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Quantum state joining has been recently experimentally demonstrated [C. Vitelli et al., Nat. Photon. 7, 521
(2013)] which can transfer two input photonic qubits into a photonic ququart. Here, we revisit these processes
from a hybrid point of view. By exploring the giant optical circular birefringence induced by quantum-dot spins
in one-sided optical microcavities, we introduce some deterministic joining schemes including two quantum-dot
spin joining, hybrid photon and quantum-dot spin joining, and two-photon joining. The input quantum information
is represented by one photon with polarization and spatial mode degrees of freedom (DOFs). These schemes are
also adapted to the inverse processes called quantum state splitting because all the joining procedures are unitary
and do not require projection and feed-forward steps. The fused photon is convenient for realizing elementary
logic gates such as the controlled-NOT (CNOT) gate, SWAP gate, and Toffoli gate. These hybrid fusion and splitting
schemes provide flexible synthesis of the quantum-dot spin and photon in quantum applications. The transmission
superiority of photons and storage superiority of the quantum-dot spin may be combined for quantum network
communication or quantum computations.
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I. INTRODUCTION

Quantum information, based on quantum mechanics theory,
provides an opportunity to enhance computational power [1–4]
and build the secure communication [5–10]. To physically
realize these applications, multiple qubits should be processed
simultaneously. However, the photonic approaches based on
qubit states [11–14] are in practice limited to small qubits by
the present experimental technology [15–18]. The multiple
DOFs of one photon may be an alternative approach to
reduce the processing difficulty caused by the large number of
photons. By making use of polarization, time bin, wavelength,
or transverse modes of one photon, quantum information
may be represented in enlarged state spaces [19–24] with
independent multiple DOFs [25,26]. This approach may
substantially increase the number of qubits [27,28]. These
two methods may be combined flexibly depending on specific
requirements in various quantum applications.

Recently, C. Vitelli et al. [29] probabilistically combined
two photonic qubits into a single photon within a four-
dimensional quantum space using linear quantum optics
[30–32]. They called this quantum process “quantum state
joining” or fusion. The inverse process, i.e., quantum splitting,
was also proposed. Both processes have been theoretically
reinvestigated and improved to deterministic schemes [33].
Because of their iterability, those schemes may convert a multi-
photon encoding of quantum information into a single-photon
higher-dimensional one and vice versa. Moreover, photonic
qubit joining has to require at least one ancillary photon
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using linear quantum optics. These fusion processes may be
applied to multiplex and demultiplex the quantum information
in photons [34,35], a matter-based quantum register [36,37],
and quantum-information networks [38,39].

In particular, quantum state joining and splitting rely on
the existence of hypothetical controlled-NOT (CNOT) gates in
encoding photons [30,33]. The CNOT gate as a primitive gate
to construct universal quantum circuits has been intensively
implemented using a linear optics system [30–32], Josephson
charge qubits in superconducting circuit [40,41], and nuclear
magnetic resonance [42,43]. Recently, the solid-state quantum
system based on a quantum-dot spin in a quantum dot (QD)
inside a microcavity has attracted much attention because of
its optical property and scalability. The quantum interaction
between photons and spins in QDs can be promoted by the
structure of a cavity-QD system. In a weak-coupling cavity,
the electron-spin-cavity system works like a beam splitter in
the limit of a weak incoming field [44,45]. The spin photon
interface has been widely used to generate universal gates
[26,27,46–48], hybrid entanglement [49–51], and Bell-state
analyzers [26,51–53]. The fidelity and efficiency have also
been investigated in weak and strong coupling regimes. These
schemes could be realized with current physical technology
[54–61].

In this paper, we consider the quantum state joining of the
quantum-dot spin and photon. In comparison to the probabilis-
tic joining experiment of two photons with linear optics [29],
we propose the deterministic fusion of two quantum spins,
the deterministic fusion of one photon and one quantum-dot
spin, and the deterministic fusion of two photons with the help
of quantum dots embedded in a microcavity. The quantum-dot
spin may be a charged self-assembled GaAs/InAs quantum dot
in a micropillar resonator [45–61]. The first scheme may be
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viewed as an experimental joining of quantum-dot spins. The
second one is a hybrid implementation of quantum joining.
The last is a deterministic photonic scheme with the help of
cavity-QD systems. All target ququarts are represented by one
photon with two DOFs, i.e., the circular polarization DOF
and spatial-mode DOF. Furthermore, all the joining schemes
may be modified into unitary schemes, which are applicable
in quantum state splitting cases. Our joining and splitting
schemes may provide candidates for quantum communication
and quantum computation because they allow exploiting
different quantum systems at the best of their potentials.

The paper is organized as follows. In Sec. II, we introduce
the photon-matter platform based on a singly charged QD
located in the center of a one-sided optical resonant cavity.
In Sec. III, the quantum spin joining schemes are realized by
adopting quantum-dot spins in one-sided optical microcavities.
It may be completed with the projection and feed-forward
mechanism or no-postselection mechanism (more quantum
correlation operations). In Sec. IV, the quantum joining
scheme is realized with one quantum-dot spin and one photon
using auxiliary one-sided optical microcavities in both the
postselection and no-postselection mechanisms. And then,
the photonic joining scheme is realized in Sec. V in both
postselection and no-postselection mechanisms. All present
joining schemes are modified to quantum splitting schemes
by choosing the no-postselection mechanisms. In Sec. VI, the
fused photon is used to realize elementary gates such as the
CNOT gate, SWAP gate, and Toffoli gate. In Sec. VII, we analyze
experimental feasibilities and fidelities of these schemes with
the current technology.

