, are assumed to be
Gaussian. It is further shown that GIE simplifies considerably
to the optimized mutual information of a distribution of
outcomes of Gaussian measurements on subsystems A and
B of a conditional state obtained by a Gaussian measurement
on subsystem E of a Gaussian purification of the state p,p.
Next, it is proved that GIE vanishes if and only if the state
pap 1s separable and that it does not increase under Gaussian
local trace-preserving operations and classical communication
(GLTPOCC). Finally, some analytical formulas are obtained
for GIE as well as IE. First, GIE is calculated analytically for
pure Gaussian states as well as for a two-mode reduction of the
three-mode CV GHZ state [23] and it is shown that it always
coincides with the Gaussian Rényi-2 (GR2) entanglement [24].
Second, an analytical lower bound on IE is derived for a subset
of the set of the non-Gaussian continuous-variable Werner
states [25], which is given by convex mixtures of the two-mode
squeezed vacuum state and the vacuum state.

This paper accompanies the original paper on GIE [21]. It
contains details of proofs of the properties of GIE presented
in Ref. [21]. Additionally, we also provide two results not
mentioned in Ref. [21]. First, we show that the monotonicity
of GIE under GLTPOCC implies the invariance of GIE with
respect to Gaussian local unitaries. Second, we prove that if
we allow for non-Gaussian measurements {I14,I1z} in the
definition of GIE we get a quantity which is on pure Gaussian
states equal to the entropy of entanglement in analogy with
the quantifier (4) which is also equal to the entropy of
entanglement for pure states [7].

The paper is organized as follows. Section II contains a
brief introduction into the formalism of Gaussian states. In
Sec. I1I, we show explicitly that for GIE the channel E — E
in Eq. (2) can be integrated into Eve’s measurement. The next
Sec. IV contains a proof that in the definition of GIE (5)
we can use a fixed purification and the minimization over
all Gaussian purifications can be omitted. Section V then
presents the construction of a Gaussian measurement which
projects a Gaussian purification of a separable Gaussian state
onto a product state and Sec. VI is dedicated to a detailed
proof of the monotonicity of GIE under GLTPOCC operations.
Derivation of an analytical expression for GIE and proof of
its equality to GR2 entanglement is given for pure Gaussian
states in Sec. VII and for the two-mode reduction of the
three-mode CV GHZ state in Sec. VIII. Finally, in Sec. IX
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we derive an analytical lower bound on IE for a subclass of the
non-Gaussian continuous-variable Werner states. Section X
contains conclusions.

II. GAUSSIAN STATES

In this paper, we consider quantum systems with infinite-
dimensional Hilbert state spaces which can be physically
implemented by modes of the electromagnetic field. A system
of n modes can be conveniently described by a vector of
quadratures £ = (x1,p1, - .- ,Xn, pn)T whose components obey
the canonical commutation rules [£;,5;] = i(£2,) jx with

n O 1

Q= EI? (_1 O) (©6)
being the so-called symplectic matrix. According to definition,
Gaussian states are quantum states of modes, which possess
a Gaussian Wigner function. An n-mode Gaussian state p
is therefore fully characterized by a vector of first moments
(&) = Tr(€p), and by a covariance matrix (CM) y with entries
vie = ([A§;,A&)). where A&; =& — (&) and {A,B) =
AB + BA is the anticommutator. The quantity GIE analyzed
in this paper depends only on the elements of the CM and
thus the vector of the first moments (£) is from now assumed
to be zero for simplicity. We use Gaussian unitary operations
which are for n modes represented at the level of CMs by a real
2n x 2n symplectic matrix S fulfilling SQ,S” = ,. Recall,
also, that any CM y can be symplectically diagonalized,
i.e., there exists a symplectic matrix S that brings y to the
Williamson normal form [26]

.,Un,vn), (7)

where v; > --- > v, > 1 are the symplectic eigenvalues of y.

As for measurements, we restrict ourselves to Gaussian
measurements which can be implemented by appending
auxiliary vacuum modes, using passive and active linear optics
(phase shifters, squeezers, and beam splitters) and homodyne
detections. Any such measurement on n modes is described
by the following POVM [27]:

Sy ST = diag (v,v1, ..

) = D(d)1yD'(d), (8)

(27-[)11

where the seed element Iy is a normalized density matrix
of a generally mixed n-mode Gaussian state with zero first
moments and CM T, D(d) = exp(—id” Q,£) is the displace-
ment operator, and d = (d;x),dfp), .. ,d,(f),d,gp))T eR,, is a
vector of measurement outcomes. From the normalization
condition Tr[ITp] = 1 it follows that the POVM (8) satisfies
the completeness condition

/ (d)d*d =1, 9)
IRZn

where dd = T/_,dd"dd",

In the present analysis of IE [Eq. (5)], we assume that the
state OAp = PA,..AyB,...By 1S an (N 4+ M)-mode Gaussian state
of N modes A;,A,,...,Ay and M modes By,B>,...,By,
which s described by the CM y4 5. Further, we also assume that
|¥) 4gEisan (N + M + K)-mode Gaussian purification of the
state p4 g, which contains K purifying modes E,E>, ...,Ek,
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and which is described by the CM y,,. By performing Gaussian
measurements (8) with covariance matrices (CMs) 'y, ',
and I'z on subsystems A, B, and E of the purification |¥) o5,
the mapping (1) yields a zero-mean Gaussian distribution
P(d,,dg,dr) of measurement outcomes d4,dg, and dg, which
is given by the formula

—d"s"d

P(dAvdB9dE) = (10)
b4

N+M+K  [dety
where d = (d},d},d})" and

5 vap+Ta®ls  Vase \ _ (o« B (11
pp+Tg)  \B' 9

VAsE
is the classical covariance matrix (CCM) [28] of the dis-
tribution expressed with respect to AB|E splitting. Here,
YABs VABE, and yg are blocks of the CM y,; of the purification
|W)apE, When expressed with respect to the same splitting,

ie.,
_ YAB  VABE
Ve =\ _g _ . (12)
YABE YE

In what follows, we analyze a Gaussian version of the
quantifier (5), where the role of the distribution P(A,B,FE)
is played by the Gaussian distribution (10).

III. PROOF THAT ANY GAUSSIAN CHANNEL CAN
BE INTEGRATED INTO EVE’S MEASUREMENT

At the beginning we show that the quantity IE [Eq. (5)]
greatly simplifies in the Gaussian scenario. First, we prove
that any Gaussian channel E — E appearing in Eq. (2) can be
always incorporated into Eve’s measurement.

The proof goes as follows. We assume that the channel
E — E in Eq. (2) is a Gaussian channel dr — dz mapping
a2K x 1 column vector dg onto an L x 1 column vector d,
where dg contains measurement outcomes of a measurement
on Eve’s K modes of an (N + M + K)-mode purification
W) 45 of the state psp. Such a channel is described by a
linear transformation

dg = Xdg + v, (13)

where X is a fixed real Lx2K matrix and y = (y1,y», ...,
yz)T isan L x 1 random column vector distributed with a zero
mean Gaussian distribution characterizedbyan L x LCCMY
withelements Y;; = ({y;,y;}),i,j = 1,...,L.Theinput to the
channel is a vector dg of Eve’s measurement outcomes, which
is distributed according to a zero mean Gaussian distribution
with a fixed CCM é§ = yg + I'g givenin Eq. (11). The channel
is therefore fully characterized by a joint Gaussian distribution
P(dg,dg) with zero mean and a CCM of the form

8 sx’
x= (X(S X5XT + Y)' (14)

The input Gaussian distribution P(d4,dp,dg) [Eq. (10)] is then
transformed by the channel as

P(dy.dy.ds) = / P(ds|de) P(dydy.de)d® dg,  (15)
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where

P(dEdeE) e_(JE_XdE)Tyil(JE_XdE)

P(dg) ~mldetY

is a conditional Gaussian probability distribution of the
channel. We now substitute into the right-hand side (RHS)
of Eq. (15) for the distribution P(d4,dp,dg) from Eq. (10),
which gives the output distribution (15) in the form

P(dgldg) =

(16)

3 3 —aTsa
P(da,dp.dp) = ——F—e, 17
(da,dp,dE) TRy e )
where d = (d1,d%,d2)" and
& [ « BXxT
X = (X,BT X5xT + Y) ’ (13)

where the matrices «, 8, and § are defined in Eq. (11).

The figure of merit considered in this paper is the
conditional mutual information I(A; B|E) of the output
distribution (17) which coincides with the standard mutual
information /(A; B) of the corresponding conditional distri-
bution P(dy,dp|dg) [21]. The latter distribution is Gaussian
and the mutual information depends on its CCM which is given
by the Schur complement [29] of the CCM (18),

oap =a — BXT(X8XT + V)7 X7, (19)

where the inverse is to be understood generally as the
pseudoinverse.

Now, we prove that for any channel (13) there is a
measurement on Eve’s modes characterized by a CM 'z such
that

oap = — B7e+Tp) ' pT. (20)

As a result, without loss of generality, we can omit the
minimization appearing in Eq. (2) and the intrinsic conditional
information I(A; B | E) in the definition (5) can thus be
replaced with the standard conditional mutual information
I(A; B|E) [Eq. (3)].

Our proof utilizes the singular value decomposition [29] of
the matrix X,

X =UsSHYT’, (21)

where U/ is an L x L real orthogonal matrix, VV is a 2K x 2K
real orthogonal matrix, and S is an L x 2K rectangular
diagonal matrix of the form

S=(pn @
(@(LQ)xQ

where O is an I x J zero matrix, sg = diag(¢1,$2, ...,Sp)
is a O x Q diagonal matrix with the strictly positive sin-

J

Ooxek-0) ) , 22)
Ow-0)xek-0)

PHYSICAL REVIEW A 91, 062313 (2015)

gular values ¢; > ¢» > ... = ¢p > 0 on the diagonal, and
Q =rankX. Inserting Eq. (21) into (19) one obtains

oag =a — BYST(SVTSVST +UTyu)'SVTET. (23)

Making use of Eq. (22) one can further express the L x L
matrix SVT VST, appearing in the round brackets in Eq. (23),
as

SVTsVST = tpwpto, (24)
where 7 is an L x L matrix of the form
90 =50@ 119 (25)
and
wo =V'8V)o ® O1—0)x(1-0)s (26)

where (VT§V) is the first QO x Q block of the matrix V' §V
and 1; is an I x I identity matrix. Substitution for SVT §VST
in Eq. (23) from (24) and utilizing the formula

oS = <@<Lﬂi)xQ @SQ;Z;Q)Q)) =1 @
further yields the matrix (23) in the form
oap = — BVI  (wp + Yuy,) TVTET,  (28)
where
Yoo =15 U YUT,! (29)

is an L x L positive-semidefinite matrix. Substitution for the
matrix Z from Eq. (27) into (28) further yields

oag =a — BYWVT BT, (30)

we (Ve © 31
_<®T @) Gh

being a 2K x 2K matrix, where we have defined O =

@QX(ZK—Q)7 0= @(2K—Q)x(2K—Q>, and
-1
wQ = [(O)Q + YU,SQ) ]Q (32)

is the first Q@ x Q block of the matrix (wg + YU,SQ)’I. If we
express the matrix (29) in the block form

C
v = (3 ). (33)

where Aisa Q x Q block, Cisa Q x (L — Q) block, and B
isan (L — Q) x (L — Q) block, we can write

wo = [V'§V)o + A—CB7'CTT, (34)

where we have used the blockwise inversion [29]

with

A ¢\ (A—CB-'CT)! A='C(CTA-'C — B)™! 35)
ct B “\(CTAT'Cc-B)IcTA! (B—CTA'C)™!
Repeated use of the formula [29]
(A—CB'chy'=a"1+AalcB-cTa o) IcTA™! (36)
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further reveals that the 2K x 2K matrix WV given in Eq. (31)
can be obtained as a limit of the 2K x 2K matrix

_ pp-1pT -1
WX=|:VT5V+<A e g)} SNEY

when x — 400, x > 0, and 1 = 1,x_o. The Schur comple-
ment (30) is then obtained from the matrix

Oap. = — YWV BT (38)
in the limit for x — +o00. By substitution we get immediately
oapx=a—pZBT (39)

with
A-cB7'ct 0\,

or x1 v, @0
where we have used the equality § = g + I'g. The last matrix

in the latter equation is positive semidefinite and therefore the
matrix

ZXZJ75+FE+V(

—1pT
rg=r5+v<A %BT ¢ ﬁ)vT 41)
represents a legitimate CM of a Gaussian quantum state.
Consequently, a Gaussian measurement (8) on Eve’s system
described by a CM I'g followed by a Gaussian channel (13)
characterized by the matrices X and Y on the outcomes
of the measurement can be replaced with another Gaussian
measurement with the CM ['p =T ’g_)+°° which concludes

the proof.

