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Slowing the probe field in the second window of double-double electromagnetically
induced transparency

Hessa M. M. Alotaibi">" and Barry C. Sanders'3
Vnstitute for Quantum Science and Technology, University of Calgary, Alberta, Canada T2N 1N4
2Public Authority for Applied Education and Training, P.O. Box 23167, Safat 13092, Kuwait

3Program in Quantum Information Science, Canadian Institute for Advanced Research, Toronto, Ontario, Canada M5G 1Z8

(Received 9 February 2015; published 10 April 2015)

For Doppler-broadened media operating under double-double electromagnetically induced transparency (EIT)
conditions, we devise a scheme to control and reduce the probe-field group velocity at the center of the second
transparency window. We derive numerical and approximate analytical solutions for the width of EIT windows
and for the group velocities of the probe field at the two distinct transparency windows, and we show that the
group velocities of the probe field can be lowered by judiciously choosing the physical parameters of the system.
Our modeling enables us to identify three signal-field strength regimes (with a signal-field strength always higher
than the probe-field strength), quantified by the Rabi frequency, for slowing the probe field. These three regimes
correspond to a weak signal field, with the probe-field group velocity and transparency-window width both
smaller for the second window compared to the first window, a medium-strength signal field, with a probe-field
group velocity smaller in the second window than in the first window but with larger transparency-window width
for the second window, and the strong signal field, with both group velocity and transparency-window width
larger for the second window. Our scheme exploits the fact that the second transparency window is sensitive to
a temperature-controlled signal-field nonlinearity, whereas the first transparency window is insensitive to this

nonlinearity.
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I. INTRODUCTION

Electromagnetically induced transparency (EIT) is a phe-
nomenon whereby a medium can be switched between states of
transparency and opacity through the controllable application
of a weak probe field [1], and applications of EIT include
slow light [2—4], optical switching [5], and optical quantum
memory [6]. Double EIT extends the notion of EIT from
controllable creation of transparency at a given frequency
to creation of two transparency windows at two different
frequencies [7].

Double-double EIT (DDEIT) extends EIT even further to
the case that each of a signal and a probe field experience
two transparency windows with the transparency window for
the signal controlled by a coupling field and a probe field
and the transparency window for the probe field controlled by
the coupling field and the signal field [8]. DDEIT introduces
the possibility of controlling propagation of and interaction
between two bichromatic fields.

One advantage of controlling light is slowing it down. Slow
light is especially important for optical communication and for
quantum information processing. For optical communication,
slow light enhances light-matter interaction times and thereby
leads to an increase in nonlinear interactions [3,4,9]. In
quantum computing, slow light enables storage of the quantum
state of light for a sufficiently long time to enable quantum
memory [6].

Our main objective is to propose a mechanism to slow the
probe field in the second transparency window of Doppler-
broadened DDEIT. For this slowing to be achieved, we need
to balance two competing requirements. One requirement

“hmalotai @ucalgary.ca

1050-2947/2015/91(4)/043817(18)

043817-1

PACS number(s): 42.50.Gy, 42.50.Ex

for slowing the probe pulse in Doppler-broadened EIT is to
reduce the driving field intensity because the group velocity is
proportional the driving-field intensity. On the other hand, the
driving-field intensity must be sufficiently large to circumvent
inhomogeneous broadening [10-14].

We derive an analytical expression to enable us to find
a parameter regime where these competing requirements
can simultaneously be satisfied. Our analytical technique is
based on approximating the Maxwell-Boltzmann velocity
distribution for atoms by Lorentzian distributions over the
narrow but relevant domain of small atomic velocities [12]. We
find that the nonlinear interaction between the probe and signal
fields maintains the width of the second window constant
for high Doppler width. This result permits us to lower the
intensity of the signal field further without losing the EIT
transparency window and get lower probe-field group velocity
at the second window compared to the first window. We apply
our scheme to the case of ®’Rb under realistic experimental
conditions and show that group-velocity reduction of the probe
field is feasible.

We present our work in the following order. In Sec. II,
we introduce the optical density-matrix element describing
the optical properties of the transition |1) — |4) and the
resultant atomic susceptibility, and we use these results to
calculate the widths of the Lorentzian-shaped transparency
windows and the corresponding group velocities for the probe
field.

Doppler broadening due to temperature is incorporated
into the expression for susceptibility in Sec. III. We solve
this susceptibility numerically and analytically. Our analytical
solution is based on ignoring quadratic dependence of the
probe-field Rabi frequency and employing a Lorentzian ap-
proximation for a narrow band around the Gaussian Maxwell-
Boltzmann distribution. This approximate expression enables
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an intuition about how to control group velocities’ reduction
at the second window. In Sec. III D, we present the procedure
to reduce the group velocity in the second window. Finally, we
summarize in Sec. IV.

II. STATIONARY-ATOM OPTICAL SUSCEPTIBILITY

Consider the closed rh atomic model scheme depicted in
Fig. 1 with electronic level |4) coupled to the lower levels
[1), |2), and |3) by three coherent fields, namely, the probe,
coupling, and signal Rabi frequencies €2, 2., €2, respectively.
The |1) <> |2), |1) <> |3), and |2) < |3) transitions are dipole

J

(P11 — p4s) <F43 + 2i8, +
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forbidden. The three fields are detuned from the electronic
transition frequency w,, between states |¢) and | ;) by

Op 1= w41 — Wy, 1
5(: = W4 — W, (2)
5s 1= W43 — Wp, (3)

respectively.

The analytical steady-state density-matrix element (p,,)
solution for a stationary atom, to first order in the probe-
field Rabi frequency, can be approximated from the exact
expression [8] as

12> _ 122
T2, ) T (P4 = p33) 3 55

M
Pig ~ 182

where

Suy 1= S — 8y 5)

) “4)
; 1921 ; |S2 | 1£21%
(T + 216+ 25 ) (0 — 208, + 3 + 120 )
(
and the coherence decay rate is
F'n=w+n 3)

is the two-photon detuning. Details concerning the derivation
of Eq. (4) appear in Appendix A.

We verified this expression numerically for weak signal and
weaker probe Rabi frequencies, i.e., for the condition

1217 > 1917 > 19, (©6)

The decay rates in Eq. (4) are
VY, = Z(V}t + Vqﬁj)» (7

<j

FIG. 1. Four-level tripod electronic structure with high-energy
state |4) and lower-energy levels |3), |2), and |1) in order of decreasing
energy. Transitions are driven by probe (p), coupling (c), and signal
(s) fields with frequencies wy, and detunings &, with x € {p,c,s}.
Dephasing rates are y,; fori € {2,3}.

The dephasing rate between the forbidden transitions is not
zero; therefore, y, = Y42 and y3 = 3.
In our system, we impose the equal-population condition

P11~ p33 ~0.5. &)

Condition (9) makes the equations approximately solvable
analytically as the equations of motion for population (A10)
are effectively decoupled from the equations of motion for
coherence (Al1). Condition (9) is achieved by incoherent
excitation from ground state |1) to the excited state |4) with
constant pumping rate. Thus, the diagonal matrix elements are
held constant by conditions (9). See Appendix B1 for details
concerning the atomic population in our scheme. The optical
linear susceptibility for an atomic gas in three dimensions with
N the atomic density and d 14 the dipole moment is

1
(1 _ :054) _ N|dl4|2
Xp =05 N=—>3 -

10
Qp 60h ( )

We can substitute Eq. (4) into the numerator for Xél) inEq. (10),
which is complicated so we express Xél) as

= e ki (11)
P T 2(B 12iB) \ A —2iA,

with the terms A », B} 2, and C) , explained in the following.

To simplify Eq. (4), we fix the value p4s = 0. This is
always true because the atoms are trapped to the dark state
leaving level |4) unpopulated. The population of the other three
levels depends on the Rabi frequency of the driving fields. See
Appendix B1 for more details of the dark-state analysis and
state populations.
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FIG. 2. (a) Absorption and (b) dispersion as a function of the
probe detuning ;, with numerical (dotted line), analytical (solid line),
and approximate linear equations (dashed line) for y, = 18 MHz,
y3 =10 kHz, y, =40 kHz, Q. = y4, Q, =03y, Q) = 0.05y,
8 =9 MHz, and §. = 0.

The variables in Eq. (11) are

AL Pt 1Q|” T3 1R S
e F%Z +4852c’ 2 F%Z +48s20 v
1920I* ¥ 19212 3
By =y + ,
s+ 482y + 482
1l 8pc 117 8ps
By := + — 6&p,
DT Iwass  yieass
1Py 1917 8y a2)
1 = 5 2= T3,
)/32 + 48[%5 ]/32 + 4835

We now have expressions for the steady-state solution (4) and
the corresponding susceptibilities for the probe field (11).

