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Statistical properties of states in QED with unstable vacuum
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We study statistical properties of states of massive quantized charged Dirac and Klein-Gordon fields interacting
with a background that violates the vacuum stability, first in general terms and then for a special electromagnetic
background. As a starting point, we use a nonperturbative expression for the density operators of such fields
derived by Gavrilov et al. [Gavrilov, Gitman, and Tomazelli, Nucl. Phys. B 795, 645 (2008)]. We construct
the reduced density operators for electron and positron subsystems and discuss a decoherence that may occur
in the course of the evolution due to an intermediate measurement. By calculating the entropy we study the
loss of the information in QED states due to partial reductions and a possible decoherence. We consider the
so-called T-constant external electric field as an external background. This exactly solvable example allows us
to calculate explicitly all statistical properties of various quantum states of the massive charged fields under

consideration.

DOI: 10.1103/PhysRevA.91.052106

I. INTRODUCTION

It is known that pure states of a quantum system provide
us with the maximum possible information about this system
in contrast with mixed states of the same quantum system.
A measure of the information loss of a quantum state can
be identified by the entropy of such a state. Any unitary
evolution does not change the entropy of a quantum state and
possible violations of the unitary evolution can be registered as
a change of the entropy. On the other hand, the entanglement is
an essentially quantum property associated with the quantum
nonseparability of parts of a composite system. It also can
be evaluated as a specific quantum entropy. Entangled states
became a powerful tool in studying principal questions in
quantum theory and in quantum computation and information
theories [1-4]. Despite a number of publications devoted
to the entropy and entanglement of quantum states, for the
related characteristics to be fully understood, more examples
of various special systems need to be considered not only
in nonrelativistic quantum mechanics, but in quantum field
theory (QFT) as well. This explains recent interest in studying
quantum entanglement and entropy of QFT systems with an
unstable vacuum, i.e., with strong external backgrounds that
may create particles from the vacuum (see, e.g., [5-8]). In this
article we would like to attract attention to the fact that by
studying QFT systems with an unstable vacuum we create the
possibility to approach problems characterized by the loss of
information, quantum entanglement, and the entropy change
in a very close relation. We present two points that explain
this assertion. Let a quantized charged Dirac or Klein-Gordon
(KG) field' interact with a strong uniform external electric
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field. Such a system is a QFT with an unstable vacuum,
which means that the electric field creates electron-positron
pairs from the vacuum. Particle creation from the vacuum by
strong electromagnetic, Yang-Mills, and gravitational fields is
a well-known nonlinear quantum phenomenon that has many
applications in modern high-energy physics. Its theoretical
study has a long story that is described in numerous works (see,
for example, Refs. [9—15]). The creation of charged particles
from the vacuum by strong electriclike fields needs super-
strong field magnitudes compared with the Schwinger critical
field E, = m*>c3/eh ~ 1.3 x 10'® Vem™! [16]. Nevertheless,
recent progress in laser physics allows one to hope that this
effect will be experimentally observed in the near future
even in laboratory conditions (see Ref. [17] for a review).
Electron-hole pair creation from the vacuum (which is an
analog of the electron-positron pair creation from the vacuum)
was recently observed in graphene by its indirect influence on
the graphene conductivity [18] (the conductivity of graphene
modified by the particle creation was calculated in Ref. [19];
some other relevant effects may be found in Ref. [20]). The
particle creation effect in a strong uniform external electric
field has an additional important feature. The external field
not only creates the pairs from the vacuum, but produces two
subsystems, well separated in space: the created electrons and
the created positrons. States of each subsystem are described
by the corresponding density matrices. Such density matrices
originally were derived in Refs. [15,21]. Here it is interesting
to study the quantum entanglement of both subsystems and its
measure by calculating the corresponding entropy. A change
of the entropy of QFT systems with an unstable vacuum and
a quantum entanglement of the above-mentioned subsystems
can occur also due to some decoherence processes. In the
case under our consideration these might be intermediate
measurements or collisions with some semiclassical objects
(e.g., with well-known impurities in the graphene).

In the present article we study the above-mentioned
characteristics, that is, statistical properties of states of massive
quantized charged Dirac or KG fields with a background that
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violates the vacuum stability, first in general terms and then
considering a specific external electromagnetic background.
As a starting point, we use a general nonperturbative ex-
pression for the density operators of such fields derived in
Ref. [15]. In Sec. II we discuss such operators with different
initial conditions. Reduced density operators for electron
and positron subsystems are derived in Sec. III. In Sec. IV
we study a decoherence that may occur in the course of
the evolution due to an intermediate measurement and the
corresponding modifications of the complete and the reduced
density operators. In Sec. V, when calculating the entropy, we
study the loss of information in the QED states due to partial
reductions and possible decoherence. In Sec. VI we consider
quantized Dirac or KG fields with the so-called T'-constant

J
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external electric field. This exactly solvable example allows
us to calculate explicitly all statistical properties of different
quantum states of the latter massive fields. In the Appendix
we briefly recall a nonperturbative formulation of QED with
strong time-dependent electriclike background that is used in
our calculations.

II. GENERAL DENSITY OPERATOR

It is convenient to introduce a generating operator R(J) that
allows one to construct density operators g with different initial
conditions (different initial states at the initial time instant #,).
This generating operator has the following form:

R(J) = Z7' ()R, wR(UJ)=1, Z(J)=uR(W) 0
R(J) =: exp [Z [a}(in)(J, + — Day(in) + b} (in)(J, - — 1>bn(in>]] 3
where the variables J,, . are sources for the electron ({ = +) or positron ({ = —) in operators, Z is a normalization factor (the
partition function), and : - - - : here and in what follows means the normal form with respect to those creation and annihilation

operators that are situated inside the colons.

