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Molecular high-order-harmonic generation due to the recollision
mechanism by a circularly polarized laser pulse
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High-order-harmonic generation (HHG) from small linear molecules driven by a circularly polarized laser
pulse (CPLP) is investigated. It is found that the obtained high-order harmonics are more pronounced than those
from reference atoms with equal ionization potential driven by the same CPLP. By analyzing the dependence of
the cutoff position on laser parameters and calculating the recollision trajectories, it is shown that this molecular
HHG originates from the recollision mechanism, instead of the bound-bound transition mechanism found to be
responsible for molecular HHG by CPLP in earlier works. A semiclassical model is used to analyze the HHG
process and discuss the origin of the higher efficiency of molecular HHG. It is found that the higher HHG
efficiency for molecules is mainly contributed in the recombination step and at least partly due to the higher
recollision probability of continuum electrons.
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I. INTRODUCTION

When atoms and molecules are exposed to intense laser
irradiation, high-order harmonics are generated. The high-
order-harmonic generation (HHG) has been an attractive
topic in the past two decades for its potential application of
producing coherent attosecond pulses in the XUV regime [1–9]
and self-probing of molecules allowing a combination of
attosecond and Ångström resolutions [10–17]. The generation
of high-order harmonics driven by a linearly polarized laser
pulse (LPLP) can be explained by the semiclassical recollision
mechanism [18–20], where the HHG process consists of three
steps: (i) an atom or molecule emits its electron to a continuous
state, (ii) the electron is accelerated in the laser field, and
(iii) the accelerated electron recombines with the parent ion
and a high energy photon is radiated. This model can be
supported by two simple experimental observations. First, the
cutoffs in the harmonic spectra locate at the photon energy of
3.17Up + Ip, where Ip is the ionization potential of the target
atom or molecule, Up = E2

0/4ω2
0 is the ponderomotive energy

of the ionized electron, and E0 and ω0 are the peak amplitude
and frequency of the laser field, respectively [21,22]. This is
consistent with the semiclassical calculation that the maximum
kinetic energy of the recolliding electron accelerated by LPLP
is 3.17Up. Second, if the driving laser deviates from linear
polarization, the HHG efficiency decreases with the increase
of the ellipticity, because the ionized electrons are transversely
accelerated and may miss the core [23–25].

Plenty of experiments and simulations show that the
behaviors of atoms and molecules are similar in HHG driven
by LPLP or an elliptically polarized laser pulse with small
ellipticity. However, it is found that their behaviors are far
different if the laser pulse is circularly polarized. For atoms,
the HHG efficiency is quite low. While for molecules (such as
benzene, and also thin crystals and nanostructures) possessing
N th order rotational symmetry, high-order harmonics with
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frequencies � = ω,(lN ± 1)ω,l = 1,2, . . . , are efficiently
generated [26–31]. The cutoff position is not at 3.17Up + Ip

and depends linearly on the electric field and the molecular
dimensions [28]. Previous investigations based on one- or
multiple-electron 2D/3D theoretical methods all show that
this kind of molecular HHG originates from bound-bound
transitions [26,29–31]. This mechanism also dominates the
HHG when the laser polarization deviates from the “ideal”
circular one by about 5% [30].

Coming back to the recollision mechanism, the HHG
based on recollision is still an efficient mean of obtaining
harmonics of very high orders, because of the advantageous
cutoff position scaling compared to bound-bound transitions,
such that many works have taken advantage of the geometrical
structure of the considered molecules to induce recollision
and extend the cutoff even higher [32–34]. Therefore, the
recollision process under a circularly polarized laser pulse
(CPLP) and the recollision induced HHG from (pre-excited)
atomic systems are also investigated [35–38]. These works
show that the recollision under CPLP does occur and has a
significant effect on the recollision-driven processes (such as
nonsequential double ionization and HHG). Then, considering
molecular targets with small dimension and the mid-infrared
driving lasers, where the quiver radius is much larger than
the internuclear distance, the geometrical tricks become less
important and the molecular system is much like an atomic
target at the scale of the laser induced electronic dynamics. In
this case, the findings from atoms may also exist for small
molecules, and on the other hand, some new features are
expected due to the nonspherical structure of molecules. This
can be studied by comparing the HHG from small molecules
and atoms.

