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We address a broad class of optimization problems of finding quantum measurements, which includes the
problems of finding an optimal measurement in the Bayes criterion and a measurement maximizing the average
correct probability with a fixed rate of inconclusive results. Our approach can deal with any problem in which
each of the objective and constraint functions is formulated by the sum of the traces of the multiplication of a
Hermitian operator and a detection operator. We first derive dual problems and necessary and sufficient conditions
for an optimal measurement. We also consider the minimax version of these problems and provide necessary and
sufficient conditions for a minimax solution. Finally, for optimization problem having a certain symmetry, there
exists an optimal solution with the same symmetry. Examples are shown to illustrate how our results can be used.
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I. INTRODUCTION

Discrimination between quantum states is a fundamental
topic in quantum information theory. Research in quantum
state discrimination was pioneered by Helstrom, Holevo, and
Yuen et al. [1-3] in the 1970s and has attracted intensive
attention. It is well known in quantum mechanics that
nonorthogonal states cannot be discriminated with certainty.
Thus, optimal measurement strategies have been proposed
under various criteria. Among them, one of the most widely
investigated is the Bayes criterion, or the criterion of mini-
mum average error probability [1-3]. In the Bayes criterion,
necessary and sufficient conditions for obtaining an optimal
measurement have been formulated [1-4], and closed-form
analytical expressions for optimal measurements have also
been derived in some cases (see, e.g., [5-9]). This criterion is
based on the assumption that prior probabilities of the states are
known. In contrast, if these prior probabilities are unknown,
then minimax criteria are often used [10,11]. Necessary and
sufficient conditions for a measurement minimizing the worst
case of the average error probability in the minimax strategy
have been found [10]. This result has also been extended to
the average Bayes cost [12].

Other types of optimal measurements have been investi-
gated. In the case in which prior probabilities of the states are
known, an example concerns a measurement that achieves
low average error probability at the expense of allowing
for a certain fraction of inconclusive results [13-15]. In
particular, an unambiguous (or error-free) measurement that
maximizes the correct probability, which is called an optimal
unambiguous measurement, has been well studied [13-15]. A
measurement that maximizes the average correct probability
with a fixed average inconclusive (or failure) probability,
which is called an optimal inconclusive measurement, has
also been studied [16-18]. Moreover, a measurement that
maximizes the average correct probability where a certain fixed
average error probability is allowed, which we call an optimal
error margin measurement, has also been investigated [19-21].
On the other hand, in the case in which prior probabilities are
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unknown, several types of measurements based on the mini-
max strategy have been proposed, such as a measurement that
minimizes the maximum probability of detection errors [22]
and a measurement with a certain fraction of inconclusive
results [23]. Properties of optimal measurements in the above
criteria, such as necessary and sufficient conditions for optimal
solutions, have been derived for each criterion.

In this paper, we investigate optimization problems of
finding optimal quantum measurements and their minimax
versions that are applicable to a wide range of quantum
state discrimination problems. Our approach can deal with
any problem in which each of the objective and constraint
functions is formulated by the sum of the traces of the
multiplication of a Hermitian operator and a detection operator,
which implies that any problems related to finding any of the
optimal measurements described above can be formulated as
our problems. Thus, we can say that our approach can provide
a unified treatment in a large class of problems. The results
obtained in this paper would be valuable from the practical
point of view; for example, they not only provide a broader
perspective than the results for a particular problem, but also
can apply to many problems that have not been reported
previously, some examples of which are presented in this
paper. To obtain knowledge about an optimal measurement
in a new criterion has the potential to create a new application
of quantum state discrimination.

In Sec. II, we provide a generalized optimization problem
in which each of the objective and constraint functions is
formulated by the sum of the traces of the multiplication of a
Hermitian operator and a detection operator. We derive its dual
problem and necessary and sufficient conditions for an optimal
measurement. In Sec. III, we discuss the minimax version of
our generalized problem and provide necessary and sufficient
conditions for a minimax solution. In Sec. IV, we demonstrate
that if a given problem has a certain symmetry, then there
exists an optimal solution with the same symmetry. Finally,
we present some examples to illustrate the applicability of our
results in Sec. V.
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II. GENERALIZED OPTIMAL MEASUREMENT
A. Formulation

We consider a quantum measurement on a Hilbert space H.
Such a quantum measurement can be modeled by a positive
operator-valued measure (POVM) I1 = {I1,, : m € Ty} on
‘H, where M is the number of the detection operators and
I ={0,1, ...,k — 1}. Anexample of a quantum measurement
is an optimal measurement for distinguishing R quantum states
represented by density operators g, (r € Zg). The density oper-
ator o, satisfies g, > 0 and has unit trace, i.e., Trp, = 1, where
A > 0 denotes that A are positive semidefinite (similarly,
A > B denotes A — B > 0). A minimum error measurement
is such an optimal measurement, which can be expressed
by a POVM with M = R detection operators. A quantum
measurement that may return an inconclusive answer can be
expressed by a POVM with M = R + 1 detection operators;
in this case the detection operator I1, (r € Zg) corresponds
to identification of the state p,, while Iz corresponds to the
inconclusive answer.

Let M be the entire set of POVMs on H that consist of M
detection operators. IT € M satisfies

[, >0, Vm eIy,
—1

1, =1, (1)
0

S

m

where 1 is the identity operator on 7. In addition, let S and S,
be the entire sets of Hermitian operators on 7 and semidefinite
positive operators on H, respectively. Let R and R be the
entire sets of real numbers and non-negative real numbers,
respectively, and RY be the entire set of collections of N
nonnegative real numbers.

Here we consider a generalized optimization problem.
The conditional probability that the measurement outcome
is m when a quantum state p is given is represented by
Tr(p11,,), and thus there exist many optimization problems
of finding optimal quantum measurements such that each of
the objective and constraint functions is expressed by a linear
combination of forms Tr(p, I1,,). For this reason, we consider
an optimization problem,

M—1
maximize f(I1) = Z Tr(é,,11,,)
m=0
subject to T € M°, 2

where ¢, € S holds for any m € Z);. (Note that any linear
combination of positive semidefinite operators is a Hermitian
operator.) M° is expressed by

M—1
M =Tl eM: ) Tr@mlly) <b;¥jeI;t. (3)

m=0

where d;,, € Sand b; € R hold forany m € Zy; and j € Z;.
J is anon-negative integer. We should mention that an equality
constraint [e.g., Tr(d; o flg) =b ;1 can be replaced by two in-
equality constraints [e.g.,Tr(&j,Oro) < bjand Tr(—&j’()ﬁ()) <
—b;]. We call an optimal solution to problem (2) a generalized
optimal measurement or simply an optimal measurement.
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Problem (2) is said to be a primal problem. Since f(IT)is linear
in IT and M° is convex, problem (2) is a convex optimization
problem. Note that since the constraint of I[1 € M, i.e., Eq. (1),
can be rewritten as Tr(511,,) > 0and 3"~ Tr(p11,,) = 1 for
any density operator p, we can say that each of the objective
and constraint functions is formulated by the sum of the traces
of the multiplication of a Hermitian operator and a detection

operator.