Using the canonical transformation (A6), found in the Appendix, we can express the in-operators in terms of the out operators
and obtain R(J) (and the corresponding ) in terms of the out operators [15]. Thus,

R(J) = Z7'(D)ley* det(1 + k ABY R(J),

R(J) = :exp[—a'(out)(1 — D )a(out) — b (out)(1 — D_)b(out) — a'(out)CTb (out) — b(out)Ca(out)]:,

Dy = w1 +xAB) ' Tow(+|+)T,

where k¥ = +1 for the Fermi case and x = —1 for the Bose
case. The normalization factor Z has the form

Z() =exp y & > _[In(l+xJy )l = [ [I1 4K Ju ]
n,g ng
2)

In what follows, we work with two important cases of the
general density operator that correspond to the initial vacuum
state and to the initial thermal state.

(a) Setting J = 0 and using the well-known formula [22],
we obtain the density operator p(0) that corresponds to the
initial vacuum state

p0) = :exp {— Z[afl(in)an (in) + bl(in)bn(in)]} :

= 10,in)(0,in]|. 3)

From Egs. (1) we obtain this operator in terms of the out
operators
B50) = ey exp {— Z[ai (out)a,(out) + bl'(out)b,Z (out)

+ /ca;(out)w(—i- — IO),,nb,T,(out)

+ i, (outyw(+ — |0} a, (out)]} ;. 4)

DT = w(— ) I_(1 + k BA)  w(—|-),
C = w(—|=)J_B(1 +kAB) ' I w(+|H) + kw(+ — |0)f,

AN =J,.B'I_,

B = kw0 — +), Jmn,{ = (Sann,{s

(

Differential mean numbers N, (0lin) of in electrons and
positrons in the state ¢(0) are zero,

N+ (0lin) = tr3(0)a/f (in)a, (in) = 0,
Ny, ~(0lin) = tr3(0)b}(in)b, (in) = 0,

whereas differential mean numbers N, .(OJout) of out elec-
trons and positrons in the state §(0),

N, +(Olout) = tr,b(O)al'(out)a,, (out),
N,,._(0lout) = tr3(0)b] (out)b,(out),
are equal and have the form

Nn,+(0|out) = Nn,7(0|0u0 = Nn(O|OUt)v

|w(+ - |O)nn|2
1 + KlW(+ - |O)nn|2

(%)
N,(OJout) =

(b) To obtain the density operator §(8) that corresponds to
the thermal initial state, one has to set J, ; = J, .(B),

Jnc(B) = e F5, Enp= Blene — o), (6)

where ¢, . are energies of electrons ({ = +) or positrons
(¢ = —) with quantum numbers n, . are the corresponding
chemical potentials, and 8 = ®~!, where © is the absolute
temperature [15]. It can be checked that an explicit expression
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for () in terms of the in operators is

—ZM;M“ s
¢

P(B) = Zg' exp | —B
(7

Zgy =€Xp | K Zln(l + ke Ere)
ng

The quantity Zy, is the partition function of the grand canonical
ensemble, H is the Hamiltonian of the system (written in terms
of in operators)

H =) [a](in)e, 1 a,(in) + b}(in)s, _b,(in)],

and

N, = Za;(in)an(in), N_= ij,(in)bn(in)

n
are operators of numbers of in electrons and in positrons,
respectively.

Let p be the general density matrix for an arbitrary initial
state, N, . (- - - [in) be differential mean numbers of in electrons
or positrons in the state g, and N, (- - - |out) be differential
mean numbers of out electrons or positrons in the state g,

N4 (- -+ lin) = trpa} (in)ay (in),

Ny _(-+-lin) = tr,ébj}(in)bn(in), ®
Ny +(- - - lout) = trpa,) (out)a,(out),
N,._(---|out) = trb! (out)b,(out).

o0

Py =
o0

o=t = Z M)~ ! «{0,out|a,,, (out) - -
M=0 {m}
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Calculating the traces in the in basis, one can see [15] that
Ny (- lout) = Ny (- - - [in)+ N, (Olout){1 — & [Ny 4 (- - - [in)
+ Ny (- - lin)]}. 9

In particular, differential mean numbers N, .(Blin) of in
electrons or positrons in the state g(8) are the well-known

Fermi-Dirac (k = +1) or Bose-Einstein (k = —1) distribu-
tions
Ny +(Blin) = trp(B)af(in)a,(in) = (" +10)7", (10,
N,.—(Blin) = trp(B)b} (in)b, (in) = ("~ + k).

Differential mean numbers N, .(8|out) of out electrons or
positrons in the state §(8) follow immediately from (9).

III. REDUCED DENSITY OPERATORS FOR ELECTRON
AND POSITRON SUBSYSTEMS

At any fixed time instant, the complete system of quantum
electrons and positrons can be conditionally divided into two
subsystems: a system of electrons and a system of positrons.
Let us suppose that the external electric field is switched off
at some sufficiently long time instant #, in such a way that at
tout > I 1O particle creation occurs and both subsystems are
spatially separated. Thus, the particle creation effect by the
time-dependent uniform electric field provides a real division
of the complete quantum field system into the two subsystems.
We can introduce the so-called reduced density operators g
of the electron subsystem and of the positron subsystem. These
operators are defined as follows:

- Z Z M1)™" 4(0,0utlb,,, (0Ut) - - - by, (0UL)| 3|BS, (out) - - b, (out)|0,0ut)y,

(11)
al (out)]|0,o0ut),,

a,, M

@y, (out)|plaf, (out) - --

where p is the density operator of the complete system, |0,out), and |0,out), are electron and positron vacua, respectively

[a,,(out)|0,0ut), = 0, b,,(out)|0,out), =0, and |0,out) =

|0,0ut), ® |0,0ut),], and try are the so-called reduced traces.

Obviously, the reduced density operators g+ describe mixed states. 5
The reduced density operators g can be obtained from the reduced generating operators R1(J), which are defined as

Ri(J) = tr=R(J). 12)

In terms of the out operators these have the form

R.(J)=2"(J):exp {— Z al(out)[1 — K+(J)],man(out)} :

R_(J)=ZZ'(J) : exp {— Z bl (out)[1 — K_(J)],mbn(out)} :

K+(J)
') =2

13)

= D.+C'(1+«DI)™C,
"(D)ley|? det(1 4 k AB) det(1 + k D5)*.

