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Double bremsstrahlung from high-energy electrons in an atomic field
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The differential cross section of double bremsstrahlung (emission of two photons) from high-energy electron
in the electric field of heavy atoms is derived. The results are obtained with the exact account of the atomic field
by means of the quasiclassical approximation to the wave functions and the Green’s function in the external
field. It is shown that the Coulomb corrections to the differential cross section (the difference between the exact
result and the result obtained in the leading Born approximation) correspond to small momentum transfers. The
Coulomb corrections to the differential cross section of double bremsstrahlung are accumulated in the factor,
which coincides with the corresponding factor in the differential cross section of single bremsstrahlung. At small
momentum transfer, the Coulomb corrections to the differential cross section are very sensitive to the parameters
of screening while the Coulomb corrections to the cross section integrated over the momentum transfer have the

universal form.
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I. INTRODUCTION

To search for new physics in precision experiments, it is
necessary to know with high accuracy the cross sections of
the main background processes. In particular, it is necessary to
know the cross sections of single high-energy bremsstrahlung
and particle-antiparticle photoproduction in the electric field
of a heavy nucleus or atom. These processes play a dominant
role when considering electromagnetic showers in detectors.
In many cases they also give a significant part of the radiative
corrections. In the Born approximation, the cross sections
of both processes are known for arbitrary energies of parti-
cles [1,2] (see also Ref. [3]). However, for large Z the Coulomb
corrections (i.e., the contribution of higher-order terms in the
parameter n = Zo) to the cross section are very important
(here Z is the atomic charge number, o = et~ 1 /137 is the
fine-structure constant, e is the electron charge, i = c = 1).
Although there are formal expressions for the cross sections
exact in 1 and energies of particles [4], their use for numerical
computations becomes very difficult at high energies [5].

Fortunately, at high energies of initial particles, the main
contribution to the cross section comes from small angles
of the final particle momenta with respect to the incident
direction. In this case typical angular momenta are large
(I ~E/A> 1, where E is energy and A is the momentum
transfer). Therefore, the quasiclassical approximation, which
accounts for large angular momenta contributions, becomes
applicable. Using the quasiclassical wave functions and the
quasiclassical Green’s functions of the Dirac equation in
the external field, one can drastically simplify calculations.
The celebrated Furry-Sommerfeld-Maue wave functions [6,7]
(see also Ref. [3]) is nothing else but the leading-order
quasiclassical wave functions for the Coulomb field. The
quasiclassical Green’s functions have been derived in Ref. [8]
for the case of a pure Coulomb field, in Ref. [9] for an arbitrary
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spherically symmetric field, in Ref. [10] for any localized field,
and in Ref. [11] for combined strong laser and atomic fields.

For pair photoproduction and single bremsstrahlung, the
cross sections in the leading quasiclassical approximation
have been obtained in Refs. [12—16]. The first quasiclassical
corrections to the spectra of both processes have been obtained
in Refs. [17-20]. Recently, the first quasiclassical corrections
to the fully differential cross sections were obtained in
Ref. [21] for eTe™ pair photoproduction, in Ref. [22] for
wtu™ pair photoproduction, and in Ref. [23] for single
bremsstrahlung from high-energy electrons and muons in an
atomic field. The account for the first quasiclassical corrections
allows one to determine quantitatively the charge asymmetry
in these processes (the asymmetry of the cross sections with
respect to the replacement of particle with its antiparticle).
This asymmetry is absent in the cross section calculated in the
leading quasiclassical approximation.

Influence of screening (the difference between the atomic
field and the Coulomb field of a nucleus) on the Coulomb
corrections to the e™e™ pair photoproduction cross section is
small for the differential cross section and for the total cross
section as well [13] (see Ref. [17]), where the effect of screen-
ing has been investigated quantitatively. However, screening
is important for the Born term. The role of screening in single
bremsstrahlung in the atomic field is different. It is shown in
Refs. [14,18] that the Coulomb corrections to the differential
cross section are very susceptible to screening. However, the
Coulomb corrections to the cross section integrated over the
momentum of the final charged particle (electron or muon) are
independent of screening in the leading approximation over a
small parameter 1/mr [18], where rer ~ Z~/3(ma)™'is a
screening radius, and m is the electron mass.