In this work we investigate the HHG driven by CPLP from
small linear molecules such as CO2 and N2. Different from
the previously known “symmetry-allowed harmonics” based
on bound-bound transitions, by analyzing the dependence
of the cutoff position on laser parameters and calculating
the recollision trajectories, it is shown that these molecular
HHG are due to the recollision mechanism. Moreover, the

1050-2947/2015/91(4)/043418(11) 043418-1 ©2015 American Physical Society

http://dx.doi.org/10.1103/PhysRevA.91.043418


ZHU, LIU, LI, QIN, ZHANG, LAN, AND LU PHYSICAL REVIEW A 91, 043418 (2015)

high-order harmonics generated from molecules are more
pronounced than those generated from atoms with an equal
ionization potential with CPLP. It is found that the higher
efficiency is mainly contributed in the recombination step
and is at least partly due to the higher recollision probability
for molecules. Since this HHG process involves the unique
recollision mechanism under a circularly polarized laser field,
it will stimulate new potential applications, such as offering an
ideal framework for study of strong-field dynamics [37] and
(one-shot) imaging or structure detection of molecules with all
optical methods [39–42].

II. THEORETICAL MODEL

In this work we investigate the interaction of molecules and
atoms with laser pulses by solving a two-dimensional single-
active-electron (SAE) time-dependent Schrödinger equation
(TDSE) (atomic units are used throughout this paper unless
otherwise stated):

i
∂

∂t
ψ(r,t) = Ĥ (r,t)ψ(r,t) (1)

numerically. The Hamiltonian reads

Ĥ (r,t) = −1

2
∇2 + V (r) + r · E(t). (2)

E(t) is the electric field and V (r) is the model potential of the
system. For molecules we employ the SAE soft-core potential
in the form of [16,43]

V (r) = −
∑

j

Z∞
j + (

Z0
j − Z∞

j

)
exp

(−r2
j /σ

2
j

)
√

r2
j + a2

j

. (3)

The subscript j = 1, . . . ,N labels the nuclei at fixed po-
sitions ρj and rj = r − ρj . The numerator Z∞

j + (Z0
j −

Z∞
j ) exp(−r2

j /σ
2
j ) is the position-dependent screened effective

charge for the j th nucleus, where Z∞
j denotes the effective

nuclear charge of the nucleus j as seen by an electron at infinite
distance and Z0

j is the bare charge of nucleus j . Parameter σj

characterizes the decrease of the effective charge with the
distance to the nucleus. aj is the soft-core parameter. For
the simulations of CO2 and N2, the values of the parameters are
given following Ref. [43] as summarized in Table I, where the
values of Z∞

j were derived from a Mulliken analysis carried
out in ab initio study.

The TDSE is solved using the split-operator method [44].
The initial states are obtained by solving TDSE with
imaginary-time propagation [43,45], where the excited states

TABLE I. Values of all parameters used for soft-core potentials
of CO2 and N2 [43].

Molecule CO2 N2

Nucleus O C O N N

aj (a.u.) 1.0 1.0 1.0 1.2 1.2
σ 2

j (a.u.) 0.577 0.750 0.577 0.700 0.700
Z0

j 8 6 8 7 7
Z∞

j 0.173 0.654 0.173 0.500 0.500

FIG. 1. (Color online) Initial states for (a) CO2 and (b) N2

obtained by solving TDSE with imaginary-time propagation.

are obtained by executing ψ ′(t) = ψ(t) − ∑
i 〈ψi |ψ(t)〉ψi af-

ter each time step. ψi represents the lower-energy eigenstates.
The parameters given in Table I ensure the obtained initial
state, possessing the same symmetry as the highest occupied
molecular orbital (HOMO) of the target molecule, has the
same ionization potential as that of the HOMO [16,43]. The
initial states obtained for CO2 and N2 are shown in Fig. 1,
respectively. The orbital of CO2 possesses πg symmetry with
the ionization potential being 13.9 eV, and the orbital of N2

with σg symmetry has the ionization potential of 15.9 eV.
For atoms, the SAE soft-core potential is in the form [46]