B. Examples

We give some examples of optimization problems of finding
quantum measurements that can be formulated as problem (2).
Let us consider discrimination between R quantum states {5, :
r € Ig} with prior probabilities {&, : r € Zg}.

1. Optimal measurement in the Bayes criterion

The optimization problem of finding an optimal measure-
ment in the Bayes criterion is formulated as [1-3]

R—1
minimize E Tr(W,,I1,,)
m=0

subject to IT € M. 4)

W, € Sy (m € Zg) can be expressed by

R-1
Wm - ZSer,rﬁr» (5)
r=0

where B,,, € R4 holds for any m,r € Zg. This problem can
be written as the form of problem (2) with

M=R, J=0, &,=—W,. (6)

2. Optimal error margin measurement

An optimal error margin measurement is a measurement
maximizing the average correct probability under the con-
straint that the average error probability is not greater than
a given value ¢, with 0 < e < 1 [19-21]. In particular, if
& = 0, then an optimal error margin measurement is equivalent
to an optimal unambiguous measurement. The optimization
problem of finding an optimal error margin measurement is
formulated as

R—1
maximize ZS,TI(,@, f[,)
r=0
R-1
subjectto IT € M, Zé,Tr[,ér(fI, + f[R)] >1—-g ()
r=0

where we consider that the statement that the average error
probability is not greater than ¢ is equivalent to the statement
that the sum of the average correct and inconclusive probabil-
ities is not less than 1 — ¢. This problem can be written as the
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form of problem (2), with

M=R+1,
J =1,
EnpPm, m <R,
Cm = 3
0, m = R,
_émp\ms m < Rv
aO,m = N
-G, m =R,
b() =& — 1,
where
R—1
G=> ¢&p. 9)
r=0

Note that an optimal error margin measurement has strong re-
lationship with an optimal inconclusive measurement [24,25].
However, if one wants to obtain an optimal error margin
measurement for a given ¢, then one needs to solve problem (7)
instead of the problem of finding an optimal inconclusive
measurement. Also note that in the case of ¢ =0 (ie.,
an optimal unambiguous measurement), one can use the
fact that any optimal measurement {ﬁ:n :m € Ipy} satisfies
ﬁ,fl;n = 0 for any r # m € I, although we do not use it in
this paper. Several techniques based on this fact have been
developed, and in recent years important progress has been
made [26-30].

3. Optimal inconclusive measurement with a lower bound
on correct probabilities

Another example is an extension of the problem of
finding an optimal inconclusive measurement. An optimal
inconclusive measurement is a measurement maximizing the
average correct probability under the constraint that the
average inconclusive probability equals a given value p with
0 < p < 1[16-18]. Here we add the constraint that for each
r € Iy the correct probability of the state p,, i.e., Tr([),f[,),
is not less than a given value g with 0 < g < 1. Wheng =0,
an optimal solution is an optimal inconclusive measurement.
This problem is formulated as

R-1

maximize Z & Tr(p, f[,)
r=0

subject to IT € M, Tr(p,I1,) > g, Vr e Ig,

Tr(GfIR) = p, (10)

where G is defined by Eq. (9). Since the optimal value of

problem (10) is monotonically decreasing with respect to p, we

obtain the same solution if the last constraint of problem (10) is

replaced with Tr(GI1g) > p. Thus, this problem is equivalent
to problem (2) with

M=J=R+1,
é’n Iam )
0, m = R,

m < R,
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R _8m,jﬁm’ ] < Ra
Ajm = N .
_(Sm,RGy J = R’
—q, Jj <R,
-, J=R,

where & i is the Kronecker 8. Note thatif ¢ > ¢’ holds, where
q' is the average correct probability of an optimal inconclusive
measurement with the average inconclusive probability of p,
then this problem is infeasible; i.e., M° is empty. We discuss
this problem in detail in Sec. V A.

C. Dual problem

In this section, we show the dual problem of problem (2).
We also show that the optimal values of primal problem (2)
and the dual problem are the same.

Theorem 1. Let us consider problem (2). We also consider
an optimization problem,

J—1
minimize s(X,A) = TrX + ijbj
j=0
subjectto X > 2,(A), Vm € Iy, (12)

with variables X € S and A = (AjeRy:jel;) e ’Ri,
where

J—1
(M) = Cn — Y Ajljm. (13)
j=0

If M° is not empty, then the optimal values of problems (2)
and (12) are the same.

Problem (12) is called the dual problem of problem (2).
Note that, in general, X satisfying the constraints of prob-
lem (12) is not in S, ; however, it is obvious that if m € 7y,
exists such that Z,, € S, then X e S holds.

Proof. Let us define the function L as

L(IT,0,X,)\)

M-1 M—1
= f(D)+ Y Tr(6,[1,) + Tr |:X (i -> ﬁmﬂ

m=0 m=0
J-1 M—1
+Y [b,- - ZTr(a,,mﬁm)], (14)
j=0 m=0

where 0 = {6,, € Sy :m € Iy}, X € S, and 1 € R/. Note
that L is called the Lagrangian for problem (2). Substituting
Egs. (2), (12), and (13) into Eq. (14) gives

M—-1
L(M,0,%,0) = s(X,0) + Y Tr{[6 + £n(h) — X111,,}.
m=0

15)
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Let us consider an optimization problem,

minimize s, (o, X, 1)
subjectto &, € S,V m € Iy,
A (16)
Xes,
reRL
where
s5(0,X,2) = max L(I1,0,X,A) (17)
MesSY

and S¥ = (I, €Sy :meIy}) Let X ={X:X>6,+
Zm(XM),Y m € Ty}, The second term of the right-hand side of
Eq. (15) is nonpositive if X € X and can be infinite if X ¢ X'
Therefore, from Eq. (17), s, (o, X ,A) can be expressed as

. s(Xn), Xea,
Sg(G,X,)\) = (18)

00, otherwise.

