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Solid-state optical interconnect between distant superconducting quantum chips
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We propose a design for a quantum microwave-optical photonic interface using electron spins in crystals to
adiabatically swap the quantum states between a flux qubit and optical cavity that can achieve a transfer fidelity
in excess of 90%. Following detailed modeling, we show that our protocol is robust against inhomogeneous
broadening of the microwave and optical transitions, phase mismatch between the microwave and optical fields,
and has the advantage that we can dynamically control the overall microwave-optical coupling strength in
time. Using these capabilities we show how to coherently transport quantum information between two distant
superconducting chips optically with a fidelity exceeding 90%.
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I. INTRODUCTION

Superconducting qubits (SQs) are one of the most promis-
ing technologies for delivering a quantum computer which
will operate within a single superconducting chip [1]. Linking
remotely distant quantum systems, other than superconducting
systems, e.g., atoms or ions, via an optical data bus has enjoyed
some progress, but the technical challenges are considerable
[2-4]. Here, we propose a scheme based on solid-state spins in
crystals for microwave-to-optical (MW-O) quantum interface
and with this to fashion a quantum network for SQs. In
particular, we develop a scheme to controllably couple a
superconducting flux qubit and an optical cavity via the
crystal spins. Following detailed modeling, we show that our
scheme can successfully address two of the main difficulties
faced when controlling quantum dynamics in condensed-
matter systems: (a) we can overcome significant levels of
microwave and optical inhomogeneous broadening, (b) we
can achieve high-coupling strengths while circumventing the
phase mismatch that can build up between microwave and
optical light fields in the crystal due to the enormous difference
in wavelength.

Although the strong coupling between solid-state electronic
spin ensembles and superconducting circuits has been exper-
imentally demonstrated [5-8], these have been constrained
to the interaction between microwave photons and electron
or nuclear spins and none have explored how to couple to
optical light fields. The latter are quite difficult due to their vast
difference in frequencies but also the difference in coupling
strengths between microwave and optical photons to spin
ensembles. Recently, two proposals for a solid-state hybrid
quantum interface have been proposed [9,10], but both propose
very different physical setups than ours. The first work exploits
a large crystal sample to enhance the magnetic coupling as the
mode volume of the microwave resonator is extremely large.
Such a large interaction region may suffer from detrimental
phase mismatching between the microwave and optical cavity
modes (not incorporated in the model), which may destroy
the transfer. In addition, the microwave-ensemble coupling
strength could be reduced when taking into account the
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larger detunings required for the adiabatic elimination of
the collectively coupled spin ensemble as compared to those
required for an individual spin [11]. The work [10] involves
the application of time- and position-dependent large magnetic
fields over a large portion of a superconducting circuit in
addition to a complex process: absorbing a single-photon
pulse in the spin ensemble, then five staggered 7 pulses on
resonance. This involves putting the spin ensemble into an
optical excited state, but the effects of decay from this state
on the transfer efficiency are not obvious (not included in
the model), and no inhomogeneity in this optical transition
is discussed, only in the magnetic transition. Due to the
unknown optical and microwave inhomogeneous broadening
(sometimes considerable) in condensed state matter, which
can lead to enormous rates of decay into dark states [12],
it is practically impossible to effect perfect & pulses [13].
Our design addresses all of these issues and further, one
has complete temporal control over the overall microwave-
optical coupling strength, allowing complex protocols to be
built.

II. SYSTEM AND MODEL

We begin by describing the schematic configuration for
our quantum interface or node and later how to use two
distant nodes to achieve quantum state transfer, i.e., a quantum
network (Fig. 1). Each node works as a quantum interface and
composes of a Fabry-Pérot cavity, an ensemble of spins, and
a gap-tunable four-Josephson-junction (4JJ) flux qubit. This
4JJ flux qubit is fabricated on top of a suitable substrate (dark
plane) (Fig. 1). In order to optically couple the ensemble of
spins in a crystal chip, a round hole is cut in the main loop of
the flux qubit such that the light in the Fabry-Pérot cavity can
pass through it without significant absorption and scattering.
The crystal chip covers the hole. In this arrangement, the spin
ensemble can effectively couple to both of the cavity mode
and the magnetic field created by the flux qubit (see Appendix
for more details). We consider that an optical coherent control
field irradiates the crystal chip at almost normal incidence to
the chip.

