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In this work, we calculated the fluorescence and Coster-Kronig yields for the K shell and the L and M
subshells of Ne, Ar, Kr, Xe, Rn, and Uuo (Z = 118), using a Dirac-Fock model which provides a better
description of the electron-electron interaction than previous approaches, and is suitable to handle superheavy
elements. The results are compared with available data from other authors. In what concerns Ne, Ar, Kr, Xe,
and Rn K shells, the obtained results are in very good agreement with the adopted values of Krause [25] and
with experiment when available. For the L subshells, our results are in line with existing ones. For the M
subshells and for all shells of Uuo there are no previous experimental and theoretical results to compare to our
calculations.
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I. INTRODUCTION

The knowledge of accurate values of atomic parameters is
essential in many branches of physics and technology such as
spectroscopy, plasma physics, astrophysics, materials science,
and so on [1]. Among these parameters, fluorescence, Coster-
Kronig, and Auger yields are extremely relevant, because
they are needed for the quantitative analysis of materials, as
well as the determination of quantities such as ionization and
excitation cross sections from the detected spectra.

Atomic parameters have been objects of intense research,
both theoretically and experimentally, since the second half
of the 20th century. A review and compilation of the values
known until then was published in 1972 [2] as well as several
books on the subject [3–5].

From the theoretical point of view, calculation of radiative
and radiationless yields for a one-hole configuration implies
the calculation of transition probabilities from one or several
initial levels to, in general, many final levels, depending on the
number of electrons in partially filled outer shells. In extreme
cases, where the multiplicity of the initial and final states is
large, the number of transition probabilities to be calculated
may approach one million. An example is the case of Fe,
where about 350 000 radiative and radiationless transitions can
contribute just for the calculation of the K-shell fluorescence
yield. In the past, when computation tools were slow and
computer memory was scarce, some authors avoided this issue
by neglecting the interaction of inner holes with electrons in
partially filled outer shells [6].

In the rare gases, having only closed shells except the one
in which the initial hole is created, the number of transitions
to be dealt with is relatively small. Thus the calculation of the
required transition probabilities is faster, allowing for easier
tests of the theoretical models by comparison with experiment.
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The Bambynek et al. [2] compilation includes virtually
all the work published on this subject up to 1972. In
what concerns theoretical calculations, it lists the results of
McGuire [7], using nonrelativistic Hartree-Fock-Slater (HFS)
wave functions, Kostroun et al. [8], which made use of
Slater-screened bound-state hydrogenic wave functions, and
Walters et al. [9], also using HFS wave functions. The Slater
approach to the Hartree-Fock method makes use of an average
potential for the exchange contribution of the electron-electron
interaction, to simplify the calculation.

Total and partial atomic-level widths for the K up to the N
shells covering values of Z up to 120 for K and L shells were
presented in graphic form by Keski-Rahkonen and Krause
[10] (1974). For the K-shell radiative widths, the published
values were based on relativistic Dirac-Hartree-Slater (DHS)
calculations [11,12], and Auger widths were taken from
[7,8,13,14]. For the L shell, the values are from [15–19]. The
widths and yields calculations for M subshells were taken from
[17,20–24]. The DHS approach is the relativistic version of the
HFS method.

In 1979, Krause [25] published extensive calculations of
atomic radiative and radiationless yields for the K shell and
the L subshells for elements with Z up to 110, from the existing
information on fluorescence, Auger, and Coster-Kronig yields,
radiative and radiationless transition rates, level widths, x-ray
and Auger linewidths, x-ray and Auger spectra, and Coster-
Kronig energies. The theoretical values used in that work for
the radiative transition rates were from the relativistic Hartree-
Fock calculations by Scofield [26,27], Anholt et al. [28], and
the DHS values of Scofield [11]. Theoretical radiationless
transition probabilities were taken from the works of McGuire
[7], Kostroun et al. [8], Bhalla et al. [13], and Bhalla et al.
[14].

Puri et al. [29] calculated L-subshell fluorescence yields
and Coster-Kronig transition probabilities using radiative and
nonradiative transition rates based also on the DHS model for
all the elements in the atomic number range 25 < Z < 96.
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Hubbel and co-workers published in 1994 [30] a review
including bibliography, and tabulation of K-, L-, and higher
atomic shell x-ray fluorescence yields, covering most of the
existing experimental results relative to the period 1978–1993.
In this work, reference is made to the calculations by Chen et al.
[18], Crasemann et al. [15], Chen et al. [31], and Puri et al.
[29], which used a DHS approach.