Investigation of high-energy ete™ photoproduction ac-
companied by bremsstrahlung and double bremsstrahlung
(emission of two photons by an electron) from electrons
in the electric field of a heavy atom (i.e., the processes
VZ — ete y,Z and e*Z — y yre*Z, respectively) is an
even more complicated task. The process y1Z — ete "y Z
is a significant part of the radiative corrections to ete™
photoproduction as well as a noticeable background to such
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processes as Delbriick scattering [24]. This process should be
taken into account at the consideration of the electromagnetic
showers in the matter. Only a few papers, related to this
process, have been published so far [25,26]. In those papers
the Born approximation was used. Very recently, using the
quasiclassical approximation, the cross section of the process
Z — ete "y, Z at high energies was derived exactly in the
parameter n [27]. It was shown that, apart from the region
of very small momentum transfer, account of the Coulomb
corrections for heavy atoms drastically changes the result.

As to the double bremsstrahlung cross section from electron
in an atomic field, it has been investigated either at low electron
energies [28,29] or for any electron energies but in the Born
approximation [30]. In the present paper we use the quasiclas-
sical approximation to derive the exact in the n differential
cross section of double bremsstrahlung from the high energy
electron in an atomic field. We take into account the effect of
screening and show that the Coulomb corrections to the cross
section are, in general, very sensitive to this effect. Moreover,
the Coulomb corrections to the double bremsstrahlung cross
section are accumulated in the factor which coincides with the
corresponding factor in the differential cross section of single
bremsstrahlung. This allows us to formulate a recipe for the
calculation of the multiple bremsstrahlung amplitudes.

II. GENERAL DISCUSSION

The differential cross section of double bremsstrahlung in
the electric field of a heavy atom reads [3]

2

o
o = lewzqeqdwldan kol kodeq |M|2, (1)

where dQy,, dQ2,, and d 2, are the solid angles corresponding
to the photon momentum k1, k,, and the final charged particle
momentum ¢, &, = &, — w; — w; is the final charge particle

J

D(ray, rile) = do(ra,r) +o - di(ra,r)) + X - dy(ra,ry),

<

WD) = [go(r,p) — & - g1(r,p) — = - ga(r, p)luyp,

p=
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energy, £, =/ p?> +m?, ¢, = \/q*> + m?. Below we assume

that £, > m and &, > m. The matrix element M reads

M =MD+ M,
MY =— f / dridrye”™ =T g9 (r))e)

X G(ry,rile, — wnéf ul(ry), )
M(z) = M(l)(kl <~ k2 , W] <> Wy, €] <> 82),

where ¢ = y'e, = —y - e, " are the Dirac matrices, uf,,‘”(r)
and ufl_)(r) are the solutions of the Dirac equation in the atomic
potential V(r), e, are the photon polarization vectors, and
G(r,,rq|e)is the Green’s function of the Dirac equation in the
potential V(r). The superscripts (—) and (+) remind us that
the asymptotic forms of uﬁf)(r) and ugf)(r) at large r contain,
in addition to the plane wave, the spherical convergent and
divergent waves, respectively. It is convenient to write the
contribution MV in Eq. (2) in terms of the Green’s function
D(r,, rile) of the “squared” Dirac equation,

G(ry, rile) = (P +m)D(ra, rile),
3)

1
D(ra,rile) = (r2|m|rl),

where P = y'P,, P, = (¢ — V(r),iV). Substituting Eq. (3)
in Eq. (2), performing integration by parts, and using the Dirac
equation, we obtain