II. QUANTUM-DOT-CAVITY SYSTEM

The QD-cavity system used in this paper is constructed by a
singly charged QD such as a self-assembled In(Ga)As QD or a
GaAs interface QD [49,50,57], which is located in a one-sided
optical resonant cavity. The bottom distributed Bragg reflectors
are completely reflective while the top distributed Bragg
reflectors are partially reflective. Due to Pauli’s exclusion
principle, a negatively charged exciton X− consisting of two
electrons [45,53,57,62] can be optically excited when an
excess electron is injected into the QD. The optical resonance
of X− with circularly polarized photons depends on the
excess electron spin in the QD, shown in Fig. 1. For the
excess electron-spin state |↑〉 with Jz = + 1

2 , the negatively
charged exciton |↑↓⇑〉 is created by resonantly absorbing a
left circularly polarized photon |L〉. For the excess electron
spin |↓〉 with Jz = − 1

2 , the other negatively charged exciton
|↓↑⇓〉 can be created by resonantly absorbing a right circularly
polarized photon |R〉. Here, |⇑〉 and |⇓〉 describe heavy-hole
spin states with Jz = + 3

2 and Jz = − 3
2 , respectively.

The input-output relation of this QD-cavity system can be
calculated from the Heisenberg equations [62] for the cavity
field operator â and dipole operator σ−,

d

dt
â = −

(
i�ωc + η

2
+ ηs

2

)
â − gσ̂− − √

ηâ,

d

dt
σ̂− = −

(
i�ωx + ς

2

)
σ̂− − gσ̂zâ, (1)

âout = âin + √
ηâ,

(a) (b)

ˆoutaˆina

R

1zS 1zS

L

z

FIG. 1. (Color online) (a) A charged QD inside an one-sided
micropillar microcavity interacting with circularly polarized photons.
âin and âout are the input and output field operators of the waveguide,
respectively. (b) Optical selection rules due to the Pauli exclusion
principle.

where �ωc = ωc − ω and �ωx = ωX− − ω. ωc, ω, and ωX−

are the frequencies of the cavity mode, input probe light, and
X− transition, respectively. g is the coupling strength between
the cavity and X−. ς/2, η/2, and ηs/2 are the decay rates of the
X−, cavity field, and cavity side leakage mode, respectively. âin

and âout are the input and output field operators, respectively.
If X− stays in the ground state most of the time [45,53,57,62]
[〈σZ〉 = −1], the cavity output âout is connected with the input
by the standard input-output relation

âout ≈ r(ω)âin, (2)

where r(ω) = 1 − 2η

i2�ωc+ηs+η+2ĝ
is the reflection coefficient

of the cavity system. ĝ = g2/(i�ωx + ς/2). Considering the
coupling strength g = 0, the QD is uncoupled from the
cavity (the cold cavity), thus the reflection coefficient of the
QD-cavity system is defined as

r0(ω) = 1 − 2η

i2�ωc + ηs + η
. (3)

In the strong coupling regime g 
 (η,ς ), the X− state and
cavity mode are mixed to form two new states, i.e., the dressed
states, which leads to the vacuum-Rabi splitting. The strongly
coupled cavity system is called a hot cavity. We work near the
resonant condition with |�ωc| � g so that |r(ω)| ≈ 1 holds
for both the cold and the hot cavity. If the excess electron
lies in the spin state |↑〉, the light |L〉 feels the hot cavity and
gets a phase shift of θf = arg[r(ω)] after reflection, whereas
the light |R〉 feels the cold cavity and gets a phase shift of
θ0 = arg[r0(ω)]. Conversely, if the excess electron lies in the
spin state |↓〉, the light |R〉 feels the hot cavity and gets a phase
shift of θf after reflection, whereas the light |L〉 feels the cold
cavity and gets a phase shift of θ0. Thus, two phase shifts may
be gotten as

|R〉|↑〉 → eiθ0 |R〉|↑〉, |R〉|↓〉 → eiθf |R〉|↓〉,
|L〉|↑〉 → eiθf |L〉|↑〉, |L〉|↓〉 → eiθ0 |L〉|↓〉. (4)

When the side leakage and cavity loss are ignored (ηs = 0),
by adjusting the frequencies �ωc/η → 0 and �ωx/η → 0 we
can get the phase shifts θ0 = π and θf = 0 for g2 
 ης . Thus
the dynamics of the interaction between photon and electron in
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a microcavity coupled system [63,64] are described as follows:

|R〉|↑〉 → −|R〉|↑〉, |R〉|↓〉 → |R〉|↓〉,
|L〉|↑〉 → |L〉|↑〉, |L〉|↓〉 → −|L〉|↓〉. (5)

In the following, this spin-cavity unit is used to join quantum-
dot spin and photon for efficient quantum-information pro-
cessing.

III. QUANTUM-DOT SPIN JOINING

C. Vitelli et al. [29] proposed probabilistic photon joining
scheme using linear quantum optics. For two input photon
states

|φ1〉 = α|H 〉 + β|V 〉, |φ2〉 = γ |H 〉 + δ|V 〉, (6)

where |H 〉 and |V 〉 denote the states of horizontal and vertical
linear polarization, corresponding to the logical 0 and 1,
respectively. The joint system may be rewritten as

|φ1〉|φ2〉 = αγ |HH 〉 + αδ|HV 〉 + βγ |V H 〉 + βδ|V V 〉
:= αγ |0〉 + αδ|1〉 + βγ |2〉 + βδ|3〉 (7)

by using quantum state joining, which transforms a two-photon
system into a single-photon one. Here, {|0〉,|1〉,|2〉,|3〉} is an

arbitrary orthogonal basis in a four-dimensional space. They
combined two photons into a photon of the polarization DOF
and spatial mode DOF with the success probability 1/8. By
using some additional CNOT gates, the success probability
has been improved to 1 in theory [33]. They introduced
some modified theoretical schemes without projection and
feed-forward steps. This is very important in the quantum
state splitting case. Moreover, they formally proved that the
quantum joining of two photon states with linear optics
requires the use of at least one ancillary photon.