In 2001, Campbell and Papp [32] published a compilation
of widths of the atomic K-N7 levels, including experimental
measurements and theoretical widths derived from the Eval-
uated Atomic Data Library (EADL) of Lawrence Livermore
National Laboratory. The EADL values were based upon DHS
calculations [11,33–37], Dirac-Fock calculations [26], and, in
a small number of cases, on many-body theory predictions
[38–40].

Later on, Campbell [41] presented a compilation of fluores-
cence yields and Coster-Kronig probabilities for the atomic L
subshells, obtained from experimental measurements, includ-
ing recommended values for these quantities. The values are
still compared with the DHS theoretical calculations of Chen
et al. [35], and Scofield [11]. These rather old calculations are
still used widely for comparison with experiment, as can be
found in the very recent work of Llovet et al. [42].

In this work, we used the relativistic general purpose
multiconfiguration Dirac-Fock (MCDF) computer code mcd-
fgme of Desclaux and Indelicato [43,44] to calculate the
fluorescence, and Coster-Kronig yields for the K shell, and
L, and M subshells of Ne, Ar, Kr, Xe, Rn, and Uuo. The
Auger yields for the same shells and subshells are obtained
by subtracting, in each case, the sum of these yields from
unity. The MCDF allows for a better description of the
electron-electron interaction when compared with previous
HFS and DHS calculations. In the present calculation, that
interaction is described by the Coulomb-Breit operator, which
includes magnetic and retardation terms. The mcdfgme code
can work with superheavy elements [45], allowing for the
extension of our calculation to the Uuo case.

The mcdfgme code was used by Santos et al. [46,47]
to compute relativistic L1 atomic subshell decay rates and
fluorescence yield for Yb and Hg. Casteleiro et al. [48] used
the same code to obtain relativistic K-shell decay rates and
fluorescence yields for Zn, Cd, and Hg. More recently, M-shell
decay rates and yields for the same elements were calculated
by Sampaio et al. [49,50]. K-shell decay rates and fluorescence
yields of Ge were also calculated by Sampaio et al. [1].

II. FLUORESCENCE AND COSTER-KRONIG YIELDS

When an atom is ionized through the creation of a hole
in an inner shell, it becomes highly unstable and may decay
to a lower-energy state through a radiative or a radiationless
transition. In the first case, energy is carried away through the
emission of a photon and, in the latter case, the atom becomes
doubly ionized due to the emission of a secondary electron.
Fluorescence, Coster-Kronig, and Auger yields, which give
the relative probabilities of decay of the ionized atom through
radiative, in the first case, or radiationless, in the latter two
cases, respectively, are defined below.

As pointed out by the authors in Ref. [49], the definitions of
fluorescence, Auger, and CK yields require great precaution

because quite often authors use slightly different definitions
that create difficult comparisons between theoretical and
experimental results. We refer the reader to that article for
the definitions used in the present work and the more complete
description of the calculation methods.

A. Definitions

The fluorescence yield of an atomic subshell is defined as

ωi = �R
i

�i

= �R
i

�R
i + �NR

i

, (1)

where �R
i and �NR

i are, respectively, the radiative and the
radiationless widths of a one-hole state in subshell i, and �i is
the corresponding total width.

The radiative width of a subshell i is obtained by summing
the partial widths, �R

ij , of a hole in this subshell decaying to
higher subshells j > i,

�R
i =

∑
j (>i)

�R
ij . (2)

In the same way, the radiationless width of a subshell i is
obtained by summing the partial widths, �NR

ij , of a hole in
this subshell being filled with an electron from a subshell j of
the same (Coster-Kronig transitions) or a higher shell (Auger
transitions),

�NR
i =

∑
j (>i)

�NR
ij . (3)

Here,

�NR
ij =

∑
k(�j )

�NR
ij ;k, (4)

where �R
ij ;k is the radiationless probability of a hole created in

the subshell i being filled with an electron from a subshell j of
a higher shell, and simultaneously a second hole being created
in another subshell k > i of the same or a higher shell, with
the emission of an electron to the continuum.