V (r) = − 1√
r2 + a2

, (4)

with a being the soft-core parameter. In this work, a2 takes
the values of 0.58 and 0.38 to simulate the reference atoms,
who have the same ionization potentials compared with CO2

and N2, respectively. Although the reference atoms are atomic
models to reproduce the ionization potential of corresponding
molecules, one can find real atoms with close ionization
potentials to them. For a2 = 0.58 the obtained ionization
potential equals that of Ar, and for a2 = 0.38 the obtained
ionization potential is very close to that of K (15.76 eV).

Starting from the initial state, the time-dependent wave
function ψ(r,t) can be obtained via real-time propagation.
To calculate the high-order-harmonic radiation, the time-
dependent dipole acceleration d̈(t) is obtained according to
the Ehrenfest theorem [47]

d̈(t) = −〈ψ(r,t)|∇V (r) + E(t)|ψ(r,t)〉. (5)

The harmonic spectrum is then obtained from the Fourier
transform of d̈(t),

EXUV = ∫
d̈(t) exp(−iqω0t)dt, (6)

Sq = |EXUV|2, (7)

where q corresponds to the harmonic order. In the calculation
we have checked the robustness of our results with the
precision of initial condition computation and have found
qualitatively similar results.

III. RESULT AND DISCUSSION

A. Observation of molecular HHG by CPLP

In this work small linear molecules CO2 and N2 are applied
as a target. The molecules are aligned along the x axis in
the laboratory frame and interact with the CPLP, as shown in
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FIG. 2. (Color online) (a) Schematic for the interaction of
molecules with CPLP. The 3D electric field is plotted by the red
curve, the 2D projections of which are also shown in the time-Ex

and time-Ey planes with green and blue curves. The molecules are
aligned along the x axis in the laboratory frame. (b) Harmonic spectra
from CO2 driven by CPLP and LPLP. The intensity and wavelength
of CPLP are 4 × 1014 W/cm2 and 1300 nm, respectively. The LPLP
have the same field amplitude, wavelength, and pulse duration as the
CPLP. (c) Harmonic spectra from the reference atom for CO2 driven
by the same CPLP and LPLP.

Fig. 2(a). We consider a cos2 laser pulse with the full width of
T = 30 fs:

Ex(t) = E0 cos2

(
πt

T

)
cos(ω0t), (8)

Ey(t) = E0 cos2

(
πt

T

)
sin(ω0t). (9)

We first investigate the HHG from CO2 driven by the
CPLP with intensity I = 4 × 1014 W/cm2 and wavelength
λ = 1300 nm. The obtained harmonic spectrum is presented
in Fig. 2 (b) with the red solid curve. The harmonic spectrum
of CO2 generated by LPLP with the same field amplitude,
wavelength, and pulse duration is also plotted in Fig. 2(b)
with the blue dashed curve. The laser field polarizes at a
30◦ angle relative to the molecular axis in the LPLP case
to avoid the ionization suppression due to the nodal structure
of the molecular orbital [40]. It is shown that the harmonic
spectrum generated by CPLP displays a typical structure as
that generated by LPLP: the harmonics decrease rapidly for
the low harmonic orders, then keep constant over many orders
forming a plateau, and finally end abruptly at the cutoff.

As a comparison, the harmonic spectra from the reference
atom generated by the same laser pulses are also presented in
Fig. 2(c). Comparing Figs. 2(b) and 2(c) it is found that, with
the same ionization potential, the intensities of the harmonics
from CO2 and the reference atom are in the same level for
LPLP, while the harmonic intensities are far different for CPLP.
The intensity of high-order harmonics generated by CPLP is
about 7 orders of magnitude lower than that generated by LPLP
for an atom. The intensity difference is much smaller for CO2,
which is approximately 3 orders of magnitude. Both in the
CPLP case, the harmonic intensity of CO2 is about 5 orders
of magnitude higher than that of the reference atom (can also
be seen in Fig. 3). These results show that the HHG driven
by CPLP from the molecular target CO2 is more efficient
than that from the atom and is more easily to be observed.
Although the intensity difference should be larger than that in
our 2D calculation, the decrease of HHG driven by CPLP has
been dramatically reduced for the molecule. Another important
observation for the molecular HHG driven by CPLP is that
the cutoff is located at the 81st harmonic order, which is
different from that for LPLP with the same field amplitude
and approximately equals 2Up + Ip in photon energy [38].