From Eq. (18), it follows that there exists an optimal
solution to problem (16) such that &,, = 0 holds for any m €
Ty Indeed, if (cr,f( ,A) is an optimal solution to problem (16)
[in this case, X € X holds from Eq. (18)],then ({6, =0:m €
T M},f( ,A) is also an optimal solution. Hence, problem (16) can
be rewritten by problem (12).

Slater’s condition is known to a sufficient condition under
which, if the primal problem is convex, the optimal values of
the primal and dual problems are the same [31]. Since each
constraint of primal problem (2), including the constraint of
IT € M, is expressed as a form of u;(IT) < 0, where u; is
an affine function of I, from Ref. [32], (the refined form of)
Slater’s condition is that the primal problem is feasible; i.e.,
M is not empty. Thus, since Slater’s condition holds, the
optimal values of problems (2) and (12) are the same. |

It is worth noting that some attempts have been made to
obtain the maximum average correct probability without using
the fact that POVMs describe quantum measurements [33-35].
In Ref. [33], the dual problem to the problem of finding
a minimum error measurement was derived from general
probabilistic theories. In Refs. [34,35], the dual problem was
derived from “ensemble steering,” which determines what
states one party can prepare on the other party’s system by
sharing a bipartite state. In the same way, we can derive
dual problem (12) without using POVMs (see the Appendix ).
However, it might not be easy to prove that the optimal value
of problem (12) is attained by using these approaches.

D. Conditions for an optimal measurement

Necessary and sufficient conditions for an optimal mea-
surement in several problems (such as a minimum error
measurement and an optimal inconclusive measurement)
have been derived [1-4,17,18,26,36]. The following theorem
extends these results to our more general setting.

Theorem 2. Suppose that a POVM TII is in M°. The
following statements are all equivalent.

(1) ITis an optimal measurement of problem (2).
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(2) X € Sand A € R exist such that

X—2,0)=0, YmeTIy, (19)

(X —2,(M)I, =0, Vm ey, (20)

M—1
Aj [bj -> Tr(&j.mﬁm)} =0, VjeZ,. (21

m=0

(3) 1 € R exists such that

M-1
Do aW, —2,0) 20, Ymely, (22
n=0

M—1
A [bj — ZTr(aj,mﬁm)} =0, VjeZ;. (23)
m=0

Proof. 1t is sufficient to show (1) = (2), (2) = (3), and
3) = (D). A

First, we show (1) = (2). Suppose that (X,A) is an optimal
solution to dual problem (12). Let 6, = O for any m € Z;. It
is obvious from Eq. (12) that Eq. (19) holds. From Theorem 1,
fdn = s(X,2) holds. Moreover, from IT € M°, the second
and third terms of the right-hand side of Eq. (14) are zero, and
the fourth term is non-negative, which yields

L(I1,0,X,0) > f(IT) = s(X,A). (24)

In contrast, from Eq. (19) and the fact that the trace of
the multiplication of two positive semidefinite operators is
non-negative, Tr{[X — 2,,1()»)]141,,,} > Oholds forany m € Ty,
which yields L(l'[,o,f(,k) < s(X,k) from Eq. (15). Thus, from
Eq. (24), we obtain L(IT,0,X,1) = s(X,A), i.e.,

Tr{[X — 2, (MIT,) =0, Vm ey (25)

Therefore, using the fact that AB = 0holds for any A, B e Sy
satisfying Tr(AB) =0 yields Eq. (20). From L(Il,0,X.,A) =
f(IT), the fourth term of the right-hand side of Eq. (14) must
be zero. Therefore, Eq. (21) holds.

Next, we show (2) = (3). From Eq. (20), XI1,, = 2,,(M)T1,,
holds. Summing this equation over m =0, ...,M — 1 yields
X =M 2, (D1, which gives Eq. (22). Equation (23)
obviously holds from Eq. (21).

Finally, we show (3) = (1). Let X = YY1 2, (\)I1,,. We
have that for any POVM IT' = {1/, : m € Iy} € M°,

J—1 M—1
fM) = fFAT) > fM)+ Y 4, [bj -> Tr(aj,mflm)}

j=0 m=0
J-1 M-1
S UOED Iy [bj = 2 Tr(@jm ﬁfn)}
j=0 m=0
M—-1
=TrX — ) Tr2,(WIT,,]
m=0
M—1
= ) Tr{[X — 2, (WIIT,} >0, (26)
m=0
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where the first inequality follows from Eq. (23) and
2'1:14:—01 Tr(a j,mf[;n) < b;. The last inequality follows from
Eq. (22); ie., X > 2,(1). Since f(IT) > f(IT") holds for
any POVM IT' € M°, II is an optimal measurement of
problem (2). |

Let IT* = {ﬁ; :m € Iy} and (X*,1*) be, respectively,
optimal solutions to primal problem (2) and dual problem (12).
From Eq. (20), the support of f[;; is included in the kernel of
X* — 2,,(\*) for any m € Zy. In particular, if the supports
of the operators {Z,,(A*) : m € Zy;} span H (which holds in
many cases of interest), then rankX* = dim H holds, which
gives rankfI;q < rankZ,,(A*) from Eq. (20). Statement (3) can
be more readily used to verify whether a POVM I1 is optimal
than statement (2); we only need to check whether A € T\’,i
exists such that Eqs. (22) and (23) hold, which would be easy
if J is sufficiently small.

III. GENERALIZED MINIMAX SOLUTION
A. Formulation

In this section, we consider the quantum minimax strategy,
which provides a different type of problem from those dis-
cussed in the previous section. The quantum minimax strategy
has been investigated [10-12,22,23] under the assumption
that the collection of prior probabilities is not given. We
investigate the minimax strategy for a generalized quantum
state discrimination problem.

Let K be a positive integer. Also, let P be the entire set
of collections of K non-negative real numbers, u = {u; = 0:
k € Tk}, satisfying 211:01 ux = 1, which implies that u € P
can be interpreted as a probability distribution. We consider a
function F(u,IT),

K—1
Fu, T =Y i filID),
k=0
M—1
F@) =" Tr(em ) + di (27)

m=0

where ¢, € S and d; € R hold for any m € Ty, and k €
Tx. We want to find a POVM IT € M° that maximizes the
worst-case value of F(u,IT)over u € P,i.e., min,ep F(u,I1),
where M?° is defined by Eq. (3). In the case of K = 1, this
problem is equivalent to problem (2) with ¢,, = ¢y, and dy =
0. Therefore, this problem can be regarded as an extension of
problem (2).