Expression (11) is used to calculate and plot the suscepti-
bility, whose imaginary part is shown in Fig. 2(a), and whose
real part is shown in Fig. 2(b). This absorption plot clearly
displays the first probe window centered at §, = §. and the
second EIT window centered at §, = 8, # ..

A. Linewidth and group velocity

The linewidth of each transparency window 1 € {1,2} is
given by the half-width at half-maximum (HWHM) 7,. The
half-maximum values x, are determined first by finding the
maximum /iy, and the minimum Ay, values of window 1 as
shown in Appendix C1, and then calculating

_ hmax, + hmin,

= 5 13)

PHYSICAL REVIEW A 91, 043817 (2015)

By solving
Im[x "] = (14)

for 8, and &ps separately, T; and T, are determined, respec-
tively, with 8, = "1; and 8y, = TT». In Appendix C1, we also
discuss the requirements

112 > vava (15)

and

1217 > y3v4 (16)

to overcome homogeneous broadening [15] at the first and
second windows, respectively, and to observe the presence of
the EIT windows.

If conditions (15) and (16) are satisfied, the HWHMs of the
first and second windows are

2 2
S Y S Y -

V4+\/4|Qc|2+y42 2\/ V42+|Qs|2

respectively. Probe dispersion is shown in Fig. 2(b). For
detuning §, chosen at the center of each window, dispersion is
zero or close to zero.

For each of windows 1 and 2, group velocity is [7]

2¢ d Re[x "
vy A —, ng=(w0—8p)g

(18)
ng 93

Scen

for n, the group index, 8¢, the detuning at the center of each
window (1 and 2), and wq the transition frequency between
levels |1) and |4). Detuning 8., equals &, at the first window
and equals §; at the second window. The partial derivative of
the dispersion in the denominator is determined by

I Re[ "] Re[x{"@)] — Re[x"Gp = )]
88]3 a 5p*>5cen 8p - Scen ’
(19)
Therefore, the partial derivative of the dispersion
ORe[x"]|  nieP 00,
08 |, antI96P?
at the center of the first window and
oRe[x"]|  nieP on
08 |, (avat P

at the center of the second window. Equations (20) and (21)
yield the slope of the tangent line to points 8, = dcen as shown
in Fig. 2(b).

InFig. 2(b), the group velocity is shown to be approximately
constant in each of the two EIT windows, which can be seen by
the straight-line tangents. The group velocity scales inversely
with slope so the ratio of group velocities for each EIT window
is the inverse of the ratio of the slopes for each window. From
Egs. (20) and (21) and from Fig. 2(b), the group velocity at
the first window evidently exceeds the group velocity at the
second window for the given parameters.
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Under conditions (15) and (16), the group velocity reduces

to
2¢ |2
vy, = _C| el (22)
n w4
at the first window and to
2¢ |2
L (23)
n w34

at the second window. Hence, for stationary atoms, the group
velocities in both windows are linearly proportional to the
intensities of the respective driving fields.

III. DOPPLER-BROADENED OPTICAL SUSCEPTIBILITY

At nonzero temperature atoms move randomly due to
thermal energy. Thermal atomic motion leads to a spreading
of the absorbed frequency due to the Doppler effect, which
broadens the optical line profile and is known as Doppler
broadening.

In this section, we solve susceptibility numerically and
also derive approximate analytical expressions as a function
of temperature. These results are used to find the widths of
transparency windows and also group velocities of the probe
field in each of the two DDEIT windows. Our approximate
analytical technique is based on approximating the Maxwell-
Boltzmann velocity distribution for atoms by Lorentzian
distributions over the narrow but relevant domain of small
atomic velocities [12]. This approximation is valid as large
velocities are sufficiently detuned so as not to affect the
optics.

In our scheme, the electromagnetic field passes through
a gas of atoms at temperature 7. Each atom of mass m
has a velocity v obeying the Gaussian Maxwell-Boltzmann

distribution
£ 1 v? 12kT 24)
V) = exp|l——=1), u=,—
uJm Pl m

with v the component of velocity v in the direction of the three
co-propagating signal, probe, and coupling fields.

One effect of moving atoms is detuning of resonant
frequencies due to the Doppler shift, which results in a
velocity-dependent probe-field susceptibility x,(v). For our
Doppler-broadened system, the susceptibility is thus averaged
over the entire velocity distribution according to [16]

Xp 1=/ xp(0) f(v)dv. (25)

The velocity-dependent expression for susceptibility is ob-
tained from Eq. (11) by the replacement

Vwy
O0x = 6 + —, x € {p.c,s} (26)
c
for
w4 = wp, X=Pp
Wy = | W, X=c 27
w34, X=Ss

the atomic frequencies and ¢ the speed of light in vacuo.
Our scheme relies on neglecting Doppler effect on
two-photon detuning 8., (5), which is achieved for the
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copropagating fields driving approximately equal transition
frequencies:

Wy = W14 N w4 N W34, (28)

This choice is commensurate with our case of a 8’Rb gas. For
this atom, we assign |1), |2), and |3) to the 5S;,, level with
F=1,mp=0and F =2,mp = {—2,0}, respectively. Level
|4) corresponds to the 5P;; level with F' =2 and mp = —1.
Therefore, the quantities {y,} in Eq. (11) do not change under
Doppler broadening.

Integration of Eq. (25) corresponds to a convolution of
Lorentzian x, with the Gaussian profile, which is known as the
Voigt profile [17]. The Voigt profile can be solved numerically
but is hard to solve analytically [13,16,18,19].

The lack of an exact analytical solution inhibits finding a
simple expression relating the group velocity or width of each
EIT window to Doppler broadening. Instead, we approximate
the Maxwell-Boltzmann distribution by a Lorentzian function
over a narrow velocity domain [12] to obtain an approximate
analytical expression for the optical susceptibility. This ap-
proximation is valid insofar as we are interested in the optical
response near the spectral center.

A. Lorentzian line-shape approximation

In this section, we determine an analytical approximation to
the optical susceptibility for a Doppler-broadened system. Our
approximation uses a Lorentzian fit to the Maxwell-Boltzmann
velocity distribution over a narrow range of velocity. We use
this approximation to show that the first probe transparency
window is independent of the signal-field Rabi frequency and
the second transparency window is nonlinear in the signal-
field Rabi frequency. Furthermore, we derive the connection
between the transparency window and the Doppler broadening
width, which is directly dependent on the temperature.

The Lorentzian line-shape function [11]

Vwo 1 WL

{(2) = Fee

c

(29)

is a function of the atomic velocity with Wi the HWHM of
the Lorentzian profile. To see that the Lorentzian (29) approx-
imates the Gaussian (24) well over a narrow domain, we first
write both functions as Maclaurin series. The Gaussian (24) is
approximated by

¥ vy v/In2 a)(z)(\/ln 2)3 2, a)g(\/ In2)° 5
) = — v v —
c VaWs A aWi cAyTWE
(30)
with
wo [2kT In2
W = — €29
c m
the HWHM of the Gaussian profile and
L(ﬂ) S N S S S
c JIWL AW AVTW
(32)
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FIG. 3. Plot of Lorentzian function (dashed line) and Gaussian
function (dotted line) vs normalized atomic velocity.

for

1< —<1. (33)

The two expansions (30) and (32) are approximately equal
under the conditions that

1
Wi = W (34)
YT 2 ¢
for
1«2 2« (35)
CWG

Combining Egs. (31) and (34) yields the connection between
the Lorentzian linewidth and the temperature. These condi-
tions are satisfied near the center of both function profiles as
shown in Fig. 3, where the higher-order terms of Eqgs. (30)
and (32) have insignificant influence.

Integration of Eq. (25) using L(v) instead of f(v) has
two terms evaluated with the contour integral using the
residue theorem. The final optical susceptibility, including the
Doppler-broadening effect, is

Xp(Bp) = 11(8p) + 12(8p) (36)

with 8, the detuning (1). The terms on the right-hand side of
Eq. (36) are

_in JT

h=—— 37)
2 By +2iB, + W
and
e in JT Ci+iC,
2 Bi+W,+2iB, Ay — W, —2iA,
Ci+iC,
A+ By +2i(By — Ay)
inWp/m (38)

W} +4A3— AT +4iA Ay

The HWHM T of the first transparency window, and the
group velocity for this window, depend on /;(8;) but not on
I>(8p) over the domain of §, pertaining to the first window.
In the case of the second transparency window for the probe
field, both /;(8,) and I5(8;) are non-negligible for calculating
the HWHM T, and group velocity.