To check whether these phenomena are general for the laser
parameters commonly used and to uncover the mechanism of
this molecular HHG, we scan the laser intensity from 2 × 1014

to 6 × 1014 W/cm2 with fixed wavelength 1300 nm, and scan
the wavelength of the laser pulse from 900 to 1500 nm with
fixed intensity 4 × 1014 W/cm2, respectively. The results are
displayed in Fig. 3. The spectra of CO2 are plotted with the
red solid curves and the spectra from the reference atom are
plotted with the black dotted curves. From all eight pairs of
spectra, one can see the intensity of molecular spectra keeps
in the same level and are all about 4–6 orders of magnitude
higher than the atomic spectra. This indicates that the higher
efficiency of molecular HHG is not unique for specific laser
parameters, but is general for the laser pulses commonly used
for HHG.

Moreover, it is shown in Fig. 3 that the positions of the cutoff
increase with the driving laser intensity and the wavelength. To
investigate the dependence of the cutoff position on the laser
parameters in more detail, we summarize the cutoff positions
with respect to different laser parameters in Table II. The cutoff
is judged at the position where the spectrum begins to drop by
visual inspection. Because of the irregular structure of the
harmonic spectrum especially with CPLP, it is not easy to
exactly point out the location of the cutoff by visual inspection.
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FIG. 3. (Color online) Harmonic spectra from CO2 (red solid curves) and from the reference atom (black dashed curves) driven by
CPLP with different laser parameters. In the left column, the laser wavelength is fixed to be 1300 nm, and the laser intensities are I =
2,3,5,6 × 1014 W/cm2, respectively. In the right column, the laser intensity is fixed to be I = 4 × 1014 W/cm2, and the laser wavelengths are
900, 1100, 1300, 1500 nm, respectively. The vertical lines label the cutoff positions and the background shadings indicate the errors as listed
in Table II.

Therefore, errors for the cutoff positions are also listed in
parentheses in the fourth and fifth columns in Table II. These
cutoff positions and errors are labeled in Fig. 3 by the vertical
lines and the background shadings, respectively. In the last
column of Table II, Keldysh parameters γ = √

Ip/Up are also

listed, which shows that for all the laser parameters γ < 1 (i.e.,
in the tunneling regime).

Then we fit the observed cutoff positions in CO2 harmonic
spectra as a function of Up, as shown in Fig. 4. The data
marked by diamonds denote the results with fixed wavelength
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TABLE II. Cutoff positions in photon energy with respect to different laser parameters and molecules. Errors for the cutoff positions are
also listed in the parentheses in the form of (positive error/negative error).

Cutoff position (a.u.) γ

I (W/cm2) λ (nm) Up (a.u.) CO2 N2 CO2 N2

2 0.5778 1.82 (+0.11/−0.07) 1.82 (+0.14/−0.04) 0.6711 0.7158
3 0.8667 2.28 (+0.14/−0.11) 2.39 (+0.14/−0.11) 0.5512 0.5867
4 1300 1.1556 2.98 (+0.14/−0.07) 2.98 (+0.11/−0.07) 0.4802 0.5100
5 1.4445 3.61 (+0.14/−0.07) 3.58 (+0.14/−0.07) 0.4320 0.4579
6 1.7335 4.28 (+0.14/−0.07) 4.31 (+0.07/−0.07) 0.3966 0.4195

900 0.5539 1.82 (+0.30/−0.15) 1.82 (+0.15/−0.10) 0.6777 0.7261
1100 0.8274 2.32 (+0.17/−0.08) 2.40 (+0.17/−0.01) 0.5548 0.5947