Similar to the fluorescence yield, Coster-Kronig and Auger
yields are defined, respectively, as the probability that a
vacancy in a subshell is filled through a transition of an electron
from the same shell together with the ejection of a second
electron from a higher shell, and as the probability that a
vacancy in a subshell is filled through a transition of an electron
from a higher shell together with the ejection of a second
electron also from a higher shell. Thus the Coster-Kronig yield
for subshell Xi in a shell X is the probability that a vacancy in
this subshell is filled by an electron making a transition from a
higher subshell Xj in the same shell, while the ejected electron
may come from the same or a higher shell [2],

fXij
= �NR

ij

�R
i + �R

i

. (5)

Here i assumes values from 1 to n − 1, and j assumes values
from 2 to n, where n is the number of subshells, and i < j .

B. Relativistic calculations

Radiative transitions are calculated, in a single-
configuration approach, using the multipole expansion of the

052507-2



DIRAC-FOCK CALCULATIONS OF K-, L-, AND . . . PHYSICAL REVIEW A 91, 052507 (2015)

matrix element between one-hole initial and final states and
the emission of a photon with energy Ei − Ef , where Ei and
Ef are the energies of the initial and final states, respectively,

�R
if = 4π

�

∑
MiMf

∣∣∣∣∣
∑
JM

〈Jf Mf |T �
JM |JiMi〉

∣∣∣∣∣
2

. (6)

The multipole operators T �
JM are irreducible tensors of rank

J and parity � and are divided into two types—electric and
magnetic operators. The explicit form of the tensor operators
can be found, for example, in [51]. Radiative transition rates
were calculated making use of wave functions obtained in
a complete self-consistent process including relaxation. We
used the so-called optimized levels (OL) to obtain the wave
functions and energies of all levels involved. Löwdin’s method
[52] was employed to account for the nonorthogonality of the
initial and final fully relaxed wave functions.

Nuclear size effects were taken into account by using a
uniformly charged sphere model for Ne, Ar, and Kr, and
the Fermi model for Xe, Rn, and Uuo, instead of a point
nucleus. For the atomic masses and the nuclear radii values
were taken from the tables by Audi et al. [53], and Angeli [54],
respectively. Initial- and final-state wave functions were cal-
culated taking into account quantum electrodynamics (QED)
radiative corrections, namely the self-energy and vacuum
polarization. The one-electron self-energy was evaluated using
the one-electron values of Mohr and co-workers [55–58] and
corrected for finite nuclear size [58]. The self-energy screening
and vacuum polarization were included using the methods
developed by Indelicato and co-workers [44,59–61].

In what concerns the radiationless transitions, we do not
account for the interaction between the electron ejected in the
process of creation of the initial hole and the Auger electron,
and we will assume that the creation of the inner-shell hole
is independent of the decay process. These transitions are
treated in the calculations as transitions between an initial
state, defined as a hole in a subshell and a second hole in the
continuum, and a final state, defined as two holes in subshells
and an electron in the continuum. The total radiationless
probability transition per unit time between two states i and f

can be written as [2]

�NR
if = 2π

�

∑
MiMf

|D(JiMi → Jf Mf )

−E(JiMi → Jf Mf )|2ρ(Ef ), (7)

where D and E are the direct and exchange matrix elements,
respectively,

D(JiMi → Jf Mf )

= 〈
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,

(8)
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= 〈
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∣∣V12

∣∣laj (2)lbj (1); JiMi

〉
,

and ρ(Ef ) is the density of the final states for an electron in
the continuum with energy Ef .

The two-electron operator V12 is the Coulomb-Breit opera-
tor, including the magnetic and retardation terms,

V12 = e

r12
+ e

2r12

[
α1 · α2 + (α1 · r12)(α2 · r12)

r2
12

]
, (9)

where α1,2 are the Dirac matrices, and r12 = |r1 − r2| is the
distance between the positions of the electrons.

The Dirac-Fock equations were solved with the same
atomic potential as that of the initial state to obtain the
continuum wave functions, normalized to represent one ejected
electron per unit energy. No orbital relaxation was allowed
between the initial and final bound-state wave functions during
the calculation of the radiationless transitions in order to ensure
orthogonality. However, these rates were calculated using the
correct transition energies obtained in previous independent
calculations of initial- and final-state wave functions and
eigenvalues.