In this section, we consider two quantum-dot spins |ψ1〉ei

located in the one-sided cavityi (denoted as Cyi) as the input
qubits, where

|ψ1〉e1 = α|↑〉 + β|↓〉, |ψ2〉e2 = γ |↑〉 + δ|↓〉. (8)

Using the one-sided cavity, we can perfectly join two spins
into a photon with the circular polarization DOF and spatial
mode DOF. The detailed fusion circuit of |ψ1〉|ψ2〉 is shown
in Fig. 2(a). An auxiliary photon A in the state |R〉|a1〉 passes
from the half-wave plate H1 to the 50:50 beam splitters cBS2,
sequentially. The joint system of two spins ei and the photon
A is changed as

|R〉A|a1〉|ψ1〉e1 |ψ2〉e2

H1−→ 1√
2

(|R〉 + |L〉)A|a1〉|ψ1〉e1 |ψ2〉e2

cPS1,Cy1−−−−→
cPS2

1√
2

[α(|R〉 + |L〉)A|↑〉e1 + β(|R〉 − |L〉)A|↓〉e1 ]|a1〉|ψ2〉e2

H2−→ (α|R〉A|↑〉e1 + β|L〉A|↓〉e1 )|a1〉|ψ2〉e2

cBS1−−→ (α|R〉A|↑〉e1 + β|L〉A|↓〉e1 ) ⊗ 1√
2

(|a1〉 + |a2〉)|φ2〉e2

cPS3,...,−−−−→
cPS4

(α|R〉A|↑〉e1 + β|L〉A|↓〉e1 ) ⊗ 1√
2

[γ (|a1〉 + |a2〉)|↑〉e2 + δ(|a1〉 − |a2〉)|↓〉e2 ]

cBS2−−→ (α|R〉A|↑〉e1 + β|L〉A|↓〉e1 ) ⊗ (γ |a1〉|↑〉e2 + δ|a2〉|↓〉e2 ), (9)

which may collapse into one photon state with two DOFs as follows:

(α|R〉 + β|L〉)A ⊗ (γ |a1〉 + δ|a2〉) := αγ |R1〉 + βγ |L1〉 + αδ|R2〉 + βδ|L2〉, (10)

using two quantum-dot spin measurements Me1 and Me2 under
the basis {|±〉} and some feedback transformations. Here,
|Ri〉 := |R〉|ai〉 and |Li〉 := |L〉|ai〉. The phase flip (Pauli Z)
should be performed on the polarization DOF of the photon
A for the measurement outcome |−〉 of the spin e1 or on
the spatial mode DOF of the photon A for the measurement
outcome |−〉 of the spin e2. Thus the quantum-dot
spin joining has deterministically completed in the ideal
conditions.

The quantum-dot spins ei and the photon A are entangled
under the spin-cavity interactions. They may be disentangled
with the quantum-dot spin measurements Me1 and Me2 and
feedback transformations above. This fusion procedure is not
invertible. Fortunately, Me1 and Me2 may be avoided using
additional spin-cavity interactions. The detailed disentangling
circuit is shown in Fig. 2(b). The joint system shown in the
Eq. (9) is the initial system for the disentangling procedure.
The detailed evolution procedure is defined as follows.

(α|R〉A|↑〉e1 + β|L〉A|↓〉e1 )(γ |a1〉|↑〉e2 + δ|a2〉|↓〉e2 )

W1−→ 1√
2

[(α|R〉A + β|L〉A)|↑〉e1 + (α|R〉A − β|L〉A)|↓〉e1 ] ⊗ (γ |a1〉|↑〉e2 + δ|a2〉|↓〉e2 )
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cPS5,Cy1−−−−→
cPS6

1√
2
γ (α|R〉A + β|L〉A)|a1〉|↑〉e1 |↑〉e2 + 1√

2
γ (α|R〉A + β|L〉A)|a1〉|↓〉e1 |↑〉e2

+ 1√
2
δ(α|R〉A + β|L〉A)|a2〉|↑〉e1 |↓〉e2 + 1√

2
δ(α|R〉A − β|L〉A)|a2〉|↓〉e1 |↓〉e2

cPS7,Cy1−−−−→
cPS8

(α|R〉A + β|L〉A)|+〉e1 ⊗ (γ |a1〉|↑〉e2 + δ|a2〉|↓〉e2 )

W2−→ (α|R〉A + β|L〉A)|↑〉e1 ⊗ (γ |a1〉|↑〉e2 + δ|a2〉|↓〉e2 )

W3−→ 1√
2

(α|R〉A + β|L〉A)|↑〉e1 ⊗ [(γ |a1〉 + δ|a2〉)|↑〉e2 + (γ |a1〉 − δ|a2〉)|↓〉e2 ]

cPS9,X3,Cy2−−−−−−→
X4,cPS10

(α|R〉A + β|L〉A)(γ |a1〉 + δ|a2〉)|↑〉e1 |+〉e2

W4−→ (α|R〉A + β|L〉A)(γ |a1〉 + δ|a2〉)|↑〉e1 |↑〉e2 . (11)

Therefore, by combining the circuits shown in Figs. 2(a) and 2(b), two quantum-dot spins can be joined into one photon state
with two DOFs without any measurement feedback. Thus the quantum fusion scheme is unitary.

