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Analytical expressions are derived for sums of matrix elements and their squared moduli over many-body
states with given total spin—the states built from spin and spatial wave functions belonging to multidimensional
irreducible representations of the symmetric group, unless the total spin has the maximal allowed value. For
spin-dependent one-body interactions with external fields and spin-independent two-body ones between the
particles, the sum dependence on the many-body states is given by universal factors, which are independent of
the interaction details and Hamiltonians of noninteracting particles. The sum rules are applied to perturbative

analysis of energy spectra.
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I. INTRODUCTION

Calculations of quantum-mechanical system properties re-
quire matrix elements between its states. For complex systems,
even a calculation of the matrix elements can constitute a
complicated problem. However, in certain cases, sum rules
can be derived from general principles, providing analytical
expressions for sums of matrix elements or their products.
The Thomas-Reiche-Kuhn and the Bethe sum rules were
obtained at early years of quantum mechanics. These and
similar rules (see [1]) are formulated for weighted sums of
oscillator strengths, which are proportional to squared moduli
of transition matrix elements, over certain sets of eigenstates.
The rules were applied to radiative transitions and scattering
problems. Sum rules for dynamic structure factors (see [2])
are employed to obtain information on collective behavior of
many-body systems. Various sum rules are also used in nuclear
and solid-state physics, as well as in quantum field theory.

The present work derives sum rules for many-body systems
of indistinguishable spinor particles. The particles can be
composite, e.g., atoms or molecules, and the spin can be either
a real angular momentum of the particle or a formal spin,
whose projections are attributed to the particle’s internal states
(e.g., hyperfine states of atoms). In the latter case, the particle
spin % means that only two internal states are present in the
system. This formal spin is not related to the real, physical,
spin of the particles, which can be either bosons or fermions.

Many-body states of spinor particles can be described in two
ways (see [3]). In the first one, each particle is characterized
by its spin projection and coordinate, and the total wave
function is symmetrized for bosons or antisymmetrized for
fermions over permutations of all particles [see Eq. (19) in
Sec. II below]. The second approach is based on collective
spin and spatial wave functions. These wave functions depend
on spins or coordinates, respectively, of all particles and form
representations of the symmetric group (see [4—7]). In the case
of spin-% particles, the representation is unambiguously related
to the total many-body spin. If the total spin is less than the
maximal allowed one (N /2 for N particles), the wave functions
belong to multidimensional, non-Abelian, irreducible repre-
sentations of the symmetric group (see [4—7]), beyond the
conventional paradigm of symmetric-antisymmetric functions.
The symmetric or antisymmetric total wave function—such
functions only are allowed by the Pauli exclusion principle—is
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represented as a sum of products of the spin and spatial wave
functions [see Eq. (2) in Sec. II below].

In the case of noninteracting particles in spin-independent
potentials, all states with the given set of spatial quantum
numbers are energy-degenerate and the two kinds of wave
functions are applicable, related by a linear transforma-
tion. The effect of spin-independent interactions between
particles was analyzed by Heitler [8] using the theory of
the symmetric group irreducible representations. That work
demonstrates that the average energy of states within given
irreducible representation is proportional to a certain sum of
the representation characters. The character dependence on the
representation lifts the degeneracy of states related to different
representations, and the wave functions with defined individual
spin projections become inapplicable. It is a generalization of
the well-known energy splitting between the singlet and triplet
states in two-electron problems.

Although the derivation [8], being done in the early years
of quantum mechanics, did not take into account spin degrees
of freedom and supposed that total wave functions can have
arbitrary permutation symmetry, the results remain valid for
symmetric or antisymmetric total wave functions, composed
from spin and spatial functions of arbitrary symmetry. Matrix
elements of spin-independent Hamiltonians between the latter
wave functions can be reduced to the matrix elements between
spatial wave functions due to orthogonality of the spin wave
functions (see Sec. IV). Besides justification of the Heitler
results, this reduction provides the basis for spin-free quantum
chemistry (see [6,7])—the method of calculations of energies
and other properties of atoms and molecules.

Spinor quantum gases are intensively studied starting from
the first experimental [9,10] and theoretical [11,12] works
(see book [2], reviews [13,14], and references therein). The
collective spin and spatial wave functions were used in the
derivation of exact quantum solutions for one-dimensional
homogeneous gas [15,16] and in analyses of selection rules
and correlations [17]. SU(M)-symmetric gases, introduced
in Refs. [18-20] and recently observed in Refs. [21,22], are
described in a similar way [19], where the total wave function
is composed of spin and electronic functions.

Other forms of many-body wave functions with defined
total spin have been employed as well. The Lieb-Mattis
theorem for ordering of energy levels in fermionic systems
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has been derived in Ref. [23]. One-dimensional gas of spin-%
fermions in arbitrary potential has been analyzed for hard-core
zero-range interactions in Ref. [24], where an exact solution
was derived, and for zero-range interactions of arbitrary
strength in Ref. [25], where qualitative properties of energy
spectra are presented. An exact solution for one-dimensional
hard-core Bose-Fermi mixture was derived in Ref. [26].
Intersystem degeneracies in spin-% Fermi gases and energy
spectra for certain few-body systems have been obtained
in Ref. [27]. Symmetries of trapped and interacting bosons
and fermions and qualitative behavior of the energy spectra
at intermediate interaction strengths were analyzed in Refs.
[28,29].

The sum of matrix elements of spin-independent interpar-
ticle interactions directly follows from the Heitler results [8].
The present paper provides the sums of squared moduli of
these matrix elements, as well as sums of matrix elements
and their squared moduli for spin-dependent external fields.
Such fields can be used for transfer of population between
states with different total spins, as described in [17]. Besides,
spin-changing matrix elements can provide an estimate of
stability of the well-defined-spin states.