In Fig. 4, we plot the imaginary and real terms of the
susceptibility Xél) as a function of the probe-field detuning
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FIG. 4. Plots of Im[xé”] and Re[x "] vs probe detuning &, at
different temperatures for y, = 18 MHz, y3 = 10kHz, y, = 40 kHz,
Qc = 4, Q5 = 0.35y4, 6, = 9 MHz, and §, = 0. (a), (c), and (e) are
Im[j,] and (b), (d), and (f) are Re[},]. We set T= (1, 10, 100) K
for (a), (b), (c), (d), and (e), (f), respectively, which is equivalent to
WL = (34.8,110,348) MHz, respectively. The dotted line corresponds
to the analytical solution using the Lorentzian line-shape function,
whereas the dashed line is the numerical solution using the Maxwell-
Boltzmann distribution function.

d, at various temperature values based on the average suscep-
tibility (25) for the Maxwell-Boltzmann distribution function
f(v) and for the approximation using the Lorentzian function
L(v). At low temperatures, for which the broadening is low,
there is a discrepancy between the two functions.

At higher temperatures, for which

W2 > y2, (39)

the numerical data agree with the analytical data near the center
as seen by comparing the two plots. The plots differ at the tail,
which describes far-off-resonant atoms whose contribution
is negligible. This numerical result validates the Lorentzian
approximation for condition (39) near the center, which leads
to a rather simple form of the inhomogeneously broadened
susceptibility.

Analyzing the numerical result reveals that condition (15)
and condition

1Q* > Wi, (40)

are required to observe the first transparency window. These
conditions (15) and (40) eliminate the homogeneous broad-
ening and reduce the effect of inhomogeneous broadening,
respectively. At a temperature for which the Doppler broaden-
ing satisfies condition (39), and Egs. (36)—(38) are a valid
approximation, satisfying condition (40) certainly implies
satisfying condition (15).
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As shown in Fig. 4, the width T, of the second transparency
window is not noticeably affected by varying the Doppler
width Wy.. The reason for the robustness of 1, is that the
nonlinear interaction in I, but not in /;, protects the second
window from deleterious temperature effects. Therefore, the
strong-signal-field condition is not required to overcome
Doppler broadening damaging the second transparency win-
dow. In other words, condition

19217 > y3 WL (41)

is no longer mandatory to observe the second window.

Condition (16) is still required to eliminate the homoge-
neous broadening for significant transparency at the second
window; see Appendix C1 for detailed mathematical proofs of
the conditions required to observe the transparency windows.
Furthermore, the relaxation of condition (41) leads to further
reduction of group velocity in Doppler-broadened media,
which was limited by the Doppler width appearing in the
right-hand side of condition (41).

J

QWL + 121
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The two terms y, W, in Eq. (40) and y3 Wy, in Eq. (41) quan-
tify the inhomogeneous broadening of the two EIT windows.
In other words, the Doppler broadening alone is not the whole
story; rather, the products y, 3 Wi incorporating the rates y, and
y3 are the key quantities. In Sec. III B we derive the linewidth
and the group velocity for which the requisite conditions (15)
and (16) for eliminating homogeneous broadening are always
satisfied for both windows.

B. Width of the transparency windows

The EIT width in a three-level Doppler-broadened A system
can be maintained by keeping the temperature of the system
constant while changing the driving field [10-14]. Here, we
follow a different approach by studying the dependence of
the linewidth on temperature while fixing the intensity of the
driving fields. The intensities of the driving fields are chosen
such to eliminate the homogeneous broadening.

The HWHM of the first window for the Doppler-broadened
system is equal to

_ Q.|?
"I]=|2|[

The width decreases nonlinearly as the Doppler width W,
increases as shown in Fig. 5. The condition |QC|2 > Wi
is valid for all W values in the figure. For a high-intensity
coupling field (40), the width of the first window reduces to

|92
2WiQRys + W)

The formula for HWHM can be further simplified if Wi, > y4,
thereby yielding

= (43)

= Q2|7
T, = el 44
"= oW 44)
=, (MH2)
T (MHz) ouf
1.27 0.1 \\\
\\ 0.06 RN
1t \ - e
\ 0.02
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FIG. 5. Numerical (dashed line) and analytical (dotted line)

solutions of the HWHM (1) for the (a) first and (b) second EIT

transparency windows vs Doppler width Wy, for y, = 18 MHz,

y3 = 10kHz, y» = 40kHz, Q. = y4, Qs = 0.35y4, § = 9 MHz, and

8. = 0. Inset: numerical (dashes) and analytical (dots) HWHM of the
second EIT window evaluated for the gain term eliminated.

2(ys + W22 Wi + [R5 — WL(WL + 2702y Wi + 1921%)

172
] . (42)

(

This result is consistent with the previous result for a three-
level A atom, subject to a high-intensity driving field, for which
the linewidth is proportional to the intensity of the driving field
and inversely proportional to the Doppler width [12].

The HWHM of the second window of the Doppler-
broadened system has a more complicated form than for the
first window:

“ |szs|2\/ (ya + Wo) + We[a(ys + Wo) — 1]
2V awLp2[s — s + WOl + 1420u + W)’
(45)

where
oy — Uﬁ{ 23 WL + QF
4 s+ WL)(V3 WL + Q%)
2ysWi(ys — Wi) + Q2Q2ys — WL)} 46)
WL WE + (WL — y)92]

is the half-maximum value of Imj, of the second window. The
dependence of the HWHM of the second window on Doppler
width is shown in Fig. 5. The width of the second window
slightly decreases as the Doppler width increases.

For large Doppler broadening Wy, >> y4, i, depends on the
population difference p;; — p33. As we set pj; & p33 = 0.5,
#, is always located at Imy, ~ 0, i.e., where absorption
vanishes. Consequently, the width of the second window
remains approximately constant with respect to Doppler width

Q 2
) = €2 @7

22,y + 219

This independence Doppler broadening width response of the
second window is due to the gain described by Im/, of Eq. (36).
Expression (47) reveals that further reduction of the group

_h
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velocity can be achieved by reducing the intensity of the signal
field without losing the transparency window due to Doppler
broadening.

The two EIT windows have the same width at the intercept
point between the two curves as shown in Fig. 5. For all
values of Doppler width, the signal field has lower intensity
than the coupling field. The inset to Fig. 5 shows how the
second window would behave as a function of Wi if the
nonlinear contribution I, were suppressed. This inset makes
clear how important the optical nonlinearity is for achieving
quite different temperature sensitivities of the two transparency
windows for the probe field. Mathematically, an effect of
forcing I, = 0 is that the HWHM of the second transparency
window is given by a modification of the HWHM of the first
window (42) with the proviso that €2, is replaced by €2 and y»
is replaced by ys.

For atoms copropagating with the probe field, the gain term
suppresses the narrowing of the width results from Doppler
broadening. Generalizing the choice of atomic propagation
direction relative to the direction of the three driving fields
would of course lead to different results [18].

In summary, Eq. (45) is the full expression of the HWHM of
the second transparency window and accounts for the nonlinear
interaction between the probe and the signal field. Its behavior
is depicted in Fig. 5 and shows the insensitivity of the second
transparency window on temperature, which is represented by
width Wp.. Contrariwise, the first window is sensitive to Wi.

C. Group velocities at the transparency windows

From Sec. IIT A, we have approximate analytical expres-
sions for susceptibilities at the two transparency windows. In
this section, we determine the derivative of the susceptibility
with respect to the detuning &, and use these partial derivatives
of dispersion (19) to calculate the group velocities for the
probe field in each of the two transparency windows. The
response of the partial derivative of dispersion with respect to
Doppler-broadening system is shown in Fig. 6. In this figure,
numerical calculations show constant group velocity at the first
window and a sharply increased group velocity at the second
window.

ORe[X ,1/06, (MHz)"!