IV. PROOF THAT MINIMIZATION OVER
PURIFICATIONS CAN BE OMITTED

The next step of simplification of IE [Eq. (5)] is the proof
that in the Gaussian scenario, without loss of generality,
we can use in Eq. (5) a fixed minimal purification [30]
of the state pap, i.e., a purification containing minimum
possible number of purifying modes. Moreover, we also show
that the minimization over all Gaussian purifications can be
integrated into a minimization over Eve’s measurement.

According to the assumption, the state p4p is an (N + M)-
mode Gaussian state, where subsystem A consists of N
modes and subsystem B consists of M modes. The minimal
purification of such a state is an (N + M + R)-mode pure
Gaussian state |W) opg satisfying Trg|W) ape (V| = pap, for
which the purifying subsystem E consists of R < N + M
modes, where R is the number of symplectic eigenvalues of
the CM y4p of the state psp, that are strictly greater than
one [30]. When expressed with respect to the A B|E splitting
the CM (=y;, ) of the minimal purification reads as

YAB YABE
ve= | : 42)
VABE VE
where

R R >
YE = @ vila, yape=S" (@izl Vi~ IGZ) . 43

et OaN+M=-R)x2R

Here, o, = diag(1,—1) is the Pauli diagonal matrix and S is the
symplectic matrix that brings the CM y,4p to the Williamson

PHYSICAL REVIEW A 91, 062313 (2015)

normal form (7), where n =N+ M and vi > v, > --- >
VR > VR4l =+ =Vypy = L.

In Eq. (5), we consider the minimization over all Gaussian
purifications of the investigated Gaussian state p4 5. For any
such purification |W),5r with K-mode purifying subsystem
E, there is a Gaussian unitary transformation Ugr(Sg) on
Eve’s modes which connects the purification |¥) 4z with the
minimal purification |W) 45 by the formula [31,32]

(W) ape = ULG)IW) ase {0} Err. kx (44)

Here, {O}) £pyy. B = ®iK=_1R|O)ERH is the product of K — R
ancillary vacuum modes that Eve can use, and the op-
erator Ug(Sg) symplectically diagonalizes reduced state
pe =Trag(|W)ape(¥]) of Eve’s subsystem E. Denoting
the CM of the purification |¥),pr as 7, one can express
the transformation (44) on the level of CMs in the form

)77r = []IAB @ Sz-l]yn @ ]IERH---EK []IAB @ (S‘g)_l]’ (45)

where lI4p is a 2(N + M) x 2(N + M) identity matrix,
Lgg,,..Ecisa2(K — R) x 2(K — R) identity matrix, and S is
the 2K x 2K symplectic matrix symplectically diagonalizing
the local CM yg of Eve’s subsystem, i.e.,

SeVeSE = vE @ Leg,, . Bes (46)

where yg is the diagonal 2R x 2R CM of the reduced state
of subsystem E of the minimal purification |V)4pr given in
Eq. (43). Expressing now the CMs y,; and y,, with respect to
the A|B|E splitting,

YA ®AB  VAE

V= oy vs VsE 47

Vie Vse VE
and
YA WAB  VAE
oy ve  vse|. (48)
VATE J’BTE VE

one gets from Eq. (45) for the 2(N + M) x 2K block
(71,747 the expression

VAE\ _ (YaE
VBE YBE

Further, by inverting Eq. (46) we can also express the CM yg
as

Yr =

Oonx2k=r) \ [oTy~!
. 4
Oomx2k—r) (SE) “9)

VE = SEI (ve® HERH...EK) (Sﬁ)_] . (50)

As any Gaussian channel on Eve’s measurement outcomes
can be integrated into Eve’s measurement the CCM relevant
to the optimization of the conditional mutual information is
given by the Schur complement

_ _ T

Gan =0 — (KAE> (7e +Tp)™ (YAE) (51)
VBE VBE

of the CCM

2=?n+FA@FB@fEE<;{T 'g), (52)
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where T4, I'g, and Tz are CMs of the measurements on
Alice’s, Bob’s, and Eve’s subsystems and the last 2 x 2 block
matrix is the expression of the matrix ¥ with respect to AB|E
splitting. Inserting from Eq. (49) into Eq. (51) one gets after
some algebra

T
= YAE YAE

=a — 7 , 53
9B « (VBE) R (VBE) (53)

where 7 is the first 2R x 2R diagonal block of the 2K x 2K
matrix

T =[ye ®leg,.ec + I;E(SE)]_I , (54)

and I"'g(Sg) = SgTeSLisa2K x 2K CM of another of Eve’s
measurements. If we express finally the latter matrix in the
block form

res = (4 §)- (55)

with A being a 2R x 2R matrix and B being a 2(K — R) x
2(K — R) matrix we can express the block 7 using formula
(35) as

Tr=lye +A-CB+D'CTI7" (56)
The matrix
rg=A-CB+1D7'CT (57)

can be viewed as a CM of an R-mode conditional Gaussian
state obtained by projecting the last K — R modes of a K-
mode Gaussian state with CM (55) onto a coherent state and
therefore 'y is a legitimate CM of a physical quantum state.
Consequently, one finally gets for the matrix (51) the following
equation:

T
Gap=a — (i”) (ve +Te)! (VAE) =0oap. (58)

BE VBE

Thus, for any Gaussian purification and any Gaussian mea-
surement on subsystem E, the matrix (51) can be obtained
from the minimal purification with CM (42) and a Gaussian
measurement with CM (57) on Eve’s part of the purification.
Hence, when calculating the quantity defined in Eq. (5) in
the Gaussian scenario we can consider only a fixed minimal
purification and we can omit the minimization with respect to
all Gaussian purifications, which accomplishes the proof.

Having found simplifications of IE in the Gaussian scenario,
we are now in the position to incorporate them into the
definition (5). Let us consider a Gaussian state p,p and its
minimal purification with CM (42) which has been mapped
by Gaussian measurements with CMs "4, I'g, and 'z onto
the Gaussian distribution of the form (10). As we have
already said, the intrinsic information in Eq. (5) can be
replaced with the standard conditional mutual information
(3), which coincides with the standard mutual information
[=1.(A; B)] of the corresponding conditional distribution. The
latter distribution possesses the CCM in the form of the Schur
complement [29]

oap=Yap+Ta®Tp — yape (ve +Te)  ylep, (59

where yap, YapE, and yg are submatrices of the CM y,, of
the minimal purification of the state p4p, which are defined
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in Eq. (43). From the formula for mutual information of a
bivariate Gaussian distribution [33], it follows further that
I.(A; B) = f(yx,T4,T',T'E), where

1 detosdetop
f e, Ta, T, )= =In| ——— (60)
2 detoyp

with o4 p being local submatrices of CCM (59). If we use now
the definition of IE [Eq. (5)], and we take into account that we
can omit minimization over all purifications, we arrive finally
at the following formula for GIE [21]:

EY (pap) = Sup inf f (x.Pa.Ts.Te).  (6D)

A T F
Before going further, let us note one consequence stemming
from the fact that for any purification with K purifying modes
described by the CM (47) and any measurement on the modes
with CM 'y we can find a measurement with CM (57) on
the minimal purification giving the same matrix (51). This
implies that for any two purifications containing a generally
different and not necessarily minimal number of purifying
modes, we can find measurements on the purifying subsystems
which yield the same matrix (51). To show this, consider
two purifications with CMs 9, and y, which contain K and
K' purifying modes, respectively, where K < K'. By using
Eq. (45) for both the CMs 7, and y,, one finds that they are

connected by a similar equation

Ve =[las ® yE_l] 7 @ Lyk—x[Lap @ (yET)il ] 62

Here, 1yx'—x) = 1gq.,..£,, and the symplectic matrix .7z =
[S'El ® lyk—x)1S} satisfies VE)/;EX’ET = Vg @ Ly —k) and
it consists of symplectic matrices Sg and S% which sym-
plectically diagonalize the local CMs yg and y; of CMs 7,
and y,, respectively, corresponding to subsystem E. Making
use of the formula (62), we can now repeat the procedure
leading from Eq. (45) to (58) to show that for the purification
with CM y, and an arbitrary measurement with CM T';, on
subsystem E there always exists a measurement with CM
[z on the purification with CM j, for which it holds that
0,5 = 04p.1f we perform, on the other hand, on the subsystem
E of the purification with CM y, the measurement with
CM T, = .7 ' [Tr @ lok—x))(#L)~", one finds easily that
the matrix o, is equal to the matrix 645 corresponding to
the purification with CM 7, and the measurement with CM
['¢. Therefore, without loss of generality, we can consider
in the formula (61) an arbitrary fixed purification, i.e., a
fixed purification containing an arbitrary number of purifying
modes, and we can restrict ourselves to minimizing only
over all Gaussian measurements on the purifying modes. This
property proves to be useful in the proof of the monotonicity
of the GIE under GLTPOCC, which is given later.

V. GAUSSIAN MEASUREMENT PROJECTING
PURIFICATION OF A SEPARABLE GAUSSIAN
STATE ONTO A PRODUCT STATE

A basic property of any entanglement measure is that
it vanishes on all separable states [34]. In Ref. [7], it was
shown that for any separable state, whatever measurements
are performed by Alice and Bob there is always Eve’s
measurement such that the conditional mutual information (3)
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of the probability distribution (1) vanishes. Inspired by the
proof of the latter statement, we show here that also the GIE
is zero for all separable Gaussian states.

The vanishing of the GIE on separable Gaussian states
is a direct consequence of the fact that for any separable
Gaussian state p;eg there is a Gaussian measurement on the
purifying system E of the minimal purification of the state,
that projects modes A and B onto a pure product state.
Indeed, by performing such a measurement on subsystem
E of the minimal purification of a separable state ,offg, one
finds that the conditional distribution P(d4,dg|dg) factorizes
as P(da,dg|ldg) = P(ds|dg)P(dpldg) for any measurement
on subsystems A and B. Consequently, the conditional mutual
information (3) and therefore also GIE are equal to zero.