The reduced generating operators R..(J) allow one to obtain the reduced density operators f.. for different initial states of the

system. Consider as before two important cases.
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(a) By setting J = 0in Eq. (13) we obtain the reduced density operators g, (0) =

PHYSICAL REVIEW A 91, 052106 (2015)

I\é{ (0) for both subsystems in the case when

the complete system was in the vacuum state at the initial time instant. Taking into account that

K+(0) =

Z:'0) = le,* =Py, P(+—

where P(+ —
expressions for g, (0),

lw(+ = 10)° = P(+—

0P,

10) = [(0,0ut|a, (out)b,(out)|0,in)|?,

|0) and P, are probabilities of pair creation and the vacuum-to-vacuum transition, respectively, we obtain explicit

5+(0) = R(0) = |c, |2 exp{ Za(out)l—P(+ |O)Pv1]nnan(0ut)}:,

B-(0) = R_(0) = |c,|? : exp {—

n

It should be noted that reduced density operators (14) were
originally obtained in Ref. [21].

(b) By setting the sources J in expression (13) equal to
Ju,c (B) according to Eqs. (6), we see that the reduced generat-
ing operators (13) become the reduced density operators g, (8)
of the system that was in thermal equilibrium at the initial time
instant R.(J) = f(8) and R_(J) = j_(B).

IV. DECOHERENCE IN THE COURSE OF EVOLUTION
A. General

In the previous sections we considered the case where the
information loss was due to the averaging over one of the
subsystems of electrons or positrons. However, information
loss can also occur due to the interaction of the quantum system
with classical (or semiclassical) objects or, in other words, due
to decoherence. One can imagine two possible scenarios for
this: It can happen first during intermediate measurements by
a classical tool and second as a result of collisions of particles
with some semiclassical objects (for example, well-known
impurities in the graphene). For us, there is no difference which
of the mechanisms is implemented, so in what follows we talk
about an intermediate measurement by a classical tool as a
source of the decoherence.

Consider the case when the unitary evolution of the system
is interrupted by a single intermediate measurement. The
external field starts to act at the time instant #;,, the system
is evolving in a unitary way from #, to #;, during time 77,
then at #; a decoherence takes place, and then again the unitary
evolution proceeds from ¢ to oy during time 75. In this case,
if we consider the Heisenberg picture, the out set of creation
and annihilation operators for electrons and positrons of the
interval 7] is the in set of the interval 7.

Suppose that during the time interval 7; the system is
described by the density operator §(0), i.e., the system is in the
vacuum state at the initial time instant f;,,. Differential mean
numbers of electrons and positrons at the time instant ¢, are the
numbers of electrons or positrons created by the external field
from the vacuum N, (0|out) (5). The electrons and positrons
created in pairs by the external field are entangled.

During the time interval 75 the system is described by the
density operator, which we denote by §’. The latter in terms
of the in set of creation-annihilation operators for electrons

(14)

> bi(oun[1 — P(+ — |O)Pvl]nnb,,(out)} 3

(

and positrons must describe the system without quantum
correlations between the electrons and positrons created (i.e.,
new “initial” state of the system in the time interval 7 is the
state without any entanglement).

Such an operator can be obtained by using the von Neumann
reduction principle [23]. Let a system be in a pure state
that is described by a state vector |ir) or equivalently by a
density operator p that is, in such a case, the projector p =
13,,, = |¥)(¥|. In addition, let R bea self-adjoint observable
of the system. In the simplest case, when this observable
has a nondegenerate discrete spectrum the following spectral
decomposition holds: R = > o Ta Py, Where r, are possible
eigenvalues of the observable and P,, are projectors onto
the corresponding eigenvectors |¢,), Py, = |¢s){¢s|. When
measuring the observable R, we obtain the eigenvalues rq
with the probabilities I<<0a|1ﬂ>l2 (Pal Pyl@a) = (alPlga)
and just after the measurement the state vector |v/) is reduced
to the vector |¢,) or the density operator p is reduced to the
operator p' = f’%. A more general case, where the system is
in a mixed state, is described by the density operator p with a
simple discrete spectrum p = Y, A, Py,, Py, = V) (¥ul, Ay
being statistical weights of the corresponding states Py, and R
being the above-mentioned observable. Then the measurement
is presented as follows. The eigenvalues r, are measured with
the probabilities

D hal(galvn)]

and just after the measurement the density operator p is
reduced to the operator p’,

P =" (¢ulploa) Py,

o

= ((Pa|,5|%¢>

The density operator §(0) is
p£(0) = 10,in)(0,in|. (15)

The in vacuum |0,in) is connected to the out vacuum |0, out)
by relation (A7). Then density operator §(0) can be presented
as

5(0) = V|0,0ut)(0,out| V. (16)

We are interested in the case of a uniform external field, which
does not mix different quantum modes. Then amplitudes (AS5)
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are diagonal. Thus, it is possible to factorize V defined by (A7) as
V= HVn’ Vn = V4, V3, V20 V1p, (17)

n

where
Vin = eXP{_Kbn(OUt)w(m - +)nnan(out)}v Uy = eXp{aZ(OUt)[ln w(+|+)]nnan(out)}»
V3, = exp{—rb,(ou)[In w(—|—)]ubi(0ut)}, 4y = exp{—ka)(outyw(+ — |0}, (out)}.

Making use of the explicit form of V,, and definition (A7) we can write

0.in) = ¢, [[D_ —D

( m‘m [kw(+ — |0)n,a] (out)b] (out)]™|0,out) (18)
n m=0 :

and then we can easily calculate c,,
¢y = [ Jlw(=1=)ml™. (19)

Thus, density operators 5(0) (16) can be represented as

5O = 0] (i [—Kw(+ — |0>nnai(out)b3;<out>]m> AT (i [—xw(+—|0)i,n/bnf(out)a,f(out)]'"’) oo

m! m'!

n m=0 n' m’'=0

where P, = |0,out)(0,out|.