0.06
\
R
)
0.04 '\ W, (MHz)
\ 200 400 600 800
ANV
N
0.02 PN
W, (MHz)

200 400 600 800

FIG. 6. Plots of the numerical (dashed line) and analytical (dotted
line) results for the partial derivative of dispersion with respect to
Doppler width for (a) the first window and (b) the second window
for y, = 18 MHz, y; = 10 kHz, y, =40 kHz, Q. = 1.5y, Qs =
0.5y4, 8; = 13.5 MHz, and 8. = 0. Inset: numerical (dashed line) and
analytical (dotted line) results for the partial derivative of dispersion
vs Doppler width at the second window for 7, = 0.
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The analytical expression for the group velocity of the
Doppler-broadened system is evaluated using Eq. (18) but
with the Doppler-broadened susceptibility (36) replaced the
free Doppler-broadened susceptibility x " [4]. The partial
derivative of Rel[ ;] at the center of the first window is

ORelfpl| _ _ nv/mIl 48)
3 1, WL+ IQ]P)?
and at the center of the second window is
IRelxp]| 20T 1) va AnyT | P s
3 s, (s — W WL + 12]2)? WIS 4
(49)

For the first transparency window and for a strong coupling
field (40), the group velocity of the probe field at the center of
the first window has the same group velocity as for the Doppler-
free case (22). The negligibility of the Doppler broadening
effect is due to the intensity of the coupling field being large,
as can be explained from the analytical expression (48).

Figure 6 shows agreement between the analytical expres-
sion (48) and the full numerical result applicable for small
WL. This agreement diminishes slightly as Wi increases.
Therefore, the Lorentzian function can be used to study the
Doppler-broadened dispersion response of the A configuration
comprising the three states |1), |2), and |4) provided that
condition (40) is satisfied.

Our analytical expression is reliable in practical parameter
regimes. This agreement between the analytical Lorentzian ap-
proximation and the full numerical result under condition (40)
is presented in Fig. 7 for varying coupling-field Rabi frequency.

We establish reliability of our approximation by comparing
to an approximate Lorentzian expression derived for a A EIT
system [4]. In our notation, their result for group index is

ValQ20/?
ng X CED)
[y2(ys + W) + [2c]7]

with the relation between group index and derivative of
dispersion (48) given by Eq. (18). We can neglect y, from (50)
according to the approximation (15). Although result (50) is
derived for a A system and our result (48) for a h system, both
results pertain to an EIT window in a strong-coupling regime,
and the two Lorentzian-based approximations agree.

(50)

ORe[y,1/06, (MHz)~!
0.08

0.06!"
0.04] .
0.02

0.8 1.2 1.6
FIG. 7. Plot of the numerical (dotted line) and analytical (dashed
line) results for the partial derivative of dispersion vs coupling field at

the first window for Doppler width Wi, = 409 MHz, y, = 18 MHz,
y3 = 10 kHz, y, = 40 kHz.
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At the second window, the analytical calculation fits the
numerical solution for all chosen Doppler widths in the figure.
Eliminating 7, (38) leads to an equation for group velocity
at the center of the second window being similar equation to
Eq. (48) but with Q. replaced by € and y» replaced by y3.
Similar dependence on Doppler width is shown in the inset
of Fig. 6.

To achieve matched group velocity for the probe pulse
propagating through the first and through the second window,
a nonzero nonlinearity is required. The nonlinearity I, is
zero only if the condition psq = p33 = 0 is met. This case
for nonlinearity is depicted in the inset of Fig. 6. By fixing
p44 = p33 = 0 we have the unwanted additional effect of
violating condition (16) and thereby destroying the second
window.

The intercept point between the two curves shown in Fig. 6
reveals the operating temperature for group-velocity matching.
At temperatures exceeding the matched group-velocity case,
the group velocity in the first window is lower than the group
velocity for the second window and vice versa for temperatures
lower than the condition for matched group velocity.

In summary, we demonstrate three important points in
this section. First, the Lorentzian approximation is a useful
and valid approximation for studying the dispersion response
of the probe field as long as the conditions (40) and (41)
for I, =0 [Eq. (38)] hold. Second, the second term of
Eq. (36) modifies the optical dispersion at the second window,
which leads to a capacity for group velocity control through
manipulating the temperature. Finally, due to nonlinearity,
a signal-field intensity less than the coupling-field intensity
does not necessarily imply that the probe field has lower
group velocity at the second EIT window than at the first
window.

D. Group-velocity reduction

In the previous Secs. III B and III C, we have studied the
behavior of the width and the group velocity for both EIT
windows of the probe field in Doppler-broadening media. We
have shown that a high-intensity coupling field is required
to overcome inhomogeneous broadening, which represents
an obstacle for group-velocity reduction. The width of the
second EIT window is independent of temperature, which
means that the enhanced group-velocity reduction is superior
to the case that would hold if the width did depend on
temperature as temperature dependence could only worsen this
effect.

In this section, we derive two expressions that relate the
signal-field Rabi frequency €25 to the coupling-field Rabi
Q. and Doppler width Wp. Satisfying the first expression
guarantees that the probe field has the same group velocity in
each transparency window. Satisfying the second expression
guarantees the same HWHM for the two EIT windows.

The relation between ¢ and 2. can be satisfied for a
wide range of temperatures bounded above and below by the
requirements for the analytical approximations to be valid
according to Egs. (39) and (40). We then use these two
expressions to divide the signal-field intensity to three regimes:
a low-strength regime where the group velocity and EIT width
are lower than the first window, a high-strength regime where
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FIG. 8. Plot of the partial derivative of dispersion (dotted-dashed
line) and HWHM (dashed line) for the second EIT window and
HWHM (upper horizontal dotted line) and partial derivative of
dispersion (lower horizontal dotted line) for the first EIT win-
dow vs normalized signal-field Rabi frequency with Q. = y4,
WL = 700 MHz, y, = 18 MHz, y; = 10 kHz, and y, = 40 kHz.

both group velocity and width of EIT window are greater than
for the first window, and a middle regime where the group
velocity is lower and the width is higher than for the first
window.

In Fig. 8, we plot the HWHM and partial derivative of
dispersion for the second EIT window using Egs. (47) and (49),
respectively. We also plot the HWHM and partial derivative
of dispersion for the first EIT window. Intercepts between
lines show which signal-field Rabi frequencies yield matched
HWHM or group-velocity conditions. Matched HWHM oc-
curs at g and matched group velocity occurs at 2, with Qg
lower than €, and 1 and h refer to lower and higher values,
respectively. We can choose values of €2 to control which of
the two windows has higher HWHM and group velocity.

We exploit our analytical expressions for the HWHM and
the group velocity at the center of each window to find the
lower and higher boundary values of the signal field. Equating
Egs. (44) and (47) for real values of Q2. and €2 gives us the
lower boundary value of ;:

Q, =2iq. % (51)

L

Similarly equating Egs. (48) and (49) gives us the higher
boundary value of €:

2 [o Q2 21,2
Q, ==.[=13W < {19 <. 52
Sh 3\/27/3 L+ 3WL ( + WE]/}, ( )

Equations (51) and (52) reveal which signal-field strength
should be selected to achieve either matched width or matched
group velocity, respectively.

At certain Doppler width, the boundary values of € in
Egs. (51) and (52) can be tuned by varying the coupling-field
strength €2.. Both the matched group velocity and the matched
HWHM have lower value as 2. is reduced.

In summary, our four-level atom optical system can be
operated at the second window in three different regimes
depending on the signal-field strength. In the low-strength
regime, the second window has very low group velocity
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compared to the first window but also has a lower EIT width.
However, we can operate in this regime for lower group
velocity as long as the width is resolvable experimentally.
Alternatively, in the high-strength regime, the second window
has a higher group velocity than for the first window. which
makes this high-strength regime less desirable for low group-
velocity experiments.

IV. CONCLUSION

We have achieved our objective of showing that the second
DDEIT window has advantages over first window with respect
to obtaining an enhanced reduction of group velocity. The
presence of a nonlinear interaction between the probe and
signal fields in optical susceptibility plays a crucial role in
enabling temperature-controlled modification of the optical
response. At the second window, this term signifies the ability
to reduce the narrowing of width and thereby yields increases
of the group velocity as the Doppler width increases. The
modified optical response due to nonlinear interaction permits
observing the second window for low intense signal field and
promises for more group velocities’ reduction in the second
EIT window.

By identifying the signal-field boundary values €2 and
Q. we are able to identify the regime of the signal-field
strength values that could result in slower group velocity than
for the first window. The low-strength regime is the best for
realizing low group velocity, but the EIT window could be
difficult to resolve. The middle-strength regime is more robust
in that the second EIT window is expected to be resolvable and
the group velocity is expected to be low. The high-strength
regime is less interesting as the group velocity is relatively
high.