M(l) =— // dridr, e—ikl-rl—ik2~r2 I/_tfl_)(rz)é;

x D(ry.rile, — wp2ie] -V + etk ul)(ry).  (4)

The Green’s function D(r;,r;|le) and the wave functions
ulP (r) and u§”(r) have the form [22,23],

ﬁ;_)(r) =iyl for,q) —a- f1(r.q) — - f2(r,q)],

¢ X
8P+m(0'p¢ 5 qu 8q+m o'.qX )
2¢g, £y +m 2¢, £g+m

where ¢ and y are spinors, @ = y°y, X = )3y, > = —iy%!y?y3, and o are the Pauli matrices. The coefficients dy, d, fp,
f1, go, and g in the leading quasiclassical approximation, as well as the first quasiclassical corrections to dy, fo, and go, were
derived in Ref. [10] for arbitrary atomic potential V (r). The first quasiclassical corrections to d1, f1, and g, together with the
leading quasiclassical terms of d», f», and g,, were derived in Ref. [23]. We perform calculation of the double bremsstrahlung
cross section in the leading quasiclassical approximation. In this case it is sufficient to take into account the terms dy, d, fo,
f1, go, and g in the leading quasiclassical approximation and neglect the contributions of d5, f», and g, [21-23]. Within this
accuracy we have for dy and d,

P HIKT

42r
2x(1 —

r=r,—r;, R=ri+xr+0 2= xor x)r’ Kk =82 —m?,
K

where Q is a two-dimensional vector perpendicular to the vector r, — ry. The terms f and f are

do(ra,ry) =

1 .
/dQexp [iQ2 - iV/O dXV(R)] , di(ry,ry) = —21—8(V1 + V2)do(ra,ry),
(6)

. o !
fo(r.q) = —;—ef'q"/dQeXP [i 0’ - i/O de(rq)} o S1rg) = —GV —q) fo(r.q),

2¢g,
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2x
ro=r+zxn;+ Q o 0-n,=0, n;=gq/q. 7
V &
The expressions for gy and g; follow from the relations,
go(r,p) = fo(r, — p), gi(r,p)= f1(r, — p). ®)

It is convenient to calculate the matrix element for definite helicities of the particles. Let 1), 14, A1, and A, be the signs of the
helicities of initial electron, final electron, and radiated photons, respectively. We fix the coordinate system so thatv = n, = p/p
is directed along the z axis and q lies in the xz plane with ¢, > 0. Denoting helicities by the subscripts, we have

1+ p,0-n, (1 1+ pg0 -n, (1 1 0; 1
o=tz tn((tun) ot () (1) (e ) (150)
1 .
E(ex + l)"ey)»
where 0, =q./q,0;, =k /wi, and 0}, = k>, /w,, and the notation X | = X — (v - X)v for any vector X is used. Below we

assume that 6, < 1, 0y, < 1, and 6, < 1. The unit vectors e, and e, are directed along ¢ | and p x ¢. In the expressions for e;
and e; in (9), the terms of the order O(szl) and 0(9,32 ) are omitted. For the matrix 7 = uy, itq,, we have [23]

9

e =5, — (53, -0y, e =5y, — (53, -0y, s =

1 0 0.5 5 HpP Kqdq
F = g(aul>uq+z'bupuq)[7/ A+PO)+yyP+O)+UA-PO)—y(P—-0)], P= m, 0= oy m (10)
Here a,,,, and b, are
02 % 62 0 i
awzl—gq, aﬂﬁz—ﬁsﬂﬁq, buu=M<]_§q>v+§0q_§[0qxv]t (11)
1 1
bup =25, — —=(s,-0,)v, s, =—=(e; +iLe,),
wit I /2 nYq I /2 y
where fi = —u. The matrix element M, Eq. (4), can be written as follows:
MY =— f/ dridry e Frm=ikera Te[ £062000 go — o - f185d0O go + folia - d 1O gy — folido@a - g11F,
0 =2ie} -V +éth. (12)

Here the functions dj and d, are calculated at ¢ = ¢, — w;. Note that only the terms with (P 4+ Q) and (1 + P Q) in F, Eq. (10),
contribute to the matrix element (12) due to the trace over y matrices. Below we calculate the matrix element M for the atomic
potential V(r), which includes the effect of screening.