IV. HYBRID JOINING THE PHOTON AND QUANTUM-DOT SPIN

In comparison to the photonic state fusion [29] and the quantum-dot spin fusion in Sec. III, the photon and quantum-dot
spin may be joined into a photon state assisted by a one-sided cavity. The initial photon B and the quantum-dot spin e (located
in the cavity Cy) are defined as

|φ〉B = α|R〉 + β|L〉, |ψ〉e = γ |↑〉 + δ|↓〉, (12)

respectively. The hybrid fusion circuit of |φ〉B |ψ〉e is shown in Fig. 3(a), using an auxiliary photon A in the state |R〉A|a1〉 and an
auxiliary quantum-dot spin e′ in the state |+〉e′ . Two photons A and B pass from the cPS1 to cBS2 sequentially. The joint system
of the photons A and B and two spins e and e′ changes as follows.

|φ〉B |ψ〉e|R〉A|a1〉|+〉e′
cPS1,Cy1−−−−→

cPS2

1√
2

[(α|R〉 + β|L〉)B |↑〉e′ + (α|R〉 − β|L〉)B |↓〉e′ ]|R〉A|a1〉|ψ〉e
W1−→ (α|R〉B |↑〉e′ + β|L〉B |↓〉e′ )|R〉A|a1〉|ψ〉e
H1−→ 1√

2
(α|R〉B |↑〉e′ + β|L〉B |↓〉e′ ) ⊗ (|R〉 + |L〉)A|a1〉|ψ〉e

cPS3,Cy1−−−−→
cPS4

1√
2

[α|R〉B |↑〉e′ (|R〉 + |L〉)A + β|L〉B |↓〉e′ (|R〉 − |L〉)A]|a1〉|ψ〉e
H2−→ (α|R〉B |↑〉e′ |R〉A + β|L〉B |↓〉e′ |L〉A)|a1〉|ψ〉e

cBS1−−→ (α|R〉B |↑〉e′ |R〉A + β|L〉B |↓〉e′ |L〉A) ⊗ 1√
2

(|a1〉 + |a2〉)|ψ〉e
cPS5,...,−−−−→

cPS6

(α|R〉B |↑〉e′ |R〉A + β|L〉B |↓〉e′ |L〉A) ⊗ 1√
2

[γ (|a1〉 + |a2〉)|↑〉e + δ(|a1〉 − |a2〉)|↓〉e]

cBS2−−→ (α|R〉B |↑〉e′ |R〉A + β|L〉B |↓〉e′ |L〉A) ⊗ (γ |a1〉|↑〉e + δ|a2〉|↓〉e), (13)

which may collapse into one photon state with two DOFs as
follows:

(α|R〉A + β|L〉A)(γ |a1〉 + δ|a2〉)
:= αγ |R1〉 + βγ |L1〉 + αδ|R2〉 + βδ|L2〉 (14)

using the measurements Me′ , Me, and MB , and some feedback
transformations. Here, Me′ and Me are the spin measurements
under the basis {|±〉}, and MB denotes the single photon

measurement under the basis { 1√
2
(|R〉 ± |L〉)}. For the mea-

surement outcome |−〉 of the spin e′ and 1√
2
(|R〉 − |L〉) of

photon B, the phase flip (Pauli Z) should be performed on
the polarization DOF of the photon A. For the measurement
outcome |−〉 of spin e, the Pauli Z should be performed on
the spatial mode DOF of photon A. The subcircuit ( photon A

passing through the cBS1, X1, Cy, X2, and cBS2, sequentially)
of photon A and the quantum-dot spin e is similar to the
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1X 2X
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1e
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2a

1a
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1cPS 2cPS

3cPS

5cPS 6cPS

7cPS 8cPS 9cPS 10cPS

1W 2W
3W 4W

1H 2H
1a

2a
4cPS

1Cy 2Cy

3X 4X

2e

1e
1Cy

2Cy

2e

FIG. 2. (Color online) (a) Quantum spin fusion in a postselection
mechanism. cPSi represent the circularly polarizing beam splitters
that transmit the right circularly polarizing photon |R〉 and reflect the
left circularly polarizing |L〉, respectively. ai denote the spatial modes
of the auxiliary photon A. ei denote quantum-dot spins with initial
states |ψi〉. Hi denote the half-wave plates to perform the Hadamard
transformation |R〉 → 1√

2
(|R〉 + |L〉) and |L〉 → 1√

2
(|R〉 − |L〉). Xi

denote the wave plates to perform the polarization flip transforma-
tion |R〉〈L| + |L〉〈R|. cBSi represent the 50:50 beam splitters to
perform the Hadamard operation |a1〉 → 1√

2
(|a1〉 + |a2〉) and |a2〉 →

1√
2
(|a1〉 − |a2〉) on the spatial mode DOF of the photon. (b) Quantum

spin disentangling. Wi denote the Hadamard transformation |↑〉 →
|+〉 = 1√

2
(|↑〉 + |↓〉) and |↓〉 → |−〉 = 1√

2
(|↑〉 − |↓〉) performed on

the spins. If there are two input lines of one cavity, the photon
represented with red lines passes through the cavity first, and then the
photon represented with black lines passes through the cavity.

subcircuit ( photon A passing through the cBS1, cPS3, X1,
Cy2, X2, cPS4, and cBS2, sequentially) of photon A and the
quantum-dot spin e2 defined in Fig. 2(a), which has realized
the CNOT gate on the spin and the spatial mode DOF of the
photon, i.e.,

|↑〉〈↑|(|a1〉〈a1| + |a2〉〈a2|) + |↓〉〈↓|(|a2〉〈a1| + |a1〉〈a2|).
(15)

Thus the hybrid photon and spin fusion has completed.
Similar to the disentangling circuit shown in Fig. 2(b), the

spin measurements Me and Me′ and the photon measurement
MB may be avoided in order to get invertible fusion procedure.
The detailed disentangling circuit is shown in Fig. 3(b). The
evolution procedure for the entanglement shown in Eq. (13) is
defined as follows.