The accuracy of transition energies calculated with the
method used in this work was investigated by Indelicato
and co-workers [62] who found a very good agreement with
experiments. This was confirmed by Deslattes et al. [63].
For example, calculations of K- and L-shell transitions in
Xe showed an agreement less than 0.1 eV with experiment
[64]. The latter work demonstrated also the importance of
treating the core-core effects relativistically. Especially when
both intermediate-core holes lie above the initial hole, the
result is sensitive to small changes in the orbital energy.

Uncertainties in the calculations of transition rates depend
on the atomic number and on the shell considered. As a general
rule uncertainties increase for low Z atoms and for higher
shells. We estimated the uncertainty in the radiative transition
rates from the relative difference between the values obtained
in the length and velocity gauges. These are of the order of
∼1% for the dominant K-shell transitions, ∼4% for the L-shell
transitions, and ∼15% for the M-shell transitions. Assuming

TABLE I. Radiative transition probabilities (in a.u.) for a system with an initial hole in K, L, and M subshells.

Ne Ar Kr Xe Rn Uuo

K 1.72 × 10−04 3.02 × 10−03 6.54 × 10−02 3.74 × 10−01 2.58 × 10+00 8.82 × 10+00

L1 4.88 × 10−07 1.31 × 10−05 6.85 × 10−04 6.30 × 10−03 6.42 × 10−02 3.81 × 10−01

L2 9.16 × 10−20 6.11 × 10−07 5.13 × 10−04 5.35 × 10−03 5.73 × 10−02 2.79 × 10−01

L3 1.24 × 10−06 1.01 × 10−03 1.01 × 10−02 9.82 × 10−02 4.27 × 10−01

M1 3.44 × 10−07 8.17 × 10−06 1.72 × 10−04 2.76 × 10−03 2.63 × 10−02

M2 1.28 × 10−18 1.21 × 10−05 1.75 × 10−04 3.17 × 10−03 2.29 × 10−02

M3 1.09 × 10−05 1.73 × 10−04 3.44 × 10−03 2.36 × 10−02

M4 2.80 × 10−07 1.21 × 10−05 4.40 × 10−03 3.39 × 10−02

M5 2.66 × 10−07 1.05 × 10−05 4.12 × 10−03 2.99 × 10−02
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TABLE II. Radiationless transition probabilities (in a.u.) for a system with an initial hole in K, L, and M subshells.

Ne Ar Kr Xe Rn Uuo

K 1.07 × 10−02 2.27 × 10−02 3.53 × 10−02 4.63 × 10−02 7.88 × 10−02 2.44 × 10−01

L1 1.13 × 10−01 2.22 × 10−01 1.17 × 10−01 4.75 × 10−01 5.00 × 10−01

L2 3.19 × 10−03 2.23 × 10−02 5.01 × 10−02 6.94 × 10−02 1.28 × 10−01

L3 6.73 × 10−03 4.75 × 10−02 9.94 × 10−02 1.58 × 10−01 2.38 × 10−01

M1 1.81 × 10−01 4.74 × 10−01 6.58 × 10−01 7.50 × 10−01

M2 9.92 × 10−02 1.85 × 10−01 4.78 × 10−01 6.09 × 10−01

M3 9.69 × 10−02 1.98 × 10−01 3.68 × 10−01 4.33 × 10−01

M4 2.73 × 10−03 2.46 × 10−02 1.11 × 10−01 2.42 × 10−01

M5 2.68 × 10−03 2.16 × 10−02 1.17 × 10−01 2.43 × 10−01

that radiationless transitions have uncertainties of the same
order, the resulting fluorescence yields for the K, L, and M shell
are affected by uncertainties up to ∼2%, ∼6%, and ∼20%,
respectively.

III. RESULTS AND DISCUSSION

Using the method outlined in Sec. II B, we calculated all
possible radiative and radiationless transitions corresponding
to the deexcitation of the atoms with an initial hole in K, L,
and M shells.

TABLE III. Fluorescence yields for Ne, Ar, Kr, Xe, Rn, and Uuo calculated in this work (TW) compared with literature. Experimental
values are indicated with error bars (in parentheses).