III. MATRIX ELEMENT AND CROSS SECTION

The calculation of the matrix element (2) is performed in the same way as in Ref. [18]. Some details of this calculation are
given in the appendix. The final result is

My, pgine = =AY [T pnnn ki k2) + Ty (k2 k)], AA) =—i / drexp[—iA -r —ix(p)IVLV(r),
x(p) = / V224 pDdz, Tk k) = pl(e-0i,)(€" - Oig)jo+ Nie" - 01,)e" + Ni(e* - 0r,q)e*],

mz(,()
T,y (kiky)= [P(e* 0 )e-0;,) — qu]jo + p(N> + N3)(e* - 0x)e + N3(e, pOr, — Ay)e”,

Tiioi(rko) = x[(e - 0i,)(€" - O1yg) jo + Ni(e - 0x )e” + Ns(e™ - 0i)e].
T _(ki,ky) = q[(e . 0k1)(6’ . 0kzq)j0 + Ny (e . 0k1)e + N3 (e . 0k2q)e]’

m(w; + @) . maw; .
T, . .(ki,k)) = ———+—"|(e"-0 + Nie*| — e -0, + Nye*|,
+—++ K1, K2 ﬁq [( kl)JO 3 ] ﬁp[( kak )Jo 2 ]
mamwi . man .
T, _(ki,ky)=— e-0 + Nie|, T, __,(ki,ky))=— e-0 + Nze|,
+—+ 1,K2 «/Ep[( kzq)JO 1 ] +——+ K1, K2 ﬁq[( kl)JO 3 ]
T, (kik2) =0, Tppis50kk)=papigT ki k) lece, A=—pn, i=—i (13)
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Here we use the following notation:

1
e:_z(ex+iey)» Okg =01, —0,, Opp, =0, —0,, x=p—w, A=q+k +k—p,

2

4 4 4
AL =q0,+ 010, + 020y, jo=——{al(p+ AL —2pgl,] +aion(AL +290k4)}, Ni=——, Np=—,
ajazasdy aras asay
4 w1 2 pw> w) 2 qwi
Ny=T0 @ =—7[(AL — phi) +m’] -~ q—%[qz“’izq +m?], ay= ;[(AL +q0i) +m?] + p—%[lﬂzoi, +m?],
as = %[pzoil +m?], a= %[qzogw +m?]. (14)

Within our accuracy, one can replace p and g in Eqgs. (13) and (14) by ¢, and ¢,. The vector A(A) is obviously parallel to the
vector A |,

A(A) = Ap(A)A L, Ao(A) =—Al—2/dr exp[—iA -r —ix(P]AL -V, V), 15)
1

so that we can write the amplitude M, 5, as

My e =—A0(A) Ty pines Tupugine = AL [T g k1.k2) + Ty pion (ko k)] (16)
The amplitude M Lpitghi is exact in the potential V (r). Whole dependence of this amplitude on the potential V (r) is contained
in the factor Ag(A). In the Born approximation we have
4 nF(A?)
-
where V(A?) is the Fourier transformation of the potential V (), and F(A?) is the atomic form factor, which differs essentially
from unity at A < 1/r;. Thus, the Born amplitude reads

2
My e = = VEA) Ty s (18)

A§(A) = Vp(A?) = : 17

where ’Z;p 1yia1, coincides with that in Eq. (16).