It remains to find the measurement mentioned above. The
sought measurement can be constructed after consideration of
a measurement on another purification created using the sepa-
rability criterion [35]. According to the separability criterion,
a Gaussian state with CM y, % is separable if and only if there
exist pure-state CMs y} , such that the matrix Q =y, 5 —
ya @ vy = 0.1f V denotes the orthogonal matrix diagonaliz-
ing the matrix Q,i.e., VI QV = diag(A;,A,...,Ap,0,...,0),
where A;,i = 1, ..., P, are the strictly positive eigenvalues of
the matrix Q, the state ,of:g can be expressed as

Pup = / p@ @ Do ly!) (v DI w L drn.

j=A.B
(63)

Here, D;(d;) stands for the J;-mode displacement operator

performing phase-space displacement of the subsystem j
x (p) X (p) :

by d; = (d;l)’djlp ’ ""dj'f,-)’dff,v )" with & = (xj.pjs- s

Xjj, oD jjj)T being of the quadratures of

the subsystem, p(r) =/ exp(—r?/A)/NThis V4 g)as
are pure states with CMs yf;‘ s and zero displace-
ments, ¥ is the 2(N + M) x P matrix composed
of the first P columns of the matrix V, r=
(ri,r2, ccoorp)t, (YDA = [(VD)1L(V D), ... (P T)on]”, and
(YD) = [(YTans1. (Y Dania, oo (Vo] . Now, we
construct a new (N 4+ M + P)-mode purification by encod-
ing the displacements r;, j =1,...,P, into the eigenvec-
tors |r;)g, of position quadratures of P purifying modes
El,Ez, . ,Ep as

1) ape =/% @ DI D1|y]) I0) eI dn,

j=A.B

the vector

(64)

where |r)g = |r1) g, |12)E, - - - |FP)E,. By measuring position
quadratures on all modes of the subsystem E with the outcome
r’ one gets the following product conditional state:

Dal(V)al|y ) DLV T8 |VE) - (65)

At this point, we have shown that there is a Gaussian
measurement that can be performed on the P modes of the
(N 4+ M + P)-mode pure state |¥) 4 5 that leaves Alice’s and
Bob’s modes separable. As the (N + M + R)-mode minimal
purification |W) 43 and the (N + M + P)-mode purification
[\U) apE both possess the same reduced state p;eg, there is a
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Gaussian unitary transformation U (Sg) which transforms the
purification (64) into the minimal purification as [31,32]

Ul ape = W) ase 0N £gy . By (66)

Here, {0 kg, ..E, = 10)Er10)Egy, - - - |0) g, is the product
of P — R vacuum states and R < P is the number of
symplectic eigenvalues of the CM y,% that are strictly
greater than one. The operator Ug(Sg) on the P modes
E|,E,,...,Ep corresponds to the symplectic transformation
S symplectically diagonalizing the 2P x 2P CM ¢ of
the subsystem E of the purification (64), i.e., Sg7xSL =
diag(vy,vy, ...,Vg,vg, 1,1, ..., 1,1), where v,v,,...,vg are
symplectic eigenvalues of the CM )/Z? which are strictly
greater than one. Thus, by appending P — R vacuum states
|O)E,»’ j=R+1,R+2,...,P, to the minimal purification
|W) a5, applying the Gaussian unitary U}(3g) to the sub-
system E, and projecting the subsystem onto the position
eigenstate |r') g, we get the product state (65). Simple algebra
reveals that this measurement can be rewritten as a projection
of R modes Ei,E,,...,Egr of the minimal purification
| W) o pE onto an unnormalized (and generally unnormalizable)
Gaussian state

My = ({0} |UE(Sp)lr = 0)p(r = 0[ULSE)I{0}).  (67)

displaced by some factor dependent on the elements of the
vector r’ and symplectic matrix Sg, where in Eq. (67) we have
omitted the subscripts of the state [{0})g,,, g, for brevity.
Now, let us define a normalized R-mode zero mean Gaussian
state

L 0N UEGSIs) (s1USe)l 10h
Te[ ({0} U£(Sp)Is) 3 (sIULSp)I {0))]

which is obtained by replacing the P-mode position eigen-
vector |[r=0)g in the state in Eq. (67) with a P-
mode zero mean position squeezed vacuum state |s)§;f) =
|s1 >(gf|s2><§j ... |sP)§§Z, where |Sj>(1if_,-) is the zero mean position
squeezed vacuum state of mode E; with the squeezing
parameter s;. It is now obvious that by performing a

Gaussian measurement I1g(dg) = DE(dE)HODE(dE)/(Zn)R
on the subsystem E of the minimal purification |V) 45, we
project the purification onto a product state

Da(d)|vx),Pedp)|vs), (69)

in the limit of infinite squeezing parameters s;. The vectors
of displacements d, and dj are linear combinations of the
elements of the vector dg of the measurement outcomes [36].
We have therefore found that for any separable Gaussian
state of two subsystems A and B, there is a Gaussian
measurement (8) on the purifying part of the state that projects
the minimal purification onto a product of pure local states of
subsystems A and B as we set out to prove.

VI. MONOTONICITY OF GIE UNDER GAUSSIAN
LOCAL TRACE-PRESERVING OPERATIONS
AND CLASSICAL COMMUNICATION

The most important property of any good entanglement
measure is its monotonicity [19], which means that the measure
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does not increase under LOCC operations. Specifically, a
good Gaussian entanglement measure should not increase
under (generally probabilistic) Gaussian local operations and
classical communication (GLOCC) [37]. In this section, we
prove that the GIE defined in Eq. (61) is nonincreasing under
the subset of GLOCC given by GLTPOCC. This means that
if the operation (=¢) transforms the input Gaussian state p ,
onto a state p§ 5, then

EY (pis) > EY (Phs) - (70)

It was shown in the previous section that for two different
purifications having in general a differing number of modes,
one can always find measurements on Eve’s modes of either
purification that yield the same matrix (59). Therefore, for
CMs y, and T'g in Eq. (59) we can consider a CM of an
arbitrary (not necessarily minimal) purification and a CM of
a measurement on Eve’s modes of this purification. In the
following paragraph, we prove the monotonicity of GIE under
GLTPOCC by using a suitable nonminimal purification of the
output state pi B-

A trace-preserving operation £ transforms the input state
ok, to a state

plp = Tri[x (055)" © Low], (71)

where x is a positive-semidefinite operator representing the
operation [38] on the tensor product Hap ® Hoy of the input
Hilbert space H4p and the output Hilbert space Hoy, Loy iS
the identity operator on the output Hilbert space, and Trj, is the
trace over the input Hilbert space. The map preserves the trace
of the input state, i.., Trin[ 0% 3] = Troul 0§ 3], which imposes
the following constraint on the state x:

Trou[x] = Tin, (72)

where Troy is the trace over the output Hilbert space and 1, is
the identity operator on the input Hilbert space.

Let us denote for the state pk, its minimal purifica-
tion |W)4pg, with the CM yﬂI . Let us further denote the
measurements on subsystems A, B, and E that achieve the
optimum in Eq. (61) as [T4(da), [Tz(dp), and g, (dE,) and
the corresponding CMs as T'Z, I'Z, and T'Z, respectively. That
is,

EiG ('OiB) =f (V,,I,Fi,f‘g,r‘g). (73)

Likewise, the purification of the state pi g 1s denoted as
|Wé) 45 and it has the CM y¢. The measurements on
subsystems A, B, and E, which achieve the optimum in
Eq. (61) are denoted as I15(da), T15(dp), and T1.(dg) and
they have the CMs re, Fg, and Fg, respectively. That is,

Ef (/’iB) =f (yf,l“i,rg,rg). (74)

To prove the inequality (70) we will now find a suitable
nonminimal purification of the state (71). The purification can
be constructed using the trick that any Gaussian operation on a
known state can be implemented via teleportation [36,39].
First, we prepare an (N + M + Noy + Moy)-mode state
XA BinAouBonw Of N-mode subsystem Aj,, M-mode subsystem
Bin, Nowe-mode subsystem Agy, and Mo,-mode subsystem
Boyt, which represents the operation £. Next, subsystems
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A and B of the input state p%, are teleported by a stan-
dard continuous-variable teleportation [40], where the state
X A Bin Aow Bou SETVES a8 a quantum channel. The sender performs
Bell measurements on pairs of subsystems (A, Aj,) and (B, By,)
and sends the outcomes of the measurements to the receiver
who appropriately displaces his subsystems Aqgy and Boye. As
a result, he obtains the output state ,of;om B, Of the operation £.
Let us now consider a pure state

| D) = [W)ABE, | X) AinBin Aou Bow Ey (75)

formed as a product of the minimal purification |W) 45, (With
CM y7) of the input state p%, and a suitable purification
1X) Ain Bin Aou Bou Ey, OF the State X 4, B, Ao Bow» Which will be spec-
ified later. Now, we perform Bell measurements on the pairs
of subsystems (A, Ai,) and (B, Bj,). A Bell measurement on a
pairof modes (j, jin), j = A1, ...,An,Bi, . ..,By,is formally
described by the set of rank-one operators {|8;) ;;, (B;l};eC>
where §; is the measurement outcome, C is the set of complex
numbers, and [41]

1Bj)jjm = ZDj(ﬁj)|n>j|n)ji,.s (76)
n=0

where D;(8;) = exp(ﬂja} — ,B;‘aj) = Dj[«/z(Reﬁj,Im,Bj)T]
is the displacement operator on mode j, a; (a;) is the
annihilation (creation) operator of the mode, and |n), n =
0,1,..., are the Fock states. If we now perform the Bell
measurements on pairs of modes (A, Aiin), ... ,(AN,ANin)
and (B1,Biin), - - - ,(By, Byin) of the state (75) followed by
compensation of the displacements exactly as in the implemen-
tation of a generic Gaussian operation by teleportation [39],
we obtain a pure state of the form

&
W) A Bou B, E,

1 ~ ~
= ——aa, {0} s, {OHY) aBE, | X) A1 Bu Ao Bow B, s (TT)

v Po
where ,/po is the normalization factor, and where we have de-
fined [{0}) jj, = 1Bj1 = 0)jijuw - - - 1Bjs; = Oy, jyys J = A B,
where J4, = N and Jg = M is the number of modes of
subsystems A and B, respectively. The state (77) satisfies
Tre, £, (1W%) AwuBonE, E, (WE]) = P 5., and therefore it is the
sought suitable purification of the state p$ ;. Consequently, the
prescription

P(da.dp.dg,.dg,) = Te[|WE) (WS (da) ® TS (dp)
® N ; (dr,.dz,)] (78)

defines the optimal distribution whose conditional mutual
information equals to Ef(,oi 5) Where Hi(,u,(dA)’ I'If;m“(dg),
and H%p E, (dg,,dg,) are optimal measurements with CMs
4, T4, and T, Here, a different symbol 1§ ; (dg,.dk,)
for the optimal measurement H‘g(d £) has been used to express
the fact that it acts on two purifying subsystems E, and E,.
Here and in what follows, we also omit the indices of the
purification (77) for brevity.

Now, we will construct a purification
1X) AuwBuAouBoxE, Of the State Xa,p.AwB.. Tepresenting
the Gaussian map £. As the map can be created by local
operations and classical communication, the corresponding

suitable
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Gaussian State x4, B, Ao, B, 15 S€parable across Ain Aout| Bin Bout
splitting [36]. For the 2(N + Noy + M + My )-dimensional
CM vy /fm AwBuB., ©f the state there therefore exist
local 2(N + Ngyy)-dimensional CM y /fi“ Ao and
2(M + Moy)-dimensional CM  yj , ~ corresponding to
generally mixed Gaussian states x4, 4, and xp, s, of the
subsystems A and B such that [35]

— X X X
0 = yAinAoulBinBoul - yAinAoul @ yBinBoui 2 O' (79)

Repeating the algorithm leading to Eq. (63) for the case of the
State XA, B, A..Bo» WE then arrive at the following expression
of the state:

X A Bin Ao Bow = / G@DT) (XA ® XByuBow) DI #T)d" x.