We now describe the optical subsystem of each node and
the unidirectional optical fiber couplings [14,15]. We assume
that the optical cavity mode . ; in the /th node (I € {A,B})

o !
has a resonance frequency . ; and an intrinsic decay rate i

i

©2015 American Physical Society


http://dx.doi.org/10.1103/PhysRevA.91.042307

KEYU XIA AND JASON TWAMLEY

It couples to an output optical fiber with a coupling rate «
and connects to the other node via this fiber. Thus, the total
decay rate becomes k; = «” 4 k), and we assume k) = &
with 0 <& < 1. & < 1 represents the photon loss in the
transfer. In this two-node network, the Lindblad superoperator

describing the one-way quantum connection breaking the
time symmetry is given by L, = —m(&;&/\ o —
aspdly + palap — appal), where al, (al,) and a, (ap) are
the creation and annihilation operators of the cavity mode in
node A (B).

We next describe the crystal-chip spin ensemble.
We model the collection of electron spins as ensemble
of three-level systems, as shown in Fig. 1(b). These
could be either a collection of NV~ centers in diamond
[16] or rare-earth ion crystal such as Er*t ions in
Y,SiOs [17,18]. Each spin system consists of three
levels: the optical excited state |r;), and two electronic
ground states |g;) and |e;). In the case of the NV~ we
have {Ir;),lg;).le;)} = {IPE,S.) ;. PA.m; = 0);,(PA,mg =
+1); + PA,m; = —1);)/+/2}, while for the Er*' system
we have {|r;),lg;).le;)} = {I*Li3 2. 11) ;. [ lus o, Z1 o =
—1/2);,1*lisj2, Z1,ms = +1/2);}. The excited state |r;)
decays to the state |g;) (|e;)) with a rate yo; (y1,;). Due to
the coupling to the magnetic environment, the state |e;) also
decays to |g;) with the rate I'; ; and suffers pure dephasing
of arate I'y_;. We can describe the ensemble of spins within
each node with the Hamiltonian (h = 1)

D;
Hoin = ) =" S0+ ettsBej - Sej + onlr) (sl ()
J

where S, ; is the z component of the usual spin-% Pauli
operators S; for the jth spin, D; is the zero-field splitting
with D; ~ 2.8 GHz (4 GHz ) for the NV~ (Er’*") centers, Wy, j
is the energy of the optical excited state |r;). The second term
describes the magnetic interaction with the spins with g, being
the Landé g factor of the spin and 13 = 14 MHzmT ! is the
Bohr magneton. Note that rare-earth ions are preferable for a
large magnetic coupling because the g factor of the electronic
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spinin Er** can be up to g, ~ 15, which is much larger than in
NV~ centers where g, ~ 2. Here, we neglect the terms related
to the strain-induced splitting because they are very small and
only shift the energy of state |e;).

The 4]J flux qubit can be modeled as a two-level system
with the excited state |ey) and the ground state |g), and
can be tuned by the flux biases ¥, and &,. The flux
®,, threading through the o loop is used to tune the gap
T (Py). We apply a time-dependent magnetic field &, (1) =
A, (t)cos(w,t) to the a loop and thus tune the gap of
qubit. Thus, the free Hamiltonian of the gap-tunable flux
qubit becomes Hyp = w, /20, + R, cos(w,t)o,, where w,; =
N T2+ e with € () = 21,(Pp — Do/2) (P} is the external
flux threading the qubit loop, @ the flux quantum, and /, the
persistent current) the energy bias and .7 is the tunnel splitting
dependent on the bias ®,, and 2, o A,,. In the vicinity of
®, ~ ®y/2 we have .7 (d,) >>€. The flux qubit associated
Pauli spin-] operators is defined as o, = |e;){e/| — |g/)(gy|
and o, = |es){(gs| + |gs){es|. The decay and pure dephasing
rates of the excited state of the flux qubit |e ;) are denoted as
Yi.qb and y; . respectively.