IfAL > max(rs’crl, |A;]) then we can neglect the effect of screening, replace V(r) by the Coulomb potential V.(r) = —n/r,

and neglect also Aj = v - A. Within our precision,

1 ) 2 2 mz(a)l + wy)
A” = —§|:q9q +CL)19kl +a)29k2 + T . (19)
A simple calculation gives for the factor Ag(A),
Arn(LAY" T (1 —in)
Ap(A) = =1 1 (20)

A2 T(+in)

where I'(x) is the Euler I' function and L ~ min(|A |71, Fer). Note that the factor (L A)*™ is irrelevant because it disappears in
|M|%. Thus, in the region A | > max(rg! A1), we have |[Ag(A)| = |Ag(A)|.

scr ?
Let us represent the cross section do (1) as a sum of the Born term and the Coulomb corrections:
c B o’ B 2
+do do = —— vy dwidw, dby, d0,d A |AT (AT,

Mptgiira? Hpghiro = (27.[)6

2

)

_ B
do—upuq)ﬂ)”z - do—/l.pptq)u])\.z

, 21

o
doy s = Gy 12 dendwr dby, dBi,dA | R(A) 1T, ®s - RA) = [Ag(A)* = |AF (AN,

(

where we pass from the integration over d€2, to the integration very sensitive to the shape of the atomic potential at r ~ ry,
over dA ;. It is seen from Egs. (17) and (20) that only while the integral,
the region of small A, A ~ max(rg!,|A|]) < m, gives

. . C . . .
the contrlbutlop to do - The Ferm A(A) coincides with /dAl AiR(A) — 3232 f (),
the corresponding term in the single bremsstrahlung cross
section [18]. As shown in Ref. [18], the function R(A) is f(m) =Rey(1+in) — (1), (22)
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is independent of this shape; ¥ (x) = d InI'(x)/dx. Therefore,
the Coulomb corrections integrated over d A ;| have the form,

a’n® f(n)
dO’li)qul}\z = —Twla)z dwlda)2 dokl d0k2
0) (0) 2
X |T,) sk + T, (e k|
(23)

where the function Tg)zuq)\])\z(kl’kZ) is Ty, p i, ki,ko),
Eq. (13), taken at A; =0, i.e., at 0, = —(w10y, + w20y,)/q.
The main contribution to the Born cross section integrated
over dA ) is given by the region m > A > mf of small

A |, where
1 [A]
—_— — (24)
Mmrger m

B :max{

Assuming that In(1/8) > 1, we have within logarithmic
accuracy,

B o’n? 1
Uﬂ,:ﬂqklkz = 4—713a)1w2 da)lda)z dok] d0k2 II’IE
2
< | T ki) + T, (k)|
(25)

It is seen from Eqgs. (23) and (22) that the relative magnitude
of the Coulomb corrections in the cross section integrated over
A, is f(n)/In(B) and may reach tens of percent.

In order to demonstrate the angular dependence of the
Coulomb corrections, we introduce the dimensionless quan-
tity S,

m° ©) ©
§= B3 Z |T/tp#q/\1kz(k1’k2) + Tup/tqkzkl(kz’kl)

Hplghihz

2

(26)

and show in Fig. 1 the dependence of S on 8, = pb,/m at
fixed 8; = pb, /m, wi/¢p, w2/€p, and the azimuth angle ¢
between vectors 8, and 6y,.

In Fig. 2 the quantity S is shown as a function of ¢ at fixed
81 = pbi, /m, 8, = pb,/m, w1/€,, and w,/¢,. Note that S is
invariant under the replacement ¢ — —¢.

100 F. 1

80t ]

FIG. 1. The quantity S (26) as a function of 8, = pby,/m
at wi/e, =0.2, wy/e, =04, ¢ =0, §; = pb,/m = 0.2 (dashed
curve), §; = 1 (dotted curve), and §; = 2 (solid curve).
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70
60F -~ - < ]
500 - N ]
40 F
30F ;
00 ]

10//

0.0 0.5 1.0 1.5 2.0 2.5 3.0

¢

FIG. 2. The quantity S (26) as a function of the azimuth angle ¢
between vectors @y, and 0y, at w; /e, = 0.2, w,/e, =0.4,8, = 0.2,
8, = 0.5 (dashed curve), 8, = 1 (dotted curve), and §, = 2 (solid
curve).