Our approximate analytical calculation succeeds in de-
scribing the optical response of the Doppler-broadened four-
level optical system and helps in analyzing the system in
the presence or absence of the nonlinear interaction. These
analytical calculations also provide us with intuition of how
the width or group velocities change in a Doppler-broadened
system. Importantly, our analytical expression helps us to study
the relation between the coupling and signal fields and to
achieve matching of either widths or the group velocities of
the two windows. These conditions are not intuitively clear
otherwise, and hence would be difficult to discern using only
numerical calculations.
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APPENDIX A: ATOM-FIELD HAMILTONIAN
AND EQUATIONS OF MOTION

The semiclassical Hamiltonian for the atom-field system
depicted in Fig. 1, within the dipole and rotating-wave
approximations, is

H(t) = Hy + Hu(t) (A1)

PHYSICAL REVIEW A 91, 043817 (2015)

with the free-atom Hamiltonian being

4
Hy=h) 6., 6,:=m{l (A2)
1=1

and the driving interaction Hamiltonian is

A h . . .
Hy(t) = z(szpelwv'a14 + Q€' 624 + Q€' 634 + Hoc),
(A3)

with H.c. denoting the Hermitian conjugate. In the interaction
picture, with respect to the free-atom Hamiltonian (A2), the
atom-field system Hamiltonian has the form

. h 4 ‘ .
V() = E(Qpe—"*vf&m + Qe 6y + Qe 634 + Hee).

(A4)

The Hamiltonian involves oscillatory terms at different
optical frequencies. Therefore, our next step is to find a
Hermitian operator to transform the interaction Hamiltonian
to a rotating frame in order to eliminate the time dependence.
Thus, we construct the rotating-frame operator

A =38,611 + (28, + 8)022 + (28, + 8633 + 28,641 (AS)

and eliminate time dependence by the following rotating-frame
transformation
A'(1) = A1) (e iA1/h _ A (A6)

The resultant Hamiltonian is given by [8]

Yy Y/ h’ A A A
H' = Hj+ E(QPUM + Q624 + Q634 + Hoe) (A7)

for
H) := 8,c62 + 8633 + 8,644 (A8)
and dxy given in Eq. (5).
The resultant Lindblad master equation is [8]
i 4 y
p= _£[10’H,] + Z %(01.1100—.11 — 00— pO'“)
1<j
4 Vo
+ Z %(aupo“ — 0P = POy,) (A9)
=2

for p the state in the rotating frame. The Lindblad master
equation includes both spontaneous emission and dephasing,
where y,, is the decay rate of state |7) — [¢) and yy, is the
dephasing of state |1).

By substituting Eq. (A7) into (A9), we obtain 10 optical
Bloch equations. Six more optical Bloch equations are ob-
tained from complex conjugates of the six off-diagonal density
matrix expressions presented in the following. The 10 optical
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Bloch equations are

1 .
P12(t) = (-53/2 + i5pc> p12(t) — %[—9§014(f) + Qp024(1)],

pra(t) = (-%Va + iaps> pis() = S 1= Q0014 + ppis ),
prat) = (—%m + i8p) pra()

+ 20+ Qupis + Qplon(0) — pu0l),
poat) = (-%Fsz - iasc) o231 — £ upis(t) — 2Lt
fa(t) = (—%Fu n iéc) p2a(1)

- %{_QPPZIO) + Qclpaa(t) — p22(1)] — 5023},
Pa3(t) = (—%F% - i5s> P43(1)

+ S Qeon () + QT pust) = 0] — o)
(A10)

Now, we present the equations of motion for the population
density matrix elements:

p11(1) = y21022(1) + ¥3133(1) + Va144(2)
— 2200 ~ 210,

P2(t) = —y21p2(t) + v32033(t) + Va2 paa(t)
~ L= + Qo)

p33(1) = —y31033(1) — ¥32033(1) + Ya3044(1)

- %[—Q:PMU) + Qs043(0)],

pral0) = —yspaa(t) = S[Rpu(t) = ipa(t) + Lupas()

— Qpa3(t) + Qpp1a(t) — 2, pa1(1)].

In summary, we reprise the master equation for a single tripod
(h) atom driven by three detuned fields and obtain the requisite
equations of motion for the density-matrix elements to solve
the dynamics.

(Al1)

APPENDIX B: DRESSED-STATE ANALYSIS
AND ATOMIC POPULATION

Here, we analyze the population of the rh atom for various
driving-field strengths and different detunings of the probe
field. In Appendix B1, we investigate the atomic population
behavior using the dressed-state analysis and numerical calcu-
lations. We obtain general expressions for atomic populations
in steady state for three cases of probe-field detuning. In
Appendix B2, we introduce an analytical expression for the
case we studied in this paper, corresponding to the signal-
field strength being greater than the probe-field strength. In
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Appendix B3, we study the Doppler effect on the atomic
population based on a numerical analysis.

1. General discussion of atomic population

Finding a general analytical expression for the atomic
population using Egs. (A10) and (A11) is not feasible due to the
difficulties of decoupling the equations of motion of coherence
from those of the population. Therefore, we analyze the
dynamics of atomic population depending on the interpretation
from dressed-state analysis and numerical calculation of the
atomic population.

General expressions for the eigenstates of the Hamiltonian
(A7) are complicated. For simplicity, we choose to find the
eigenstates for the three following tractable cases.

a. 8, =0

The first case 8, = 0, or, equivalently, §, = é.. We allow
ds to assume any different value. In this case, one of the
eigenvalues A; = 0 corresponds to eigenstate

Qr Q5

YD) = — = 1) +
VIR + 127 VISP + 12,7

This eigenstate is a dark state as it does not contain a
contribution from state [4) and is not coupled to state [4).
This is obvious from studying the total dipole moment d 4, for
a transition from state |p) to the bare state |4).

If the magnitudes of the coupling field and probe field are
appropriately balanced, the negative sign in the superposition
of |1) and |2) [Eq. (B1)], which forms the state |yp), causes
the transition moment (yp|d4p|4) to vanish. Therefore, if
the atoms are formed in this state there is no possibility of
excitation to |4), hence no absorption.

For the case that the coupling field is much stronger than
the probe field (£2. > €2p), state |1) is almost equivalent to
|Yp). Thus, atoms decaying to state |1) are trapped in this
state and remain there throughout the interaction. The atomic
probability of being in state |1)

12).  (BI)

Py = [(1]yp)]? 2 (B2)
1 = D = —m—me
Q2 + |22
and being in state |2) is
P, = |2lyp))* = %P (B3)
: AT NEEToNEN

We numerically solve the master equation and plot atomic
populations in Fig. 9. After a time of order of the radiative
lifetime, the atoms should be trapped in the dark state |yp),
which we verify by comparing the populations in Fig. 9
with the calculated dark-state populations. Vanishing of the
probe-field absorption Imp;4 supports the claim that the atom
has decayed into a dark state. Furthermore, state |4) does not
become populated.

For Fig. 9(a), the dark state is equivalent to state |1)
whereas, for Fig. 9(b), it is a superposition of states |1) and
|2). The atoms are pumped into the state by combined action
of coupling signal and probe field and spontaneous emission
similar to optical pumping mechanism. At steady state, the
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FIG. 9. Populations of states |1) and |2) represented by pi;
(dotted line) and p,, (dashed line), respectively, and absorption of
the probe field represented by 5Im[p4] (solid line) as a function
of time ¢ evaluated numerically by solving the master equation. (a)
Coupling field is stronger than the probe field with Q. = y, and
2, = 0.3y4. (b) Coupling and probe fields have the same strength
w1th Q. =Qp =y4. The system is initially prepared with ,011 =1
and p3) = p\¥ = pl = 0. The chosen parameters are y;, = 18 MHz,

= 10 kHz, y, = 40 kHz, Q; = 0.3y4, 6, = 0.5, §, = 8. = 0.

02 0.00002

distribution of atoms depends mainly on the magnitude of the
driving fields following the rule of Egs. (B2) and (B3).
The other three eigenstates are

Qpl1) + Qel2) + 75 13) + 20, 14)
[Y) = (B4)
\/|Q 12 4+ 92012 + \‘S;s\ (\Skllz + 42,2

with eigenvalues X, ( € 2,3,4) where each {,} is a root of the
eigenvalue equation

433 — 422 (B 4 8p) + A(@8ps8p — 1Q2)? — 1217 — 1241%)
+ 8ps (192 1* + 12,1 = 0. (BS)

In conclusion, detuning plays an important role in the distribu-
tion of atoms; thus when §,. = 0 and after a time of the same
order of atom relaxation time atoms are trapped to the dark
state and their distribution in the bare state |1) and |2) depends
on the magnitude of 2. and €2, although the atoms are not
prepared in the dark state.

b. 8, =0

Now, we study the case that the probe and signal fields
are at the two-photon resonance with a |1) <> |3) transition;
i.e., §ps = 0. We allow the coupling detuning §. to assume any
value. In this case, the Hamiltonian (A7) has an eigenvalue
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A" = 0 with eigenstate

W) = 1y 4 % 3)  (B6)
PV IR VIR IR
and eignvalues A/ (: € 1,2,3) with eigenstates
QI+ 512+ 03) +2014)
) = o5, ., (BD
sy Q2 4 1952 4 4272

where each A/ is a root of the eigenvalue equation

DS — A0 (Bpe + 8p) + XN (48pe8p — 192 * — 12,17 — 1951%)
+ 8pe (1217 + 12,1%) = 0. (B8)

The eigenstate |y,) is also a dark state as it does not
contain a contribution from state |4) and is not coupled to
state |4).