4 1300 1.1556 2.98 (+0.14/−0.07) 2.98 (+0.11/−0.07) 0.4802 0.5100
1500 1.5386 3.83 (+0.12/−0.15) 3.86 (+0.12/−0.15) 0.4107 0.4383

λ = 1300 nm, and those marked by triangles denote the data
with fixed intensity I = 4 × 1014 W/cm2. The corresponding
laser parameters are labeled beside the marks in the form of
[I (×1014W/cm2), λ (nm)]. Error bars corresponding to the
errors for the cutoff positions are also shown in the figure with
the short black lines. It is found that the cutoff data are well
fitted by a straight line Ecutoff = 2.15Up + 0.515 (Ecutoff is the
cutoff position in photon energy).

The HOMO of CO2 is an antibounding orbital with πg

symmetry. Differently, the HOMO of N2 is a bounding orbital
with σg symmetry and has a higher ionization potential. In
Fig. 5(a) the harmonic spectra from N2 generated by CPLP and
LPLP are displayed. The driving pulses are the same as those
in Fig. 2(b). The harmonic spectra from the reference atom
generated by the same CPLP and LPLP are also presented in
Fig. 5(b). Similarly, it is found that the intensity difference
between the high-order harmonics generated by CPLP and
LPLP is much smaller for N2 than for the reference atom,

FIG. 4. (Color online) Linear fit of the cutoff positions with re-
spect to different laser parameters for CO2. The horizontal coordinate
is Up = E2

0/4ω2
0. The data marked by diamonds denote the results

with fixed wavelength λ = 1300 nm, and those marked by triangles
denote the data with fixed intensity I = 4 × 1014 W/cm2. The
corresponding laser parameters are labeled beside the marks in the
form of [I (×1014W/cm2), λ (nm)].

which is about 3 orders of magnitude for N2 and 7 orders of
magnitude for the atom. Both in the CPLP case, the intensity
of molecular high-order harmonics is 3–4 orders of magnitude
higher than that of the reference atom. We also scan the laser
parameters and summarize the cutoff positions in Table II.
The linear fit of these data are presented in Fig. 5(c), which
shows that the cutoff position depends on Up by Ecutoff =
2.12Up + 0.585. In the spectra of N2, one can see a peak at
the 63rd harmonic order, which is 59.84 eV in energy. The
position of this peak does not change in energy for different
laser parameters and 59.84 eV equals the energy gap between
the applied initial state of N2 and the lowest-energy eigenstate.
Therefore, this peak should be the artificial “resonant peak”
due to the SAE model. However, it does not influence the main
performance of the spectra, such as the intensity and the cutoff,
and the discussion on the mechanism of HHG.

In both cases of CO2 and N2, the cutoff scales as
Ecutoff ≈ 2Up + Ip. This is consistent with the results from
TDSE calculation and the calculation based on the traditional
semiclassical recollision model in [38], where the HHG by
CPLP from atoms with pure ground state is discussed.

It is worth noting that in [37], where an excited initial
condition is considered, the cutoff follows 3.17Up + Ip from
the TDSE calculation. And both the upper and lower cutoffs
can be well predicted by the calculation based on the
recolliding periodic orbits (RPO) analysis [36]. We attribute
the difference between the two found cutoff laws to the fact that
different definitions of cutoff are used. In our work, the cutoff
is judged where the spectrum begins to drop. And in [37],
the upper cutoff is judged where the spectrum has already
vanished. Because of this, two “different” cutoff laws are
found. If one uses the cutoff definition in our work to the
TDSE results in [37], it is shown that the 2Up + Ip cutoff law
also works well. Therefore, there is actually no contradiction
between the two concluded cutoff laws.