Section II sets the analyzed problem and provides represen-
tations of spin, spatial, and total wave functions for separable
spin and spatial degrees of freedom and for noninteracting
particles. Wave functions with defined particle spin projections
are discussed in this section too. Section III contains derivation
of the sum rules. Matrix elements of spin-dependent external
fields for different total spin projections are related using the
Wigner-Eckart theorem. Then sums of these matrix elements
and their squared moduli are calculated for the maximal
allowed spin projections. Sum rules for spin-independent
interactions between particles are provided in Sec. IV. The
sum rules are applied to description of the shifts and splittings
of energy levels in Sec. V. The quantitative properties of energy
spectra are provided for an arbitrary number of particles in the
regime of weak interactions using perturbation theory. The
Appendix contains calculation of sums, used in Sec. III.

II. HAMILTONIAN AND WAVE FUNCTIONS

Consider a system of N particles with the Hamiltonian
I:I = ﬁspat + ﬁspin (1)

being a sum of the spin-independent ﬁspm and coordinate-
independent I:ISpin. Each of ﬁspat and I-Alspin is permutation-
invariant.

The total wave function is expressed in the form

N —1/2 S) (S
v = fs Zcbﬁ,f h 2

Here spatial (bﬁf) and spin Eils) functions form bases
of irreducible representations of the symmetric group
Sy of N-symbol permutations [4-7]. This means that
a permutation P of the particles transforms each func-

tion to a linear combination of functions in the same

PHYSICAL REVIEW A 91, 053601 (2015)

representation,

Poj, = sgn(P) Z D)o,

(s ) (S
gy = > DIAP)E).
"
Here the factor sgn(P) is the permutation parity for fermions
and sgn(’P) = 1 is for bosons. This factor provides the proper
permutation symmetry of the total wave function

PUY = son(P)w. 3)

The matrices of the Young orthogonal representation [4-7]
DIM(”P) of the symmetric group Sy are associated with the
two-row Young diagrams A = [N/2+4 S,N/2 — S], which
are unambiguously related to the total spin S. Different
representations, associated with the same Young diagram,
are labeled by multi-indices n and [ for the spatial and spin
functions, respectively. The representation basis functions are
labeled by the standard Young tableaux ¢ and ¢’ of the shape
A. The dimension of the representation is equal to the number
of different tableaux,

N!25+1)

SS= N2 F S+ DN =S @

IfS=N/2, fs =1, D[“(”P) = 1, and the functions <I>§n) and
r—~( )

remain unchanged on permutations of particles or change

thelr sign (CIDM for fermions). Otherwise, the functions belong
to multidimensional, non-Abelian irreducible representations
of the symmetric group. For example, the states of N =3
particles with S = 1/2 are associated with the Young diagram
[2,1] and there are fg = 2 standard Young tableaux with the
Yamanouchi symbols (see [4,5]) (2,1,1) and (1,2,1).

The Young orthogonal matrices obey the orthogonality
relation [6,7]

> DN P)DE(P) =

_Stt’arr’akk ’ (5)
= fs

the general relation for representation matrices,

Z DEIP)DI(Q) = D)(PQ). 6)

and the relation for orthogonal matrices,
D(P~™") = DI(P). @)

Additional relations can be obtained for elements of the
first column D,[E\(}] (P) of the Young orthogonal matrices. Here
[0] is the first Young tableau, in which the symbols are
arranged by rows in the sequence of natural numbers. For
example, the Young tableaux [0] have Yamanouchi symbols
2,1,1), (2,2,1,1), and (2,1,1,1) for the Young diagrams
[2,1],[2%],and [3,1], respectively. Each permutation involving
symbols between jpni, and jn.x can be written as a product
of elementary transpositions Pjj4 With juin < j < jmax (se€
[5-7]). According to the Young orthogonal matrix calculation
rules (see [5-7]), DB‘](PHH) =4, if j and j+ 1 are in
the same row of the Young tableau 7. Then Eq. (6) leads to
D%](P) = &y0) if the permutation P involves the symbols in
one row only and can be, therefore, written as a product of
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elementary transpositions of symbols in the same row. Let P’
and P” be, respectively, arbitrary permutations of the symbols
in the first and in the second row of the Young tableau [0],
which do not permute symbols between the rows. Then we
get, using Eq. (6),

D (PP'P") = Z DEP)DL(P'P") = DI (P). (8)

The spatial and spin wave functions form orthonormal basis
sets,

(

m > - BS’Saz/tan/ns (9)

(S| = 8558061 (10)

The spatial functions of noninteracting particles are ex-
pressed as [6,7]

&9 _ fs 1/2 " N
v = 7) 2 sePDIP [Ton,0cpp A
P

in terms of the spatial orbitals—the eigenfunctions ¢, (r) of
the one-body Hamiltonian of noninteracting particle Hy(j),

Ho(j)pn(x;) = ean(r;), (12)

where r; is the D-dimensional coordinate of the jth particle
(D can be either 1, 2, or 3 in real physical systems). The
representation is determined by the set of the spatial quantum
numbers {n} and the Young tableau r, which can take one
of fs values. Then the multi-index n is specifically chosen
as r{n}. All quantum numbers 7; in the set {n} are supposed
to be different. This situation takes place in nondegenerate
gases, when probabilities of multiple occupation of spatial
states are negligibly small, although the multiple occupation
is not forbidden by itself. Another example is an optical lattice
in the unit-filling regime [17].
The functions (11) satisfy the Schrodinger equation

N

2 : Y & (S 2 : S
HO(.])CDE ! 8”/ q)ﬁr{)n

—

Their eigenenergies are independent of r. Therefore, there
are fy degenerate states of noninteracting particles for each
set {n}. The tilde denotes wave functions corresponding to
the spatial Hamiltonian without interactions between particles.
Then Eq. (2) gives us the total wave functions of particles with
no coordinate-dependent interactions,

1/2 —
Bl =5 d,ED. (13)
t

In the absence of interactions between spins, the spin
wave functions are eigenfunctions of the total spin projection
operator S, and can be expressed as

N/2+S.
Efs = Css, Z to@ IT e
j=1
N

< 1

J=N/2+5.+1

N(Pj)). (14)
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Here the multi-index [ is specifically chosen as the total spin
projection S;. In the case of the spin wave function, each of
two spin states, |1) and || ), has to be occupied by several
particles, if N > 2. Hence the normalization factor [30]

1
(N/2+ S)UN/2 = 5)!

