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Tuning the central wavelength by hundreds of nanometers using
ultrafast molecular phase modulation
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We theoretically study the central wavelength tuning of a laser pulse propagating in a hollow-core fiber
filled with prealigned nitrogen gas. The simulation results show that the double pump pulses, suitable pump
pulse energy, gas pressure, and temperature can extend the wavelength shift range, and the spectral blueshift
or redshift can be controlled by tuning the time delay between the pump and probe pulses. It is also shown
that several hundred nanometers wavelength tuning is obtained by the double pump pulses with appropriate
parameters.
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I. INTRODUCTION

Ultrashort femtosecond laser pulses have a wide variety
of applications in science and technology such as high-
order-harmonic generation [1], attosecond pulse generation
[2,3], chemical reaction dynamics [4,5], and time-resolved
measurements in atomic and molecular physics [6]. Fem-
tosecond Ti:sapphire lasers based on the traditional chirped-
pulse amplification (CPA) technique are now widely used
sources of stable, energetic femtosecond pulses [7,8]. How-
ever, wavelength tuning directly from the laser system is
limited to a narrow range around the fundamental wavelength
of 800 nm. The central wavelength tuning range can be
greatly improved by using optical parametric amplification
(OPA) or the newly proposed optical parametric chirped-
pulse amplification (OPCPA) [9–11], but the efficiency is
restricted because it is difficult to satisfy phase matching
precisely, and the systems are complicated. Spectral shifts
could also be achieved by producing laser filaments in atom
gases and by monitoring compression and self-steepening
events by varying the pump wavelength, the pressure, and
the nature of the gas undergoing photoionization [12–14]. An
alternative mechanism for ultrashort pulse spectral conversion
called molecular phase modulation (MPM) has also been
demonstrated [15,16]. It is based on impulsive molecular
alignment in Raman-active gases, where an ultrashort pulse
first propagates through the molecular gas and excites impul-
sively molecular alignment; then a time-delayed probe pulse
experiences a rapid phase modulation due to refractive index
variation caused by the molecular alignment revivals [17–21].
With such methods [22], the central wavelength of an initial
800-nm, 5-fs Gaussian pulse is theoretically shown to be
tuned from 324.6 to 4237.3 nm by using impulsively excited
molecular alignment created by another 800-nm, 100-fs laser
pulse of intensity 3.5 × 1013 W/cm2, which is very promising
as a tunable source. In order to gain more insight into the
propagation dynamics involved for future implementation,
a more accurate model is needed to include effects such
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as waveguide attenuation and dispersion, ionization, plasma
defocusing, and so on.

In this work, we theoretically study the spectral modu-
lation of an ultrashort laser pulse propagating in a hollow-
core fiber (HCF) filled with prealigned nitrogen gas, which
shows a blueshift or redshift by changing the time delay
between the pump and the probe pulses. It is found that
hundreds of nanometers wavelength tuning is obtained by
ultrafast molecular phase modulation in prealigned nitrogen
molecules.

II. THEORETICAL MODEL

A. Molecular alignment

When a linear molecule is subjected to the laser pulse
field E(t) = E0f (t) cos(ω0t), where E0 is the amplitude,
f (t) = exp[−(2 ln 2)t2/τ 2] is the Gaussian shape, τ is the
pulse full width at half maximum (FWHM), and ω0 is the
central frequency of laser field, the evolution of the molecular
state can be described based on a rigid-rotor model as [23]

i�∂t |ψ(θ,t)〉 = H (t)|ψ(θ,t)〉, (1)

where H (t) is the total interaction Hamiltonian and is given
by [24]

H (t) = BJ2 − μ0E(t) cos θ

− 1
2 [(α// − α⊥)cos2θ + α⊥]E2(t), (2)

where B is the molecular rotational constant and J is the
operator of the angular momentum (with the eigenvalue of
non-negative integer and the reduced Planck constant � factor
absorbed in constant B); μ0 is the molecular permanent dipole
moment, θ is the angle between the laser polarization and
the molecular axis, and α// and α⊥ are the polarizabilities
in the direction parallel and perpendicular to the molecular
axis. The first term on the right-hand side of Eq. (2) describes
the molecular rotational energy; the other two terms represent
the interaction potentials with the permanent dipole moment
and the polarizability, respectively. Finally, the degree of the
molecular alignment is characterized by the expectation value