We can see that if M° is not empty, then the so-called
minimax theorem holds; that is, there exists (u*, [1*) satisfying
the following equations:

in F(u,I1) = F(u*,IT*) = mi F(u,IT). (28
[max min (u,10) (u™,IT7) min max (1, I1). (28)

Indeed, M° and P are closed convex sets, and F(u,IT)
is a continuous convex function of w for fixed IT and a
continuous concave function of IT for fixed u, which are
sufficient conditions for the minimax theorem to hold [37].
We call (u*,IT*), u*, and IT*, respectively, a minimax solution,
minimax probabilities, and a minimax measurement. (u*, 1)
is a minimax solution if and only if (u*,IT*) is a saddle point
of F(u,Il), i.e., the following inequalities hold for any u € P
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and IT € M° [37]:
F(u*, ) < F(u*, 117 < F(u,IT7). (29)
Let
F*(u) = [max F(p,I0), (30)

with € P. It follows from Eq. (29) that F*(u*) = F(u*,I1%)
holds. From Eq. (27), F(u,IT) can be expressed by

K—1 M—1
Fu.) =Y e [Z Tr (g (1) + dk}
m=0

k=0

M—1 K—1 K—1
=) Tr [( ukek,m) nm] + ) mdi. (31)

m=0 k=0 k=0
Thus, F*(u) for a given i € P can be obtained by finding IT €
M that maximizes the first term of the second line of Eq. (31),
which is formulated as problem (2) with ¢,, = Z,f;ol UkCrom-

B. Examples

We give some examples of minimax problems that can be
formulated as Eq. (27). Let us consider discrimination between
R quantum states {9, : r € Zg}.

1. Minimax solution in the Bayes strategy

The minimax strategy in which the average Bayes cost
is used as the objective function has been investigated in
Ref. [12]. We regard u € P with K = R as prior probabilities
of the states {0, : r € Zg}. The aim of this problem is to find
a POVM TII that minimizes the worst-case average Bayes cost
B(u,IT) over u € P. B(u,IT) is expressed by

R-1
B(u,T) = Y Tr[ W, )1,0],
m=0
R-1
W) = 1B i (32)
k=0

where B,, x € R4 holds for any m,k € Zg. This problem can
be expressed by a form of Eq. (27) with F(u,IT) = —B(u,I1).
In this case, we have

R—-1

f@) == " Tel(Byxp)llnl, Yk € Ik,
m=0
M = M; (33)
ie.,
M=K=R, J=0, éum=—Bnibr. di=0. (34)

2. Inconclusive minimax solution

The application to the minimax strategy to state discrim-
ination that allows a nonzero inconclusive probability has
been investigated in Ref. [23]. The aim of this problem is
to find a POVM I1, which we call an inconclusive minimax
measurement, which maximizes the worst-case value of the
sum of the average correct and inconclusive probabilities under
the constraint that Tr(p; I1z) is not greater than a given value
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p,with0 < p < 1 forany j € Zg. In particular, if p = 0, then
an inconclusive minimax measurement is a standard minimax
measurement without inconclusive results [10]. Let K = R
and p € P be prior probabilities of the states {p, : r € Zr};
then, this problem can be expressed by a form of Eq. (27) with

fe@) = Te[pe(XT + TR, Yk € Iy,
M° = (Il e M :Tr(p;TIg) < p, VY j € Ig}. (35)

That is, we have

M=R+1,
K =J =R,
ok, m=korm=R,
Cem = gi‘ otherwise, (36)
dy =0,
Ajm = Om rPj,
b; =p.

3. Minimax solution for plural state sets

We consider a quantum measurement that maximizes the
worst-case average correct probabilities for plural quantum
state sets {Wy : k € Zx} with K > 2 as another example,
where, for each k € Zx, Wy is a set of R quantum states,
Wy, = {pr.r : ¥ € I}, with prior probabilities {& , : r € Zg}.
This problem can be expressed by a form of Eq. (27) with

R-1
fl@) =" Te(py, M1, YV k € I,
m=0

M =M, (37
where ,6,’{’,, = &, Pr.r- That is, we have
M=R, J=0, &m= ﬁ,i’m, d, = 0. (38)

We discuss this problem in detail in Sec. V B.

C. Properties of a minimax solution

We show necessary and sufficient conditions for a minimax
solution in Theorem 3 and an optimization problem of
obtaining a minimax measurement in Theorem 4.

Theorem 3. Suppose that u* € P and I1T* € M° hold. The
following statements are all equivalent.

(1) (u*,IT*) is a minimax solution to Eq. (27).

(2) We have that for any k € 7k,

fi(IT) = F*(u*). (39)
(3) We have that for any k,k" € T such that u;, > 0,
Sfie(IT*) = fo(TT7). (40)

Proof. 1t suffices to show (1) < (2) and (2) < (3).

First, we show (1) = (2). Let u® = {up = Sk i k' €
Tk}. From Eq. (29) and F*(u*) = F(u*,IT*), we have that
for any k € Tk,

f(IT) = F(u®,11%) > F(u*, IT*) = F*(©*).  (41)
Thus, Eq. (39) holds.
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Next we show (2) = (1). From Egs. (30) and (39), We
obtain, for any u € P and I1 € M°,

K-1

F(u',T) < Fr(u") < ) il = F(u, ). (42)
k=0

Substituting w = p* and I1 = I1* into this equation gives
F*(u*) = F(u*,IT*). Thus, from Eq. (42), Eq. (29) holds,
which means that (u*,IT*) is a minimax solution to Eq. (27).

Then, we show (2) = (3). From Eq. (39) and the definition
of F*(w), F(uw*,IT*) = F*(u*) must hold. Thus, we have

Je(IT") = F*(u*),
JeIT) = F*(u*),

from which we can easily see that Eq. (40) holds.