We now describe the tripartite interaction between the
ensemble of spins, the cavity mode, and the flux qubit within
an individual node shown by Fig. 1(b). We consider an optical
Raman transition between the two spin ground states |g;) and
le;) formed through a combination of the external driving
classical optical field and the quantum optical cavity field. This
optical driving of an individual spin at position R; together
with the cavity mode 4. ; drives the transition of |g;) < |r;)
witharate g. ; and a phase 6; dependent on the position R ; and
the wave vector k of 4. ;. The coherent laser field €2, ;, with
the frequency w; and chirped phase ¢(t), drives the transition
of |ej) < |rj). The fluctuation in the coherent driving is
taken into account by 6; and g. ;. In the dispersive regime,
these optical transitions form a Raman transition between the
two ground states |g;) and |e;), which is also arranged to
dispersively couple to the flux qubit. Such optical A-type
configuration has been demonstrated in both ensembles of
NV~ centers [16] and Er** host crystals [17,19,20]. The total
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FIG. 1. (Color online) Schematic design and operation of the quantum network. (a) Schematic of quantum network between two
superconducting flux qubits. Nodes A and B are identical and connected by a one-way optical fiber. Each node consists of a four-junction flux
qubit and an ensemble of electronic spins. (b) Level diagram describing the interactions between the jth spin and the flux qubit and the optical
cavity mode. Each spin is modeled as a A-type three-level system, while the gap-tunable flux qubit is modeled as a two-level system. The
coherent (cavity) optical field €2.(a.) drives the transition |r;) — |e;)(|g;)). The flux qubit magnetically drives the transition |e;) — |g;).
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Hamiltonian of the coupled system within one node is

N
o, + Q, cos(w,t)o, + Z 87,j0xSx,j
J

“a

2

H =
N D,
+ 27’51,,» + . j|r)(rj| + wcata
J
N
+ ) (geje*Mal|g;) rjl + Hee)
J

N
+ Y Qe (] + Hee). )
J

We consider the first-order sideband transition and adi-
abatically eliminate the optical excited state |r;), then the
Hamiltonian in the one-excitation space (OES) becomes (see
Appendix)

N
H=($+A)oo_ =Y A5 ;5 ;—6aala
J

N
Q) - ot
=D |8nid — ) Ss.jo-+As8eVaS- j+He. |,
i I3
J

where ¢ is the chirp of the coherent driving. Here, we define
the detuning A ; = w, ; — w, With 0, = (o, ;), § = w1 — @,
Ay =w, — ., and A} = (v, —wr) — D with D = (D;),
Ay = w, — 6. (...) means the statistical ensemble average.
We have the identity A} — Ag =8 — D. Under the two-

photon resonance condition, § = D, and we also have Aq =

2 .
Aq — Wy, Ben = Zjv AongjA], Aspin.,j =[A1— Ay — (Sj —¢+
A]+QT3,-—5,-]’ and we define the operators S‘+J = le;){g;| and
S_;= S’LJ-, while J;(x) is the Bessel function of the first kind.
Here, we assume that |Agl,|Ag| > y; with y; =y, + ¥1,)s
and set A; = %gC(AOJer_,» + A1+i_;75,v)’ and §; = %, with
8c = (gc,j). Note that the detuning §,, and the parameters
g1.j.€j,0; are fixed once the setup is fabricated. A major
advantage of our sideband transition configuration is that
it allows one to modulate the coupling rate within the
tripartite configuration of flux-spin ensemble-optical mode.
This flexibility will later permit us to use stimulated Raman
adiabatic passage (STIRAP) for quantum transfer and this
has tremendous advantage as regards robustness to noise
and parameter imprecision over fixed on-resonance coupling
schemes for transfer [8,12].

III. NUMERICAL RESULTS

We can now consider the swap of quantum information
between the flux qubit and the optical cavity mode in one
interface. We first determine a good model for the spin
ensemble with inhomogeneous broadening in the transition
frequencies and coupling rates. We divide the spins into N, =
20 groups and consider small inhomogeneities between the
groups for the coupling rates g ;, and transitions frequencies
D; and w, ;. This model reproduces quite precisely the Rabi
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oscillations observed in the experimental observation [8], and
we use this model for our numerical investigations following.
Correspondingly, the Jaynes-Cummings coupling rates gy ;,
and g. ; are the cooperative coupling rates of the jth group
which is increased by a factor m with respect to the
single-spin coupling rate. Unlike the quantum memory by Zhu
et al. [8], the strength of the overall magnetic coupling rate
between the spin ensemble and the flux qubit is limited by
the applicable thickness of the crystal chip hosting the spins.
We will find that crystal chip must be quite thin to avoid
degradation of the transfer fidelity due to phase mismatching
and this reduced thickness restricts the degree of achievable
magnetic coupling.