(α|R〉B |↑〉e′ |R〉A + β|L〉B |↓〉e′ |L〉A)(γ |a1〉|↑〉e + δ|a2〉|↓〉e)
H3,...,H4−−−−→ |R〉B(α|↑〉e′ |R〉A + β|↓〉e′ |L〉A)

⊗ (γ |↑〉e|a1〉 + δ|↓〉e|a2〉)
W2,...,W3−−−−−→ |R〉B |↑〉e′ (α|R〉A + β|L〉A)

⊗ (γ |↑〉e|a1〉 + δ|↓〉e|a2〉)
W4,...,W5−−−−−→ (α|R〉A + β|L〉A)(γ |a1〉 + δ|a2〉)

⊗ |R〉B |↑〉e′ |↑〉e. (16)

7cPS 8cPS

(b)

(a)

1a

2a

1a

2a

3cPS 4cPS

9cPS 10cPS

5W4W

3X 4X

1H 2H

1cPS
2cPS

1W

2W

B

3H 4H

1a

2a

B
11cPS 12cPS

13cPS 14cPS

3W

BM

B

1a

2a
6cPS5cPS

1cBS 2cBS

1X 2X

e′

1Cy Cy
e

e′

1Cy Cy

e

FIG. 3. (Color online) (a) Hybrid joining scheme based on the
measurement feedback. e′ denotes an auxiliary quantum-dot spin in
the state |+〉 located in the cavity Cy1. cPSi , Hi , Xi , cBSi , and Wi

are the same as those defined in Fig. 2. (b) Schematic disentangling.
If there are two input lines of one cavity, the photon represented
with red lines passes through the cavity first, and then the photon
represented with black lines passes through the cavity. If there are
three input lines of one cavity, the photon represented with red lines
passes through the cavity first, and then the photon represented with
purple lines passes through the cavity while the photon represented
with black lines passes through the cavity last.

Here, the subcircuit ( photon B passing through the H3, cPS3,
Cy1, cPS4, and H4, sequentially) of the photon B and the
quantum-dot spin e′ is the same as the subcircuit ( photon A

passing through the H1, cPS1, Cy1, cPS2, and H2, sequentially)
of photon A and the quantum-dot spin e1 shown in Fig. 2(a),
which has realized the CNOT gate

|↑〉〈↑|(|R〉〈R| + |L〉〈L|) + |↓〉〈↓|(|R〉〈L| + |L〉〈R|) (17)

operated on the spin and polarization DOF of the photon. The
subcircuit ( photon A passing through the W2, cPS7, Cy1, cPS8,
cPS9, Cy1, cPS10, and W3, sequentially) of photon A and the
quantum-dot spin e′ is the same as the subcircuit (the photon
A passing through the W1, cPS5, Cy1, cPS6, cPS7, Cy1, cPS8,
and W2, sequentially) of photon A and the quantum-dot spin
e1 shown in Fig. 2(b), which has realized the CNOT gate

|R〉〈R|(|↑〉〈↑| + |↓〉〈↓|) + |L〉〈L|(|↑〉〈↓| + |↓〉〈↑|) (18)

operated on the polarization DOF of the photon and the spin.
The subcircuit ( photon A passing through the W4, cPS13, X3,
Cy, X4, cPS14, and W5, sequentially) of photon A and the
quantum-dot spin e is the same as the subcircuit ( photon A

passing through the W3, cPS9, X3, Cy2, X4, cPS10, and W4,
sequentially) of photon A and the quantum-dot spin e2 shown
in Fig. 2(b), which has realized the CNOT gate

|a1〉〈a1|(|↑〉〈↑| + |↓〉〈↓|) + |a2〉〈a2|(|↑〉〈↓| + |↓〉〈↑|) (19)

operated on the spatial mode DOF of the photon and the spin.
Therefore, by combining the circuits shown in Fig. 3, one
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photon and one spin can be joined into one photon state with
two DOFs without postselection. The hybrid fusion is unitary.

V. PHOTON FUSION

In comparison to probabilistic photon fusion [29] with
linear optics, deterministic photon joining may be completed
with the help of the one-sided cavity. The input photons are
defined as

|φ1〉B = α|R〉 + β|L〉, |φ2〉C = γ |R〉 + δ|L〉. (20)

The detailed fusion circuit of |φ1〉|φ2〉 is shown in Fig. 4(a),
using two auxiliary quantum-dot spins ei in the state |+〉. From
Eqs. (13), (15), and (17), the joint system of photons A and B

and auxiliary spins e1 and e2 changes as follows:

|φ1〉B |φ2〉C |R〉A|a1〉|+〉e1 |+〉e2

cPS1,Cy1−−−−→
cPS2,W1

(α|R〉B |↑〉e1 + β|L〉B |↓〉e1 )|R〉A|a1〉
⊗|φ2〉C |+〉e2

H1,cPS3,Cy1−−−−−−→
cPS4,H2

(α|R〉A|R〉B |↑〉e1 + β|L〉A|L〉B |↓〉e1 )|a1〉
⊗|φ2〉C |+〉e2

cBS1,X1,Cy1−−−−−−→
X2,cBS2

(α|R〉A|R〉B |↑〉e1 + β|L〉A|L〉B |↓〉e1 )