1050-2947/2015/91(4)/043809(6) 043809-1 ©2015 American Physical Society

http://dx.doi.org/10.1103/PhysRevA.91.043809


ZHIYUAN HUANG, DING WANG, YUXIN LENG, AND YE DAI PHYSICAL REVIEW A 91, 043809 (2015)

of cos2θ . Considering the thermal equilibrium of the molecular
ensemble, the alignment is averaged over the Boltzmann
distribution and expressed as [25]

〈〈cos2θ〉〉 =
∑

J

WJ

J∑
M=−J

〈ψJ,M |cos2θ |ψJ,M〉

=
∑

J

gJ exp[−BJ (J + 1)/kT ]

Q

×
J∑

M=−J

〈ψJ,M |cos2θ |ψJ,M〉, (3)

where WJ is the Boltzmann weight factor; ψJ,M is the
rotational wave function of the evolved molecules, the gJ

factor reflects the nuclear spin statistics of the molecule, Q is
the rotational partition function, k is the Boltzmann constant,
and T is the molecular rotational temperature.

B. Molecular phase modulation based on HCF

In order to simulate the pulse propagation in HCF
filled with molecular gases, the input electric field E(r,t,z)
is decomposed into a set of leaky modes, E(r,t,z) =∑

p Up(t,z) Vp exp[iβ(0)
p z − iω0t] + c.c., where p indicates

the mode order EH1p, Up,{p = 1,2 · · · } are the envelopes
of different modes, Vp = J0(upr/a) is the zero-order Bessel
function, up is the pth zero point of J0, β(0)

p is the propagation
constant at carrier frequency ω0 of mode EH1p, and a is
the inner radius of HCF. The derivation of mode-coupling
propagation equations is elaborated in [26], and given as
follows for fundamental mode EH11:

(∂z − iL1)U1 = iω0T̂ n2

c

⎡
⎣h1|U1|2U1 +

∑
p �=1

hp

(
U 2

1 U ∗
P eiβ

(0)
1 z−iβ

(0)
p z + 2|U1|2Upeiβ

(0)
p z−iβ

(0)
1 z

)⎤⎦ + iω0T̂

c

∑
p

δnpUpeiβ
(0)
p z−iβ

(0)
1 z

− σ

2

[∑
p

dpUpeiβ
(0)
p z−iβ

(0)
1 z

]
− 1

2

⎡
⎣ f1

U ∗
1

−
∑
p �=1

fp

(U ∗
1 )2 U ∗

peiβ
(0)
1 z−iβ

(0)
p z

⎤
⎦ − iq2

e

2cω0meε0
T̂ −1

[∑
p

dpUpeiβ
(0)
p z−iβ

(0)
1 z

]
,

(4)

where the envelopes Up,{p = 1,2 · · · } are normalized
to intensities. Linear operators Lp = iα(0)

p − α(1)
p ∂τ +∑∞

m=2 (i∂τ )m[βm
p + iαm

p ]/m! describe the waveguide mode
attenuation α and dispersion β with α(m)

p = dmαp/dωm|ω=ω0

and β(m)
p = dmβp/dωm|ω=ω0 . The form of the linear operator

is much simpler in the frequency domain which includes all
orders of dispersion. The retard frame is moving at the group
velocity of the fundamental mode τ = t − β

(1)
1 z. The constants

c, σ , qe, me, ε0, and n2 are light speed in vacuum, impact
ionization cross section, electron charge and mass, vacuum
permittivity, and instantaneous Kerr nonlinear refractive index,
respectively. δnp = ∫ a

0 �nV1Vp rdr/
∫ a

0 V 2
1 rdr describes the

effect of change of refractive index �n induced by molecular
rotation projected on the pth mode. The change of refrac-
tive index induced by molecular rotation can be calculated
by either a simple “weak field” model or “strong field”
model as �n(t,r,z) = 2π (ρ0�α/n0)[〈〈cos2θ〉〉(t,r,z) − 1/3]
where ρ0 is the neutral density of gas; �α is the polariz-
ability difference between parallel to and perpendicular to
the molecular axis [27,28]. The operator T̂ = 1 + (i/ω0)∂τ

gives rise to self-steepening effects. The coefficients hp =∫ a

0 V 3
1 Vp rdr/

∫ a

0 V 2
1 rdr , dp = ∫ a

0 ρV1Vp rdr/
∫ a

0 V 2
1 rdr , and

fp = ∫ a

0
Vp

V1
ηW (ρ0 − ρ) rdr/

∫ a

0 V 2
1 rdr describe mode cou-

pling involving instantaneous Kerr, plasma, and ionization
effects. Assuming electrons born at rest, the electron density
ρ evolves as