B. Measurement of differential mean numbers in the system

Suppose that we are going to measure the physical quantity, which is the number of particles, in the state 5(0) of the system
under consideration. The operator corresponding to such a physical quantity is N (out),

N(out) = Y " Ny ¢ (out) = » [a/(out)a,(out) + bj (out)b,(out)]. (21)
n,g n

Its eigenstates are mutually orthonormal vectors of the form
|S,0U.t> = |{iil}LP 7OU't>a & |{]7k}KQ 90ut>b7

T I ] Ip
D) pout), = oI la;, (out)]

0,0ut),,

ni Ip!
f k T k
[b) (out)]*  [b; (out)]*e
i .KYxo,out), = — Lol 0,0ut),,
I{j.k}ko,out), NG Jro! | )b
L=012..., P=12...L. i=ip....ip, hdtbt-+1lp=1L,
K=012,..., 0=12,...K, j=j1,...,jQ, k1+k2+-~'+kQ=K

such that its eigenvalues are
N(out)|s,out) = (L + K)|s,out),

where s is the full set of quantum numbers K, L, {i}, {j}, P, and Q and |{i,l}, p,out), is a state with L electrons distributed in P

groups iy, . ..,ip, with /1 electrons in the group iy, /; electrons in the group i,, and so on. Analogously, |{j,k}xo,out), is a state

with K positrons distributed in Q groups ji, ..., jo, with k; positrons in group ji, k» positrons in group j», and so on.
According to von Neumann [23], the density operator p(0) is, after such measurement, reduced to the operator gy of the form

v =) _(s.outlpO)ls.out) By, Py = |s.out)(s,out. (22)

Due to the structure of the density operator g(0) given by Eq. (20), the weights (s,out|g(0)|s,out) are nonzero only when the
states |s,out) are states with an integer number of pairs. Thus, we obtain

co M
On = |CU|ZZWf[v)f7 Z = Z Z Z Py = | f,out){f,out|,
f f

M=0 Z=1 {m,n}

Wi = [w(t — [0, 7™ - w(+ = [0y, |2, my+ma+--+m, =M, (23)
T T mi T T mz
a,, (out)b, (out a, ,(out)b, , (out
fouty  [anubL O] a, (ouopl, uo]™
ml! mz!
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where f is a complete set of quantum numbers M, Z, {m}, and {n} and | f,out) is a state with the total number of pairs M
distributed in Z groups, m; pairs being in the group n, m, pairs being in the group n,, and so on. Unlike (20), the latter expression
contains only terms diagonal in f. Thus, the measurement destroys nondiagonal terms of the density operator (20).

Let us now calculate the reduced (in the sense of Sec. III) operators [Sn];,

[onle =t fy = leo? Y Wetr_ By,
f

[al, (un]™  [al,(oun)]™ [@n,(0un)]™  [an, (oun)]™

tr_ P, = 0,out),, (0,out , 24
f ! ;—mz! | )aa( | g ! (24)
b (out)]™ b (out)]"” b, (out)|"* b, (out)|™
try Py = [ (oun)] [on. (oun)] |0 out)bb(O,out|[ (0w [ow, (ouD)]

my! Jmz! ’ mz! my!

On the other hand, one can calculate the reduced density operators g, (0) by taking reduced traces (11) of the operator (20) to
verify that they have exactly the same form

[On]; = p¢(0).

C. Measurements of differential mean numbers in the subsystems

Suppose now that we measure the number of either electrons or positrons. The corresponding operators of these physical
quantities are

Ny(out) = Y " N, (out) = Y _ af(out)a,(out),

. . (25)
N_(out) = Y " N, _(out) = > _ bl (out)b,(out).
The spectra of the operators (25) are
t g f Ip
[a. (out)] [a. (out)]
si,out), = |{i,]}.p,out), = —2 R 0,out),,
Is1,out), = [{i,/}.p,out) Na N | )
L=012,..., P=12,...L, i=iy....ip, Lh+bh+---+Ilp=1L,
k
[b] (un]®  [b] (oun]™
_ . _ Ji . Jo
|S7,0ut>b - |{]1k}KQ’0ut)b - W kQ' |070ut>b7
K=012,..., 0=12,...K, j=ji,....Jo, ki+ka+---+ko=K
N, (out)|s;,out), = Ll|s;,out),, N_(out)|s_,out), = K|s_,out),.
The states |{i,l}; p,out), and |{j,k}k o,out), are defined in the same way as in the previous section.
The density operators after such measurements, which we denote by gy, and gy_, respectively, have the form
PN, = Y alss.0ut|fO)]sg,0ut) Poy,  Pop = |sy,0ut)gq (s 0ut], Z Z ZZ
s+ L=0 P=1 {
(26)
Px. =D vls—.outlpO)ls—.out)y P, Poo = ls—out)pp(s-outl, ) = Z Z >
37 s—  K=0Q=11{jk}

Let us now calculate the quantities , (s ,out|5(0)|s,out), Psy and ,(s_,out|p(0)|s_,out), P;_. Due to the structure of §(0) they
are equal and have the form

a(s4+,0ut|5(0)|s4,out), Py, = j(s—,out| 5(0)|s—,out), Ps_

|2[— Kkw(+ — [0);;,al (out)b! (out)] [ ew - 10)1,a! (out)b (ou)]”

|Cv | |0,0llt)
I 1!

i1l

1! !

[ —kw(+ — |O)jpip b;,(out)a;, (out)]l” [ —kw(+ — IO)T b,l(out)a,-l(out)]l1 27

x (0,out|
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Itis not difficult to see that density operators gy, and gy_ have
exactly the same form as in Eq. (23), namely, they are sums
over all possible projectors on states with an integer number
of pairs PN+ = Pn— = Pn- (28)
Thus, we stress that measurements of N, N, and N_ produce
the same reductions. The reduced density operators [oy+], =
tr_; Pn+ and [On_]; =tr_; Py are equal to the reduced
density operators g, (0) given in Eq. (14).

It is also an interesting task to consider the case when the
unitary evolution of the system is interrupted by multiple mea-
surements. However, because there are significant technical
difficulties, this problem is not considered in this paper.