(80)
Here, d”'r = 17 dr;, q(r) = Y exp(—r?/0:)/ /7 o; with
0;,i = 1,2, ..., P/, being all strictly positive eigenvalues of the

matrix O, # isthe 2(N + Noy + M + Myy) x P’ matrix com-
posed of the first P’ columns of the matrix W which diagonal-
izes the matrix O as W OW = diag(0;,0,, . ..,0p:,0, ... ,0),
and r = (ry,r3, ...,rp)T. Further, for CM ‘yj)i(n/‘oul’ j=A,B,

there always exist pure-state CMs "7 such that [42]

TJ = yj)i(njoul - y]?i(n‘jpou( 2 O’ j = A7B' (81)
Denoting as R;, j = A,B, the orthogonal matrix bring-
ing the matrix 7; to the diagonal form, i.e., RjTTjRj =

diag(t{,t'zi, . ,t{,j,O, ...,0), where tlj,l =1,2,...,Pj,arethe
strictly positive eigenvalues of the matrix 7;, we can further
express the local Gaussian states x . j... aS

Ximjou™= f a;(c)DFRxPlyir ) vt Dj(#rd" ;.

(82)

Here, d”ir; = leldrﬂ, qj(rj)) = Hleexp(—rfi/ti/)/ nt!,
R4 is the 2(N + Noy) x P4 matrix composed of the first Py
columns of the matrix R4, Zp is the 2(M + Myy) x Pp matrix
composed of the first Pg columns of the matrix Rg, andr; =
(rj1,rj2, ... ,rjpj)T. Inserting now into Eq. (80) for the states
XAwAo and X3, B, from Eq. (82) we get

XAiuBiuAuutBnm = /q(r)D(Wr)

x [ & ;D Eixply L) v D}(%ri)}
j=A.B
x DY v)d" rpdPrpd”'r. (83)

By encoding the vectors of displacements r, r, and rp into
eigenvectors |r)g,, |ra)E,, and |rg) g, of position quadratures
of Eve’s (P’ + P4 + Pg)-mode subsystem E,, = (EoEAEp),
we obtain finally the sought purification

jin jnul

1) =/\/61(I')CIA(I'A)QB(I'B)D(7/I') ® Dy Zep|vir.)

j=A.B

®Ir) g, [ta) e, Ivp) g,d P rad P rpd " r, (84)
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where we have omitted the indices A, BinAouBowEy of the
purification |x) for brevity.

A specific feature of the state (84) is that by a simple
measurement on the purifying subsystem E, we can project
the state onto a displaced product state xa, 4., ® X5, B, Of the
subsystems (Ain, Aout) and (Bin, Bout). More precisely, consider
the following measurement on Eve’s subsystem E

A% () = |)e, (f] ® 1g, ® g, (85)

which describes the projection of subsystem E, onto a P’-
mode position eigenvector [r') g, and projection of subsystems
E, and Ep onto maximally mixed states, which gives Eve
no information on the state of the two subsystems. Recall
that the latter measurements on subsystems E4 and Ep can
be seen as Gaussian measurements (8) with seed elements
given by thermal states in the limit of infinite temperature.
By performing the measurement (85) on the subsystem E,
of the purification (84), we then arrive using Eq. (82) at the
conditional state of the form

TrEX [|X > (X | I:I%X (r/)] = q(r/) ® X./‘in]’oul [(Wr/)jin.ioul] ’
j=A.B

(86)

which is the desired product state with respect to the
AinAout| Bin Bout splitting. Here,

peum (2 STHMIED WM (€22 STRM TN ™
<D} L] (87)
where
(622 SV (674 SYWNC 8 SYIETNNG 28 S VeI
(V2 SVWRNC S SYNCRNNG 28 & A(,mZNm,,]T,
W (G2 SYRNC 2 SV NG s ST RIS

23T B2 ST IINNC 2 SV
(88)

#'r)p

Before going further, let us note that any trace-preserving
Gaussian operation &£ is represented by an unphysical (in-
finitely squeezed) density matrix y. This is because the matrix
is obtained by an action of the operation £ on one part of an un-
physical maximally entangled state |®) [38]. The unphysical
states can nevertheless be dealt with rigorously in the context of
positive forms [43] or by using the limiting procedure proposed
in Ref. [36]. The latter approach consists of the replacement
of the state |®) by its physical approximation |®(r)) given
by a tensor product of identical two-mode squeezed vacuum
states with squeezing parameter r. The operation £ is then
represented by a quantum state x (r) obtained by action of the
operation on one part of the state |®(r)), which is a physical
approximation of the exact state x. For a quantum operation
&, which can be prepared by local operations and classical
communication, the density matrix x (r) is separable and hence
the above formulas remain valid also for quantum state y (r).
The sought exact result is recovered and the limiting procedure
is thus accomplished by taking the limit »r — oo at the end of
our calculations.
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Returning to the monotonicity proof, consider now the
probability density

P(da.dp.dg,.r') = Te[|WE(WE TS (da) ® TS (dp)
® g, (dg,) ® Mg ()], (89)

which is obtained from the probability density (78) by
replacing the optimal measurement H%p E, (dg,.dg,) with a
product measurement g (dg,) ® ﬁ%x (r'). Here, T1 E,(dg,) s
the optimal measurement with the CM T'Z on the minimal
purification |W)4p E, of the state pf g and H‘gEX (r') is the
measurement (85) with the CM f“gx , which projects the purifi-
cation (84) onto the product state (86). At given CMs y£, T'§,
and Flgg the product measurement with the CM I g er E, does
not generally minimize the function f(y¢,I'{,I', k) with
respect to the CM I'g and hence the function f corresponding
to the distribution P(d4,dp,dg,.r') [Eq. (89)] satisfies

E{(php) < flyi TETETL@TL). (90)

What is more, one can show that there exist Gaussian
measurements I14(d4) and I15(dpg) on the subsystems A and
B of the normalized conditional state

Trg, [1W) age, (VITIE, (dE,)]
P(dg,)

obtained by the optimal measurement I1g,(dg,) on subsystem
E, of the minimal purification |¥)4p E,» which are charac-

terized by the CMs ['4 and s, such that the conditional
distribution

P(da.dplde,) = Tr[pasie, (de,)1a(ds) ® Tgdp)]  (92)

yields the function f defined in Eq. (60), which is greater or
equal than the function on the RHS of inequality (90), i.e.,

fEra g Te @ g ) < f(ve.TaTs ). (93)

This can be shown as follows. The function on the
RHS of inequality (90) is the mutual information of
the conditional Gaussian distribution IS(dA,dB|dEp,r’) =
P(dy.dg.dg,.,¥')/P(dg,.,r), where the distribution
P(dA,dB,dEp,r/) is given in Eq. (89). The conditional
distribution is the distribution of outcomes of Gaussian
measurements with CMs I‘ﬁ and I‘g on subsystems A and
B of the conditional state (= pi BIE) obtained by Gaussian
measurement I (dg,) ® f[%x (r) (with CM I'ZL @ f‘ix) on
the purification (77), where the state | x) is given in Eq. (84).
Substituting from Egs. (77), (84), and (86) into the explicit
expression for the (unnormalized) conditional state

ﬁioulBoutlE = TrEPEX [|\IJ5><\IJ5|HEp (dEP) ® I:Iijx (r/)]’ (94)

one arrives after some algebra at the conditional state in the
form

paBlE,(dE,) = 91

< P(dg,)q(r')
pimBom\E = —1;) Traa, 8, | rasBiE,(dE,)
X ® innjoul[(Wr/)jinjou(]
j=A.B
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x X |{6}>kki.,<{6}|} : (95)

k=A,B

where the state pap|g,(dg,) is defined in Eq. (91). Here and
in what follows, we do not write explicitly in some places
the dependence of the conditional states on the measurement
outcomes for brevity.

Expressing the operator [{0});;.({0}| on the RHS of the
latter equation using Eq. (76) and carrying out the trace over
the subsystems A and B, we further get

£ P(dg,)q(r')
P Ao Bl E = T
X TrAi" Bin ® innjoul [(Wr/)jinjoul]
j=A.B
X 05815, (AE,) @ Loy f - (96)

Let us assume now that the considered separable operation
£ is GLTPOCG, i.e., it can be decomposed into Gaussian
local trace-preserving operations on subsystems A and B, and
the addition of classical Gaussian noise. The density matrices
Xjmjou» J = A, B, representing the local operations then satisfy
the trace-preservation constraints (72), i.e.,

Ttjuu [Xinjow] = Ljn» 7 =A4.B o7
which imply fulfillment of the trace-preservation constraints
for the states (87):

Ttjou A X jou [P WV jion)} = Ljus 7= A,B. (98)

As a consequence, one finds the trace of the conditional
state (96) to be

- 5 P(dg,)q(r')
Tt [P umas] = Pl ) = =255 99

and therefore the normalized conditional state reads as

® innjoul [(Wr,)jinjolll]

Jj=A,B

& _
P Ao Bow|E = Tra,,,

X 05l £, (AE,) ® LB (100)

If we further substitute here for the operators
Kiniou XY ion] from Eq. (87) and we use the relation
D"(d) = D(—Ad), where T stands for the transposition
in Fock basis and the diagonal matrix A = diag(l,—1,
1,—1,...,1,—1) realizes the transposition operation on the
CM level, we get the conditional state (100) in the form

P anle = DoaosBo (P08, )1 © EB)(Oy, 515,
x D} g [ W) a5 (101)

Here,

= D[ — AP a,8,]04,8.1E,(dE,)

X D;inBin[ - A(Wr,)AinBin]’

/
'OAiuBiulEp

(102)
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and &;, j=A,B, is the local Gaussian trace-preserving
operation represented by the density matrix xj, j...» 1-€.

(gA & gB)(pz/‘hnBin\E/))

= TrAinBin {XAinAoul ® XBinBom (px%i“BinlEp)Tm ® ]leulBoul }' (103)

We have already said that the RHS of Eq. (90) is the mutual
information of the conditional distribution

P (dA ’dB |dEp )T ) TrADulBout [pAoulBoullE Aout (dA) ® HB (dB)]

out

(104)

of the outcomes of Gaussian measurements Hiom(dA) and
M (dp) (characterized by CMs I'{ and T'§) on the con-
ditional state (101). Substituting into the RHS of the latter
equation for the conditional state from Eq. (101), one finds
after some algebra that

P(da,dpldg,,v') = Plds=(#Y)a,.ds—(W 13, g, ¥'],

(105)
where
(ST (2 STIRRCZ SRR CZ2 STHEY I
where J4,, = Nout and Jp,, = Moy, and

P(dA,dB|dEp,I')

= Trp [0 @ E)(P), 15, )TTS,. (d0) @ T, (@n)].
(106)

The mutual information of the distribution in Eq. (105) does
not depend on the displacements —(#1'); ., j = A,B, and
hence it is equal to the mutual information of the distribution
(106). The tensor product £4 ® £ of Gaussian local trace-
preserving operations &£;, j = A, B, appearing on the RHS
of Eq. (106), transforms the (N + M)-mode Gaussian state
pgm BulE, [Eq. (102)] onto an (Nyy + Mgy )-mode Gaussian
state. More precisely, the operation £;, j = A, B, transforms
Jj,, modes jin1, jin2, - - - » Jins,, Of the state (102) onto J;, output
modes Joutl » Jout2s - - - » Jout Tiow? where J4,, = N and Jp, = M.
As each operation £; is Gaussian and trace preserving, it can
be realized in three steps encompassing (1) a Gaussian unitary

interaction U; between the J;, input modes and J;, ancillary
modes in vacuum states, where J4,,, = Nync and Jp,, = My,
followed by (2) discarding of J;, . = J;. + J;,.. — J;,, modes,

and (3) addition of classical Gaussian noise [44,45] The noise
can be created by a random displacement of the output state
in phase space distributed according to a zero mean Gaussian
distribution. The addition of the zero mean Gaussian noise
acts only on the level of the CMs where it is represented by
the addition of a positive-semidefinite matrix F; to the CM of
the output state. Similarly, the measurement 1'[‘S ,(dj) on the
subsystem is on the level of the CM represented by the addition
of a CM Ff to the CM of the measured state. Denoting as y»
the 2(Nout + Mour)-dimensional CM of the state obtained by
propagation of the input state p, BulE, through steps (1) and
(2) of the implementation of the operations £4 and &g, the

CCM of the distribution (106) reads as
Y+ Fa®Fs+T50T% =1+ (I + Fa) ® (T§ + Fp).