It is seen from Figs. 1 and 2 that S has a smooth angular
dependence. In Fig. 3 we show the dependence of the quantity
Sy on §; at fixed w /¢, and wy /¢, where

»?
= — do,, . 27
1= v | S0 @

It is seen that the main contribution to the cross section is
given by the region 6; ~ 1.

Let us discuss now the Coulomb corrections to the cross
section integrated over 8, and ,,, averaged over the polar-
ization of the initial electron polarization, and summed over
polarizations of the final particles. We write it as

JoC — 8?0’ fnde de,

nm2w1w2 G(wl/‘gp’ wZ/gp)a (28)

where the function f(n) is given in Eq. (22). For w; < wy, &,
a simple calculation gives the result, which corresponds to the

FIG. 3. The quantity S; (27) as a function of §; at w; /e, = Qx
and w, /e, = Q(1 — x), where Q2 = 0.4, x = 0.3 (dashed curve), x =
0.5 (dotted curve), and x = 0.7 (solid curve).
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F(x)

FIG. 4. Dependence of F(x), Eq. (29), on x = w;/¢,.

soft-photon-emission approximation [3]:

F(x) = G(x,0)

* dy 2 4y(1—x)]
- 41—y 2070
./0 <1+y>2[ LA Tl R

t
In(t++vt2—-1)—1,

D(x,y) =
Y Vit —1
(1 +y)
t=14—=—. 29
+5 1 (29)
The function F(x) is shown in Fig. 4.
The asymptotic behavior of the function F(x) is
4 5, 1
Fx)~ -x"In—- at x<«K1,
3 X
(30)

at 1 —x<K1.

1
Fex)~In

In Fig. 5 we show the dependence of the function
G[Q2x,2(1 —x)] on x at fixed values of 2, where Q =
(w1 + w)/ep and x = w1 /(w1 + w2).

0_4,“\‘;. “‘_," il

G[Ox,Q(1-x)]

025 ~ _ ]

0.0 I I I I

FIG. 5. Dependence of G[Qx,2(1 —x)], Eq. (29), on x at
Q = 0.3 (dashed curve), 2 = 0.5 (dotted curve), and 2 = 0.7 (solid
curve). Here Q = () + wy)/g, and x = w; /(w + ;).
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Within logarithmic accuracy we also have for the Born cross
section,

B 8a’n*dwidws

Tmlww;

do G(wi/ep, wa2/€p) lnﬂi, 3D
0

where the function G is the same as in Eq. (28), and

o= L

MFger £pEq

} < 1. (32)

IV. CONCLUSION

We have investigated in detail the process of high-energy
double bremsstrahlung in the field of a heavy atom. The results,
Eq. (13), are exact in the parameters of the atomic field. It
is shown that, similar to the case of single bremsstrahlung,
the potential enters the amplitudes of high-energy double
bremsstrahlung via the factor A(A ). Note that such factor-
ization takes place only for the cross section obtained in the
leading quasiclassical approximation and is violated by the
first quasiclassical correction. It follows from the result of
Ref. [23] that the main contribution to the first quasiclassical
correction to the cross section is given by the region A ~ m.
The factorized form of the amplitudes (13) and also of the
amplitudes of single bremsstrahlung allows us to formulate
the recipe for the calculation of the multiple bremsstrahlung
differential cross section. In order to obtain the amplitude
of this process exactly in the parameter n for any shape
of the atomic potential V(r), it is sufficient to derive the
amplitude in the Born approximation and then to replace in
this amplitude the Fourier transform Vz(A?) of the potential
V(r) by the impact-factor Ag(A ) (15). Our recipe extends
the impact-factor approach of Ref. [31] to the region of small
momentum transfer. Note that it is just the region where the
Coulomb corrections to the cross section of bremsstrahlung
come from. We stress that our formulas for the cross sections
of high-energy double bremsstrahlung are obtained exactly in
the parameter = Z« and, in particular, valid for Z > 1. This
is important for analysis of experimental data from modern
detectors, where high-Z materials are widely used.
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APPENDIX