V. ENTROPY AND ENTANGLEMENT OF ELECTRON AND
POSITRON SUBSYSTEMS

As already said in the Introduction, the measure of the
information loss in a quantum state ¢ can be identified with
the entropy of such a state, namely, with the von Neumann
information entropy S [23],

S(p) = —kptrpln g. (29)
Let p(tin) = p(B), where p (B) is given by (7); then

S(PB) =kp | InZg+ > EncNoc(Blin) [ (30)
ng

The corresponding differential mean numbers N, .(B]in) are
Fermi-Dirac or Bose-Einstein distributions, given by (10). The
entropy (30) can be written in terms of the Bose (Fermi)
occupation number alone if we take into account that

eiE”f — Nn{(ﬂlln) ) (31)

1 =k Ny (Blin) |
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Then
S(p(B)) = —kp Z{K[l — Kk Ny (Blin)] In[1 — kN, (B[in)]

ng
+ Ny ¢ (Blin) In N, o (Blin)}. (32)

This expression has a form similar to expressions for entropy
of the grand canonical ensemble for Fermi and Bose particles
[24].

Especially interesting information is obtained by calcu-
lating the von Neumann information entropy of the reduced
density operators of both the electron and positron subsystems

S(p+),
S(p+) = —kptre(p+ In py). (33)

According to the general theory they coincide S(p1) = S(5-)
and can be treated as a measure of the quantum entanglement
of these subsystems.

It is also known that one can recognize entanglement by
evaluating the so-called Schmidt measure, which is the trace
of the squared reduced density operators [25]

S(ps) = —tr[(pe)*]. (34)

Let us calculate the entropy for both the electron and positron
subsystems in two important cases of the vacuum initial state
and the thermal initial state that are described by the reduced
density operators g, (0) and g, (B).

A. Vacuum initial state

The entropy for the reduced density operator of the system
with an initial vacuum state has the form

S(p () = —kgtre [ (0)In 3 (O)]. (35)

The term In §, (0) on the right-hand side of (35) can be written
as

Ing,(0) =In |:|cv|2 : exp {— Zai(out)(l — P(+— |0)Pv—1),man(out)} :i| ,

(36)

Inp_(0) = |:|cv : exp { Zb*(out) l — P(+— |0)Pvl)nnbn(0ut)} ::| .

Transforming the normal-form exponents into ordinary exponents (see, for example, Ref. [15]) and recalling that |c,|> = P,, we

obtain
Ing.(0)=InP, + Z aj(out)In[P(+ — 0)P, '] an(out),
(37)
Inpg_(0)=In~P, + th(out) ln P(+ |0)Pv’1]nnb,,(0ut).
Taking into account that the matrices P(+ — |0) Pv’1 are diagonal, one can rewrite (35) as
S(5+(0)) = —kg iln P, + > tr[4+(0)a] (out)a, (out)] In[P(+ — [0) P, ] }
! (38)

S(P-(0) = —kg {m Py + Y tr_[5-(0)b] (0ut)b, (oun)] In[P(+ — [0)P; 1, }
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where try ,cv)+(0)a,f,(out)a,,(out) = N, (Olout) and tr_p_ (O)bj,(out)bn(out) = N, (O|out) are differential mean numbers of out
electrons and out positrons, respectively. They obviously coincide. Thus, the entropy takes the form

S(pc(0)) = —kp {In P, + > N,y(Oloun)[ In P(+ — |O)PUI]M}. (39)

n

One can use the pair-creation probability and the vacuum-to-vacuum probability written in terms of differential mean numbers

(see, for example, [14])

P,N,(O|out)
P(_ + |0)n,n’ = 8n,n’ -

to obtain

S(Be(0) =Y S(pnc (0)),

Let us consider the Schmidt entanglement measure (34),

1 — kN, (0lout)’

P, = exp {K > In[1 — KNn(Olout)]} (40)

S(Bn.c(0)) = —kg{k[1 — k N,(Olout)] In[1 — k N, (Oout)] + N, (Ofout) In N, (Ofout)}.  (41)

5(5:(0)) = —tr[ 5 (0))*. (42)

Here

n

2
[+ (0] = P2{ exp[ > "aj(oun)(1 — P(+ — IO)Pvl)nnan(out):| :} ,

) 43)
[p_(0)]* = P? {: exp|: ZbT(out) (1-P(+— IO)PU_I)nnbn(out)] :] .
Using the relation (here D and D are matrices)
- exp[—a'(out) Da(out)] :: exp[—a'(out)Da(out)] :=: exp[—a'(out)(D + D — DD)a(out)] : , (44)
we obtain
(54 (0)]* = P? : exp {ZaT(out) P+ — |0)Plfl]2 - l}mlan(out), 3
(45)
[F_(O)]* = P2 : exp {Zb' oud{[P(+ — [0)P']* - l}mbn(out)} .
Calculating the traces in Eq. (42) taking into account (40), we finally obtain
S(p:(0)) = —P; det {1 + k[ P(+ — |0)P,;1]2} - ]’[{1 — 2k N,(0Jout) + (1 + k)[N,(0Jout)]*}*. (46)

B. Thermal initial state

The entropy for the operators g,(8), which describe the
system that has been in thermal equilibrium at the initial time
instant, has the form

S(Pp.c) = —kptry 0 (B)In 5 (B). 47)

Transforming the expression In g, (B) as

In 5 (B) = In Zc(Jg) + Y _ aj(out) In[K  (J)lunan(out),

InF_(8) = n Z;(Jg) + Y bj(out) In[K_(J)lubs(out),

(48)

(

one can write

S(Pp.c) = ks 110 Z(Jg) = Y Nuc(Bloud)[In K (Jp)ln ] ,

(49)
where N, (Blout) are given by (9) with N, (---[in) =
N, (Blin). One can express diagonal elements of K;(Jg) in
terms of the corresponding occupation numbers N, . (S|out),

N (Blout)

[K:(Jg)un = m,

(50)

and do the same to Z;(Jg) by means of the normalization
condition (tr; g, = 1)

Z:(Jp) =exp{—x »_In[l — kN, (Blout)] (51)
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to rewrite the expression (49) for the entropy in the form

SBe(B) =Y S(Bnc(B)),

S(Pnc(B)) = —kp{k[1 — k Ny (Blou)]In[1 — k N, - (Blout)]
+ N, (Blout) In N, (Blout)}. (52)
|

where the squares of the operators g, (8) are

PHYSICAL REVIEW A 91, 052106 (2015)

Considering expressions (52), (41), and (32), one can see that
they all have similar forms.