\/ 28 + 1)(S + 5.)!

Css. =

(N/24+ S+ DERSHIUS - S)! (15)

differs from the one in the spatial wave function (11). Besides,
the Young tableau r can take now only the value of [0]. As a
result, only one representation is associated with given total
spin S and its projection S,. The total wave function with the
defined S; is then expressed as

‘I',(,? — fS 12 Z q)(S)H(S) (16)

In combination with the spatial wave function (11), the
spin wave functions lead to the total wave functions of
noninteracting particles,

(S) 1/2 8) =)
s, = fs Z% B (17)

(again, the tilde denotes that the wave functions involve spatial
orbitals ¢,(r) of noninteracting particles). There are fs wave
functions, labeled by the Young tableau r, having the total spin
S and the set of spatial quantum numbers {n}. Then the total
number of wave functions with the given total spin projection
S, will be

N/2

D fs=NUIN/2+SHOUN/2=S)!. (18)

§=8.

In the alternative approach, mentioned in Introduction, each
particle has a given spin projection and the total many-body
wave function is represented as (see [3])

Pupo) = (N1)™ 1/2ngn(7>)1"[¢n xpp)lo;(Pj),  (19)

j=1

where the spin projection o; can be either 1 or | and given
total spin projection S, the set {o'} contains N/2 + S, spins 1
and N/2 — S, spins |. For a fixed set of spatial quantum
numbers {n}, the number of such states is the number of
distinct choices of N/2 + S, particles with spin up, and is
then equal to the number (18) of the states (17). Then the sets
of degenerate states \IJ s and Wy, can be related by a
unitary transformation. For 1nteract1ng particles, the energy
degeneracy of states \IJ( )] s, is lifted, as shown by Heitler
[8] and will be dlscussed in Sec. V, and such transformation
becomes impossible.
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III. SUM RULES FOR ONE-BODY INTERACTIONS

A. Spin-projection dependence

Permutation-invariant interactions of particles with external
fields can be expressed in terms of the spherical scalar

U=> U (20)
J
and three spherical vector components

R . 1
0o = Z Vs, Ui =F—5 Z Urpi=(j). 2D
j J

(see [31]). Here
8:) = 31D = LGN LGN

is the z component of the spin and

5D =1L 5-G) = OO
are the spin raising and lowering operators for the jth particle.
The interaction Uy conserves the z projection of the total many-
body spin, while Uy raises or lowers it. The interaction of the
spin-up or spin-down state can be expressed in terms of U
and the scalar U,

A 1 .
= D UG =0 + 50,
J

(22)

. . N
U, = Z UL =—Uo+ EU'
J

Consider matrix elements of the spherical vector and
scalar interactions between eigenfunctions (16) of S‘Z. Their
dependence on S, follows from the Wigner-Eckart theorem
(see [32]). The matrix elements of the spherical scalar (20) are

diagonal in spins and independent of the spin projection,

(g [O19,3) = Sss:8s.: (9,75 O 9,5).

According to the Wigner-Eckart theorem, the matrix elements
of the spherical vector components (21) can be factorized into
the 3 j-Wigner symbols and the reduced matrix elements

(95 O] ,5)

Yy S’ 1 S N
= (=% , ' 8'110||n,S).
(=D <—Sz k S)(n 1U|In,S)

Then the reduced matrix elements are expressed in terms of the
matrix elements of Uy, for the maximal allowed spin projection

(n',8'110]In,S)

. S’ 1 S\ %)
= (—S’ s -5 S) (ws
and the matrix elements with arbitrary spin projections can be

expressed as

0 0) = s X5 V()

s S|\I'(S)>

Us-s|¥,5)  @3)

with the factors

5.50) s—s—k [ S s’ q
Xsi 7 =D ( . Sk k)

-1
s g q
% (s - S)

9%}
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TABLE L. Coefficients X" in Eq. (23).

k S—9
0 1
- JE=5+DE+5) (S+S.—1)(S+S.)
/25 28(25—1)
S; 5282
0 K “V ses=n
1 _ J/O=SOBFSHD (S=5;~1)(5=S,)
/28 2525—1)
Here S’ < S and, according to the properties of the 3 j-Wigner

symbols, the matrix elements (23) vanish if |S — 8’| > 1 (in
agreement to the selection rules [17]). Values of nonvanishing
coefficients, calculated with the 3j-Wigner symbols [3,32],
are presented in Table I. The Hermltlan conjugate of Eq. (23),
together with relations U, = —U , and Uy = UO, gives us
the matrix elements for ' = § + 1.

Thus, each matrix element of a spin-dependent one-body
interaction with an external field is related to matrix elements
for the maximal allowed spin projections, which will be
evaluated in the next section.