(107)
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Therefore, the addition of local classical Gaussian noise into
subsystems Aqy and By followed by the local Gaussian
measurements Him“ (da) and Hgom (dp) on the subsystems can
be viewed just as more noisy local Gaussian measurements
M4 (da) and T4 (dp) characterized by the CM [§ =
I‘i + F4 and I_‘g = I‘g + Fp. Consequently, the conditional
distribution (106) can be expressed as

P(da.dgldg,.¥)
= Tra,, B [(SA ® gB)(PQmBm\Ep)ﬁi (dy) @1

out

& (dp)].
(108)

where £4 and Ep are local Gaussian trace-preserving opera-
tions which can be implemented using steps (1) and (2) but
which do not require addition of classical noise. If we now
express the latter two operations via local Gaussian unitary
transformations U, and Up on a larger system consisting
of N-mode subsystem Aj,, M-mode subsystem Bj,, Nanc
auxiliary vacuum modes denoted as a subsystem Ag,, and
M, auxiliary vacuum modes denoted as a subsystem By,
the distribution (108) attains the form

Pda,dp)
= Tt A Bou Tl A g B [(Ua ® Up)Ply, 5.1, © HOD) (10}
®|{0}> B ({ON(UL ® UDTTE (da)

5 (dp) ® Lag,. ® g, ].

out

(109)

where here and in what follows we omit the dependence of
the distribution on the variables dg, and r’ for brevity. Here,

Trj,., j = A,B, is the trace over the discarded J, i -MoOde
subsystem jgisc (Jaze = N + Nanc — Nouwe and Jp,, = M +
Mane — Mow), 1{0}) .. is the tensor product of J; = vacuum

states, and 1;, is the identity operator on the space of the
discarded subsystem jgisc. Next, the linearity of the Gaussian
unitary transformation Uy ® Up allows us to transform the
displacement Dy, g [—A(#'1)4,5,] in Eq. (102) through
the transformation which will result, together with utilization
of the invariance of the trace under cyclic permutations, in
a displacement of the measurement outcomes d, and dp.
However, as we have already said, such a displacement is irrel-
evant from the point of view of mutual information and hence
we can replace in what follows the displaced state p/, BulE, ON
the RHS of Eq. (109) with the undisplaced state pa,, 5, |z, (dE,)
defined in Eq. (91). Further, the distribution (109) can be seen
as the reduction

P(dy,dg) = f B(da,d),dp,dy)d* e d,d* P dyy  (110)

of the following distribution:

‘B(dAvdgﬂdBvd%)
= TrAumBoulTrAdischisc [(UA ® UB)IOAinBinlEp ® |{O}>Aanc <{0}|
®1{0) 5, ({OH(U} ® U (da)

out

M5, (dp) ® T, (d}) ® Mg, (dp)].

where TII ]dm(dj), j = A,B, is a Gaussian measurement on
the discarded subsystem jgsc with the measurement out-
come d;. and where we have omitted the dependence of

(111)
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the state pa, B, g, on the measurement outcome dg, for
simplicity. As discarding variables cannot increase the mu-
tual information [46], one obtains that the mutual infor-
mation /(A; B) of the distribution (109) and the mutual
information I(A,A’; B,B’) of the distribution (111) satisfy
the inequality 71(A; B) < I(A,A’; B,B’). Now, making use
of the invariance of the trace under cyclic permutations
and the equality UN(A)TI(@)U(Y) = 1 »(.7~'d), where
[T.»(d) is a component of a Gaussian POVM with the seed
element UT(A)IoU() and U() is a Gaussian unitary
transformation corresponding to the symplectic matrix .%, we
can write down the distribution (111) as

PBldad'yds,dy) = Z[( Ax)" (75 A5)].

Here, .4 and .#3 denote the symplectic matrices correspond-
ing to the local Gaussian unitaries U4 and Up, respectively,
= (d.T,d}T)T,j = A,B, and

P(da.d).dp.dp)

= TC Ay A By Bune [ P A Bl E,

®NOY) Ay B ({ONTTy 4 (da,dy) @ Ny 5 (dp.dp)].
(112)

where [{0}) gy = {OD 4 ® {05, and IT, . (d;.d)),

j =A,B, is the Gaussian measurement on the subsys-
tem (jin, jane) With the seed element Iy, , = U, Hg o ©

My, Uj, where H

Gaussian measurements l'[f (dj)and IT;, (d/) respectively,
which appear on the RHS of Eq. (111). From the invariance
of the mutual information under local symplectic transfor-
mations, it then follows that the mutual information of the
distribution (111) and the distribution (112) are equal and
hence we can further work with the distribution (112).

Let us denote now the CM of the conditional state pa,, 5, |,
as y4p and the CMs of the measurements I, , (da,d})
and I'I/Bin B, (dp,dy) as T, and I'}y, respectively. The mutual
information of the distribution (112) then attains the form [33]

and I, are the seed elements of the

/ N1 deto, deto
I(A,A';B,B)= -In| —=—-2+ ), (113)
2 deto, g
where
o4p =i D lanc + T & T, (114)

with aj/. being the CM of the reduced state of the sub-
system (Jin, janc)s j = A, B, and 1y is the 2(Nane + Manc)-
dimensional identity matrix describing the CM of the vacuum
state |{O}) 4, .B,... Further, it is convenient to express the CMs

anc Danc

"', and I'; with respect to in|anc splitting as

Ain CA Bin CB
=\ _ - . (115)
CA Aane CB Banc

Consider now the determinant formula [29]

det(M) = det(2)det(/ — BD~'F), (116)
which is valid for any (n 4+ m) X (n 4+ m) matrix
o B
M = (%” 9) , (117)
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where o7, 8, and € are, respectively,n X n,n x m,andm x n
matrices and & is an m x m invertible matrix. Applying the
formula to the RHS of Eq. (113) we can bring it after some
algebra into the form

I(A,A’; B,B") =

1 /detyuydet
1 <—6“A e“), (118)

2 det/LAB

where

pag=vipg+La®Tls (119)

and p 4 p are CMs of the reduced states of the subsystems A
and B. Here,

~ -1

T4 =An— Ca(Aune +14,.) Cj (120)
is the N-mode CM,

~ 1

1—‘B = Bin - CB( anc + ]lB"K) C; (121)

is the M-mode CM, 14, is the 2N,ne X 2N, identity matrix,
and 1 g, is the 2Mpy. X 2M,y identity matrix. Hence, we can
interpret the mutual information /(A,A’; B, B') as the mutual
information of a new conditional Gaussian probability density
p(da,dgld £,) given in Eq. (92), which is obtained by the
Gaussian measurements [14(d4) and [15(dp) with CMs [
and T'p on the conditional state pa, 5, £, defined in Eq. (91).
If we now take into account the fact that the CM y, of the
state reads as

VA%BE(V:EZ+F;)€J)7I(VI4IBE)T’ (122)

where yZ,, and yZ are the respective blocks of the CM yZ,
we find that the mutual information (118) is equal to

I(A,A';B,B") = f(yI.T4.[5.TL), (123)

and thus the inequality /(A; B) < I(A,A’; B,B’) translates
into the inequality (93) as we wanted to prove.

Finally, as at given CMs yﬂI and I'Z, the CMs ['4 and ['p
given in Egs. (120) and (121) generally do not maximize the
function f(yZ,T'x,T'p,I'L) with respect to CMs I'y and I'p
one gets

f(r7 FaT5.TE) < f(r7 TaT5.TE) = EY (04s). (124)

where I'Z and I'Z are CMs of the optimal measurements
[Ta(ds) and Tlg(dp) which maximize f and the equality
follows from Eq. (73).

In summary, combining inequalities (90), (93), and (124),
the monotonicity of GIE [Eq. (61)] under GLTPOCC can be
expressed by the following chain of inequalities:

E{ (pip) < f(rs TRTETE@TE)
< f(ys.FalpTE) < Ef(piB),

which accomplishes the monotonicity proof.

Before moving to an explicit evaluation of GIE, let us
note that an important subset of GLTPOCC operations is
the class of Gaussian local unitary operations (=Us ® Up)
which transform the input Gaussian state ,oi 5 to p% p=Us®
U B),of B(UZ ® U;;). Inequality (125) and the reversibility of
unitary operations then implies the invariance of GIE with
respect to the local Gaussian unitary operations Ef(p%B) =

Yap = VAB —

(125)

Ef(,of g)- When calculating GIE, we can therefore assume
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without any loss of generality that the CM y4p of the
considered state is in the standard form [47]

a 0 ¢ O

_ 0 a 0 C2
vae=\1. o » ol (126)

0 ¢ 0 b

where c¢; > || =
calculations.

0, which can greatly simplify our

VII. GIE FOR PURE STATES

As a first example, we calculate GIE for the class of
pure Gaussian states p, with CM yEB. For these states, any
purification is a product state with respect to the A B|E splitting
and therefore the block y pg in CCM (42) is a matrix of
zeros. This implies that the Schur complement (59) reads
as osp = ;/EB +TI'y & I'p and the GIE coincides with the
Gaussian classical mutual information (EZCG) of a quantum
state p, [48,49]:

1
E¥(pp)) =IZ(pp) = sup 5 In

(detoAdetch
FaTp 2

deto AB

). (127)

From the results of Ref. [49] it then follows that the supremum
is attained by double homodyne detection which gives [21]

E{(pp) = 3 In(dety,) = In[cosh(27)], (128)

where y, is the CM of the reduced state p4 of mode A of the
state p, and 7 > 0 is the squeezing parameter characterizing
the latter state, which is defined by the equation cosh(27) =
J/dety,. Interestingly, the RHS of Eq. (128) is equal to the
Gaussian Rényi-2 (GR2) entropy S»(p4) which is nothing but
the GR2 entanglement E G(pp) [24]. This means that for all
pure Gaussian states it holds that Ef ES. Comparing, on
the other hand, GIE with the entropy of entanglement E(pp) =
S(pa) [1,50], where [51]

S(pa) = cosh?(7) In[cosh?(7)] — sinh?(7) In[sinh?(7)] (129)

is the marginal von Neumann entropy, one finds that the
inequality £ > E f is satisfied for all pure Gaussian states [21].
However, the equality to the entropy of entanglement is
restored for true IE E| [Eq. (5)], which admits also non-
Gaussian measurements on modes A and B. Namely, E | (p,) =
Zc(pp) = supp,en, 1(A; B), where the RHS is the classical
mutual information of a quantum state p, [48] with I(A; B)
being the mutual information of a distribution of outcomes of
generally non-Gaussian measurements 14 and [Tz on modes
A and B of the state pp. The quantity Z.(pop) is invariant
with respect to local unitaries and thus o, can be replaced by
the locally unitarily equivalent two-mode squeezed vacuum
(TMSV) state p,(A) = [ (L)) (¥ (1)], where

o0
V1—22 Zmn,n)AB
n=0

with A = tanh#. Non-Gaussian local photon counting on
modes A and B of the state |y(1)) then yields a probability
distribution with 7(A; B) = S(p4) [49], which is the highest
mutual information one can achieve [52]. Thus, we find that
E, = E holds for all pure Gaussian states as required. A

V) = (130)
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FIG. 1. (Color online) GIE FE f (solid red curve), entropy of
entanglement E (dashed blue curve), and logarithmic negativity E
(dotted black curve) for pure Gaussian states versus the squeezing
parameter 7.

comparison of GIE (128), entropy of entanglement (129), and
logarithmic negativity [53,54] Ex(pp) = 27 [55] as functions
of the squeezing parameter 7 is depicted in Fig. 1.