Next let us find the Schmidt measure for subsystems of
positrons and electrons for the system with a thermal state as
the initial time instant; subsystems of such a state are described
by the reduced density operator g.(8). The entanglement
measure of the electron and positron subsystems is given by

S5 (B) = =t (B2 (53)

3 (B)? = Z;Z(Jﬁ) : exp |:Z afl(out)[Ki(Jﬁ) — 1]nnan(out):| :

[5-(B)F = Z2(Jp) : exp [Z bl(oud[K? (Jp) — unnbn«)ut)] :

such that

(54)

$(pc(B)) = — [ [{1 = 26 Nu g (Blout) + (1 + )[ Ny (Bloun) P} (55)

n

C. Entropy of measurement-reduced density operators

The entropy of a density operator gy (22) has the form

S(Pn) = —kptrpy In py. (56)

The representation (3) allows one to factorize the complete
vacuum into the product of single-mode vacua

|0,0ut)(0,0ut| = [T, |0,0ut),,(0,out|,

(57)
a,(out)|0,out), = 0,b,(out)|0,out),, = 0.

Using this fact and the representation for |c,|* from (19), one
can rewrite the density operator (22) as a product of single-
mode density operators

PN = l_[ﬁN,n, trfn, =1,

n

P = lculz Y Wyal f.0ut) (f.out],
f=0

~ - (58)
leol2 = [w(= a7, Wpp = |w(+ — |0) ],
i i f
n tbn P
| f,out), = MIOWUH-

The quantities |c,|? and |w(+ — |0),,|* can be expressed via
differential numbers N, (O|out) as

o2 = [1 — kN, (Olout)],

N, (O]out)
—10 nn 2 = .
WG =10 l” = 7= 5 Gloun

(59)

Due to expression (58), the entropy (56) can be written as

S(Bn) = —kp Yty In . (60)

(

To calculate the trace of the operator gy , In gy ,, one can use
the formal decomposition

[o.¢]
PN By = Byn D Kk (Byn — D
k=1

k
=Y kY Clpna) T =D (61
1 =0

where C ,ﬂ are binomial coefficients. Due to the orthonormality
of the states | f,out),, the density operators (gy_,)"*! have the
form

o0
By ™ = 1e 30 (W)™ foout,, (foout].  (62)
f=0

Substituting (62) into (61), we obtain

00
PnaIn By = lcols D Weatn (Jeo s W)l £0ut)u ( f0ut].
f=0 63)
Then
trPn ., In Py, = N,(Olout) In N, (O|out)
+«[1 — k N,,(OJout)] In[1 — k N, (O]out)].
(64)

Thus, the entropy of the density operator (22) reads

S(py) = —kp ) _{k[1 = kN, (Olout]In[1 — k N,,(Oouo)]

n

+ N,,(0]out) In N,,(0]out)}. (65)

The result has the same form as the entropy S(g,(0)) given
by (41). Thus, we can say that the measurement of N, N,
or N_ leads to the same information loss as a reduction over
electrons or positrons.
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It was shown in the Sec. I'V that reduction of the density op-
erator gy over electrons and positrons transforms itin [y ], =
P¢(0). This means that if one calculates the entropy of the
density operator [gy],, one obtains the same expression (65)
again. The conditional entropy [3] Sconda = S(On) — SUOn]1¢),
which s used as a measure of correlations between subsystems,
is zero. This fact means that all quantum correlations between
the electrons and positrons are lost due to decoherence and
there is no entanglement left after the measurement.

VI. THE T-CONSTANT EXTERNAL ELECTRIC FIELD

To illustrate some of the above general formulas we
consider the so-called T-constant electric field as an external
background. Such a field acts only during a finite time 7 and it
is constant within this time interval. Using this field allows one
to avoid troubles with the definition of in and out states inherent
to external fields nonswitched at # — +00. Another important
point is that this field produces a finite work in a finite space
volume. Let us consider d = (D + 1)-dimensional space; then
the T -constant electric field E is acting during the time interval
T = tou — tin;

0, —00 <t < tip
E=[0,E(®),0,...,0], E@)=3E >0, ftin<t <ty
07 t()ut < t < OQ.
(66)

Processes of pair creation in such a field were studied
in Refs. [14,26-28]. Similar to these works, we consider
sufficiently large T'.

Since there is no particle production after the time instant
fou, differential mean numbers of particles N, (- --|out)
created in a given state n = p,r (p is a D-dimensional vector of
momentum and r is spin) depend only on the time interval. The
electric field acting during the sufficiently long time 7T creates
a considerable number of pairs only in a finite region in the
momentum space. Since we suppose T > max{l,E./E}, we
need to consider only the range

|1l < VeE[VeET]'?,

in the momentum space (see [14] for details). Note that for the
case d = 2 there are no transversal components of momentum.

—T/2< pi/eE<T/2 (67)

A. Vacuum initial state

First let us consider the case when the system initially was
in the vacuum state. For this case the differential mean numbers

J
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in the momentum range (67) are
N,(Olout) = e™™, i = (p> +m?)/eE. (68)

They have the same form as in the case of the constant uniform
electric field [11,21] and are the same for bosons and fermions.
The entropy (41) is expressed in terms of N,(0|out) and does
not depend on the spin quantum number r, thus the summation
over the latter results in the factor 4, = 2l4/271.