The position of cutoff depends linearly on Up, which means
that it depends linearly on E2

0 . Previous works have shown
that in the HHG due to a bound-bound mechanism the cutoff
position depends linearly on E0 [28,30], which is different
from our results. This proves that the molecular HHG found
in this work is different from the known “symmetry-allowed
harmonics”. On the other hand, the agreement between the
scaling law of the cutoff position and the prediction based on
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FIG. 5. (Color online) (a) Harmonic spectra from N2 driven by
the same CPLP and LPLP as those in Fig. 2(b). (b) Harmonic spectra
from the reference atom for N2 driven by the same CPLP and LPLP,
respectively. (c) Linear fit of the cutoff positions with respect to
different laser parameters for N2. The definitions of the symbols are
the same as in Fig. 4.

the semiclassical recollision picture implies that the HHG can
be due to the recollision mechanism. A more sufficient and
direct proof for this conclusion should be an observation of

the recollision. This will be shown latter in Fig. 8 when the
recolliding trajectories are calculated.

B. Analysis on the higher efficiency of molecular HHG by CPLP

The atomic HHG with CPLP is usually considered im-
possible (very inefficient). In [37] it was proposed that such
HHG can be made possible (more efficient) by considering an
excited initial wave packet composed of ground and excited
states. In our calculation, the atomic HHG is calculated
solely from the ground state. This explains the fact that
the atomic harmonic signal obtained in this work is very
weak. While in the case of molecular HHG, the wave packet
is also composed of only the HOMO eigenstate, but the
HHG efficiency is much higher. This implies there are some
other reasons that make the HHG more efficient. In the
following we will analyze the HHG process and discuss the ori-
gin of the higher efficiency of molecular HHG driven by
CPLP. According to the semiclassical recollision model, the
HHG consists of three steps: ionization, acceleration, and
recombination.

First, we examine the ionization step for both molecular
and atomic cases. We evaluate the ionization probability P

during the interaction of the target with CPLP in two ways.
(1) In each time step of TDSE propagation,

P1(t) = 1 −
11∑
i=1

|〈ψi |ψ(t)〉|2, (10)

where ψi is the ih lowest-energy field-free eigenstate obtained
via the imaginary-time propagation.

(2) In each time step of TDSE propagation,

P2(t) = 1 − 〈ψ|x|,|y|<20(t)|ψ|x|,|y|<20(t)〉, (11)

i.e., the probability is calculated by subtracting the density
distribution in a box of 20 a.u. × 20 a.u. in space.

The calculated ionization probabilities P1 and P2 are
presented in Fig. 6. It is shown that, by using the two
ways, P1 and P2 give nearly identical results. Figures 6(a)
and 6(b) display the results for CO2 and N2 compared with
the respective reference atoms. It is found that the ionization
probability is lower for molecules than atoms. Therefore,
the higher efficiency does not result from higher ionization
probability.

As the bound states of atoms are more highly ionized
than the those of molecules, to check whether the effect of
bound state depletion plays a role, we perform time-windowed
harmonic analysis [48] for the HHG from CO2, N2, and
the reference atoms. Figure 7 shows the time-windowed
harmonic analysis results for the laser parameters of I =
4 × 1014 W/cm2 and λ = 800 nm, i.e., the time-frequency
distributions in Figs. 6(a)–6(d) correspond to the harmonic
spectra shown in Figs. 2(b), 2(c), 5(a), and 5(b) and the
ionization probability calculation in Fig. 6, respectively. It
is shown that the variations of the HHG radiation with
time are similar for the molecules and the respective atoms. The
harmonic intensities for atoms are smaller than those for the
corresponding molecules uniformly through the whole pulse
duration. No abrupt elimination of the atomic HHG compared
with the molecular HHG is observed. This result indicates that
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FIG. 6. (Color online) Ionization probabilities for (a) CO2 and (b) N2 (solid curves and edges) compared with those for the respective
reference atoms (dashed curves and edges) with laser intensity and wavelength I = 4 × 1014 W/cm2 and λ = 800 nm, respectively. The
numbers 1 or 2 in the legends denote that the ionization probabilities are calculated according to the formulas in Eq. (10) or (11), respectively.

the bound state depletion effect does not play a role on the
higher efficiency for molecular HHG.