Finally, we show (3) = (2). From Eq. (40), fi(IT*) =
fie(IT*) holds forany k,k" € T satisfying u; > Oand pu}, > 0.
Thus, according to the definition of F*(u), F*(u*) = fir(IT%)
holds for any k" € Tk satisfying u;, > 0. Substituting this into
Eq. (40) gives Eq. (39). |

Theorem 4. Let us consider the following optimization
problem

V k € Ik such that u; > 0,
V k € T such that u; =0, (43)

maximize  fiin(I1) = min fi(TT)
kGIK

e Mo, (44)

subject to

with a POVM TII. A POVM II% is an optimal solution to
problem (44) if and only if TT* is a minimax measurement of
Eq. (27).

Proof. Suppose that TIT is an optimal solution to prob-
lem (44) and that (u*,IT*) is a minimax solution to Eq. (27).
Equations (30) and (39) give

Smin(IT) = F*(u*) = HHEI%() F(p',10) > l'I[n?\zl(” Smin(IT),

€

(45)

which indicates that IT* is an optimal solution to problem (44).
Since II" is also an optimal solution to problem (44),
Smin(TT) = fmin(TT*) > F*(u*) holds from Eq. (45), and thus
statement (2) of Theorem 3 holds. Therefore, IT* is a minimax
measurement of Eq. (27). [ |

IV. GROUP COVARIANT OPTIMIZATION PROBLEM

In this section, we show that if an optimization problem of
obtaining an optimal measurement or a minimax solution has
a certain symmetry, the optimal solution also has the same
symmetry. A quantum state set that is invariant under the
action of a group G in which each element corresponds to
a unitary or antiunitary operator is called a group-covariant
(or G-covariant) state set. Similarly, we call an optimal
measurement and a minimax solution that are invariant under
the same action a group-covariant (or G-covariant) optimal
measurement and a minimax solution, respectively. Optimal
measurements for group-covariant state sets have been well
investigated, and it has been derived that a G-covariant optimal
measurement exists for a G-covariant state set under several
optimality criteria [5-8,17,23,36,38,39]. These results not only
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help us to obtain analytical optimal solutions (e.g., [40—42]),
but also are useful for developing computationally efficient
algorithms for obtaining optimal solutions [43,44]. In this
section, we generalize these results to our generalized opti-
mization problems.

A. Group action

First, let us describe a group action. A group action of G on a
set T is a set of mappings from 7 to 7', {m,(x)(x € T) : g € G}
[we also denote 7,(x) as g o x], such that

(1) for any g,h € G and x € T, (gh)ox =go(hox)
holds.

(2) forany x € T, e o x = x holds, where e is the identity
element of G.

The action of G on T is called faithful if, for any distinct
g,h € G, there exists x € T such that g o x # h o x. Here we
assume that the number of elements in G, which is denoted as
|G|, is greater than 1.

Let us consider an action of G on the set Zy with N > 1, that
is,{gon € Iy(n € Zy) : g € G}. This action is not faithful in
general. We also consider the action of G on S, expressed by

goA=U,AU], (46)

with g € G and A € S, where U o 1S a unitary or antiunitary
operator and U; is conjugate transpose of Ug. (Note that
if ﬁg is an antiunitary operator, then U; is an antiunitary
operator such that UgUg = UgUg =1)0,=1and U; = U;
obviously hold, where g is the inverse element of g. We assume
tpat thei action of G on S is faithful, which is equivalent to
U, # U, for any distinct g,h € G. From Eq. (46), we can
easily verify that forany g € G, c € R, and A,B € S, we have

go(A+B)=goA+goB,
go(cA) =c(go A),
gol=1,
Tr(g o A) = TrA,

Tr[(g o A)(g o B)] = Tr(AB),
go A S S+, A4 A [S S+,
goA>goB, VA> “7

In this section, we use these facts without mentioning them.

B. Group covariant optimal measurement

As a preparation, we first prove the following lemma.
Lemma 1. Suppose that M° is not empty. Also, suppose
that there exist actions of G on S, Zy;, and Z; such that

8 O&jsm = &ng.goma Vge g,
bj =bej, Vgeg, jel,. (48)

Let k,(®) and « (P) be mappings of & € M?" expressed by

jEIJ7 meZM’

Kg(D) = {8 0 Dy : m € Ty},
k(D) = oby, melyy. (49)
mg%g "
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Then «, is a bijective mapping onto M° for any g € G, and
Kk is a mapping onto M?°. Moreover, forany ® € M°, we have

goll, =T, YgeG, mely, (50)
where [T = k(D).

Proof. First, we show that «, is bijective onto M°. Let
® € M°and ®® = k (P). Since D = g o b, € S+and
Y M 0% = go1=1hold,®® e M holds. We also obtain
forany j € Zy,

M—1
> Tr(a, )
m=0

M-1 M—1
> Trlajm(@ 0 Deom)] = D Trl(g © &jum)Dgom]
m=0 m=0

M-1

Z Tr(&goj,gom CI>gom) g

beoj = by, (51)

where the inequality follows from the group action being
bijective and ® € M°. Thus, ®® € M° holds. Moreover,
since k(Ko (P)] = kgliz(P)] = D, k5 is the inverse mapping
of k4. Therefore, «, is bijective onto M°.

Next, we show that x is a mapping onto M° and that
Eq. (50) holds. From Eq. (51), we have that for any j € Z,,

M-1
Z Tr(&j,m ﬁm) Z Z
m=0

geg m=0
which means that IT € M° holds for any ® € M?; that is, «
is a mapping onto M°. We also have that for any g € G and

(@, ®E) < by, (52)

m e IM,
g m h/ O (I)hro om ﬁ om>s
gl Z gl hzg ’ )
(53)
where i/ = h o g. Thus, Eq. (50) holds. ]

We now show that a G-covariant optimal measurement
exists if optimization problem (2) has a certain symmetry with
respect to G.

Theorem 5. Let us consider optimization problem (2).
Suppose that M° is not empty. Also, suppose that there exist
actions of G on S, 7y, and Z, satisfying Eq. (48) and

goémzégomv Vger meIy. (54)

Then, for any ® € M?° there exists IT € M° such that f(IT) =
f(®) and Eq. (50) hold, where f is the objective function of
problem (2). In particular, an optimal measurement IT exists
satisfying Eq. (50). Moreover, there exists an optimal solution
(X,)) to dual problem (12) such that

goX=2X, Vgeg,
hj=Dhej, Ygeg, jel;. (55)
As examples of Theorem 5, we can derive that there
exist a minimum error measurement, an optimal unambiguous
measurement, and an optimal inconclusive measurement that

are G covariant if a given state set is G covariant, which is
shown in Ref. [36].
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If we let Mg be the entire set of IT € M° satisfying
Eq. (50), then we can easily see that, since ME is convex,
problem (2) remains in convex programming even if we restrict
the feasible set from M° to M.