Ref. ωK ωL1 ωL2 ωL3 ωM1 ωM2 ωM3 ωM4 ωM5

Ne
TW 1.59 × 10−02 1.00 × 10+00 1.00 × 10+00

[8] 2.04 × 10−02

[9] 1.64 × 10−02

[25] 1.60 × 10−02

[66] 1.8(2) × 10−02

[67] 1.55(22) × 10−02

Ar
TW 1.17 × 10−01 1.16 × 10−04 1.92 × 10−04 1.84 × 10−04 1.00 × 10+00 1.00 × 10+00

[8] 1.11 × 10−01

[9] 1.22 × 10−01

[67] 1.22(21) × 10−01

[25] 1.18 × 10−01 1.80 × 10−04 2.20 × 10−04 2.20 × 10−04

[35] 1.08 × 10−04 1.82 × 10−04

Kr
TW 6.49 × 10−01 3.08 × 10−03 2.25 × 10−02 2.08 × 10−02 4.51 × 10−05 1.22 × 10−04 1.12 × 10−04 1.03 × 10−04 9.96 × 10−05

[8] 6.55 × 10−01

[9] 6.75 × 10−01

[25] 6.43 × 10−01 4.10 × 10−03 2.00 × 10−02 2.20 × 10−02

[20,21] 4.95 × 10−05 6.00 × 10−05 6.00 × 10−05 1.49 × 10−04

[35] 2.21 × 10−03 2.11 × 10−02 2.16 × 10−02

[68] 6.55(30) × 10−01

Xe
TW 8.90 × 10−01 5.10 × 10−02 9.64 × 10−02 9.22 × 10−02 3.63 × 10−04 9.48 × 10−04 8.73 × 10−04 4.94 × 10−04 4.86 × 10−04

[8] 9.04 × 10−01

[9] 9.18 × 10−01

[20,21] 4.70 × 10−04 9.04 × 10−04 6.80 × 10−04 4.40 × 10−04

[69] 8.89(10) × 10−01

[34] 8.87 × 10−01

[35] 4.75 × 10−02 9.30 × 10−02 9.42 × 10−02

[25] 8.91 × 10−01 4.60 × 10−02 8.30 × 10−02 8.50 × 10−02

Rn
TW 9.70 × 10−01 1.19 × 10−01 4.52 × 10−01 3.84 × 10−01 4.18 × 10−03 6.58 × 10−03 9.26 × 10−03 3.82 × 10−02 3.40 × 10−02

[20,21] 3.95 × 10−03 9.75 × 10−03 6.30 × 10−03 3.55 × 10−02 3.62 × 10−02

[25] 9.69 × 10−01 1.34 × 10−01 4.29 × 10−01 4.11 × 10−01

Uuo
TW 9.73 × 10−01 4.33 × 10−01 6.86 × 10−01 6.42 × 10−01 3.39 × 10−02 3.63 × 10−02 5.17 × 10−02 1.23 × 10−01 1.10 × 10−01
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For the radiative transitions the results are shown in Table I.
The first column of this table indicates the subshell where
the initial hole is located. This table lists the total decay
rates, which is a sum over all possible radiative deexcitation
mechanisms. Transition probabilities were calculated using
the multipole expansion, as mentioned above, and include all
electric and magnetic transitions of any order allowed by the
selection rules.

The total radiationless rate for a system with an initial K-,
L-, or M-shell hole is the weighted sum over all subsequent
allowed radiationless transitions. The results of these rates for
Ne, Ar, Kr, Xe, Rn, and Uuo are listed in Table II.

The fluorescence yields ωi for the considered elements,
obtained according to the definitions given in Sec. II, are
summarized in Table III and compared with selected results
from other authors. In what concerns ωK , we note that the
present results agree within 1% with the recommended values
of Krause [25] for all elements considered in this work.
Furthermore, the values are within the error bars of the most
reliable experimental values. For the L subshells, available data
are more scarce than for the K shell. Our values are close to the
ones from Krause [25] and Chen et al. [35] for the L2 and L3
subshells in all three elements, the relative differences being
less than 15%. In what concerns the L1 subshell, our values lie
between the values of these authors for Ar and Kr and slightly
above both of them for Xe. We did not find any experimental
values for these quantities in the literature. For the M subshells,
the only results available are the nonrelativistic calculations
published in 1971 by McGuire [20,21]. Our values are higher
than the ones of McGuire except for the M1 subshell in Kr and
Xe, and for the M4 subshell in Kr. McGuire does not present
results for the M5 subshell for these elements.