⊗ (|a1〉|↑〉e2 + |a2〉|↓〉e2 )|φ2〉C
cPS7,Cy2−−−−→
cPS8,W2

(α|R〉A|R〉B |↑〉e1 + β|L〉A|L〉B |↓〉e1 )

⊗(γ |R〉C |a1〉|↑〉e2 + δ|L〉C |a2〉|↓〉e2 ). (21)

This state may collapse into

(α|R〉A + β|L〉A)(γ |a1〉 + δ|a2〉)
:= αγ |R1〉 + βγ |L1〉 + αδ|R2〉 + βδ|L2〉, (22)

using the measurement Mei
,MB, and MC , and feed-forward

transformations. Here, Mei
denotes the measurement of the

spin ei under the basis {|±〉}, MB and MC denote the measure-
ments of photons B and C under the basis { 1√

2
(|R〉 ± |L〉)},

respectively. For the measurement outcome |−〉e1 or 1√
2
(|R〉 −

|L〉)B , the phase flip should be performed on the polarization
DOF of photon A. For the measurement outcome |−〉e2 or

1√
2
(|R〉 − |L〉)C , the phase flip should be performed on the

spatial mode DOF of photon A. Thus the photon fusion can be
deterministically completed.

Similar to the disentangling circuit shown in Figs. 2(b)
and 3(b), all the quantum measurements Me1 ,Me2 ,MB, and

7cPS 8cPS

11cPS
12cPS

(b)

(a)

1a

2a

3cPS 4cPS

6cPS5cPS

1cBS 2cBS

1X 2X

1H 2H

1cPS
2cPS

3W

1a

2a

9cPS 10cPS

4W

5H 6H

2Cy

3H 4H

13cPS 14cPS

18cPS17cPS

3X

5W

6W

1a

2a

1a

2a

BM
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B

B

C

CB C

16cPS15cPS

2W

4X

1W1e
1Cy

2e

2Cy

1e
1Cy

2e

FIG. 4. (Color online) (a) Photon fusion based on the measurement feedback. ai denote the spatial modes of an auxiliary photon A in the
state |R〉|a1〉. ei denote the auxiliary quantum-dot spins in the state |+〉. cPSi , Hi , Xi , cBSi , and Wi are the same as those defined in Fig. 2. (b)
Schematic disentangling circuit. If there are two input lines of one cavity, the photon represented with the red lines passes through the cavity
first, and then the photon represented with the black lines passes through the cavity. If there are three input lines of one cavity, the photon
represented with the red lines passes through the cavity first, and then the photon represented with the purple lines passes through the cavity
while the photon represented with the black lines passes through the cavity last.
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MC may be avoided to get invertible quantum joining. The
detailed disentangling circuit is shown in Fig. 4(b). For the
entanglement shown in Eq. (21), the evolution procedure is
defined as follows:

(α|R〉A|R〉B |↑〉e1 + β|L〉A|L〉B |↓〉e1 )

⊗ (γ |R〉C |a1〉|↑〉e2 + δ|L〉C |a2〉|↓〉e2 )

H3,...,H4−−−−→ (α|↑〉e1 |R〉A + β|↓〉e1 |L〉A)|R〉B
⊗ (γ |↑〉e2 |R〉C |a1〉 + δ|↓〉e2 |L〉C |a2〉)

H5,...,H6−−−−→ (α|R〉A|↑〉e1 + β|L〉A|↓〉e1 )|R〉B
⊗ (γ |a1〉|↑〉e2 + δ|a2〉|↓〉e2 )|R〉C

W3,...,W4−−−−−→ (α|R〉A + β|L〉A)|R〉B |↑〉e1

⊗(γ |a1〉|↑〉e2 + δ|a2〉|↓〉e2 )|R〉C
W5,...,W6−−−−−→ (α|R〉A + β|L〉A)(γ |a1〉 + δ|a2〉)

⊗|R〉B |R〉C |↑〉e1 |↑〉e2 . (23)

Here, the subcircuit of photon B and the spin e1 from the H3 to
H4 is the same as the subcircuit of photon B and spin e′ from
H3 to H4 shown in Fig. 3(b), which has realized the CNOT gate
shown in Eq. (17). The subcircuit of photon C and spin e2 from
H5 to H6 is the same as the subcircuit of photon B and spin e′
from H3 to H4 shown in Fig. 2(b), which has realized the CNOT

gate shown in Eq. (17). The subcircuit of photon A and spin e1

from W3 to W4 is the same as the subcircuit of photon A and
spin e1 from W1 to W2 shown in Fig. 2(b), which has realized
the CNOT gate shown in Eq. (18). The subcircuit of photon A

and spin e2 from W5 to W6 is the same as the subcircuit of pho-
ton A and spin e2 from W3 to W4 shown in Fig. 2(b), which has
realized the CNOT gate shown in Eq. (19). Therefore, by com-
bining the circuits shown in Fig. 4, two circular-polarizing pho-
tons can be joined into one photon state with two DOFs without
any measurement feedback. It means that the fusion is unitary.

VI. ELEMENTARY GATES REALIZED BY A PHOTON
SYSTEM WITH TWO DOFS

With the present quantum fusion constructions, a two-qubit
system of the quantum-dot spin and photon may be represented
by one photon with two DOFs. The joined photon system
may be very useful because of its superiority in quantum-
information processing. Moreover, some quantum logic gates
of two input qubits may be easily realized on the joined
system. Typical examples are the CNOT gate and SWAP gate of
a two-qubit system, and Toffoli gate of a three-qubit system,
which are universal logic gates for quantum applications
[22–33,40–43], shown in Fig. 5.