Atomic populations for states [1) and |3) are calculated
numerically and shown in Fig. 10. At steady state the
atoms are trapped in the dark state [y)) as long as the
coupling field is greater than or equal to the probe and to
signal field. We claim that the atom is trapped in the dark
state because, if instead the atom were in any one of the
bright states of Eq. (B7), the following phenomena would
arise:

(i) We would expect to see some population in states |2)
and |4) whereas, in Figs. 10(a) and 10(b), the populations
of states |1) and |3) add almost to one, hence making the
combined population of states |2) and |4) nearly zero.

(ii) Forthe casethat . > Q¢ > Q, asshowninFig. 10(c),
if the system is in a bright state, then the population in state |3)
will exceed the population in state |1), i.e., p33 > pji1, but the
opposite is true: most of the population has been transferred
to |1).

(iii) The absorption would not vanish for a bright state, but,
in Figs. 10(a)-10(c), absorption vanishes; hence, the atoms are
trapped in the dark state |[{/],).

At steady state the populations in |1) and |3) are governed
by the signal- and probe-field Rabi frequencies according
to

= [(1ly)* = __I%F (B9)
P |92]2 + 12,2
and
= |@lyp)* = 21 (B10)
P 192]2 + 12,2
respectively.
C 8y =08,c=0

The last case pertains to the three detunings are equal [7]
(8p = 8. = &), which results in zero two-photon resonance.
Two of the eigenstates are degenerate eigenstates with
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FIG. 10. Populations of levels |1) and |3) represented by pi;
(dotted line) and ps; (dashed line), respectively, as a function of
time ¢ evaluated numerically by solving the master equation. (a)
Signal- and probe-field strengths are of equal magnitude less than
coupling field, with Q3 = €, = 0.5y, while Q. = y4. (b) Coupling-,
signal-, and probe-field strengths are of equal magnitude Q. = Q =
2, = 0.35y4. (c) Signal-field strength is stronger than the probe field,
with Q¢ =y, Q5 = 0.5y4, and @, = 0.15y,. Other parameters are
v4 = 18 MHz, y; =10 kHz, y, =40 kHz, § = §, = 0.5Q, and

8. = 0. Initial populations are pﬁ) = 1land pg) = gg) = pﬁ) =0.

eigenvalues M=k =0
—Q 9
= 5 —+
VI + 12,2 VI + 12,2
Qepl1) — (27 + Q2)12) + Qc3)

VD) = . (B11)
SN (TN ToN RN (o N ENEToN D)

These two states are dark as neither contains contribution from
state |4) nor involve transitions to state |4). However, the rest

of the eigenstates retain a component of all the bare atomic
states:

[¥p1) 1) 13),

) = Qpl1) + Qc[2) + 23) £2054)
IR + (2 1242 + 4627

(B12)
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with
= (e SR+l B
the corresponding eigenvalues.
The steady-state atomic populations for the case
Sy =08=0.=0 (B14)

are shown Fig. 11. In all cases, the atomic population is
distributed between states |1), |2), and |3) and excludes |4).
This exclusion suggests that, for all cases (a), (b), and (c),
atoms are trapped in the dark state |ip,), but we see now
that this guess could be true for case (a) but not for cases (b)
and (¢).

In Fig. 11(b), we have €,,€2c > € which means that,
if the system is in dark state |yr,), then the population in
|1) must be higher. However, we see that the population of
state |3) is in fact higher and exhibits the opposite behavior
to that shown in Fig. 11(c). Thus, the system corresponding
to Figs. 11(b) and 11(c) could be trapped in |{/p;). However,
the few populations in state |2) prevent us from making this
conclusion as well.

From this argument, we conclude that the system is not in
a pure dark state, but relaxes into a mixture of the two dark
states (B11) which is also a dark state given by

Ao = poi1l¥Yp1){¥p1l + po2|¥p2) (¥p2l, (B15)
where pp, is the probability of being in state [¥p1) and ppy is
the probability of being in state |{p,) such that

po1 + pp2 = 1. (B16)

The probability for state |1) being populated is

Py = (1|pp|1)
1 P2l 712
— > > (lele|2+ 2D2 P > c . ,
[€2p 1% + [€2] [€2c]7 + [€2p]* + |€24]
B17)
for populating state |2) is
Py = (21/pl2)
QZ+QZ 2
P2l 2 + ] (B18)

R+ 1212 + 1222 + 12]2)

and for populating state |3) is

Py = (3|/pl3)
1 124121922
= 2 2 (pD1|QP|2+ 1291)2 S 2 - 2 )
12,12 4 [€2] 1217 + [S2p|* + [€2]
(B19)
The relation between P, P>, and Ps is
Pi+P+Pi=1 (B20)

from Trpp = 1.
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FIG. 11. Populations of levels |1), |2), and |3) represented by
p11 (dotted line), p,, (dotted-dashed line), and ps;3 (dashed line),
respectively, as a function of time ¢ evaluated numerically by solving
the master equation. The conditions are (a) 2, = 2, = 0.3y, and
Q. =y, (b) 2,2 > Q with Q. = Q, = y4 and Q, = 0.3y, and
(©) 4,92 > Q, with Q. = Q; = 1y, and Q, = 0.3y4. The initial
population is p\ = 1 and p) = p33 = ply = 0. Other parameters
are y4 = 18 MHz, y; = 10 kHz, y» =40 kHz, §, = 6; = 6. = 0.
Insets (a), (b), and (c) are the absorptions represented by Imp4.
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FIG. 12. Numerically evaluated steady-state populations p;
(dotted line), py; (dotted-dashed line), p33 (dashed line), and p44 (solid
line) vs probe-field detuning &, evaluated (a), (b) at zero temperature
and (c), (d) at 100 K. Parameter choices are (a) Q23 = 2, = 0.3y4.
(b) Q2> Q,, Q¢ = 0.3y4, 2, =0.01yy, (¢) Q = 2, = 0.3y, and
(d) Q4 > @, @ = 0.3y, 2, = 0.01y,. Other parameters are y; =
18 MHz, y; = 10 kHz, y, =40 kHz, and Q. = y4, § = 0.5€,,
8. =0.

We use numerical calculation of the population in state
|2) and Eq. (B18) to determine the value of pp,. Once pp,
is known, pp; is calculated from Eq. (B16). The agreement
between the numerical values of p;; and ps33 and the calculated
values of P, and P; using Eqgs. (B18) and (B19), respectively,
verify that the system is in a mixture of the two dark
states (B11).

We see that, for certain two-photon detunings, the system
is eventually trapped in a dark state even if the atom has not
been prepared initially (at # = 0) in a dark state. The atom is
driven into the dark state by a combined action of coupling,
signal, and probe fields and by spontaneous emission similar
to that occurring through an optical pumping mechanism.

For stationary atoms (at low temperature), the steady-
state atomic population depends on probe-field detuning
due to dark-state dependence on probe-field detuning. Thus,
changing the probe-field detuning modifies the steady-state
population in each energy state, as long as the probe field has
comparable strength to the signal field even if both are quite
weak compared to the coupling field strength as shown in
Fig. 12(a). However, the dependence of the atomic population
on probe-field detuning decreases as the probe-field strength
become weaker than the signal-field strength; this feature is
evident by comparing Figs. 12(a) with 12(b). Almost all of
the population is evidently trapped in the dark state |yp)
when 8, = 0 and in dark state |v)) when 8,; = 0. which
corresponds to state |1) when ¢ > €.

2. Atomic population for probe-field strength weaker
than signal-field strength

In this section, we derive an analytical expression for atomic
populations for the case studied in our paper corresponding
to Q¢ > Qs > . The analytical expression can be found
by solving Eqgs. (A10) and (A11) restricted to the case that
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Il
e

£

. 1 . i

p23(t) = (—51_32 - 1850) p23(t) — EQCPAB(I)»
) 1 .