B. Matrix elements for noninteracting particles

Matrix elements of the spherical scalar (20) can be
evaluated exactly for general spin wave functions. Due to
the orthogonality of the spin wave functions (10), the matrix
elements are diagonal in spin quantum numbers and can be
reduced to the matrix elements between spatial wave functions,

( (;g/ /}l/
= 8SS/8”,E Z Z q>§f){n
t i

Let us calculate the spatial matrix element for the general case,
S # §’, having in mind further analysis of spherical vectors.
Equations (11) and (7) lead to

U|\Ijr( n}l)

)\cbﬁf?n}). (24)

((D(S) |U(r,)|<1>(s) >
vfsfs

Z sgn(Q)DY:(Q)sgn(R)DH(R)

')|§0n7;,-> l_[ 8"/9,'/’”7&" .
i

The Kronecker § symbols appear here due to the orthogonality
of the spatial orbitals ¢, and the absence of equal quantum
numbers in each of the sets {n} and {n’}. Due to the § symbols,
all but one spatial quantum number remain unchanging.
Supposing that the unchanged » : are in the same positions in
the sets {n} and {n'}, one can see that the Kronecker symbols
lead to Q@ = R, and, therefore,

8l 653
_ «/fsfs ZD[/\]

2 (RDI R i IUIni) [T 8urn
J'#RI

X <(pn’Qi

(25)
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where (n'|U|n) = [ dPre? (r)U(r)g,(r). Then, substituting
this expression into (24), using (6), (7), and the property
of representations DB\r](E) = &,,, where &£ is the identity
permutation, one finally gets

N

Z n |U|n]> l_[ 811’/,,nj/,

j=1 J'#i

7.(S) 1, ()
(O | U [0 ) = 855800,

(26)

It is a special case of the matrix elements obtained by Heitler
[8] and Kaplan [6].

For the spherical vector interactions (21), the matrix
elements cannot be represented in so simple a form. However,
rather simple expressions can be derived for sums and sums of
squared moduli of the matrix elements between eigenfunctions
of §.. It is enough to consider matrix elements of U_; and
the spin-up state interaction l7¢ for the maximal allowed spin
projection, S, = §’, . = S, as Eq. (22) and the Wigner-Eckart
theorem (23) relate to them each matrix element of each
interaction. In the basis of the noninteracting particle wave
functions (17), the matrix elements of U 4+ can be decomposed
into the spatial and spin parts,

(B0 [0 @)
= (fs£s)7' 2 Y (B0 [UED| B, )(EFY116)
t,t,i
x (1@ E). 27)

The spatial matrix elements are given by Eq. (25). The
spin matrix elements include projections of the spin wave
functions (14)

(to]Ess)

Al
= Css y_ Di(P)D_dipi
P =1

Al N
< [Trrein T 1.
J# j=hi+l

Substituting P = QP;,, we get

(ti)|E) = CSSZZD,[?Q]] (QPn.)sion,
Q I=1
r—1 N
< [Tim@n TT @i
j=1 j=h+1

The permutation Pj,, permute symbols in the first row of the
Young tableau [0]. Therefore, D}?(}](QPMI) = ,[O](Q) [see
Eq. (8)], the summand in the equation above is independent of
[, and the projection can be expressed as

(1)|EfY) = A1 Css Z DI (9801,
=1
< [T 1@ H 14(Q))).
j=1 j=hi+1
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The projection involved into matrix elements of U_; is
evaluated in the same way,

(L@D|E) = 2Css Y Dd(Digu,+1)

Q
Al N
< [Tir@in TT @i
j=I1 Jj=r+2

In the spin matrix elements of Um

AON1D|E) = 8ss [MCssI> Y Dl (Do,
Q

X ZDt[/A[g)](R)(Sinl Z Sr.oPPrs
R

P pr

(2

the permutations R and Q can be different by permutations
P’ of the first A; — 1 symbols and P” of the last A, ones. As
the permutations P’ and P” do not permute symbols between
rows in the Young tableau [0], we have Dl%](R) = D,[f\[})](Q)
[see Eq. (8)]. Since the numbers of permutations P’ and P”
are (A — 1)! and X!, respectively, the spin matrix elements
take the form

(&

FONGED) =
Z [ QDy0(Ddio, -

(M — DIAIAICE

Let us substitute this equation and (25) into (27), perform the
summation over ¢ and ¢’ using Eq. (6), and substitute P =
Q~'R~!, j = Ri. Then the Kronecker symbol leads to P j =
O~ = Ay, and we get

(‘IJ(S) s|UT|qJ(S) ) =M ')LQ'MCSS Z D[[S]]r’(P)D[[é]]f(P)
P

x Zahp, n|U|n;) l_[an wr. (28)

J'#J

The matrix element

(@1 01| F70)

1 .
= —=A!2 + DCssCs—15-1 Z D)L (P)Djg).(P)
V2 Z

x Z(SW, WiUng) [T 8w,

J'#J
(29

where A’ = [A; — 1,1, + 1], is calculated in a similar way.

The explicit expressions (28) and (29) are rather com-
plicated as they include Young orthogonal matrices and
summation over all permutations. The next section provides
expressions for sums of the matrix elements and their squared
moduli, which are much simpler.

C. Sum rules

The sum of diagonal in total spin S and r matrix elements
can be written out as

053601-5
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D (Tl Oa Brys)

r

N

— YO0, % S iUl | ] Sl

j=1 J'#i

(30a)

The universal factors Y (S)Aare independent of the matrix
elements (n;|U|n;). For Uy, the factor Y®[U;] can be
derived from (28) using the equalities ) D{é]]r (P)D{é]]r P) =
Dfjl(€) =1 [obtained with (6) and (7) ] and Y_p, 8;,p; =
(N —1)!, as
A N

Y®O[0,1 = >+ S. (30b)

It is equal to the number of the spin-up atoms. For the spherical

vector component Uy, the factor Y ©[Uy] is obtained using Eq.
(22),

YO, =S (30c)
Equation (26) leads to
Y®[01=N. (30d)

The sum of squared moduli of the matrix elements (28) and
(29) can be expressed, using Egs. (4) and (15), as

D 0102 [ 250

A 2

N! —
Ji’
< [T 8o TT 8w 31)
J"#J J"#J

Z |(‘I'£'S{;'l})sfl |0*1 |‘I’§{Sn)}s>|2

r,r’

_ Ao+ 1D fs fs— ZZ(S 19)

2N 12 (nj1U\n ) (n e 1U ;)

X | | 5"/,"/’"1’” | | (Sn},,,,nj/m (32)
J"#J J"#EJ

where

%jj . Z Z Diy ) (P)D(G},(P)8;. 7

x 3 DD (D805 (33)
0

These sums are calculated in the Appendix. It is shown that

8.8 _ NV - D |:)L — L} (34)
i f5)2 Y M 2
_ NI(N - 1)!
S-195 __
i sk 53
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are independent of j, and

/ NI(N —2)! 1 /
A e e D
< _ ‘
for any j' # j.