Proof. First, we show that IT € M° exists such that f(IT) =
f(®)and Eq. (50) hold forany ® € M°.LetI1 = «x(®), where
k is defined by Eq. (49). From Lemma 1, IT satisfies IT € M°
and Eq. (50). Moreover, we obtain

M-1 M-1

N 1 N
fM) =" Tr(6u ) = o D0 Trien(@ o Deom)]
m=0 | | m=0 geg
1= R
=G D0 Trl(g 0 éw)Pgom]
m=0 geg
1 2 .
=G D Tr(Cgom Dgom)
g€G m=0
1
=G Z F(®) = f(D). (56)
geg

In particular, if ® is an optimal measurement, then so is IT.
Next, we show that there exists an optimal solution (X,A)
to dual problem (12) satisfying Eq. (55). Let v ={v; : j €
I} e Ri. Suppose that (¥,v) is an optimal solution to
problem (12). Also, let Y® = g o ¥ and v(® = {u;g) = Vo
j€ZI;). Y® € S and v® € R’ obviously hold. We obtain
forany g e Gandm € Iy
J-1
PO > g0 2n0) = egom = D vjdigoj.gom
Jj=0
J—1
= Cgom — YV Agegom = Zeon ). (5T)
j=0
We also obtain
J-1
p(&) 1,(8)y — v (8) (€]
S(POw®) = Try® 4+ 3 " v,
j=0
J-1
=Trl + ) vzoibgo; =s(,v).  (58)
j=0

From Eqgs. (57) and (58), (Y®,v®)is also an optimal solution

to problem (12). Let X e Sand A = {%; : j € Z,} € R be
expressed by

.1 R 1
=300 a=—> v (59)
91 = 9]

geg

We can easily see that Eq. (55) holds. For any m € I, we
have

J—1
1
Zn(A) = Cu — — Z Z l);-g)aqu
4 —
8€g j=0
1

1
=i =G > 2 (@),

J—1
A (&)~
Cm — E Vi djm
Jj=0 geg

geg
(60)
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From Eqgs. (57), (59), and (60), we obtain for any m € Z,,

X = 2,00 = é DY —z,0®1>0. (61
geg
Moreover, from Egs. (58) and (59), we have
J—1
SR =T + ) " a;b;
j=0
- ﬁ Y TP 4 0b)) =s(F ). (62)

geg

Therefore, (X,v) is also an optimal solution to prob-
lem (12). |

C. Group covariant minimax solution

Similar to Theorem 5, we can show that if Eq. (27) has
a certain symmetry with respect to G, then there exists a G-
covariant minimax solution.

Theorem 6. Let us consider a minimax solution to Eq. (27).
Suppose that M° is not empty. Also, suppose that there exist
actions of G on S, 7y, Z;, and Zg satisfying Eq. (48) and

80 Ckm = Cookygom,» V& E€G, kelx, mely,
di =dgor, Vge§G, kelg. (63)
Then, a minimax solution (&, IT) exists such that
Mk = Mgok, Y8 EG, kelg,
gofl, =Mgm, VegeG mely. (64)

Proof. Let (n*,IT*) be a minimax solution to Eq. (27). Also,
let o= (s =1G1™ Y eq iy K € T} and 1= (IT"),
where « is defined by Eq. (49). Then it follows that © € P, I1 €
M, and Eq. (64) hold (also see Lemma 1 ). Here we show that
(u,IT) is a minimax solution to Eq. (27). From statement (2) of
Theorem 3, it suffices to show that f;(IT) > F*(u) holds for
any k € Zx. We show fi(IT) > F*(n*) and F*(n*) = F*(u).

First, we show fi(IT) > F*(n*) forany k € Tx.Let [1® =
k¢ (IT*); then for any k € Tk, we have

M—1
A = 22 37 S (@ 1) +

m=0 geg
1 M-1
=G Z [Z Tr (6, [1E) + dk]
geG Lm=0
1 M-1
=G > { Trl(g 0 &m)IT},, ] + dk}
geG Um=0
1 M-1
=G [Z Tr(Cgotm TT5,) + dk}
geG Lm'=0
1
=G D feor(IT) = F*(p), (65)
8eg

where m’ = g om. The inequality in the last line follows
from f;(IT*) > F*(n*) for any k € T, which is obtained from
Theorem 3.
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Next, we show F*(n*) >
Tk} We have that for any g € G,

K—1 M—-1
F*(n®) = max > 0t [Z Tr(Em®m) + dk]
k=0 m=0

K—1 M—1
max Z i {Z Trléi (3 © ®u)] +dk/}

=0 m=0

K-1 M—
- <1>I’22/1\)/1(0 Z )71:’ |:Z Tr(ék/vm/ q):n’) + dk/:|
k'=0 m'=0
— F*ap), (66)

where k' = g ok, m’ = g om, and &' = k3(®P). The third line
follows from the mapping «; being bijective onto M° (see
Lemma 1 ). From Eq. (66), we obtain

F*(n) = é > Z N fi(®)

F*(u). Let n® = {nz,ok 1k e

g€G k=0
l * * *
< — Y F*0®) = F*(n). (67)
14
g€y
Therefore, (u,IT) is a minimax solution. |

V. EXAMPLES OF OPTIMAL MEASUREMENT
AND MINIMAX SOLUTION

As an example of a generalized optimal measurement,
we discuss the problem of finding an optimal inconclusive
measurement with a lower bound on correct probabilities,
which is introduced in Sec. IIB 3. Also, as an example of
a generalized minimax solution, we discuss the problem
of finding a minimax solution for plural state sets, which
is introduced in Sec. III B 3. Moreover, Tables I and II
summarize the problem formulations and their examples
shown in Secs. II B and III B, respectively.

A. Optimal inconclusive measurement with a lower
bound on correct probabilities

In this example, we can apply Theorems 1 and 2. Substi-
tuting Eq. (11) into Eq. (13) gives

Em + 2n)pm, m <R,
m(A) = R (68)
)\,RG, m = R.