∂ρ

∂t
= ηW (I )(ρ0 − ρ) + σ

Ui

ρI, (5)

where the ionization rate W (I ) follows from the
Perelomov-Popov-Terentiev (PPT) theory presented in [29],

and Ui is the ionization potential. The coefficient η = 1 +
(1.5a2 − 3.75a4)(〈〈cos2θ〉〉 − 1/3) + 4.375a4(〈〈cos4θ〉〉− 1/5)
describes the dependence of ionization rate on molecular
alignment, where a2 = 0.39 and a4 = −0.21 [30].

In the following simulations, because the input pulse energy
level is low, Eq. (4) can be further simplified by single-mode
approximation as

(∂z − iL1)U1 = iω0T̂ n2

c
[h1|U1|2U1] + iω0T̂

c
[δn1U1]

− σ

2
d1U1 − 1

2

[
f1

U ∗
1

]
− iq2

e T̂
−1

2cω0meε0
[d1U1],

(4′)

and for all input pulses (both pump and probe) the analytical
form U1(t,z = 0) at the input of the HCF is

U1(t,z = 0) = fcoup

√
0.94Een/τ

0.5πw2
0

exp

[
−(2 ln 2)

t2

τ 2

]
, (6)

where τ is the pulse FWHM, Een is the pulse energy, w0 is
the 1/e2 radius of the beam intensity Gaussian profile at the
focus just before the input of HCF, and fcoup is the fraction
of the pulse that is coupled to the fundamental mode. The
optimal coupling, i.e., where most of the energy is coupled
to the fundamental mode, is met when w0 = 0.65a, which
corresponds to fcoup

∼= 0.88.
It should be noted that in the modeling of pump-probe

configurations, the propagation dynamics of both the pump
pulses and the probe pulse are obtained by integration of
Eq. (4). Since the electronic Kerr effect is instantaneous,
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FIG. 1. (Color online) The spectral intensities of output probe pulse versus time delay between input pump and probe pulses with energy
of 0.2 and 0.05 mJ, respectively. The gas pressure is set at 0.5 bar and the temperature is 25 °C.

this effect for different pulses is decoupled. However, as
the lifetime of the molecular alignment and the plasma are
of, or more than, picosecond level, and the delays between
consecutive pulses are of picosecond level, these effects will
be coupled between consecutive pulses. For the evaluation of
molecular-rotation-induced �n, the three-level model [28] is
used for the first pulse. For the second pulse (the second pump
or the probe), �n is obtained by first integration of Eq. (1)
with the first pulse and then free evolution of final states across
the second pulse. For the third pulse, �n is obtained by first
integration of Eq. (1) with the first followed by the second
pulses and then free evolution of final states across the third
pulse. As for plasma generation, considering the lifetime is of
nanosecond level, the recombination process is ignored and
the initial electron density seen by a pulse is taken as that at
the end of the former pulse (the initial electron density of the
first pulse is taken as 0).

III. RESULTS AND ANALYSIS

In the simulation, we use the HCF filled with prealigned
nitrogen gas with the length of 1 m and the inner diameter
of 250 μm as an example, and the molecular parameters are
B/(hc) = 1.989581 cm−1 where h is the Planck constant, and

�α = 1.0 Å
3
; thus the rotational period of the N2 molecule

can be obtained by Trot = 1/(2Bc) ≈ 8.38 ps. The central
wavelength of the pulses is 800 nm and the duration of the
pulses is τ = 40 fs.

We first calculate the spectral changes of the probe pulse
with input energy of 0.05 mJ depending on the time delay
(0.5–20 ps) to only one pump pulse of 0.2 mJ at temperature
25 °C and gas pressure 0.5 bar, and the results are presented in
Fig. 1. The spectral blueshift or redshift is observed obviously,
and the central wavelength tuning of the probe pulse is different
with respect to time delay. Furthermore, with increasing the
time delay, the spectral shift exhibits periodic changes and
the period is about 8.39 ps, agreeing well with the rotational
period of the N2 molecule Trot. Figure 2 shows the temporal and
spectral intensities of probe pulse with (blue solid curves) or
without (red dashed curves) considering the effect of molecular
alignment, together with the initial probe pulse (green dash-
dotted curves), and the same parameters are used as in Fig. 1
but for the probe matching the molecular alignment revival is at
time delay 4.20 ps. In Fig. 2(b), it is observed that the spectral
profiles for considering the molecular alignment display the
blueshift, and the central wavelength shift is ∼24 nm; thus the
results of wavelength tuning are caused by the influence of
molecular alignment based on HCF.