If the sets of spatial quantum numbers {n} and {n'} are
different, the product of Kronecker symbols in (31) and (32)
does not vanish only if j = j’. Then the sum of squared moduli
of the matrix elements can be written out as

D s 1O sl

r,r’

= Yo, U]fS/Dn I T 80y G72)
J'#i

where S’ < S and the difference S — §’ is unambiguously
determined by the operator U,. Each term in the sum
here changes one spatial quantum number, conserving other
ones. If U(r) = const, the sums vanish since (¢, |U|¢@,) =
U {@u|@n) = Oforn # n’. The universal factors Y S-V[U,,U,],
which are independent of the matrix elements (n/j |Uln ), are

expressed in terms of Z’j(-f/’s). Then Egs. (34) and (35) lead to

YSO[0,,0,] = E +5— u (37b)
L) A4S+ 1)
. N —2542
YED[O_,, 0] = g 370)

and Eq. (26) gives
YSV0,01=N

The factor Y$-D[0y,Uy) for the spherical vector component

U is obtained using (22). Since the matrix elements of U are

diagonal in r [see Eq. (26)], one gets

S(N +2)

4S+1)°
For transitions conserving the spatial quantum numbers,

{n'} = {n} and the Kronecker symbols in (31) and (32) are

equal to 1 for any j and j’. Then sums of squared moduli of
the matrix elements can be represented as

2% ms

r,r’

= fs[¥ 10, 0,1(U)*

YD1, Uy] = (37d)

10 )

+ v 3010,,0,(a0)%], (38a)

where

Mz

(njlUln;)
]:1

is the average matrix element and

1 N
5 2_(njlUInj) = (U))?
j=1

is the average deviation of the matrix elements of U(r).
The universal factors Yés’o)[ﬁa,Ua] and Yl(s’o)[lja,lA]a] are

172
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independent of the matrix elements (n;|U|n;). Equations
(34)—(36) lead to
NN A2
Yy 104, 0,1 = (Y O10,1) (38b)

[where we define Y®[U_,] = 0, in addition to Eq. (30)], and
NN —25+2)

YSO0_,,0_11 = , 38
UL, U] 2N 1) (38¢)
Y*O104,041 = ¥V [00.00]
S(N —28)(N +2S5+2
_ ( YN + 28 + )_ (384)
4S5+ DN -1
If U(r) = const, AU =0, and, therefore,

S KO e U119 )2 = 0. Indeed, in this case,
the spatial matrix elements (25) are equal to zero due to the
orthogonality of the spatial wave functions with different spins.

Thus, sums of matrix elements and their squared moduli are
expressed in terms of universal factors, which are independent
of the spatial orbitals and details of the external fields,
and sums of one-body matrix elements (or their squared
moduli), which are independent of many-body spins. The
sum rules, combined with the spin-projection dependence
(23), provide information on each matrix element for an
one-body spin-dependent interaction with an external field.

J

(q)(S)

tr'{n’}

|V(1'i — Iy

R.Q

x [ dPraPrgg, we, @0V =100 000, 50 T iy
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IV. SUM RULES FOR TWO-BODY SPIN-INDEPENDENT
INTERACTIONS

The permutation-invariant interaction between particles is

given by
V=> V-r;)
J#

(39)

Without loss of generality, we can restrict consideration to even
potential functions, V(r) = V(—r), since their odd parts are
canceled. Matrix elements of this interaction can be evaluated
for general spin wave functions. Due to the orthogonality of
the spin wave functions (10), the matrix elements are diagonal
in spin quantum numbers and can be reduced to the matrix
elements between spatial wave functions,

(\11(,5{2 W

= 55s’511/— Z Z q)gf’){n’}

i<i’

|V|‘Ifis,i}1)

()
qDIr n}>

vV, — (40)

(this reduction is used in spin-free quantum chemistry [6,7]).
Then, using (11), (39), and the property (7) of the Young
orthogonal matrices, the spatial matrix elements can be
expressed as

&%) ) = ]{/S > sen(Q)D) (Qsgn(R)DL(R)

41
i i i

The Kronecker § symbols appear here due to the orthogonality of the spatial orbitals ¢,, and the absence of equal quantum numbers
in each of the sets {n} and {n'}. Due to the § symbols, all but two spatial quantum numbers remain unchanging. Supposing that
the unchanged n;~ are in the same positions in the sets {n} and {n’}, one can see that the Kronecker symbols allow only Q = R
or @ = RP;;r. Then substitution of (41) into (40), using (6) and (7), leads to

5l P94

= 285580 ZZ [T 8y [0rrtninkalVingings) + sen(Pi) Dy (RPu R (nigyn; |V Ingingir) ], (42)
R i<i’ Ri'#j'#Ri
where (n(ny|Vininy) = fdDrldDVZ(P:'I(rl)‘P:/z(rZ)V(rl — 12)@n, (X))@, (12).
Taking into account that
PPiP~" = Ppipi (43)
(see [7]) and substituting Ri = j, one finally gets
(\I}f,ﬁ'g,} VI =2ss8w > T n o (8 (R IV Injn )+ sgn(Py; NDUNP )|V Ingn ). (44)

J<Jj'J'#J"#J

(

is the same for all permutations P, which form the class of
conjugate elements C [4-7]. Table II presents the characters
for the classes appearing here. (Supplemental material for [17]
contains a code based on the explicit expressions [34] for the
characters.) The conjugated classes of the symmetric group Sy
are characterized by the cyclic structure of the permutations.
All permutations in the class C = {N"¥ ...2"} have v, cycles
of length /. This class notation omits /" if v; =0 and the

It is a special case of the matrix elements obtained by Heitler
[8] and Kaplan [6].