Thus, from Theorem 1, dual problem (12) can be rewritten as

R—1
minimize s(X,1) =TrX —g¢ Zk,. — PAR
r=0
subjectto X > (§ 4+ A)pr, Vr e Ig,
X > axG. (69)

A1rG € S, yields X € S, In particular, in the case of g = 0,
Eq. (69) is equivalent to the dual problem of finding an optimal
inconclusive measurement, which is shown in Theorem 1 of
Ref. [17].
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We can also obtain necessary and sufficient conditions
for an optimal measurement from Theorem 2. For example,
from statement (3) of this theorem, IT € M° is an optimal
measurement of problem (10) if and only if X € Ri exists
such that

X — G + 2, )pr >0,Vrelg,
X — G =0,
A [Te(p,11,) — q] =0, Vr ez,
AR[Tr(GI1g) — pl = 0, (70)
where
R—1
X0y =) & +2)5 0, +irGlle. (1)
r=0

In the case in which problem (10) has a certain symmetry,
we can apply Theorem 5 . Suppose that a given state set is G
covariant, that is, there exist actions of G on S and Z, satisfying
g 0 (&,pr) = EgorPgor, whichisequivalentto g o §, = Pgor and
& =&y, for any g € G and r € Zy. Let the action of G on
Iy = Iry1,g om(m € Iy),be g om = (' (m) forany m e
Zg and g o R = R, where {7{® : g € G} is the action of G on
Tg. Also, let the action of G on Z; be the same as the action
of G on Z,,. Then, since Egs. (48) and (54) hold, there exists
an optimal measurement satisfying Eq. (50).

B. Minimax solution for plural state sets

In this example, we can apply Theorem 3, that is, (u*,IT*)
is a minimax solution if and only if Eq. (39), or Eq. (40), holds.
Substituting Eq. (37) into Eq. (40) gives

Z Tr(pk m Z Tr(pk/ m

m=0

V k.k' € Tk such that uj, > 0. (72)
From Eq. (38), F(u,IT) is expressed by

F(p,T) = ZmZTr(pk "
k=0 m=0

R-1 K—1
=) Tr {(Z Mkﬁ/i,m) l'l] NG
k=0

Thus, F*(w) is equivalent to the optimal value of f(IT) of
optimization problem (2) with
K—1

J=0, w=>)_ 1bn, (74)
k=0

M =R,

This indicates that F*(u) is also equivalent to the average
correct probability of a minimum error measurement for the
state set {C,,/Trc,, : m € Zg} with prior probabilities {Tr¢,, :
m € Zg} [note that é,, € S holds from Eq. (74)].

We can also apply Theorem 6 in the case in which given state
sets have a certain symmetry. Assume that there exist actions
of G on S, T, and Tk satisfying g o 0 ,, = Dgep gom fOT any
g €3G, meTg, and k € Tg. For example, this assumption
holds if each state set Wy = {fx.n : m € Zg} is G covariant
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TABLE I. Basic formulation of generalized optimal measurements and its examples.

Primal problems Dual problems

Necessary and sufficient conditions
[Statement (3) of Theorem 2]

Basic formulation

M-1 J-1
maximize E Tr(¢,I1,,) minimize TrX + E Ajb;
m=0 Jj=0

subject to IT € M,

subject to X > 2,0, Vm eIy,

X € R exists such that

X)) = 2,(0), Y m e Iy,

M—1
M-1 J—1 JURA .
N Ai|lb; — Tr(a; . 11,) | =0,Y j e,
> Tr@;,M1,) < b j €I, where 2, (M) = & — Y Ajdjm ! [ ! ,; G, )} JE
=0 j=0
M-1
2),3) (12), (13) where  X(1) =) z,(0)1,
n=0

(19), (20), (21)

Example 1: Optimal measurement in the Bayes criterion (Sec. II B 1) [1-3]

R—1
minimize Z Tr( Wm ﬁm)

m=0

maximize TrX

4)
Example 2: Optimal error margin measurement (Sec. II B 2) [19-21]
R—1

maximize Z E.Tr(p, ﬁ,)

r=0
subject to [T € M,

subject to [T € M

minimize TrX — A(1 — ¢)

subject to X > (1 + A)E, B,
R—1

D &AM, + Tl > 1—¢

r=0

X > 16

N

subject to W, > X,VmeZx

A € R, exists such that

X = (1 +0Ep,, Vi € T,

V€l X =26,

R—1
2 [Z & T[p (M1, + M) — 1+ s}
R—-1
where X(1) = (1+ 1)) &4, 11, + 1611,

r=0
r=0

0,

Example 3: Optimal inconclusive measurement with a lower bound on correct probabilities (Sec. II B 3)

R—1
maximize Z E.Tr(p, f[,)
r=0
subject to IT € M,

R-1

r=0
. subject to X > E +2)0,
Te(p,11,) =2 q, Vr € Ik,
Te(GTIg) > p (10)

A

X > G

minimize TrX — ¢ Z Ay — DAR

L € RE+exists such that
X > (gr + )‘-r)lar, Vre IRv

,Vrelg, X > 26,

MATe(p11,) — g1 =0,V r € T,
Ar[Tr(GIIg) — p] =0,

(69)

R-1
whereX (1) = Y (& + 1)4, 11, + A GTlg

r=0

(70), (71)

under the same actions of G on S and Z, i.e., g o ,6,’(7,” = p\llc,gom
for any ¢ € G and m € Ty (in this case let g o k = k for any
k € Zk). Under this assumption, Eq. (63) holds, and thus a
G-covariant minimax solution exists.

VI. CONCLUSION

We investigated a generalized optimization problem of
finding quantum measurements. Each of the objective and
constraint functions in this problem is formulated by the sum
of the traces of the multiplication of a Hermitian operator
and a detection operator. We first derived corresponding
dual problems and necessary and sufficient conditions for an

052304-

optimal measurement. The minimax version of this problem
was also studied, and necessary and sufficient conditions for a
minimax solution were provided. We finally showed that for an
optimization problem having a certain symmetry with respect
to a group in which each element corresponds to a unitary or
antiunitary operator, there exists an optimal solution with the
same symmetry.
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TABLE II. Basic formulation of generalized minimax solutions and its examples.