Next, we study the acceleration and recombination steps
employing the semiclassical model similar to [38,49–51].
Since a multicycle laser pulse is applied in the TDSE
calculation, we neglect the effect of envelope by assuming the
envelope f (t) ≡ 1 in the following calculation for simplicity.
The intensity and wavelength of the laser pulse are I =
4 × 1014 W/cm2 and 1300 nm, respectively. To emulate

the evolution of the ionized electron, an 105 ensemble of
trajectories are launched at a certain time t0 with different
initial conditions. Within the tunneling regime, the initial
position r0 is determined by finding the tunnel exit satisfying

V (r0) + r0 · E(t0) = −Ip. (12)

The potential V is given in Eqs. (3) and (4) for different
target system. For some laser parameters, it is found that
the intensity is a little higher than the barrier suppression

FIG. 7. (Color online) Time-windowed harmonic analysis for the HHG from CO2, N2, and the reference atoms with laser intensity and
wavelength I = 4 × 1014 W/cm2 and λ = 800 nm, respectively.
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(a) (b)

(c) (d)

(e) (f)

CO2 N2

FIG. 8. (Color online) (a) and (b) Classical recolliding trajectories of the ionized electrons at θ = 0 for CO2 and N2. Different trajectories
are plotted with different colors depending on the times they return to the core. Red trajectories return earliest and blue trajectories return
last. The 2D projections of the trajectories are also shown in the time-x and time-y planes, respectively. (c)–(f) Counts of recollisions within
different optical cycles for θ = 0, 45, 90, 135 deg and for the reference atoms, respectively. The left column shows the results for CO2 and the
right column presents the results for N2.

intensity, where Eq. (12) does not have a real solution. In these
cases, the initial position is determined by finding the spot
where the electron goes over the maximum of the potential.
The initial perpendicular momentum p⊥ ranges from −4 to
4 a.u. [perpendicular to E(t0)] in steps of 0.008 a.u. and initial
longitude momentum ranges p‖ from −0.4 to 0 a.u. [along
E(t0)] in steps of 0.004 a.u.

Then, the evolution of the ionized electron is described by
the classical equation

d2r
dt2

= −∇V (r) − E(t) (13)

until it recollides with the core or it has evolved for more than
four optical cycles. The recollision is judged when the electron
approaches the nucleus within a distance of 1 a.u.

For different initial time t0, when the angle between the
instantaneous electric field and the x axis is θ , we perform
the semiclassical calculation and count the number of return
electrons C1 for the molecule and the corresponding reference
atom. Moreover, according to [52], each trajectory is weighted
by

w(p‖,p⊥) ∼ exp{−[2Ip + p2
⊥ + (p‖ − E/ω)2]2/3}. (14)

Therefore, we take into account the weights associated with
different initial moments and record the weighted count of
recollision C2.

In Figs. 8(a) and 8(b), typical recolliding trajectories of
electrons ionized at θ = 0 for CO2 and N2 are obtained with
this semiclassical model. The 2D projections of the trajectories
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are also shown in the time-x and time-y planes, respectively.
To make it easier to distinguish the trajectories, different
trajectories are plotted with different colors depending on the
times they return to the core. Red trajectories return earliest and
blue trajectories return last. As shown in the figures, the ionized
electrons may be accelerated by the electric field around the
core for several optical cycles and then recombine to the core.
This is a direct observation of the recollision in the HHG
process driven by CPLP, and indicates that the observed HHG
by CPLP is due to the recollision mechanism combining with
the preceding discussions.

For the insight of this process, we count the recollisions
within different optical cycles C1(τ ; θ ) and C2(τ ; θ ) for θ = 0,
45, 90, 135 deg, respectively, as shown in Figs. 8(c)–8(f).
The left column shows the results for CO2 and the right
column presents the results for N2. τ is the time delay between
ionization and recollision. The results for the respective
reference atoms are also shown with bars filled with purple
stripes. It is well known that in the acceleration step, the
quantum diffusion effect plays an important role on the HHG
efficiency. The longer the acceleration period τ is, the weaker
the HHG is. From the statistics of both C1(τ ; θ ) and C2(τ ; θ ),
it is found that most recollision occurs in the second optical
cycle. The counts then decrease with the return time increasing.
This distribution of the counts as functions of return time is
nearly the same for both molecules and atoms. This means that
the different HHG efficiency is not due to different acceleration
processes in the acceleration step.