Consider an arbitrary photon α1|R〉|a1〉 + α2|L〉|a1〉 +
α3|R〉|a2〉 + α4|L〉|a2〉 with the polarization and spatial mode
DOFs. One CNOT gate shown in Fig. 5(a) has realized the
following transformation

|R〉〈R|(|a1〉〈a1| + |a2〉〈a2|) + |L〉〈L|(|a2〉〈a1| + |a1〉〈a2|)
(24)

3cPS 4cPS

(b)(a)

2cPS1cPS

1PBSc

1X
1a

2a

(c)
1a

2a

1a

2a

1a

2a

1a

2a

1a

2a
2X

(d)

1W

2a

Cy

2a

5cPS 6cPS
C

(e)

2W

2a2a

1H 2H
C

Cy
3W

e e

2PBSc

3X

FIG. 5. (Color online) Elementary logic gates on one photon
state with two DOFs. (a) CNOT gate. The polarization qubit is the
controlling qubit while the spatial qubit is the target qubit. (b) CNOT

gate. The polarization qubit is the target qubit while the spatial qubit is
the controlling qubit. (c) SWAP gate. cPSi , Hi , Xi , and Wi are the same
as those defined in Fig. 2. (d) Toffoli gate. The photon with two DOFs
is the controlling qubit while the electron spin is the target qubit. (e)
Toffoli gate. The photon with two DOFs is controlling qubit while
the photon with only a polarization DOF is the target qubit. cPBSi

represents the polarizing beam splitter in the circular basis, which
transmits the photon in polarization |L〉 and reflects the photon in
polarization |R〉, respectively.

using the circular-polarizing beam splitter cPBS1. The other
CNOT gate shown in Fig. 5(b) is defined by

|a1〉〈a1|(|R〉〈R| + |L〉〈L|) + |a2〉〈a2|(|R〉〈L| + |L〉〈R|)
(25)

using the flip operation X1 on the polarization DOF. The SWAP

gate shown in Fig. 5(c) is defined by

α1|R〉|a1〉 + α2|L〉|a1〉 + α3|R〉|a2〉 + α4|L〉|a2〉
X2,cPBS2−−−−−→

X3

α1|R〉|a1〉 + α2|R〉|a2〉 + α3|L〉|a1〉 + α4|L〉|a2〉.
(26)

The first Toffoli gate is performed on photon A and one
quantum spin e in the state |ψ〉 = (β1|↑〉 + β2|↓〉). Here, the
target qubit is the quantum spin e, and the detailed circuit is
shown in Fig. 5(d). The joint system of photon A and spin e

changes as follows.

|φ〉A|ψ〉e W1−→ |φ〉A(β1|+〉 + β2|−〉)e
cPS1,Cy−−−−→

cPS2

α1|R〉|a1〉(β1|+〉 + β2|−〉)e
+α2|L〉|a1〉(β1|+〉 + β2|−〉)e
+α3|R〉|a2〉(β1|+〉 + β2|−〉)e
+α4|L〉|a2〉(β1|−〉 + β2|+〉)e

W2−→ (α1|R〉|a1〉 + α2|L〉|a1〉)(β1|↑〉 + β2|↓〉)e
+α3|R〉|a2〉(β1|↑〉 + β2|↓〉)e
+α4|L〉|a2〉(β1|↓〉 + β2|↑〉)e, (27)

which is a Toffoli gate on two DOFs of photon A and spin e.
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The second Toffoli gate is performed on photon A and a
photon B in the state |φ〉B = (β1|R〉 + β2|L〉). Here, the target
qubit is photon B, and the detailed circuit is shown in Fig. 5(e).
The joint system of photon A and spin e changes as follows
with the help of one spin with initial state |+〉e.

|φ〉A|ψ〉B |+〉e
cPS3,Cy−−−−→

cPS4

[α1|R〉|a1〉 + α2|L〉|a1〉 + α3|R〉|a2〉)|+〉e
+α4|L〉|a2〉|−〉e]|φ〉B

W3−→ [α1|R〉|a1〉 + α2|L〉|a1〉 + α3|R〉|a2〉)|↑〉e
+α4|L〉|a2〉|↓〉e]|φ〉B

H1−→ [(α1|R〉|a1〉 + α2|L〉|a1〉 + α3|R〉|a2〉)|↑〉e
+α4|L〉|a2〉|↓〉e](β ′

1|R〉 + β ′
2|L〉)B

cPS5,Cy−−−−→
cPS6

β ′
1|R〉B(α1|R〉|a1〉|↑〉e + α2|L〉|a1〉|↑〉e

+α3|R〉|a2〉|↑〉e + α4|L〉|a2〉|↓〉e)

+β ′
2|L〉B(α1|R〉|a1〉|↑〉e + α2|L〉|a1〉|↑〉e

+α3|R〉|a2〉|↑〉e − α4|L〉|a2〉|↓〉e)
H2−→ (α1|R〉|a1〉 + α2|L〉|a1〉 + α3|R〉|a2〉)

⊗|↑〉e(β1|R〉 + β2|L〉)B
+α4|L〉|a2〉|↓〉e(β1|L〉 + β2|R〉)B, (28)

which may collapse into

(α1|R〉|a1〉 + α2|L〉|a1〉 + α3|R〉|a2〉)(β1|R〉 + β2|L〉)B
+α4|L〉|a2〉(β1|L〉 + β2|R〉)B (29)

using the spin measurement Me under the basis {|±〉}. Here,
β ′

1 = (β1 + β2)/
√

2, β ′
2 = (β1 − β2)/

√
2, and the phase flip

|R〉〈R| − |L〉〈L| is performed on photon A from the spatial
mode a2 for the measurement outcome |−〉e. It has completed
the Toffoli gate on two DOFs of photon A and photon B.
Furthermore, all the present quantum fusion schemes can be
realized unitarily, which means that joining procedures are
invertible. Thus one photon with two DOFs may be easily
split into the joint system of the quantum-dot spin and photon
by inverting our circuits shown in Figs. 2–4. These simple
implementations may be explored up to specific applications.