VIII. GIE FOR A TWO-MODE REDUCTION
OF THE THREE-MODE CV GHZ STATE

Despite the complexity of optimization in Eq. (61) it is
possible to calculate GIE analytically for some mixed two-
mode Gaussian states. In what follows, we illustrate this by
calculating GIE for a two-mode Gaussian state (=p$H%) with

CM
GHZ _ (& K
Yap = </c a) ’
which is a reduction of the three-mode CV GHZ state [23]
having CM

(131)

a K K
yﬂ% =|lk o «]|. (132)
K K o

Here, o = diag(xy,x_) and k = (x_ — x4)o,, where x4 =
(et 4 2¢T2")/3 and r > 0 is a squeezing parameter. This
calculation will be accomplished in two steps. First, we will
calculate an easier computable upper bound [=U (pGHZ]
on Ef(pgp?"). In the second step, we will show, that for
homodyne detections on modes A,B with CMs Ff\' and
'Y homodyne detection on mode E with CM I'% mini-
mizes the mutual information (60), i.e., f(y,,,Fj ,F" F" ) =
infr, f (y,,,FX,F’g,F £), and simultaneously the upper bound
U(pGHZ) is saturated, i.e.,

U(pS5") = f (v T5.T5.Tg),

where y,, denotes the CM of the purification of the state ,OGHZ.

The quantity f(y,,I} ,F") is thus the largest possible
minimal mutual information with respect to all Gaussian
measurements on mode E, which finally yields

E7 (p§i5") = £ (ra- T3 T5.Tk).

Let us start by noting that from the max-min inequality [22]
it follows that GIE satisfies inequality E G(,offgz) < U(p§h%),

(133)

(134)
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where
U(pS57) Eirnf sup f(¥x.T4.T'5.TE). (135)
E T'y,I'p
Next, consider the quantity
IS (pagie) = sup f(yx.Ta.Tp.TE), (136)

FaTp

which is the Gaussian classical mutual information of the
conditional quantum state p4pr of modes A and B after a
measurement with CM 'y on mode E of the purification
with CM y, [49]. Let us take as the CM y,, the CM (132),
Ve = yAGI%, and denote as y4p g the CM of the conditional
state pape. As the CM y; is symmetric under exchange of
any pair of modes, the CM y4p|£ is also symmetric for any
CM I'g. To calculate the expression on the RHS of Eq. (136)
it is convenient first to express the CM y4p|£ in the standard
form (126) where a = b due to the symmetry, i.e.,

a 0 ¢ O
0 a 0 ¢

VztB|E = et 0 a 02 (137)
0 ¢ 0 a

The mutual information f(y,,['4,I'5,I'g) is then given by
Eq. (60) where 04p = ¥}z + ['a © ['p. Further, in Ref. [49]
it was shown that for symmetric states with CM (137)
the optimal measurements on modes A and B are always
symmetric with CMs of the form I'y = 'y = diag(e=*,e*),
t 2 0. From Egs. (60) and (137), it then follows that

f(e.TA.T5.Tp) = —Invh,

I PRI [

In order to maximize the function (138) with respect to CMs
I'y and I'g, we have to minimize the function on the RHS
of Eq. (139) with respect to ¢ >> 0. This can be done by the
following chain of inequalities:

| 7t 1 S
|: o (a+ 62’)2:|[ o (a+ eZt)2:|

- )
= (a _|_e—2z)2 (a +62t)2

2 2
_1_4 1

L4
a?  a?[1+ a? + 2a cosh(21)]

(138)

where

(139)

ach —(a® —1)?
X |2+
1 + a? 4 2a cosh(2t)
i
>1-4 (140)
a

Here, the first inequality is a consequence of inequality
c1 2 |cz| and the second inequality is fulfilled if

Qa+1)* > a*(a* = cf). (141)

Importantly, the lower bound 1 — c% /a? in inequalities (140)
is tight because it can be achieved in the limit 1 — +o00 which
corresponds to the homodyne detection of x quadratures on
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both modes A and B. We have thus arrived to the finding
that, for all symmetric states with CM (137) for which the
parameters a and c; satisfy inequality (141), the optimal
measurement in Gaussian classical mutual information (136)
is double homodyne detection of x quadratures. Hence, one
gets

G 1 a?
L (paBE) = 3 In 2
1

(142)

Before going further, let us note that the inequality (141) has
been derived in Ref. [49] as a condition under which, for
two-mode squeezed thermal states which possess CMs (137)
with ¢, = —cy, the optimal measurement in (136) is double ho-
modyne detection. The present analysis thus extends the result
of Ref. [49] to all symmetric states satisfying condition (141).

Moving to the derivation of the upper bound (135) it is
first convenient to find a simpler condition under which the
state pggz with CM (137) satisfies inequality (141). For this
purpose, we first rewrite inequality (141) into an equivalent
form

1
24+ ——s52>20,
a

(143)
where we have introduced s = va> — C%. Since a is a sym-
plectic eigenvalue of the local state of mode A, it satisfies the
inequality @ > 1 > 0 and therefore 1/a > 0. Consequently,
for CMs (137) for which s < 2 the inequality (143) is always
satisfied. Let us denote now as ap.x the maximal value of
the parameter a of the CM (137) over all CMs I'g of Eve’s
measurements. From the obvious inequality a > s, it then
follows that if

Amax < 2, (144)

then s < a < amax < 2, and inequality (143) is therefore
always satisfied. By calculating @,y for the state p$H% and
using inequality (144), we can find easily a region of the
squeezing parameter r for which the Gaussian classical mutual
information (136) is given by formula (142).

To calculate the quantity am,x we first calculate the local
symplectic eigenvalue a of CM (137). The CM describes a
conditional quantum state obtained by a Gaussian measure-
ment with CM I'r on mode E of the purification of the state
pSHZ with CM (132). We further decompose the latter CM as

vist = Sape(vap . ©vy)Sipes (145)
where
TMSV __ U]l2 A/ U2 — lo
YaE = (moz o1, ‘ (146)

is the CM of pure two-mode squeezed vacuum state with

V= J/xx_ = _%\/5 + 4 cosh(4r),

vy =diag(e ™ ,e*), and Sipr=(Usp®DLp)(SADlp ® Sg),
where S, = S;' = diag(y/x_/xy,/x;/x_) and

U _L L b
AB — \/z ]12 _]12 .

The decomposition (145) expresses the simple fact that the
CV GHZ state can be obtained by the mixing of mode A of

147)

(148)
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the TMSV state with CM (146) transformed by the squeezing
operation described by the matrix S4 @ Sg with the squeezed
state in mode B with CM y,' on a balanced beam splitter
described by the matrix U4 p [31]. The conditional state p4 5|
is then obtained by performing a Gaussian measurement with
CM I'g on mode E of the purification. Since the maximization
of a is carried out over all CMs 'y, we can integrate
the squeezing transformation Sg into the CM T'g and can
therefore drop the matrix Sg from any further considerations.
Let us express now the CM of Eve’s measurement as ' =

U(p)diag(Vy,V,)U” (¢), where
—sing
cosg |’

cos @
whereg € [0,7),V, > V, > 0,and V,V,, > 1. By performing
the Gaussian measurement with CM I'y on mode E of
the TMSV state with CM (146), mode A collapses into
the Gaussian state with CM y/ﬁ""d =U T((p)diag(Vx,V,,)U (o),
where

(149)

_vVX~|—1 _va+1
R o 7 RV

(150)

Hence, at given v the quantities V, and V,, will lie in the subset
A of the (V,,V,) plane characterized by the inequalities
I/v <V, <v,1/V, <V, <v,andV, 2> V,.Inother words,
if V, € [1/v,1], then V; € [1/V,,v], whereas if V, € (1,v],
then V, € [V,,v].

Let us now return back to the derivation of the local
symplectic eigenvalue a. After the measurement on mode E of
the TMSV state, mode A collapses into a Gaussian state with
CM y£°n which is subsequently transformed by the squeezing
operation described by the matrix S4 and then mixed with
the squeezed state with CM y,! on a balanced beam splitter
characterized by the matrix U,pg. This gives the conditional
state pap| g With CM

yasie = Uap(Says™Sy @ v5')ULp. (151)

Expressing further the latter CM in block form with respect to

A|B splitting,
A C
YAB|E = c Al

one can calculate the entry a of the CM (137) from the formula
a = +/detA in the form

V1T+VV, 4+ 2[V; cosh(2g) + V_sinh(2g) cos(2¢)]
a= ,
2

(152)

(153)

where V. =V, £V,)/2and g = r + In(y/x_/x;)/2. As the
inequality V_ > 0 holds a is maximized if ¢ = 0. Further,
the extremal equations da/0V, = 0 and da/dV, = 0 have no
solution in the interior of the set .# and therefore the maximum
lies on the boundary of the set. On the boundary, the local
symplectic eigenvalue a attains the maximum

V1412 4 2v cosh(2q)
=v
2

for V, =V, = v. Next, making use of the explicit expression
for the symplectic eigenvalue v [Eq. (147)] and the inequal-

(154)

Amax =
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ity (144), one finds after some algebra that the inequality (144)
is fulfilled if the squeezing parameter r satisfies the inequality

r < ra = Larccosh (3) = 0.684. (155)

Consequently, for the class of two-mode Gaussian states
p$HZ for which r satisfies inequality (155), the Gaussian
classical mutual information (136) of the conditional state
pap|E 1s for any Gaussian measurement on mode E given by
the formula (142). Later in this section we show explicitly
that the latter statement in fact holds for all » > 0. This
is because for derivation of the inequality (155), we used
the inequality (144) which is stronger than the original
inequality (143), and therefore the threshold squeezing for
which the latter inequality is satisfied is larger than ry. By
minimizing the left-hand side (LHS) of inequality (143) over
all CMs I'g one finds that the LHS has a lower bound of the
form

1 1 _
2+ _s>2+4 .
a VXX — e’ /x4
where the parameters x4 are defined below Eq. (132). Further,
the RHS of the latter inequality is a monotonously decreasing
function of the squeezing parameter » which approaches the

value 2 — 2/+/3 in the limit of » — +o0. Hence, one finally
gets the following lower bound:

, (156)

1 2
24+ - —§5>2— 20845 (157)
a

NE]
for the LHS of the inequality (143) and therefore the inequality
is indeed satisfied for any » > 0. Since the minimization of the
LHS of the inequality (143) is very similar to the minimization
needed for calculation of the upper bound (135), it is more
convenient first to carry out the latter minimization. Explicit
minimization of the LHS of the inequality (143) is postponed
until near the end of the present section.