However, one can see that all the C1 and C2 are higher for
molecules than those for respective reference atoms, which
implies a higher recollision probability for molecules. We then
calculate C1(θ ) and C2(θ ) as functions of θ from 0 to 150 deg in
a smaller step of 30 deg, and present the ratios of the counts for
CO2 and N2 to those for reference atoms in Figs. 9(a) and 9(b),
respectively. The results show that, in the recombination step,
the recollision probability is about 2.5 times and nearly 2 times
higher for CO2 and N2 than that for the reference atom. This
higher probability results from two reasons. One is there are
more cores for the electrons to recollide with in a molecule
system. The other one is that the Coulomb focusing effect [53]
is more effective because of the multicenter structure of the
molecular potential.

We have analyzed the three steps in the process of HHG
from small molecules and atoms step by step. All the
results and discussions have shown that the ionization and

acceleration steps do not lead to the higher efficiency of
molecular HHG, which suggests that this higher efficiency for
molecular HHG driven by CPLP is mainly contributed in the
recombination step. Moreover, the semiclassical calculation
have qualitatively explained that the higher efficiency should
be at least partly due to the higher recollision probability of
continuum electrons. Owning to the multicenter structure of
molecules, the continuum electrons return to the vicinity of the
cores and recombine to generate harmonic photons more eas-
ily. Both the larger dimension and the more effective Coulomb
focusing effect play roles. However, the semiclassical model
cannot explain the TDSE results exactly. This is because the
HHG by CPLP is a complex process and many quantum
effects are missing in this model where the electrons and
cores are only treated as classical particles. For example,
the recombination probability is not only dependent on the
recollision probability in the aspect of the classical picture.
It will also be determined by the symmetry of the molecular
orbitals and the recombination direction. Besides, there might
also be some other effects not considered having influence
on the HHG efficiency. The bound-bound transition effect
can be excluded for the higher intensity of the molecular
HHG. Because the cutoff of the high-order harmonics due
to the bound-bound transition effect is different from that
due to the recollision effect, while the observed cutoff in
this work is just consistent with the recollision model and
no dual-plateau structure (implying both mechanisms may
contribute to the HHG) is found in the molecular harmonic
spectra.

IV. CONCLUSION

HHG from small linear molecules driven by intense CPLP is
investigated in this paper. It is found that the harmonic intensity
is several orders of magnitude higher (or much less decreased
compared with the harmonic intensity by using LPLP) than that
from the reference atom with an equal ionization potential.
By varying the laser intensity and wavelength, the cutoff of
the harmonic spectra depends on the laser parameters with
the relation Ecutoff ≈ 2Up + Ip, which is consistent with the
semiclassical recollision model. Moreover, the “recollision”
is observed by obtaining the recolliding trajectories with
semiclassical calculation. These results indicate that this kind
of molecular HHG originates from the recollision mechanism.
Then, by analyzing the HHG process, it is shown that the

FIG. 9. (Color online) Ratios of the counts for (a) CO2 and (b) N2 to those for respective reference atoms.
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higher efficiency of the molecular HHG is mainly contributed
in the recombination step and at least partly results from the
higher recollision probability of continuum electrons due to
the multicenter structure of molecules.

Investigations on molecular HHG driven by CPLP will
stimulate new potential applications. For example, it can
provide a way to generate circularly polarized ultrafast
XUV pulses [7–9,37]. Moreover, considering that the HHG
efficiency is still lower compared with that by LPLP, the more
significant benefit for this kind of HHG is one can utilize
the unique recollision scheme under a circularly polarized
laser field for different purposes. For instance, this HHG
process offers an ideal framework for the study of strong-field
dynamics [37]. Moreover, as the CPLP has already shown

its great power in the application of (one-shot) imaging or
structure detection of molecules [39–42], the HHG by CPLP
can be potentially utilized for the imaging and detection of
molecules with an all-optical method.
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