P2u(t) = (—§F42 + l5c> 024(1)

— %{Qc[p44(t) — p22(1)] — €2

i5s> p43(1)

+ %{—Qipn(f) + Qow(t) — p13O1),

023},

. 1
Pa3(t) = (—§F43 -

P11(1) = Va1044(2),

P22(t) = Var pa4(t) — l—[—QzPM(I) + Qcpan(D)],

2
. i
033() = Va3 pa4(1) — E[_Q:PMO) + Q5043(1)],
1 = p11(8) + p22(t) + p33() + p44(2). (B21)
As we mentioned earlier, the |[1) <> |2), |1) <> |3), and

|2) <> |3) transitions are dipole forbidden. Therefore, we
restrict y»; = y31 = y32 = 0 in the above equation.

With initial population described by p;;(0), 022(0), 033(0),
and p44(0), the atomic populations for the four atomic bare
states in the steady state are

P11 = yruzt )
yaZY + yi(X —=Y)
oy = Ya1Z022(0) + [Z(Y — y42) — Xya3)(1 — p11(0)]
YaZY + (X +Y)
Xy41033(0)
Y ZY + yas(X = Y)
s = Y [(Z + ya3)(1 — p11(0)) + V41;033(0)],

YaZY + yi3(X = Y)

Z(1 — 0)Y
pus = (I = p11(0)) ’ (B22)
YarZY + yi(X = Y)

with

. 1917192
B (T3, +482) (T3, + 482

(P + 12202 ) @86, + ML)
43 T2, +452 sOsc 321 42

2 2
|Q|°T; €2 |28
(e +255) +4 (7255 - )
({22 - 6.) @rase - Tde)
2
Q2T |2 [285c
(F43 + 2 +4§22> +4 (r;2+4s - 85)

ARy
I3, +482

(B23)
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and

92 (Tas + (452 )
7= Ty 4% . (B24)

2

(ra+ Bi5) +4 (45 -0)
Equations (B22) tell us that, for all probe-field detunings,
almost all the atomic population is in state |1) with almost no
population in state |3). This lack of population in |3) eliminates
the effect of the nonlinear signal-probe interaction described
by the second term of Eq. (4). As we require population in
|3), we introduce an always-on incoherent pump at rate r to
maintain population in |3).

The equations of motion of the density matrix elements
with the incoherent pumping are similar to those without
incoherent pumping Eqgs. (A10) and (A11l), differing only in
the replacement

Va—> vat2r, y3—>ys+r,

v—=>v+r, TI'ypg—Tu+r (B25)

The atomic population equations in the presence of the
incoherent pumping are modified as

ZY (ys1 +71)

= Z(—ryn+4rY +yaY) +rys (Y — X)
_ rZ(Y —yn) — yiX]
P S+ 4 + V) 4y (Y — X)
_ rY (Z + ya3)
P S+ 4 + ) 4y (Y — X)
rzZY
Pag = (B26)

Z(—rysp+4rY +ynY)+ryn Y — X)

with X, Y, and Z defined in Eq. (B23) with replacement (B25).

The modified atomic population in the presence of inco-
herent pumping for the case €5 > €, is shown in Fig. 13(a).
The existence of incoherent pumping makes the population
constant for all probe detunings. The value of the pumping
rate r controls the population in each state. We use r = 1 MHz
to populate states |1) and |3) with p;; = p33 = 0.44. At high
temperature, when the Doppler effect plays a critical role in

1.0
0.8
0.6.
0.4
0.2

5,(MHz)

,(MHz
—20 -10 0 10 20 o”( )

FIG. 13. Steady-state populations p;; (dotted line), o, (dotted-
dashed line), p33 (dashed line), and p44 (solid line) vs probe-field
detuning 8, for ; > €, in the presence of incoherent pumping with
constant rate r evaluated numerically by solving the master equation.
The solutions correspond to (a) low temperature for r = 1 MHz
and (b) for two temperatures 100 and 400 K with » = 0.01 MHz.
Other parameters are 25 = 0.3y4, Q, = 0.01y4, Y41 = y42 = 6 MHz,
yi3 =12 MHz y; = 10 kHz, y, =40 kHz, and Q. = y4, & =
13.5 MHz, §. = 0.
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repopulating the states, |3) can be repopulated to a value of
half using pump rate r as low as 1 kHz as shown in Fig. 13(b).

In this section, we have presented an incoherent pumping
procedure that maintains equal population between |1) and
|3) for a weak probe field. In the main body of the paper, we
did not treat pumping; instead, we assumed equal population
between |1) and |3). As we use an incoherent pump, we
should be concerned that coherence is affected, but we see
here that dephasing due to incoherent pumping is negligible
for reasonable parameters. Specifically, the extra dephasing of
system from incoherent pumping is of the same order as yy3
for Doppler-broadened media [20].

3. Temperature dependence of atomic population

Increasing the temperature adds two more phenomena
to the atom-field system which we incorporated into an
extended quantum master equation. These two phenomena are
thermal dissipation and Doppler broadening. Our examination
of thermal dissipation shows that its effect is too weak to
influence substantially either the coherence or the population.
However, the second phenomenon of Doppler broadening
modifies the coherence, as presented from Sec. III onward
for equal populations in levels |1) and |3), is discussed in this
section in the absence of this equal-population restriction.

Finding an analytical expression for population in Doppler-
broadening medium is difficult. Therefore, we perform numer-
ical studies of atomic populations for various temperatures.
Now, we proceed to analyze the connection between atomic
population and coherence.

At high temperature, Doppler broadening reduces coher-
ence [21,22] and specifically directly reduces the coherences
p1a and p34 that are established by the weak fields. Con-
sequently the populations of the states |1) and |3) change
according to the solution of Eq. (A11). We see from the ap-
proximate analytical expression for optical susceptibility (36)
that increasing Doppler width Wy, in Eq. (36) is responsible
for reducing coherence.

Reduction of coherence and its consequent effects due
to Doppler broadening and to increasing Doppler width are
similar to the effects due to adding extra dephasing yga
between |1) and |4) and yg43 between |3) and |4) plus
increasing the dephasing y,, between [1) and |2). In Fig. 14, we
present numerically evaluated atomic populations for different

Pii Pii

0.4

8,(MHz 6,(MHz
20 MR 20 M9

10 0 10
(b)

FIG. 14. Numerically evaluated steady-state populations pi;
(dotted line), p, (dotted-dashed line),ps; (dashed line), and p44
(solid line) vs probe-field detuning 8, at zero temperature and
incorporating dephasing Y441 = ¥p43 =150 MHz and y,, = 0.8 MHz.
The plots show (a) 2, = 2, = 0.3y, and (b) Q, > Q,, Q, = 0.3y4,
@, = 0.01yy. Other parameters are y;, = 18 MHz, y3 = 10 kHz, and
Qe = y4,8, =0.5Q, 8. = 0.
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probe field detunings §,, at zero temperature accompanied by
additional dephasing quantified by y41 and by y43. We choose
the dephasing 441 and y,43 in Fig. 14 to be of the same order
of magnitude of W. We observe that Figs. 12(c) and 12(d) are
similar to Figs. 14(a) and 14(b).

a =R,

At 6, = 6. =0, the population of atoms in state |3)
increases as temperature increases, as shown Fig. 12(c).
Increasing the temperature from 0 to 100 K decreases pj;
from 1.0 to 0.7 while increasing p33 from 0.0 to 0.2. This
population change is due to reduction of the coherence py4.
The coherence p34 does not have an influence at §,c = 0.

The atom-field system is no longer in the pure dark state
|Y¥p). Increasing the temperature has the effect of displacing
the system from the dark state to different state, where
the absorption of the probe field increases. Thus, as the
temperature of the system increases, probe-field absorption
becomes very high, thereby potentially preventing the first
EIT window from being observed.

For 8, = &, the atomic population remains the same at
different temperatures, i.e., p;; = p33 = 0.5. Therefore, the
system remains trapped in the dark state |y,) [Eq. (B6)].
The population at that detuning is less sensitive to Doppler
broadening. This insensitivity can be explained as resulting
from higher-order nonlinear interactions between the signal
and probe fields resulting from the coupling of pj4 to p34
through the presence of the term p;3 [8]. This coupling
eliminates the effect of Doppler broadening and eliminates
the dephasing by Wy.. Thus, at the second window, the dressed
atom-field dark state is stable with respect to the Doppler
effect, and this stability enables observing the second window
even at higher temperature.

b 2> Q,

For Q¢ > Q,, the term Qpp4(¢) — Q;pm(t) of Eq. (All)
is neglected because its effect is very small. Therefore, for
this case, the coherence p;4 has negligible effect on the atomic
population of state |1). Consequently, the population of |1) is
not affected by Doppler broadening at 6, = &.