First we consider the Dirac case with x = +1:

S(fn,c(0)) = —kp{[1 — N, (Olout)]In[1 — N, (Olout)]
+ N,,(0Jout) In N, (0Jout)}. (69)

For the case of electric field the mean number of particles
created N,(0|out) can vary only within the range (0,1) and
depends only on the strength of the external field. Expression
(69) is symmetric with respect to N,(Olout). It reaches a
maximum at N, (0jout) = 1/2 and turns to zero at N,(0|out) =
1 and N, (0Jout) = 0. This fact can be interpreted as follows.
In the case of N,(0Jout) = O there are no particles created by
the external field and the initial vacuum state in the mode
remains unchanged. The case N,(Olout) =1 corresponds
to the situation when a particle is created with certainty.
The maximum of (69), corresponding to N,(Ojout) = 1/2,
is associated with the state with the maximum amount of
uncertainty.

Representing the logarithm in the first term of expression
(69) as the Taylor series in powers of N, (0Jout), we see that
S(0n,;(0)) is proportional to N,(0|out). The latter plays the
role of the cutoff parameter for the integral over p; [14]. Thus,
the summation over the quantum numbers can be reduced to
an integration over momenta that satisfy restrictions (67),

YaV
2~ Gy f v

where V is the D-dimensional spatial volume. The mean
numbers (68) do not depend on the longitudinal component
of momentum. Outside of the range (67), the contribution to
the integral is very small and this allows us to extend the inte-
gration limits of p, to infinity. Integration over p, can be per-
formed using the Taylor series. The result of the integration is

(eE)Y?TV
(27‘[)"_1
where the factor 7TV can be considered as the d-dimensional
volume. To get finite and correct expressions, one should use

the volume normalization. The factor Apjn.c(d, E./E) has the
form

S(6:(0)) = vks Apirac(d, Ec/ E), (70)

o0 oo
E
Abine(d Ec/E) =) 1™ expl—ntlEc/E] =) 17+ 1> expl—n(I+ ) Ec/El+ (nfc +
=1 =1

5 ) exp(—mE./E).

It is possible to estimate the entropy in strong-field E./E < 1, critical-field E./E = 1, and weak-field E./E > 1 limits.
For example, for a strong field with d = 4 we have Apjy,.(4,0) = 7% /6; for the critical field, we have Apirac(4,1) & 0,22. In the
case of a weak field the entropy has a small value of the order of (7 E./E)exp(—rm E./E) for any d. For d = 3 the following
estimations hold: Apir.c(3,0) ~ 0,93 and Apjrc(3,1) = 0,2; for d = 2 the factor A(2,0) is a value of order of 1 and A(2,1) = e™".

Let us consider the KG case (k = —1)

S(Pn,c(0)) = kg{[1 + N,(0Olout)] In[1 4 N,(OJout)] — N, (0lout) In N, (OJout)}. (71)
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Expression (71) just increases with N, (OJout). After summation over the quantum numbers, the entropy (39) takes the form
(eEY*TV

S(5:(0)) = kg

where

(2m)d-1

Akc(d,E./E), (72)

Aka(d.Ec/E) =) 171" expl—nl E/E1+ ) 171+ D* (=1  expl—n(l + DE./E]

=1

+ (e p o
]T_
E 2

The following are estimations for different field strengths:
Akg(4,0) ~ 2,21 and Agg(4,1) =~ 0,22; Akc(3,0)~ 1,78
and Agg(3,1) = 0,2; and Axg(2,0) ~ 1 and Agg(2,1) = e ™.
In the case of a weak field the entropy is a small value of the
order of (T E./E) exp(—n E./ E) for any d again.

We have mentioned before that the entropy of the density
operator gy, given by (65), is exactly of the same form as the
entropy of g, (0), given by (41); hence all the considerations
for the case with the intermediate measurement are the same.

B. Mixed initial state

We note that the entropy (52) of the system that has
been in thermal equilibrium at the initial time instant is
expressed in terms of differential mean numbers N, .(8|out)
(9) of particles created by the external field, whereas initial
differential numbers of particles are

N e (Blin) = [exp Ble, — 1) +#17",

(73)
&y = \/m2 + p2 4+ (p1 +eET/2)%.

Let us discuss two cases, the first one being the case of low
temperature

Bler —u)>1, eLzm

when all the energies of the particles created with a given p,
are considerably higher than the temperature and the second
being the case of high temperature e ET < 1 when all the
energies of the created particles are much lower than the
temperature. We assume for simplicity that eET > p and
that T is sufficiently large to provide (e ET)* > m? + p?.

In the low-temperature case, the number of particles created
does not depend on the longitudinal momenta:

Ny ¢ (Blin) ~ exp(—Be,) — 0, Ny (Blout) - N, (Olout).

In this limit entropy S(g,(8)) tends to that of the zero-
temperature case (initial vacuum state). Then integration over
transversal momenta can be done exactly as in the initial
vacuum case.

Formal calculations of N, (B|out) and of the entropy in
the case of high temperature Be ET <« 1 are also quite simple.
Howeyver, it was shown in Ref. [26] that in the Dirac case under
such a condition the current density is much greater than the
current density of particles created from the vacuum, due to the
work of the external field performed over the particles [which
was denoted by Re(j,())g in Ref. [26]] already existing in

=1

2
> exp(—mE./E).

(

the initial state. Therefore, in such a case the particle-creation
effect may be disregarded.

We note that the general form of the reduced density
operators g, given by Eq. (13), allows one to study the change
of the entropy and the corresponding entanglement during
many consecutive measurements. In this case the density
operator gy (23) has to be considered as the initial state for
the second stage of the evolution and so on. In the general case
it is not simple to describe such a decoherence procedure for
an arbitrary stage. However, as was mentioned above, if the
mean numbers N,(0|out) are not small within a sufficiently
large range of momenta, already on the second stage the
particle-creation effect may be disregarded and the subsequent
decoherence is described in the usual terms.