In the last step of the calculation of the upper bound
U (pggz) [Eq. (135)], we perform minimization on the RHS of
the following equation:

GHZ . 1 a’
U(oip”) = 11pr Eln a2 &

over all single-mode CMs I'g. This amounts to the minimiza-
tion of the ratio c;/a, where a is given in Eq. (153). The
parameter c; appearing in CM (137) can be calculated as a
larger eigenvalue of the matrix QC Q7 :

Tr(QC Q") + /[Tr(QC QT)]> — 4detC
¢ = ,
: 2
where (O symplectically diagonalizes the matrix A, i.e.,
QAQT =al,, and where we have used the equality
det(QC QT) = detC. If we calculate explicitly the CM (151)
we get after some algebra

detC = 11+ W,V,) — a°,

(158)

(159)

(160)

and the utilization of the expression Q = diag(y/A2/Aq,
U O)S where u®)s;'asH'u’ ) =
diag(hy,A2), A1 = Ay, yields

WV, =)

Tr(QCQT) = aTr(CA™") =
2a

(161)
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Substituting now from Egs. (160) and (161) into Eq. (159),
one finds the ratio ¢ /a to be minimized in the form

C1 K K 2 1_
daty\e ) —z=¢

with K = WV, V, — 1)/4.

The minimal value of the ratio (162) is easily found
by a direct substitution for » = 0 which corresponds to the
vacuum density matrix p$H%. In this case, one has v = 1
which implies V, =V, = 1 and therefore K = 0 which gives

g = /(a? — 1)/a?. Asforr = Qone further gets g = 0 and we
see from Eq. (153) that @ = 1 and thus g = 0. Consequently,
for r = 0 the upper bound (135) vanishes, U (pg’gz) =0, and
therefore E{'(pJ”) = 0 which is in accordance with our
previous finding that GIE vanishes on all separable states.

For r > 0 the minimization of g [Eq. (162)], with respect to
the variables ¢, Vy, and V, is best performed if we introduce
new variables 7 = \/V,V, and z = \/V,/V,, where T € [1,V]
and z € [1,v/t]. Then, the task is to minimize g in the subset
O of the three-dimensional space of the variables ¢, t, and
z characterized by the intervals ¢ € [0,7], T € [1,v], and
z € [1,v/t]. Note that here and in what follows, we admit
for the sake of simplicity also phase ¢ = 7, although it is not
necessary because the function g is m periodic. Calculating
now the extremal equations dg/d¢ = 0 and dg/dz = 0 and
taking into account inequality ¢; > 0 and inequality a* — ¢} >
1 which has to be satisfied for any CM of a physical quantum
state [56], one finds that the equations are equivalent to
the extremal equations da/d¢ = 0 and da/dz = 0. The first
extremal equation da/d¢ = 0 is satisfied if either ¢ =0,
w/2,m or z=1. Since for ¢ = /2 the second equation
da/dz = 0 has no solution z in the interval [1,v] and all points
with ¢ = 0,7 or z = 1 lie on the boundary of the set O the
function g has no stationary points in the interior of the set O.
A detailed analysis of the behavior of the function g on the
boundary of the set O reveals that the candidates for extremes
will lie on the following parts of the boundary:

(1) Thesegment(t = v, z =1, ¢ € [0,7]) and the curves
(t €[l,v],z=v/t, ¢ =0) and (tr € [1,v], z=Vv/1, p=m),

where
1 1 r
Uy=-In|——)=m(&&
2 1— g2 Jx_

in all three cases. The value U; can be obtained in various ways
including homodyne detection of quadrature pz on mode E,
ie, [p=TL = F;f*oo, where F; = diag(e*,e™%), or by
tracing out mode E.

(2) Thesegment(r =1, z =1, ¢ € [0,7]) corresponding
to heterodyne detection on mode E, i.e., 'y = 1,, where

roafX- —r 4/ Xt
e x++e X

2

(162)

(163)

U, =In (164)

(3) In the point T =1, z = v, and ¢ = /2 which cor-
responds to homodyne detection of quadrature xr on mode
E,ie, g =T% =T+ where I'. = diag(e*,e*), and

PHYSICAL REVIEW A 91, 062313 (2015)

where

X_

Us =In (e’\/x_Jr)' (165)
It remains to find the smallest of the three quantities U;, U,
and Us. For this purpose it is convenient to express them as
U; = In[cosh(p;)], j = 1,2,3, where p; = In(e"/x_), p» =
In(e"/x_/x4), and p3 = In(e"/,/x;). As for r > O it holds
thatv > 1,wehave p; — p3 = Inv > Oandtherefore p; > p3
which implies U; > U;. Similarly, one gets p, — p3 =
In /v > 0and therefore p, > p3 which gives finally U, > Us.
Consequently, the sought upper bound (135) is equal to Us,
ie.,

X_

U(pggZ) =1In (e’ﬁ) (166)
and is achieved by triple homodyne detection of x quadratures.

In the final step of evaluation of the GIE we find for
some fixed measurements with CMs I'y and 'y on modes
A and B of the purification with CM (132) an infimum
over all CMs I'y which saturates the upper bound (166),
infr, f(yz,Ta, 5, Tg) = U(pggz). This means that this is
the largest infimum and hence GIE is equal to the up-
per bound (166). Let us denote as Ff’ = S‘le?(ST)“,
j=A,B, where the CM T j describes homodyne de-
tection of quadrature x on mode j and the single-
mode symplectic matrix S brings the CM (152) to the
standard form (137), i.e., (S® S)yape(S" & ) =y
Then, ICG(,OAB‘E) = f(y,,,l”j/,l“)g,FE) and as we have
shown above infr, f(y., I, I'5.[r) = f(yz,[5,T5,T5) =
U(p$H2), where 'y = SgI'%SL. Thus, for measurements with
CMs Ff{ and I' g on modes A and B of the purification with
CM (132), the measurement on mode E with CM F)g gives

the minimal mutual information f(yy, Fj’ , Fj_f; ,['r) which is at
the same time largest with respect to the CMs "4 and 'y as it
saturates the upper bound (166). Consequently,

X
E7(pi5") = U(pd5") =1n (erﬁ )

(167)

as we wanted to prove.

In the course of the derivation of the formula (167), we
have used the equality (142) which was shown to be valid for
all CMs I'g when the inequality (155) is fulfilled. Hence, the
analytical expression of GIE in Eq. (167) is also valid for all
states p$HZ for which r < 0.684. However, by repeating the
previous minimization of the ratio g = ¢;/a [Eq. (162)], in the
subset O for function 1/a — s on the LHS of inequality (143),
we find that the inequality (143) and therefore also the
formula (167) holds for all » > 0.

In order to show this, consider first the case when r = 0.
From the previous results, it then follows thata = 1 andc¢; = 0
which implies fulfillment of the inequality (143). For r > 0
we can proceed as follows. Note first that the minimization
of 1/a, which is the first part of the function 1/a — s, has
already been done by maximization of a. This gave the
minimum 1/an. = 1/v = 1/,/x{x_ which is attained if Eve
projects her mode onto an infinitely hot thermal state which
is equivalent to dropping of mode E. Now, if it happens that
the function s defined below Eq. (143) attains its maximum
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(=smax) also when Eve drops her mode, then 1/amax — Smax
represents the sought lower bound for the function 1/a — s. If
we derive the function s with respect to ¢ and z and we use
the expressions (153) and (162), we arrive after some algebra
at the following expressions:

bs @ = Dla’ = i) da
ox 4a%c; — (2 — Da 9x’

x=¢,z. (168)
Consequently, for t > 1 the extremal equations ds/d¢ = 0
and ds/dz = 0 are equivalent to the equations da/dgp =0
and da/dz = 0. However, as it was shown before, the latter
equations have no solution in the interior of the set O and thus
the extremes will lie on the boundary of the set O. On the
boundary plane z = 1, ¢ € [0,7], and T € [1,v] the function
s is independent of ¢ and it monotonously increases with T
attaining the maximum

X_
Smax =
e’ /x4

at 7 = v which corresponds to dropping Eve’s mode E.
The second boundary plane t = 1, ¢ € [0,7], and z € [1,v]
corresponds to pure-state Gaussian measurements on mode E
which yield pure conditional states p4p|g for which s = 1. On
the boundary planes ¢ = 0 and 7, t € [1,v],and z € [1,v/7]
the extremal equation da/dz = 0 does not have any solution
for z € [1,v/7] and therefore the extremes of s will lie on the
boundary of the plane. Likewise, for the last boundary surface
z=v/t, ¢ € [0,7], and T € [1,v] the extremal equations
ds/dp =0 and ds/dt = 0 have no solution in the interior
of the surface and therefore also in this case the extremes will
be on the boundary. We have already calculated the extremes
of s on the boundary curves of the surface except for the
curves z = v/t, ¢ = 0,7, and T € [1,v], where s attains the
maximum (169) for T = v. In summary, there are two extremes
of the function s on the set O. One is equal to s = 1 and
it is localized on the boundary plane t = 1, and the other
one is equal to smax [Eq. (169)], which lies on the segment
T =v,z=1, and ¢ € [0,7] which corresponds to dropping
Eve’s mode E. Since one can easily show that sy, > 1
we finally find that the function s attains the maximum
value (169) exactly in the same points where the function a
is also maximized. Thus, the function 1/a — s on the LHS of
inequality (143) has the lower bound given in inequality (156)
which is further restricted from below as in inequality (157).
From that it follows, finally, that the inequality (143) and hence
also the formula (167) for GIE of the state p/(;,gz are indeed
satisfied for all » > 0 as we wanted to prove.

It might again be of interest to compare GIE for state p$H2
with the GR2 entanglement. For a generally mixed two-mode
Gaussian state psp with CM y4p the GR2 entanglement is
defined as [24]

(169)

Ey(pap) = inf (170)

04 < VaB
detfpp =1

3 In(detb,),

where the minimization is carried over all pure two-mode
Gaussian states with CM 64 g smaller than y4 . The considered
state pSHZ is a reduced state of a pure three-mode state and
therefore it belongs to the class of Gaussian states with minimal

partial uncertainty [57] for which GR2 entanglement can be
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expressed analytically [24]. Making use of the fact that the state
pS$HZ is a reduction of the fully symmetric state with CM (132)
with local symplectic eigenvalue v = /x;x_ [Eq. (147)],

GR2 entanglement reads explicitly as

E>(p§5’) = 21Ing’ (171)
with
, 1, ifv=1
8 _{;7 ifv>1 (172)
where
= w46t —1— \/(v2 — D392 —1). (173)

Consider first the case v = 1. From Egs. (171) and (172), it
then follows that E5(0$1%) = 0. Equation (147) further reveals
that the equality v = 1 is equivalent with the equality r = 0
which implies Ef(pggz) = 0 and thus GIE coincides with
GR2 entanglement. Moving to the case v > 1 we see that GR2
entanglement is equal to the RHS of Eq. (171) where g’ =
¢/(8v?), whereas from Eq. (167) it follows that Ef (0j3*) =

(Ing)/2, where § = x2 /(e* x,). Expressing now e*> using
Eq. (147) one gets
92 —14£3/1v2 -1
oo = YV Vi1 (174)
22
which further gives
+2r 2 F2r 9 2 _ 1 2_
gy = S A2 _ Yo FV L ars

3 22

If we now rewrite the quantity § as § = x2(2v% — x2)/v?
and substitute to the RHS for x_ from Eq. (175) we finally
find that § = ¢/(8v?) = g’. In this way, we have arrived
at a surprising result: GIE also coincides with the GR2
entanglement for a one-parametric family of mixed two-
mode Gaussian states pggz, ie., Ez(pggz) = Ef(,og’gz). A
comparison of E{'(pJ3*) [Eq. (167)] with other entanglement
measures is depicted in Fig. 2.