In this Appendix, following the method of [18], we consider
the calculation of the quantity M,

M = // dridrye” M=k g ydo(ry,r)go(r) .
(A1)

which contributes to the amplitude (12). Other quantities are
calculated in the same way. The functions dp, fy, and gy are
given in Eq. (6), Eq. (7), and Eq. (8), respectively.

We split the integration region into three, z; < z» < 0,
71 <0&2z3 > 0, zo > z; > 0, and denote the corresponding
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contributions to M as M, M, and M3. In the first region,
the functions go and dj have simple eikonal forms,

o0
go(ri) = €'?" exp [—i / dxV(r, — xnp):| ,
0

ikr

1
do(ra,r) = ~ Ay exp [—ir/ dxV(r, +xr)i| , (A2)
0

r=ry—ry, k=,/(,—w)?—m?,

so that

_ i drldrz .
M1_<2n)2/fz,<zz<o r /dQeXp(’q’)’

d=0Q'+(p—k)-ri—(q+k) ry+kr

e8] 1
— / dx V(r, —xnp)—r/ dxV(ri + xr)
0 0

— /oodx V(ry),
0

_ 2|ny - 1|
ro=ry+xn;+ 0 T (A3)

Within our accuracy we can replace the quantity V(r; — xn )
and V(ry + xr) in (A3) by V(r| —xn, + Q,/2[n, - r2[/q)
and V(ry + xr + Q./2In, - r2l/q), respectively, shift p; —
p1— Q\2Ing -ril/q. p»— p2— Q\/2In, -r1l/q. where

p1 =riy and p, =r;,. Then we take the integral over QO
and obtain

1 drdr
M=~ // =22 expli(®o + 1),
T Z]<Zz<0

r

So=(p—k) ri—(@q+ky) ro+«r

oo 1
—/ dx V(r, —xn,,)—rf dxV(ry + xr)
0 0

o0
— f dx V(r, + xny),
0

_Af_|nq -1y

O, =
2q

(A4)
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In the same way, we obtain for M, and M3,

1 drdr
My=—— / / — 122 expli(® 4 Do),
4 72>0,z1<0 r

AL -rilir |

®; = 2kr3
1 drdr
Ms = - // %2 expli(®o + @3],
Y4 22>71>0 r
Ailn, -
®; — _%. (A5)

There are two overlapping regions of the momentum transfer
A:

2
LA w, LA < M (A6)
P

Epéyq p
In the first region we can neglect in the phase @ the term
A as compared with A and replace in the integrals n, —
v and r — (v - r)v, where the z axis is parallel to v = n,,.
Performing the integration over z;, z», and p, — p1, we obtain

M= %fdp exp[—iA, - p —ix(p)I[gN1 — kN2 — pNs],
(A7)

where the quantities x(p), Ni, N», and N3 are defined in
Eq. (14). Then we use the relation,

gNi — kN> — pN3 = A, - jo, (A8)
where j is given in Eq. (14). Performing integration by parts,

we finally obtain M in the first region:

M= —%/dpeXp[—iAL-p —ix(PVLix(p) - jo

i . , .

= ) / drexp[—iA, - p—ix(P)IV_ V(@) jo. (A9)
In the second region, one can neglect the term @ in Eq. (A4)
and the terms ®; 3 in Eq. (AS5). In the phase ®( we take into
account the linear terms of expansion of the integrals inn, — v

and r — (r - v)v. The result, which is valid both in region I and
in region II, has the form,

M= —%/dr exp[—iA -r —ix()IVL V(@) jo. (A10)

It corresponds to the second line in Eq. (A9) with the
replacement A - p — A -r.
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