Under the additional constraint that ,s = 0, only p34 affects
the population by reducing p33, and, as p33 for the Doppler-free
atomic-field system is almost zero, reducing p34 thus has no
effect on the population of state |3). Hence, the population of
each level (A11) at zero temperature will be the same as for
the population at any higher temperature. At steady state, the
atoms are all trapped in the state |p) for §,c = 0 and to |y))
for 8ps = 0.

APPENDIX C: ABSORPTION MAXIMA AND MINIMA

In this section, we show the calculations leading to closed-
form expressions for the heights, or maxima, of the two
absorption windows and also the nadirs, or minima, of these
absorption windows. These expressions are derived first for the
stationary atom and then generalized to the Doppler-broadened
case.
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1. Stationary atom

Identifying the maximum height /i, and minimum height
hmin, of the 1th window is subtle because the two Lorentzian
transparency windows are cut asymmetrically into the overall
Lorentzian absorption peak corresponding to zero-coupling
field. First, we consider the 1 = 1 case.

The maximum is calculated by setting Q. = 0 = Qg and
evaluating Eq. (11) at 6, = 6. = 0:

P11 — P44
V4 )

The minimum /i, is determined by setting €2, = 0 but
Q¢ # 0 and evaluating Eq. (11) at §, = §. = 0. We obtain

hmaxl =

(ChH

Bomin, = 77(,011——/%44)2)/2 220 (C2)
vay2 + 12|

with zero absorption attained for y, =0. If y, # 0 but
condition (15) holds,

n(p11 — p44) V2
12|12 '

and minimum absorption is reached.
The maximum and minimum of the first transparency
window are used to calculate the half-maximum

hmaxl +hmin1 - n(pll - 1044)(2)/4)/2 + |Qc|2)

hmin] - (C3)

”® = = (4
' 2 21472 + 1P
Applying condition (15) yields
% = M. (C5)

2y4

For the : =2 case, we have a Lorentzian transparency
window cut into the absorption curve corresponding to the
two conditions 23 =0 and . # 0 holding. For our case
of DDEIT, we set 2. = 28, which establishes the second
transparency window centered at &, = &, which is the point
that the maximum peak height /s,y occurs. Therefore, Amax,
can be determined by calculating the 2, = 0 absorption curve
value at 6, = 4;:

Q2
(P11 — paa) <V4 + 4532:2)

hmaxz = ’7 2 (C6)
2 Q;
i+ 4 (i o)
Under the approximation that
12 v
—_—, C7
V4 > 292 2 (ChH
we obtain
Rnax, = P11 — ,044. (C8)
V4

Thus, Amax, = Nmax,-

In order to calculate the minimum of the second trans-
parency window, we set €5 # 0 and 2. # 0 and evaluate
Im Xél) from Eq. (11) at §, = J; to obtain the minimum

Poniny = ((pll — P44) V3

(pas — p33) |92 > (9)
vays + 122 '

Caz(yays + 1€21?)
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The first term in the right-hand side of Eq. (C9) represents the
absorption minimum, whereas the second term represents the
maximum gain (negative absorption).

If we wish to reduce absorption, decay from level |3) must
be minimized, i.e., y3 — 0. For the case y3 # 0, condition (16)
must be satisfied to minimize the absorption. As ['43 =~ y4,
Eq. (C9) is simplified to

(11— paa) V3 | paa — ,033>
hmin =1 ( + . (ClO)
? |Qs|2 Ya
As pgq = 01is assumed, gain exists only when
|044 — p33] > o1 — /0;14|V3 1)
V4 [€2]
or, equivalently, if
|04a — p33] )/33/42' C12)
[o11 — paal [€2]
In our case
| 044 — p33] ~ (C13)

[o11 — P44l
Therefore, we also require condition (16) in order to achieve
gain. The half-maximum is then
(P11 — Paa) 2yays + |2]7)
=1 2
va(yays + |€2%]°)

(Pss — p33)1S2%]° ]
C3(vays + 1927
(C14)

For condition (16) and y4 > y3,

(p11 — p33)
n——.

V4

For py1 & ps33, %, is located at zero absorption.

(C15)

Xy =

2. Doppler-broadened susceptibility

In the case of Doppler-broadened susceptibility, the absorp-
tion profile near the center (corresponding to zero velocity)
is quite flat. As the two windows occur near the center, the
maxima for both windows are the same. The maximum value
is calculated for Q. = Q4 = 0 and for §, = .:

L _ VT (o1 — pas)
TR W

The minimum value of the first window is calculated for
Qs = 0and §, = &.:

(C16)

NI (P11 = Paa) V2 m—o
thim = 5 — 0,
[€2c]° + y2 (ya + WL)
which requires the condition |Q.|> > 5 (4 + W) to hold in
order to reach minimum absorption.

For y, # 0, however, for W, > y4, this condition can be
reduced to |2.|?> > y, Wy. If the intensity of the driving field
eliminates the inhomogeneous broadening due to Doppler
broadening, it certainly eliminates the homogeneous broad-
ening as well. The half-maximum of the first window is then
equal to

YT (o — paa) 2 WL+ Q)
2 W2+ 12012 (ya + Wi)

(C17)

(C18)

X
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For : = 2, the minimum is calculated for Q. =0 and
8p = &, with the result

(p11 — p44) v3
h min, — T’]«/;|:
pmine v3 (va + W) + 242

(pas — p33) 192
vsWE+ (WL — ya) |9

2 (paa — p33) |92 }
WLQRysys + 19217 |

The first term in the right-hand side of Eq. (C19) represents
the absorption minimum. This term tends to 0 if 3 — O.

For the case of nonzero dephasing or relaxation decay
from state |3), condition || > y3 (y4 + W) is required to
minimize the absorption. For Wi, >> y4, this condition can be
reduced to (41). The last two terms of the right-hand side of
Eq. (C19) represent the maximum of the gain. After solving
some algebraic expressions, Eq. (C19) becomes

(C19)

(P11 — P44)V3 (pas — P33)I1%)°
thin2 :nﬁ 5> = )
v3(ys + WL) + |92] WL2ys3ys +92]%)

y 23 Wiys — W) + 19272y — W0)
WP — Q2 (ya — W)

Now, we want to examine whether condition (41), for
y3 # 0, is required to observe gain of the Doppler-broadening
susceptibility. If not, then the existence of gain suppresses
absorption, and the second transparency window is observed
even if condition (41) fails. We evaluate Eq. (C20) for the
condition W, >> y4, in order to simplify the calculation, and
evaluate for condition (16), which is necessary to minimize
the absorption as shown earlier:

i| . (C20)

(p11 — p44) V3
thin2 = 7]\/; |:—

y3Wr + |Qs|2
— 1%
_ (pag — p33) (1 n ysWL 2>:| 1)
WL 3 WL + 2]
In order for gain to exist,
_ W, _
| 044 — p33] <1+ WL 2>>> lo1 /044|V32’ (€22)
W VaWL + €] VaWL + €]
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which can be simplified by rearranging terms and substituting
the quantity

|44 — p33] ~1 (©23)
[o11 — paal
to yield
Q2+ W
P+ W o, (C24)
WL

Condition (C24) is always valid even if condition (41) is not
satisfied. Note that the derivation of inequality (C24) is based
on the validity of condition (16) for homogeneous broadening.
Therefore, condition (16) is required for the gain to exist in
our system, whereas condition (41) is not.
The half-maximum for the second EIT window, without
making any approximation, is
7 Ny {(,011 — paa) [2y3 (va + WL) + Q4]
y =
2 [ys (va + W) + Q121 (va + WL)
(pas — p33) |2
WLQRy3ys + 124]?)
y 23 Wi(ys — W) + |9 Qys — WL)
—sWE + |42 (ya — WL)

Applying condition (16) simplifies this expression to
o nﬁ{ (P11 — pas) Qys WL + |Q2]%)
=
2 (raWL + |12 (va + W)
+ [ZmWLm — Wo) + 24Py - Wg}
— s WE + 122 (ya — WL)

P44 — P33
X ———— 1,
.

} . (C25)

(C26)

which is the same as Eq. (46) for p;; = p33 & 0.5 and pyg = 0.
For the condition that Wi, > y4, Eq. (C26) reduces to

- N1 <2y3WL+ Q27
2 =
2Wr, \ WL + )2

Thus, the half-maximum of the second EIT window for high
Doppler broadening depends on the population difference
between states |1) and |3). For equal population, the half-
maximum is always located at zero where absorption vanishes.

)(pn —p). (C27)
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