When the pump pulse interacts with the molecular gas,
rotational wave packets are created in each molecule, leading
to the periodic revivals of molecular alignment. The time-
delayed probe pulse experiences molecular phase modulation
owing to refractive index variation excited by the molecular
alignment revivals, which will generate central wavelength
tuning. The time-dependent averaged degree of molecular
alignment can be described by 〈〈cos2θ〉〉(t), and the refractive

FIG. 2. (Color online) The temporal (a) and spectral (b) profiles of probe pulse, blue solid lines, and red dashed lines, with or without
considering the effect of molecular alignment at the same simulation parameters as in Fig. 1 except for time delay 4.20 ps, respectively; green
dash-dotted lines represent initial probe pulse.
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FIG. 3. (Color online) Time evolution of the refractive index change (blue solid lines) and its derivative with respect to time (green
dash-dotted lines) induced by a laser pulse with duration 40 fs and energy 0.2 mJ at 25 °C; the optimal time marked in red dashed lines is the
negative maximum value of ∂�n(t)/∂t .

index change originated from molecular alignment reads
as �n(t) = 2π (ρ0�α/n0)[〈〈cos2θ〉〉(t) − 1/3]; meanwhile, the
frequency shift of the probe pulse induced by the effect of
molecular alignment maintains such a relationship, δω(t) ∼
−∂�n(t)/∂t . Figure 3 shows the time-dependent refractive
index change �n(t) (blue solid curves) and its derivative
∂�n(t)/∂t (green dash-dotted curves) created by the pump
pulse of energy 0.2 mJ and duration 40 fs at 25 °C. As shown
in Fig. 3, the optimal time (4.25 ps) marked in red dashed
curves is the negative maximum value of ∂�n(t)/∂t , which
means the probe pulse will obtain the maximum blueshift when
its temporal peak interacts with the molecular alignment at that
moment. The time delay between the pump and probe pulses
can be calculated by the optimal time minus the time (0.06 ps)

before the temporal peak of the probe pulse is coupled into
gas cell, and the result is 4.19 ps in agreement with the case
of time delay 4.20 ps in Fig. 1. In conjunction with Figs. 1
and 3, the probe pulse shows a spectral blueshift or redshift
as its temporal peak is tuned to the falling or rising edge of
the refractive index change (or averaged degree of molecular
alignment).

To improve the central wavelength tuning range of the
probe pulse, we investigate the influence of pump energy, gas
pressure, and temperature in HCF based on the relationship
δω(t) ∼ −∂�n(t)/∂t . Figure 4(a) shows the spectral inten-
sities of the probe pulse by varying pump pulse energy. It
clearly suggests the wavelength tuning range is enhanced by
increasing the pump energy in the beginning, while it will be

FIG. 4. (Color online) The spectral intensities of output probe pulse for different pump energies (a) from 0.2 mJ to 1.8 mJ and gas pressures
(b) from 0.6 to 2.0 bars, respectively; other parameters are the same as in Fig. 2 except for the pump energy for (a) or gas pressure for (b); the
temporal (c) and spectral (d) profiles of probe pulse, blue solid lines, and red dashed lines represent the gas temperature 25 °C and −183 °C
with pump energy 1.0 mJ, gas pressure 1.0 bar, and time delay 4.20 ps, respectively.
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FIG. 5. (Color online) (a) The intensity (blue solid lines) of the second pump pulse and averaged degree (green dash-dotted lines) of
molecular alignment by the first pump pulse; the red dot A represents the optimal time delay of the second pump pulse after the first pump
pulse. (b) Time evolution of the refractive index change (blue solid lines) and its derivative with respect to time (green dash-dotted lines)
induced by double pump pulses with duration 40 fs and energy 0.2 mJ at 25 °C; the red dashed lines represent the optimal delay of probe pulse
to the second pump pulse.