The results presented in this section lay the foundations
for further exploration of GIE which is deferred for further
research. This may include analytical or numerical evaluation
of GIE for other two-mode Gaussian states with a three-mode
purification or states with some symmetry such as two-mode

,,,,,,,,,,,

N N
R N,

Entanglement
o o o O

—_—

e
o2

FIG. 2. (Color online) GIE Ef (solid red curve), entanglement
of formation E (dashed blue curve), and logarithmic negativity E
(dotted black curve) versus the squeezing parameter r for CM (131).
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squeezed thermal states with standard-form CM (126), where
a=>b and ¢; = —cy. With these results in hand, we can
also begin to explore the exciting question of the relation
of two seemingly very different quantities: GIE and GR2
entanglement.

IX. LOWER BOUND ON IE FOR THE
CONTINUOUS-VARIABLE NON-GAUSSIAN
WERNER STATE

So far, we have investigated the properties of IE [Eq. (5)]
only in the Gaussian scenario. Owing to the relative simplicity
of Gaussian states and measurements we were able to calculate
IE analytically for some nontrivial mixed Gaussian states and
there in principle do not seem to be any obstacles preventing its
evaluation, at least numerically, for other two-mode Gaussian
states. A natural question that then arises is whether IE can
be calculated also for some non-Gaussian states. It is apparent
that this case will be much more complicated. Indeed, the
calculation of IE for non-Gaussian states involves optimization
over all general non-Gaussian measurements and purifications
and therefore one is led to the apprehension that it will be
infeasible, both analytically and numerically. In this section,
we show that despite this complexity a nontrivial analytical
lower bound on IE can be found even in the case of some
mixed two-mode non-Gaussian states.

The states which we have in mind form the following
two-parametric subfamily of the continuous-variable Werner
states [25]

po = pl (M) ap(¥ )]+ (1 — p)[00)45(00],

where 0 < p < 1, which is just a mixture of a two-mode
squeezed vacuum state (130) with the vacuum. Making use
of the partial transposition separability criterion [58], one can
show easily [25] that for p > O the state (176) is entangled.
For calculation of IE we first need to find a purification of the
state (176), which can be taken in the form

(W age = V/PlY (M) aplO)e + /1 = pl00)apll)e, (177)

where Eve’s purifying system is obviously a two-level quan-
tum system (qubit) with basis vectors |0)g and |1)g. As the
definition (5) of IE involves minimization with respect to all
purifications of the state (176), we need to know the form of
an arbitrary purification which can be expressed as

(W) ape = (Lag @ V)W) anE

= /PO asVI0)E + /1= pl00)ag V1),
(178)

(176)

where V is an isometry from a qubit Hilbert space Hg to a
Hilbert space H g of another purifying system E’ and 145 is
the identity operator on modes A and B. Instead of calculating
the full IE for the state (176), here we will calculate its lower
bound

L = inf [I(A;B | E 179

ooy = inf (1 (A;B | E)] (179)
for fixed photon-counting measurements on modes A and
B. Assume, therefore, that the projective measurements
{lm)a{m|,m = 0,1, ...}and{|n)g(n|,n = 0,1, ...} are carried
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out on modes A and B of the purification (178), whereas the
subsystem E’ is exposed to some generalized measurement
{TI1g/(k)}. The outcomes of the measurements are then dis-
tributed according to the probability distribution

pe(k) — A2 pTgo(k), if m=n=0
pm,n,k) = )
p(l — AN 8, oo(k),  otherwise
(180)
where
pe(k) = pTook) + v/ p(1 — p)(1 — AH)[I1o(k) + Mo (k)]
+ (1 = p)Ink) (131)

is the probability distribution of measurement outcome k,
where

I (k) = (i|VTHE/(k)V|j), i,j=0,1. (182)

By calculating the entropies H(A,B,E), H(A,E), and
H(B,E) for the distribution (180) and the marginal
distributions p4g(m,k) = Z;‘;O pm,n,k) and ppp(n.k) =
Z,C;,O:o p(m,n,k), we further observe that H(A,B,E) =
H(A,E) = H(B,E) and the conditional mutual informa-
tion (3) simplifies to

I(A;B|E)=H(A) — I(A; E), (183)

where I(A;E)= H(A)+ H(E)— H(A,E) is the mutual
information of the marginal distribution p4g(m,k).

Moving to the minimizations in Eq. (179), we see from
Eq. (183) that it boils down to the maximization of the mutual
information /(A; E) over all channels E — E, isometries V,
and measurements {I1g(k)} on purifying subsystem E’. Since
sending a random variable E over a channel P(E | E) cannot
increase the mutual information, i.e., /(A; E) < I(AE),itis
best for Eve to not apply any channel to her measurement
outcomes. Further, as the operators VTl (k)V appearing
in Eq. (182) are Hermitian, positive semidefinite, and sum
to a qubit identity operator, they comprise a qubit gener-
alized measurement. Therefore, in Eq. (179) we can omit
minimization with respect to all purifications and we can
minimize only over single-qubit measurements on the fixed
purification (177). The latter minimization can be carried out
with the help of the following upper bound on the classical
mutual information [52]

1(A; E) < min{S(pa),S(pE). Zq(paE)}:

where S(p4) and S(pg) are marginal von Neumann entropies
of the reduced states p4 and pg, respectively, of subsystems
A and E of the state (177) and Z,(pag) = S(pa) + S(pE) —
S(pag) is the quantum mutual information of the reduced state
par of the subsystem (A E). From the purity of the state (177) it
further follows that S(pag) = S(pp), whereas the symmetry
of the state (176) under the exchange of modes A and B
implies S(pa) = S(pp). As a consequence, we get Z,(pag) =
S(pEg), and for finding of the minimum on the RHS of the
inequality (184) we have to compare the marginal entropies
S(pa) and S(pg). Using once again the purity argument we
get S(pg) = S(po) and therefore we need to compare S(p4)
with S(pg). In Ref. [60] it was already shown with the help
of the majorization theory [59] that S(p4) = S(pp) and the

(184)
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entropy S(pp) has been calculated in the form

2

Spo) =~ eilne;, (185)
i=l
where
1£/1—4p(— p)r?
01y = 1Y p( —p) (186)

2

are the eigenvalues of the state (176). Therefore, from Eq. (184)
it follows that the mutual information I(A; E) has an upper
bound equal to S(pg) = S(pp) [Eq. (185)], which is achieved
by a measurement of the qubit E in the eigenbasis of the
reduced state

pe = plO)E(0l + v/ p(1 — p)(A — A%)(10) £ (1] + [1)£(O])
+ {0 = plhel (187)
Consequently, we get finally from Egs. (179) and (183) the
analytical form of the lower bound on IE:
L, (po) = H(A) — S(pp), (188)

where S(pg) is given by the RHS of Eq. (185) and H(A) is the
Shannon entropy of the photon-number distribution in mode
A of the state (176) [60]:

_ 12
H(A) = S(pa) = —{ In(1 — pA%) + pA®In [M]
1 — pA?
2pA%InA
%} (189)

The lower bound (188) is depicted by a solid red curve in
Fig. 3. For comparison, we have plotted into the figure also
cases when Eve just drops her qubit £ or she measures it in
the {|0),11)} and {|£) = (|0) = [1))/+/2)} bases.

In the previous text, we have performed minimization on
the RHS of Eq. (5) for a particular fixed measurement on
modes A and B of the purification (177), which was given by
photon counting. In order to calculate the true IE, we would
have to carry out the minimization for arbitrary local projective
measurements on modes A and B and then we would have to
perform maximization over the measurements. Our derivation
given above thus yields only a lower bound on IE the actual

0.30¢
0.25;
0.20;
0.15
0.10¢
0.05}
0.00

£, 1(A;B|E)

FIG. 3. (Color online) Lower bound £, [Eq. (188)] (solid red
curve) and /(A; B|E) versus the parameter p for measurement in
the {|0),|1)} basis (dashed-dotted magenta curve) and the {|£)} basis
(dashed blue curve) and when Eve’s qubit E is dropped (dotted black
curve) for A = 0.3.
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value of which can in fact be larger and may not be reached
by photon counting. However, photon counting on modes A
and B of the state (176) gives I(A; B) = S(pa) [60] which
is the highest classical mutual information one can get by
locally measuring the state. This leads us to the conjecture that
this measurement is in fact optimal and therefore the lower
bound (188) coincides with IE. The proof or disproof of this
conjecture as well as further analysis of IE for other non-
Gaussian states is already beyond the scope of this paper and
will be given elsewhere.

X. CONCLUSIONS

In this paper, we gave a detailed analysis of the properties of
GIE, which is a quantifier of bipartite Gaussian entanglement
introduced in Ref. [21]. The GIE is a Gaussian version
of a more general quantity IE which is a lower bound to
the “classical measure of entanglement” [7] obtained by
commuting the order of optimization in the definition of IE.

Initially, we have shown that the assumption of Gaussianity
of all channels, states, and measurements greatly simplifies
IE. First, we have proved that the classical channel on Eve’s
measurement outcomes can be integrated into her measure-
ment. In the next step, we have demonstrated that in the
definition of IE we can use an arbitrary fixed purification of a
considered state and that we can omit the minimization over all
purifications. As a result of these simplifications, the GIE boils
down to the optimized mutual information of a distribution of
outcomes of Gaussian measurements on subsystems A and B
of a conditional state obtained by a Gaussian measurement
on subsystem E of a Gaussian purification of the considered
state.

Next, the simple form of GIE enabled us to show that it
satisfies some properties of a Gaussian entanglement measure.
For this purpose, we have constructed for any Gaussian separa-
ble state a Gaussian purification and a Gaussian measurement
on the purifying part E, which projects the state onto a product
of states of subsystems A and B. This allowed us to prove two
important properties of GIE. First, making use of the result
we have shown that if a Gaussian state is separable, then GIE
vanishes. Second, combining the result with the realization of
LOCC operations by teleportation with a separable shared state
we have arrived to an important observation that GIE does not
increase under the GLTPOCC. In particular, the monotonicity
property implies that GIE is invariant with respect to all local
Gaussian unitary operations.

Finally, we have calculated analytically GIE for two simple
classes of two-mode Gaussian states. For pure Gaussian
states, GIE is equal to the GR2 entanglement [24] whereas
equality to the entropy of entanglement is established provided
that Alice and Bob are allowed to perform non-Gaussian
measurements. An analytical formula for GIE has been also
derived for one-parametric family of two-mode reductions of
the three-mode CV GHZ state, which was also found to be
equal to the GR2 entanglement. Last but not least, we have also
extended our analysis of the proposed entanglement quantifier
to a non-Gaussian case by calculating a lower bound on IE for
a particular subset of a set of two-mode continuous-variable
Werner states.
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The results obtained in this paper raise several questions
which remain open for further research. First, it is imperative
to know, whether GIE is monotonic under all (including trace-
decreasing) GLOCC operations. If answered in the affirmative,
we could call GIE a Gaussian entanglement measure. Another
important question concerns computability of GIE on other
Gaussian states. Knowing GIE for other Gaussian states, one
can then further investigate a rather surprising finding that GIE
and GR2 entanglement are equal on some Gaussian states.
A proof showing the equality of the two quantities on all
bipartite Gaussian states would link GR2 entanglement with
the secret-key agreement protocol [11] and, what is more, this
would also mean that GIE possesses all the properties of GR2
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entanglement including, e.g., monogamy. Finally, GIE is a
faithful quantity [21] which is nonzero on all entangled states
and therefore it opens a possibility to quantify the amount of
entanglement in Gaussian bound entangled states [35].

We hope that the results presented here will further
stimulate research in the field of the computable and physically
meaningful entanglement measures.
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