VII. DISCUSSION AND CONCLUSION

Under the ideal condition, the cavity side leakage may
be neglected, i.e., |r0| ≈ 1 and |r| ≈ 1. All the fidelities of
the present joining schemes are 100%. However, the side
leakage from the cavity cannot be neglected in experiment
[45,46,49–64]. Under the resonant condition, the optical se-
lection rule of the cavity system shown in Eq. (5) may become

|R〉|↑〉 �→ |r0||R〉|↑〉,|R〉|↓〉 �→ |r||R〉|↓〉,
|L〉|↑〉 �→ |r||L〉|↑〉,|L〉|↓〉 �→ |r0||L〉|↓〉 (30)

in experiment. From this new rule, the joining fidelity is re-
duced to F = |〈�f |�i〉|2, where |�i〉 is the ideal output photon
system while |�f 〉 is the output photon system from our fused
schemes. The fidelities of our joining schemes are evaluated
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FIG. 6. (Color online) (a) The average fidelity FSS of spin joining
versus ηs/η and g/(η + ηs). (b) The average fidelity FPS of photon-
spin joining versus ηs/η and g/(η + ηs). (c) The average fidelity FPP

of photon joining versus ηs/η and g/(η + ηs). The coupling strength
is defined by ς = 0.1ηs .
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and shown in Fig. 6. Moreover, by defining the efficiency P

as the detecting probability of the photons after the joining
schemes, the efficiencies are also evaluated and shown in
Fig. 7. One can see that the cavity side leakage has a great
impact on the fidelities and efficiencies. When ηs � η, these
joining schemes work efficiently even in a weak coupling
regime. When ηs � η is satisfied, efficient joining schemes
work only in a strong coupling regime defined by g > (η +
ηs)/4. It is challenging to achieve a strong coupling experimen-
tally. Fortunately, g/(η + ηs) has been raised to 2.4 by engi-
neering the sample designs, growth, and fabrication in 1.5 μm
micropillar microcavities [55]. For these joining schemes, all
the fidelities are greater than 95% and all the efficiencies are
greater than 67% when ηs/η ≈ 0.25 and g/(η + ηs) ≈ 2.4.
Both the fidelity and the efficiency become high when ηs/η

becomes smaller. High-efficiency joining schemes may be also
achieved with a small ηs/η in a strong coupling regime.

Experimental fidelity and efficiency may be slightly de-
creased because of spin decoherence and trion dephasing
[49,50]. However, when the hole spin coherence time is longer
than three orders of the cavity photon lifetime [58], the hole
spin dephasing may be neglected. The Hadamard transfor-
mation of the spin in these joining schemes can be realized
by using a nanosecond spin resonance microwave pulse [56]
and spin echo technique [60] to protect the spin coherence.
Moreover, by engineering the shape, size, and type of charged
exciton [60], the heavy-light hole mixing may be reduced. Fur-
thermore, optical dephasing has a negligible impact on these
joining schemes when the optical coherence time of an exciton
is longer than ten times the cavity photon lifetime x. The optical
selection rule has been experimentally realized with the spin
state of a single trapped atom and the polarization state [63].
Based on this rule, they have constructed the controlled phase
flip and CNOT on the joint system of the atom state and the po-
larization state [64]. Their gates may be explored to implement
our schemes. Of course, the present joining schemes are also
conditional on the flawless features of several elements and se-
tups in the experiment, which include the perfect overlap of the
cavity mode with the two spatially separated optical beams, the
phase stability of the interferometer composed of the cBS, and
the perfect time overlap of two beams passing through several
interferometers.

In conclusion, we have investigated the quantum joining
and quantum splitting schemes introduced by Vitelli et al.
in Refs. [29,33]. The deterministic quantum-dot spin joining,
photon and quantum-dot spin joining, and photon joining may
be completed by using the optical selection rule induced by the
one-sided optical microcavity. By adjusting the frequencies
of the input photon and cavity mode, a phase difference
θ0 − θf ≈ π may be achieved. Moreover, in order to obtain
an ideal optical selection transformation, the side leakage
and cavity loss rate ηs/η should be controlled to be as
small as possible. Thus the input quantum information of
quantum-dot spins or photons may be represented by a new
photon with two DOFs in the feed-forward mechanism. These
schemes are easily extended to invertible quantum splitting
schemes by replacing the quantum-dot measurement or the
photon measurement with the corresponding disentangling
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FIG. 7. (Color online) (a) The efficiency PSS of spin joining
versus ηs/η and g/(η + ηs). (b) The efficiency PPS of photon-spin
joining versus ηs/η and g/(η + ηs). (c) The efficiency PPP of photon
joining versus ηs/η and g/(η + ηs). The coupling strength is defined
by ς = 0.1ηs .
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circuit. From previous experiments [49,50,53–64], the present
schemes are feasible in experiment with current technology.
Compared with the photonic joining scheme [29,33], our
modified schemes are more flexible for quantum computation
and quantum network communication because of different
superiorities of the quantum-dot spin and photon.
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[43] F. Schmidt-Kaler, H. Häfner, M. Riebe, S. Gulde, G. P. T.
Lancaster, T. Deuschle, C. Becher, C. F. Roos, J. Eschner, and
R. Blatt, Nature 422, 408 (2003).
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