VII. SUMMARY

Using a general nonperturbative expression for the density
operators (of quantized Dirac or KG fields), we derived their
specific forms corresponding to different initial conditions.
Applying a reduction procedure to specific density operators,
we constructed mixed states of both electron and positron sub-
systems. Calculating the entropy of such states, we obtained
the loss of information due to the reduction and, at the same
time, the entanglement of electron and positron subsystems.
We paid attention to the fact that any measurement in the
system under consideration implies a decoherence and the
corresponding modifications of the complete and the reduced
density operators. We studied the results of such a decoherence
and we related to it the loss of information by calculating the
information entropy. To illustrate some of the obtained general
results, we considered the slowly varying T -constant electric
field as an external background. We derived the following
conclusions. The entropy of any subsystem (of electrons or
positrons) with the vacuum as the initial state is proportional
to the factor (eE)?/> and to the number of spin degrees of
freedom y(4). It grows linearly with the time of the field action
T. The above behavior remains in the thermal case at low
temperatures; in fact, here the entropy does not depend on the
temperature.
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APPENDIX: QED WITH STRONG ELECTRICLIKE
BACKGROUND

In this Appendix we consider briefly a special case of QFT
with an unstable vacuum of the quantized Dirac or KG field
with a time-dependent electriclike background that is switched
on and off at # — Fo00. Quantization of this theory in terms of
in and out electrons and positrons was elaborated in Ref. [13].
Some results of this quantization necessary for us here are
presented below.

We denote operators in the Schrodinger representation by a
caret, e.g., A, while operators in the Heisenberg representation
are denoted by an inverted caret, e.g., A. In the Schrodinger
picture one can define the following: at the initial time instant
tin, a set of creation and annihilation operators a,z(tin) and
a,(tin) of electrons and similar operators bl(tm) and b, (t;,)
of positrons such that the corresponding vacuum at #, is
|0,%,) and at the final time instant #,,, a set of creation and
annihilation operators ay(ton) and a,(toy) of electrons and
similar operators b,Tl (tour) and b, (toye) of positrons such that the
corresponding vacuum at foy S |0, Zou),

a(tin)|0,tin) = b, (#in)]0,1n) =0,
an(Tou)0,2ou) = by (tou)|0,t0u) = 0Vn.

The probability amplitude for the transition from an initial
state to a final state Mj, .oy has the following form in the
Schrodinger picture:

My oue = <t0u1| U (tout, tin)ltin) s

where U (¢,t’) is a unitary evolution operator of the system. The
density operator of an initial state p(#;,) is given as an operator-
valued function of the creation and annihilation operators of
electrons (positrons) at the initial time instant

A(tin) = pin(@’ (tin),a(tin), b (tin), b(tin))-

The mean value of a physical quantity F at the final time
instant reads

(F(tow)) = trp(tou) F (touw),

where p(¢) is the density operator in the Schrodinger repre-
sentation at time instant ¢ and the designation tr stands for the
complete trace

Ptour) = U (tout,tin) Dtin) U (fouts tin).-

In order to pass to the Heisenberg picture we define the finite-
time evolution operators (),

Q4 =UQO.1in), Q) = U(0,fou),
U (tou-tin) = 2, Q4

5 = p0) = Qi plti),) = )Pl );

(AL)

(A2)

(A3)

a set of creation and annihilation operators a,t (in) and a,(in) of
in electrons, similar operators b}; (in) and b, (in) of in positrons,
and the corresponding in vacuum |0,in); and a set of creation
and annihilation operators ai (out) and a, (out) of out electrons,
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similar operators bj,(out) and b, (out) of out positrons, and the
corresponding out vacuum |0,out),

fatin), ...} = Qepfaltn), .. 32,
fatout), ...} = Q¢ (aliow). - - JQL,,

Min»out = (Ostoutl c 'a(tin)QI_)Q(Jr)aZ(tin) te |07tin> (A4)

|O’in> = Q(+)|0,tin>,

|0,out) = Q(,)|O,fou1>,

= (0,0ut| - - - a(out)a/ (in) - - - |0,in),
¢y = (0,%out| U (fout, 1in)10, tin) = (0,0ut|0,in).
All the information concerning the processes of particle

creation, annihilation, and scattering is contained in the
elementary probability amplitudes

1

W(H[+)mn = ¢ (0,0ut|am(0ut)ai(in)|0,in),
W(—|=)um = ¢, (0,0ut|b,, (out)b! (in)|0,in),
| (A5)
w(0| — +)um = ¢, ' (0,0ut|b] (in)a/ (in)|0,in),

w(+ — [0),,, = ¢, '(0,0ut|a,,(out)b, (out)|0,in).

The amplitudes (A5) can be calculated with the help of certain
appropriate sets of solutions of the corresponding relativistic
wave equation with an external field (Klein-Gordon, Dirac,
and so on) (see [13]). We are interested in the case of a
uniform external field, which does not mix different quantum
modes. Thus, in this paper the amplitudes (AS5) are diagonal
in quantum numbers

w(é‘l;)mn = amnw(§|§)nn,
wO| — Hpm = Spaw (0] — +Hp,
UJ(+ - |O)nm = 8mnw(+ - |0)nn~

The sets of in and out operators are related to each other by
a linear canonical transformation [22], which can be written
in terms of the amplitudes (AS5),’

a(out) = [w(+|+H)1 ' a(in)—k w(+ — [0)[w(—|—)]""b'(in),
bi(out) = [w(+|+) T 'w(+ — 10) a(in)+[w(—|-)]""b'(in),
(A6)

and by its Hermitian conjugate. As it has been demonstrated
[13], such a relation is given by a unitary operator V,

Vi{a(out), .. }V' = {a(in), ...}, 10,in) = V|0,out), (A7)
which has the form V = vsv3v,0y,
v; = exp{—«b(out)w(0] — +)a(out)},
vy = exp{a’(out) In w(+|+)a(out)},

v3 = exp{—«b(out) In w(—|—)b'(out)}, )
vy = exp{—«a'(out)w(+ — |0)b’(out)}.
Using this expression for V, one can find
¢, = (0,0ut|V|0,0out) = exp{—«trlnw(—|—)}. (A9)

*We use condensed notation, for example, bw(0| — +)a =
Zn,m bnw(ol - +)nmam~
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