The sum of diagonal elements of the representation matrix,
the character

xs(C) =

Y DRP),

053601-7
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TABLE II. Characters xs(C) of the classes C of conjugate
elements of the symmetric group Sy of permutations of N symbols
in the irreducible representations, corresponding to the spin S. The
characters are calculated with the Frobenius formula [7,33] and scaled
to the representation dimension f.

c xs(O)/ fs
4824+ N2 4+45—4N
{2} 2N(N—1)
12824+ N2 4125 10N
{3} AN(N—1)
(4) N*—24N3+4N2(652+65+29)— 16N (1052 +105+9)+16S(S+1)(S2+5+12)

SN(N—1)(N—2)(N—3)
N*—12N3+8N2(S2+5+7)+8N (1052 +105+9)+16S(S+1)(S2+S5+6)
AN(N—T)(N—2)(N—3)

number of cycles of the length one, i.e., the number of symbols
which are not affected by the permutations in the class.
This number is determined by the condition Y ) Iv, = N.
Permutations of two symbols form the class {2}. This leads to
the sum of diagonal in » matrix elements

2wV

r

=2)_[fstn

i
qu{n}l)

i Vingng) £ xs(2)n,n|Vingn )]

i<y
x [T 8w (452)
J'#]"#] |
i (S) U ORI

Z |<lyr’{n’}l lIlr{n}l>| =4fs Z 1—[ 8",/'”

rr! J<i"J'EI"#]

2

5 x5 })Re((n/,-
fs '

Here the equality Y, D) D (P; ;) =3, DH(E) =

n|\Vinjng)(n'n'| V|njnj/)*):|.
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where the sign 4+ or — is taken for bosons or fermions,
respectively. Similar expressions have been obtained for the
total energy [8] and arbitrary observables [17]. If {n'} = {n},
the Kronecker symbols are equal to 1 for any j and j and the
sum can be transformed to the form

2oV )

r

Xs({2})
fs

= N(N - l)fS ((V dlr (V>ex> . (45b)

Here and above, the dependence on many-body states is given
by universal functions fs and xs({2}), which are independent
of the matrix elements (n|n,|V|nin,), while the average
matrix elements

2
(V)air = NN D ;(”‘i”HW”J’”]’),

5 (46)
(V)ex = m ;j/(”j’”jwmjnj’)

of the direct and exchange interactions, respectively, are
independent of the many-body states.

Calculating the sum of squared moduli of the matrix
elements (44), one can see that if the sets of spatial quantum
numbers {n} and {n’} are different by two elements, the product
of Kronecker symbols in the product of the matrix elements
does not vanish only if the pair j, j’ is the same in both matrix
elements. Then the sum can be expressed as

,n,,,[u GVIngn ) P+ 1y Vi) |

(47a)

fs was used. Each term in the sum above changes two of the spatial

quantum numbers, conserving other ones. The case of a single changed quantum number will be considered elsewhere.
For transitions conserving the spatial quantum numbers, {rn'} = {n} and the Kronecker symbols in (44) are equal to 1 for any

j and j’. Then

S B V[T = [fsNz(N — DXV £ 2xs(2DNAN — DX (V)air(V Jex

+ Z Z ZD P11]1P]212)< j{”jl’V’”jlnjf)(”jﬁ”jz

NFE #D T

14 ’njznjﬁ>i|

The trace of the Young matrix can be transformed in the following way (since j; # jj and j, # j}):

Y D (PiiPhi) = xsUZD + (85 + 8y +8j0 + 851 xs(3) — xs((2°))]

r

(511]2 8]1’}4

since Pj, 1P, j; € {3} for J1 # 3 P jiPjj; =&, and xs(E) =

/8/

jiin) s = 2xs(13D) + xs((2°D],
fs. Here and in what follows, xs({3}) and xs({2?}) have to

be equated to zero at N < 3 and N < 4, respectively, when the corresponding permutations do not exist. Using the identity
2fs +4(N —2)xs({3}) + (N — 2)(N — Ixs({2*H) = N(N — I)XS({Z})/fS (it can be directly proved with the characters in
Table II), the sum of squared moduli of the matrix elements can be represented as

3 9P = 5500 DHa P 45700 D) + 4 (104
S

2
VI ,)) (47b)

r

053601-8
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with the universal factors

2 xs(3) — xs({2°))

Y(S 0)
v.v1= 7s

4N(N — 1)

Here

(A1V)? Mex | »

N
Z anrnj|V|njnj/)—

J#J

2

(A2V)? = T =D D (nynjlVingng) = (V)e)®  (48)
i<t

measure the average deviation of the exchange matrix ele-
ments.

Thus, sums of matrix elements and their squared moduli are
expressed in terms of universal factors, which are independent
of the spatial orbitals and interaction potentials, and sums of
two-body matrix elements (or their squared moduli), which are
independent of the many-body spins. The universal factors are
expressed in terms of characters of irreducible representations
of the symmetric group. The characters are functions of the
total spin and the number of particles.

V. MULTIPLET ENERGIES FOR WEAKLY INTERACTING
GASES

As an example of applications of the sum rules, consider
splitting of degenerate energy levels due to weak two-body
spin-independent interactions. The Hamiltonian of the system
is a sum of one-body Hamiltonians Hy(j) of noninteracting
particles and two-body interactions (39),

Hou =Y Ho(j)+ V. (49)
j=1

The interactions split energies of the degenerate states (13). In
the zero order of the degenerate perturbation theory [3], the
eigenenergies Eg, (counted from the multiplet-independent
energy of noninteracting particles Z?’:l &y;) are determined
by the secular equation

ZV(S)A(S) EsuAS), (50)

where A% are the expansion coefficients of the wave function
(16) in terms of the wave functions of noninteracting particles
a7,
s s
i = ADw (51)

r{n}S§.
B
and the matrix elements of the spin-independent two-body
interaction (44)
(S) (S
Vrr’ - <\Il

r'{n}§. ’V|lIJr(‘{SZ}SL)
do not couple states with different spins.