Coster-Kronig yields of Ar, Kr, and Xe and Rn, computed
in this work for the L and M subshells, are listed in Table IV
and are compared in Table V with selected values from other
authors for the L subshells. No values exist, to our knowledge,
for the M subshells. In what concerns the L subshells, our
values are very close to the calculated ones from other authors
(a relative difference less than 20%, with the exception of
the fL23 value for Kr and the fL12 value for Rn) and to the
experimental result of Jitschin et al. [65], the relative difference
being less than 25%. For Uuo there are no experimental or

TABLE V. Coster-Kronig yields for the L shell of Ar, Kr, Xe,
and Rn calculated in this work (TW) compared with literature.
Experimental values are indicated with error bars (in parentheses).

Ref fL12 fL13 fL23

Ar
TW 4.73 × 10−01 4.83 × 10−01

[35] 3.27 × 10−01 6.28 × 10−01

Kr
TW 2.44 × 10−01 6.13 × 10−01 6.71 × 10−03

[41] 1.98 × 10−01 7.04 × 10−01 9.50 × 10−02

[25] 2.70 × 10−01 5.20 × 10−01 1.00 × 10−01

[35] 1.98 × 10−01 7.04 × 10−01 9.50 × 10−02

Xe
TW 1.69 × 10−01 3.04 × 10−01 1.23 × 10−01

[25] 1.90 × 10−01 2.80 × 10−01 1.54 × 10−01

[35] 1.96 × 10−01 3.28 × 10−01 1.74 × 10−01

[69] 5(3) × 10−02 8.9(8) × 10−02 1.00(3) × 10−01

[65] 1.2(3) × 10−01 2.3(4) × 10−01 1.4(2) × 10−01

Rn
TW 5.11 × 10−02 6.76 × 10−01 1.06 × 10−01

[25] 1.00 × 10−01 5.90 × 10−01 1.10 × 10−01

theoretical data available with which to compare our results
but we note that our yields are consistent with the values
obtained for the natural rare gases.

IV. CONCLUSIONS

Fluorescence and Coster-Kronig yields for the K shell and
the L and M subshells of Ne, Ar, Kr, Xe, Rn, and Uuo
were computed in this work, in single configuration mode,
using the multiconfiguration Dirac-Fock code of Desclaux
and Indelicato. The results for the K shell are in very good
agreement with the adopted values of Krause [25] and with
experiment. For the L shells, our results are close to the existing
ones from other authors. For the M subshells and for all shells in
Uuo there are no previous experimental and theoretical values
to compare to our results.

TABLE IV. Coster-Kronig yields for Ar, Kr, Xe, Rn, and Uuo.

Ar Kr Xe Rn Uuo

fL12 4.73 × 10−01 2.44 × 10−01 1.69 × 10−01 5.11 × 10−02 9.94 × 10−03

fL13 4.83 × 10−01 6.13 × 10−01 3.04 × 10−01 6.76 × 10−01 4.31 × 10−01

fL23 6.71 × 10−03 1.23 × 10−01 1.06 × 10−01 1.60 × 10−01

fM12 2.29 × 10−01 3.24 × 10−01 8.31 × 10−02 4.74 × 10−02

fM13 4.94 × 10−01 4.59 × 10−01 6.01 × 10−01 5.65 × 10−01

fM14 1.52 × 10−01 7.89 × 10−02 9.56 × 10−02 1.09 × 10−01

fM15 1.11 × 10−01 9.79 × 10−02 1.31 × 10−01 1.30 × 10−01

fM23 3.35 × 10−03 8.70 × 10−02 9.09 × 10−02

fM24 9.09 × 10−01 5.52 × 10−01 6.78 × 10−01 6.16 × 10−01

fM25 6.40 × 10−02 3.31 × 10−01 1.02 × 10−01 1.14 × 10−01

fM34 4.70 × 10−01 1.52 × 10−01 6.67 × 10−02 2.83 × 10−02

fM35 5.00 × 10−01 7.36 × 10−01 7.03 × 10−01 5.45 × 10−01

fM45 1.18 × 10−02 4.39 × 10−02
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