suppressed because of the abundant nonlinear effects induced
by the intense pump pulse. Figure 4(b) plots the spectral
profiles of the probe pulse at various gas pressures in HCF.
Similarly, we can see the wavelength shift is improved with
increase of the gas pressures and seems like a linear relation;
it should be noted that the nonlinear effects are also obvious
when the gas pressure is set high enough. Then the suitable
pump pulse energy and gas pressure are picked out to increase
wavelength tuning range. The temporal and spectral intensities
of the probe pulse with pump pulse energy 1.0 mJ, and
gas pressure 1.0 bar at time delay 4.20 ps for different gas
temperature 25 °C (blue solid curves) and −183 °C (red dashed
curves) are shown in Figs. 4(c) and 4(d), respectively. As
shown in Fig. 4(c), the centroid of the probe pulse profile shifts
more toward the positive side when cooling the molecular gas.
When switching off the dispersion terms in the simulations,
these delays for different temperatures are of small difference.
Considering the dispersion in HCF is small, this shift with
temperature can be explained as the combined interaction
between linear and nonlinear effects. Note that in Fig. 4(d),
a tail exists in the right side of the spectrum of the probe pulse
at 25 °C, which suggests the intense pump pulse energy and gas
pressure strengthen the nonlinear effects in HCF even though

the probe pulse energy of 0.05 mJ is low. However, when
the gas temperature is lower, a smooth spectrum is obtained
and the wavelength shifts more than ∼159 nm compared with
the former case of 25 °C (∼153 nm). That means cooling
decreases the nonlinear influence and increases the purity of
the molecular coherent state, resulting in a smoother spectrum
and wavelength tuning range.

Another method further to improve the value of ∂�n(t)/∂t

is to use double (or even multiple) pump pulses. Figure 5(a)
shows the averaged degree (green dash-dotted curves) of
molecular alignment before and after the second pump pulse,
together with the intensity (blue solid curves) of the second
pump pulse with duration 40 fs and energy 0.2 mJ. The time
delay of the second pump pulse after the first pump pulse
is set at the position of the temporal peak and is marked
by the red dot (A). It can be seen that the averaged degree
of molecular alignment 〈〈cos2θ〉〉 is enhanced in Fig. 5(a).
The time-dependent refractive index change �n(t) and its
derivative ∂�n(t)/∂t created by the double pump pulses are
given in Fig. 5(b); the optimal time delay of the probe pulse
to the second pump pulse is marked by red dashed curves.
The value of ∂�n(t)/∂t is obviously increased compared with
Fig. 3 induced by a pump pulse.

FIG. 6. (Color online) The temporal (a,c) and spectral (b,d) profiles of probe pulse. (a,b) and (c,d) describe the blueshift and redshift of
probe pulse with time delay 4.21 and 8.40 ps, respectively. Blue solid lines and red dashed lines represent the gas temperature 25 °C and
−183 °C with double pump pulses of energy 1.0 mJ and gas pressure 1.0 bar, respectively.
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Based on the previous analysis, there are many ways—
such as using an intense pump pulse, increasing the gas
pressure, cooling the molecular gas, and using the double pump
pulses—to improve the value of ∂�n(t)/∂t so as to extend the
central wavelength tuning range. Figure 6 describes the larger
blueshift [Figs. 6(a) and 6(b)] and redshift [Figs. 6(c) and 6(d)]
of the probe pulse created by the double pump pulses with
even higher energy of 1.0 mJ and gas pressure of 1.0 bar at
25 °C (blue solid curves) and −183 °C (red dashed curves) for
different time delays 4.21 and 8.40 ps relative to the second
pump pulse, respectively. The blueshifts of probe pulse at
25 °C and −183 °C are ∼259 and ∼267 nm, and are smaller
compared with the redshifts ∼375 and ∼426 nm. Therefore, by
using intense double pump pulses, we obtain several hundred
nanometers wavelength tuning of the probe pulse at different
delays.

IV. CONCLUSION

In summary, we have shown numerically the central
wavelength tuning of a probe pulse by using ultrafast molecular

phase modulation in HCF filled with prealigned nitrogen gas.
We demonstrate that the probe pulse experiences a spectral
blueshift or redshift depending on whether its temporal peak
is tuned to the falling or rising edge of the molecular alignment
revival. It is found that using an intense pump pulse energy,
increasing gas pressure, cooling gas temperature, and using
the double pump pulses can improve the wavelength shift
range of the probe pulse. It is also shown that hundreds of
nanometers wavelength tuning is achieved by using the double
pump pulses with suitable parameters. This method provides
us an alternative approach to tune the central wavelength of an
ultrashort laser pulse.
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