Consider at first the case when the matrix elements Vg, =
(n1n2|‘7|n1n2) and Vi = (n1n2|V|n2n1) are independent of
the spatial quantum numbers. E.g., this can take place in the
case of zero-range interactions V(r) = V§(r), if the spatial

. YO VI =2NWNV - 1) (1 -
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(47¢)

2xs({3) — Xs({22})>
s '

(

orbitals have a form of plane waves. In this case, the summation
over R in the matrix element (42) for {n} = {n’} can be
performed using Egs. (6), (7), and the orthogonality relation
(5) in the following way [5]:

Z DEJRPyR™) = 3 Dii(Pu) Z DLJ(R)DL(R)

t,t

N
= 5 xs((2)).
I xs({2h)

Then the matrix elements become diagonal in r,
2
xs({2}) Vex) ’
fs

where the character xs({2}) is given in Table II and the sign +
or — is taken for bosons or fermions, respectively. The secular
equation (50) is then satisfied by the eigenvectors A'S) = §,,,
and eigenvalues Eg, = V%, Then all eigenstates with the
given spin remain degenerate in energy. However, states with
different total spins have different energies.

In the general case, when the matrix elements of V depend
on the spatial quantum numbers, the energies Eg, cannot be
expressed in a simple form. However, using the equivalence
of the sum of matrix eigenvalues to its trace and the sum of
matrix elements (45b), the average multiplet energy can be
expressed as

E_szSn—

=N(N -1 ((V>dir:|:

rr

v =5, NN —1) (vd,r

5 ZV

xs({2h)
Ss

where the average interactions (V)gi; and (V)¢ are defined
by (46). (Here and below, the summation over n means the
summation over states of interacting particles in a given spin
multiplet with a given set {n}.) It is a particular case of
the general expression obtained by Heitler [8]. The average
energies are plotted in Fig. 1.

As the interaction lifts degeneracy of states with different
total spins, transformation of the set of states with defined
total spins to the set of states with given spin projections of
particles becomes impossible. Then the former set remains the
only valid set of eigenstates of interacting particles.

For fermions, the average multiplet energy decreases
with §. The Lieb-Mattis theorem [23] predicts opposite
dependence. However, this theorem is formulated for the
lowest-energy states with given S, which can involve different
sets of {n} and have multiple occupation of spatial orbitals. In
contrast, the average energies (52) are obtained for the fixed
set of {n} and single occupations.

The root-mean-square energy width of the spin-S multiplet
(AEjg) is defined by

1 _ 1 _
(AEg)” = % > (Esy — Eg)* = = S B, - EL

<V>ex> . (52)

053601-9



VLADIMIR A. YUROVSKY

2 T T T T
S
=
/‘/'/

1.5 ¢ - )
\>,< Bose, N=100 ——
Toqt Bose, N=10 —-—- |
= Fermi, N=10
Z. Fermi, N=100 ———-
o
i

0.5 :——7“¥¥“~“‘\ 4

0 ! ! ! ! T~
0 0.1 0.2 0.3 0.4 0.5

FIG. 1. (Color online) Scaled average multiplet energies Eg as
functions of the multiplet spin S for N bosons or fermions. The
energies are calculated with Eq. (52) and scaled characters from
Table I, assuming (V)g; = (V)ex = (V).

Due to orthogonality of the expansion coefficients, the
secular equation (50) can be rewritten in the form Eg,§,, =
> o ALV, Ay, leading to

% Z |ESn8n’n|2 = % Z v

Then Eq. (47b) gives us

(AE)? = YOIV, VA V)2 + V501V, V1(AL V)2, (53)

where the universal factors YI(S’O)[V,V] and YZ(S'O>[\7,‘7]
are expressed in terms of the representation characters by
Eq. (47¢c), and the matrix element deviations (A; V) and (A, V)
are defined by Eq. (48). The multiplet energy widths are
plotted in Fig. 2. If the matrix elements of V are independent
of the spatial quantum numbers, (A;V) = (A,V) =0 and,
therefore, (A Eg) = 0, in agreement with the above-mentioned
degeneracy of states with given § in this case. The energy
width is determined by characters, which were identified
by Dirac [35] as constants of motions, corresponding to

16 T T T T
14 1
12 F — ———. . Y 1
§10 r \\ —
I N=100, (AV)=10(A,V) ——-—- ~.
Z g | N=10. (V)= 10<A1V) N |
s N=100, (A,\)=2 (A,V) ———- N
& N=10, (AV)=2 (A V) —— N
s 6 . .\ 4
T TTeS0N
4 - _ - N v o4
//// \\\
- \
2 b ——=" M
0 L 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5

S/N

FIG. 2. (Color online) Scaled root-mean-square energy widths
of multiplets as functions of the multiplet spin S for N particles,
calculated with Eq. (53).
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permutation symmetry, according to generalized Noether’ s
theorem. Therefore, the energy width can be considered as a
conserved physical observable, related to this symmetry, as
well as the average multiplet energy and correlations [17].

Using characters from Table II, the exact expression can be
approximated at N > 1 by

N2 — 482
~ 2—]\]2\/12,3[21\/(452 —3N)(AV)?

+(BN? —45H)(A, V).

(AEg)?

Consider now external fields described by one-body inter-
actions. Matrix elements of a spin-independent field (26) are
independent of r and spin quantum numbers. Therefore, this
field leads to the same shift for all states, corresponding to the
given set of spatial quantum numbers {n}. In the first order
of the perturbation theory, this shift will be Zj-vzl (nj|lUIn;).
Even a strong spin-independent field leads to the same shift
of all states, as it can be incorporated into the Hamiltonian of
noninteracting particles. Then, the Schrodinger equation (12)
will contain Ho( J) + U(r;). This leads to different one-body
eigenfunctions ¢,(r) and eigenvalues ¢,, but does not change
the form of many-body wave functions.