Problems

Necessary and sufficient conditions
[Statement (3) of Theorem 3]

Basic formulation
maximize min F(u,IT)
ueP
subject to [T € M°

K-1

where F(u,IT) = Z/kak(n),

M-1 k=0
Fl@) =Y " Tr(Cm ) + di,
m=0
M—1
Mo =1l eM: Y Tr@;u,) < b, ¥jel,
m=0

(3, (@27, (28)

Example 1: Minimax solution in Bayes strategy [12]

R-1  R-1
minimize I;leeg( Z Uk Z B, Tr(py 11,)
k=0  m=0
subject to IT € M (32)

Example 2: Inconclusive minimax solution [23]
R-1 . .
maximize rurg?gl ; Wi Tr[pp (T + T1R)]
subject to IT € M°,
where M° = ([T € M : Tr(p;T1z) < p,V j € Ix} (35)
Example 3: Minimax solution for plural state sets
maximize 1315179 Ii m g Tr(py 11,)
k=0 =0

subject to [T € M (37

foTT*) > fu(TT*), ¥ kK" € T such that u, > 0 (40)

R—1

R-1
Z Bm_kTr(ﬁk ﬁ:n) < Z BVll.k/Tr(ﬁk,l:[;1)7

m=0 m=0

Vk,k' € Iy such that uj, > 0

Tr[pe(FT; + TT3)] > Trlpe (1T}, + IT3)1,
V k,k" € Iy such that u;, > 0

R-1

R—1
> Te(py, M) = Y Te(py, 13,
m=0 m=0

V k,k' € Ik such that uj, > 0 (72)

APPENDIX: DERIVATION OF DUAL PROBLEM
WITHOUT BORN RULE

Here we show that the optimal value of problem (12) is an
upper bound of the objective function f(IT) for a generalized
optimal measurement IT without using the Born rule [i.e.,
the fact that the probability P(m|p) of the outcome m € Zy,
for input state p is Tr(pI1,,)]. We pose the following two
requirements.

(1) Any quantum state is given by a density operator, which
is positive semidefinite with unit trace.

(2) The probability P(m|p) is affine in p, that is, for any
two states p and p" and any ¢t € R with 0 < 7 < 1, we have

Plm|tp+ (1 —1)p1=tP(m|p)+ (1 —)P(m|p"). (A1)

Since tp + (1 —¢)p’ can be interpreted as a statistical
mixture of the states p and p’ with probabilities f and 1 — 7, the
second requirement seems to be natural, which is also pointed
out in Ref. [33]. Since P(m|p) is a probability, it must satisfy
P(m|p) > 0 forany m € Ty and YV P(m|p) = 1.

To simplify the notation, we extend P (m|p) to a linear map-
ping, which we denote as p(m|p), as follows. p(m|A) (m e
Iu,A € S) is defined such that p(m|p) = P(m|p) holds for
any density operator p and it satisfies, for any ¢,#' € R and

pm|tA +1'A") = tp(m|A) + 1’ p(m|A"). (A2)
This equation means that p(m| A) is linear in A. This definition
uniquely determines p(m|-) for a givAen P(m|-). Since any A €
S can be expressed by a form of A =1p with7 =TrA > 0
and a density operator p = A/TrA, we obtain

p(m|A)>0,VAeS,. (A3)
MorAeover, for any ‘ii € S, let a Schmidt decomposition of A
be A=) A,P, (P, can be regarded as a density operator);
then, from the linearity of p(m|-) and Z,le_ol P(m| ﬁn) =1,we
obtain

M—1 M-1
D pmlA)y =Y "k Y P(m|P)=TrA. (A4
m=0 n m=0

It should be noted that we can derive from the above two
requirements [and Eq. (A2)] that, for any quantum measure-
ment, there exists a POVM I1 = {I1,, : m € Ty} satisfying
P(m|p) = Tr(ﬁflm); i.e., the Born rule holds. However, we do
not use this fact in this section.
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To avoid using the Born rule, we consider the following
problem instead of problem (2):

M-1
maximize f,(I1) = Z p(m|éy)
m=0

subject to T € M?®, (AS)

where ¢, € S holds for any m € Zy;. I1 is a quantum
measurement, which is expressed as a collection of mappings
p(m|-), ie., {p(m|-): m € Ty}. M* is defined by

M—1
M = {n : Zp(mmj,m) <bj,VjeI;y, (A6)
m=0

where d;,, € Sand b; € R hold forany m € Iy, and j € 7.
J is a non-negative integer.

Let A € Rfr Also, choose X such that X > 2,,(1) holds
for any m € Z);, where Z,,(1) is defined by Eq. (13). From
Eq. (A3), for any m € Z);, we have

pm|X) — plm|2,(M)] = plm|X — 2,,(M)] > 0.
Thus, from Eq. (A4), we have

(AT)

M—1 M—1
Y pmza I < D pm|X) =TeX.  (A8)
m=0 m=0

Therefore, we obtain for any IT € M*,

M—1 J—1 M—1
Fp@ < Y7 plmlen)+ ) 4, {bj - p(m|aj,m>}
m=0 j=0 m=0
M—1 J—1 J—1
=Y plmlznW]+ Y by STeR + ) Ajb;,
m=0 j=0 j=0
(A9)
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where the equality in the second line follows from Eq. (13).
Equation (A9) means that the optimal value of problem (12)
provides an upper bound of the optimal value of problem (AS).

It is worth mentioning that the discussion given above
has a strong relationship with the approach described in
Refs. [34,35], in which it is pointed out that the average
correct probability of a minimum error measurement is upper
bounded by ensemble steering and the no-signaling principle,
and its upper bound equals the average correct probability.
In preparation, we introduce ensemble steering. Assume that
two parties, Alice and Bob, share an entangled state and the
reduced state on Bob’s side is p that can represent

N-1
,5 = Z Qnﬁna
n=0

with N > 2, where p, is a density operator and g, > 0 satisfies
Zf:’;ol qn = 1. Then, there exists an Alice measurement with
N outcomes that prepares Bob’s state g, with probability g,,.
This is known as ensemble steering, which was first noted
by Schrodinger [45,46] and also formalized as the Gisin-
Hughston-Jozsa-Wootters theorem [47,48]. The probability
that Bob obtains the result m given that his state is 0 can
be expressed as

(A10)

N—-1
P(m|p) =Y quP(m|pn), (A1)
n=0

where the right-hand side denotes the weighted average of the
conditional probabilities that Bob obtains the result m knowing
that his state is pp,...,0ny—1 With weights qq,....qy—1-
Equations (A10) and (All) mean that P(m|p) is affine in
0. In other words, the property that P(m|p) is affine in
0 can be derived from ensemble steering; thus, one can
apply the discussion described in this section. Note that
the approach described in Refs. [34,35] also provides an
operational interpretation for the average correct probability
of a minimum error measurement.
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