Spin-dependent  spatially homogeneous interactions
[Egs. (21) and (22) with U = const ] commute with the spatial
Hamiltonian of interacting particles (49). Since the spin
wave functions (14) are eigenfunctions of such interactions,
the eigenfunctions “I’,(issi of I-Alspat will be eigenfunctions of
the Hamiltonian ﬁspat + UO. The energy shift of the states
of noninteracting particles due to the ﬁeld U is equal
to the matrix element (¥ ,{n 5. |U0|\IJr (n}S. Yy =6,S;U. Tt
is determined by Egs. (22), (23), (26), and (28), taking
into account that (n'|U|n) = US,,. The energy shift of
the states of interacting particles (51) will be the same, as
(Wi 1003 = S.U Y, A, Ay = S:U.

The spin-independent inhomogeneous and spin-dependent
homogeneous fields, considered above, are consistent with
the separation (1) of the spin and spatial Hamiltonians. If
the external field depends both on spins and coordinates,
this separation is violated, invalidating the use of collective
spin and spatial wave functions for noninteracting particles.
Nevertheless, these wave functions remain applicable to inter-
acting particles whenever the external field is weak enough,
and the energy shift can be estimated in the first order of
the perturbation theory. The average shift is calculated using
orthogonality of the coefficients A,,, Egs. (23) and (30) in the
following way:

1 .
= L w0 w)
1 . e

= E A An <‘I'£S{)n S, |Uo|\115f2}52)

_ (S S, 1) (S) al

= X5y Z n;|Un;)

N
=szn \U|n;). (54)
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VI. CONCLUSIONS

The symmetric group methods allow us to evaluate the
matrix elements of spin-dependent external fields (21) and
spin-independent two-body interactions (39) in the basis
with collective spin and spatial wave functions (2). These
matrix elements agree to the selection rules [17]. For the
matrix elements of spin-dependent external fields, explicit
dependence on the total spin projection (23) is obtained
using the Wigner-Eckart theorem. Analytical expressions
are derived for sums of these matrix elements (30) and
their squared moduli [Egs. (37) and (38)] over irreducible
representations for both spin-conserving and spin-changing
transitions. Dependence on the many-body states in these sums
is given by the 3 Wigner symbols and the universal factors
Y®, y&b, Yés’o), and YI(S’O). These factors are independent
of details of one-body Hamiltonians and external fields and
are expressed in a rather simple form in terms of the total
spin and number of particles. For spin-independent two-body
interactions, the sums of matrix elements (45) and their
squared moduli (47) depend on the many-body states only
through the representation characters, which were identified
by Dirac [35] as constants of motions, corresponding to
permutation symmetry. The sum rules can be applied to the
evaluation of energy-level shifts (54), splitting of states with
different total spins (52), and spin-multiplet energy widths
(53). Other possible applications of the sum rules include
estimates of the spin-multiplet depletion rates due to spin-
dependent perturbations, as well as the population transfer
rates between spin-multiplets using the spatially homogeneous
spin-changing and spatially inhomogeneous spin-conserving
pulses [17].
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APPENDIX: CALCULATION OF THE SUMS (33)

Using the relations (6) and (7) and substitution R = QP !,
the sum (33) can be represented in the following form:

8.5 _ 0l o
257" =) Do R)Digi)(R) D 83,280, %Py
R P

where A = [N/2+ S,N/2 —S]land M’ = [N/2+ S§',N/2 —
S'1.

For j = j/, there are (N — 1)! permutations P such that
Pj = 1. Then

25 = = DY Dy (R (RS =iy (AD
R

is independent of j.
For j # j’, we have

Z 831,Pj6r,RPj = Z 8 i Z 81,70 Pj
P

1# P

=(N =2 Sl —8.)
1

= (N =2)!(1 =&, =)
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Then

s,8) 2] [A]
T =" Do (RIDGo (RIN = 2)!(1 = 83, 71,)
R
- -, 0w —

fs N—177 " (A2
where the last transformation uses Eqgs. (5) and (A1). The last
expression in (A2) is independent of j and j’ and equivalent
to (36).

The Young orthogonal matrix elements in (A1) have been
calculated by Goddard [36] in the following way. Each
permutation R can be represented as

R = ﬁPi,ii{’P’P”,

k=1

where P’ are permutations of symbols in the first row of the
Young tableau [0] (A first symbols), P” are permutations
of symbols in the second row (A, last symbols), and 73,-;,';
transpose symbols between the rows as i; < A; and i} > Aj.
Then [36]

AN Nex (Al — Tex)!
[A] _ Nex 1 _ Nex | €X 1 ex
D[()][()](R) - (_1) <nex) - (_1) T

Due to the Kronecker symbols in Eq. (A1), the permutations
P’ do not affect A; and i; < A; — 1. Therefore there are
(A1 — 1)! permutations P’, A,! permutations P”, and number
of distinct choices of the sets of i; and i} are given by the

binomial coefficients (A'n; " and (::X), respectively. Then for
S = 8" Eq. (A1) can be transformed as follows:

A2 -2
(.9 _ (n _ M=\ ( M
TV =N =Dy (4 1)!)@( . )( )( )

He=0 Nex/) \Mex
N = DIGaD? & (A — ney)!
— ( )2( 2 ) Z ( 1 nex) ()\] _nex)'
)¥1 ey =0 ()\2 - nex)!

The sum over n¢ can be calculated, leading to (34).
If ' = S — 1 we have

2 A —1
(5-1,8) _ 1 —
v - (Al—l)!kz!< e )

Nex=0

(6 G
% Nex Nex Hex
LN = DI & (g — ney)!
B A Z (A2 _nex)!’

Nex=0

giving (35).
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