To swap quantum information from the flux qubit to the
cavity mode we perform a two-photon resonant STIRAP trans-
fer of the population from the flux qubit to the optical cavity,
shown in Fig. 2. The system is initially populated in the excited
state of the flux qubit (o,.(t = 0)) = 1. We modulate the coher-
ent optical driving €2, and the flux bias €2,, such that two Rabi
frequencies are Gaussian functions given by J;[€2,,(t)/w,] =
0.58¢~ =727 and Q(1) = Q. pe~"~%"/2% with the am-
plitude €2 o of the coherent classical optical control field. To
minimize the operation time, the three subsystems interact
on resonance such that ¢ =A;— A+ Qf/Al — 8.n and
¢+ A, = —8en, yielding o, = Ay + (A1 — Ag) + Q2/A.
For Q¢ 0/x,{(gs,j)/x > 1, we can finish the swap operation
before the loss of the excitation due to any decay within
the system. Here, O.SSW(gf,j) ~ A; ~ 105 MHz. An ad-
vantage of this STIRAP transfer is that the excitation of the
spins is greatly suppressed. As a result, the detrimental effect
of the inhomogeneous broadening of the spins is very small.
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FIG. 2. (Color online) Swap of quantum information from the
flux qubit to the cavity mode via the STIRAP protocol. Gray lines are
the time-modulated STIRAP couplings via a driving classical optical
field ©2.(¢) (solid line) and modulated cavity-QED coupling strength
gr1[2,(t)/w,] (dashed line). Blue line shows the population of the
excited state of the source flux qubit, red line is the population of
the target photonic state |n = 1), while green line shows collective
excitation of the spins. Inset is the Wigner function of the cavity
mode at y; 4,1 = 0.036. Other parameters are y; o, = 0.4 MHz, x =
3 MHz, and g = 105 MHz.
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Figure 2 shows how well our STIRAP-based swap scheme
works for y; 4 = 0.4 MHz, « =3 MHz. Such high-quality
flux qubits [21,22] and Fabry-Pérot cavities [23] are avail-
able using existing experimental technology. To perform
the STIRAP control, the pulse Ji[€2,(f)/w,] follows the
pulse 2.(r) with a delay 74 — 15 =125ty and 7, =
7. = 3 ns (0.008y; . see Appendix). At y| g5t = 0.036, the
fidelity of the photonic state |n = 1) reaches its maximum
F = /(V]p|¥) = 0.904 corresponding to a population of
Py=1y = 0.817. For y; 4 = 0.4 MHz, we can achieve a swap
fidelity larger than 0.81 if k¥ < 5y; 4, and g > 40 MHz. A
simpler implementation of the STIRAP technology using a
constant chip corresponding to the maximal ac Stark shift
Q2 /A can still reach F = 0.897 at y; ¢ = 0.035.

Now, we use our microwave-optical quantum interface to
transfer quantum information between two remote SQs by
exploiting the scheme proposed by Cirac et al. [14], and to
construct a quantum internet. To do so, we create a tripar-
tite Raman transition where the spin ensemble dispersively
couples to the flux qubits and the cavity modes with detuning
20N g - According to the scheme [14,24], we need only tune
the coupling A ; by modulating the control field €2, and can set
2, = 0. In the simulation, we eliminate the small time delay
in the control field 2. of the node B related to the retardation
in the propagation between two nodes [14]. As an example,
Fig. 3 shows the distant transfer of the quantum state from
node A to node B. We assume that two nodes are identical.
The flux-qubit—spin ensemble coupling rates ~/N g rj =10k
with ¥« = 10 MHz is constant in time, while we modulate
the optical Raman coupling via the classical laser driving
field 2, = Q. psech[—(t — 14..)/7.], with .9 = 200« and
Ag =202 0. As a result, the excitation in the flux qubit
in node A is transferred to the flux qubit in node B with
a fidelity in excess of 90%. For NV~ centers, we use the
collective decay rate of the ensemble of spins I'; ., = 12 MHz
for fitting the experimental data. The quantum state of the
flux qubit A can be transferred to qubit B with a fidelity of
F = 93.3% corresponding to a node B population of 0.87 at
kt = 9.55. While for the ensemble of Er’*, the spin magnetic

Population

FIG. 3. (Color online) Transfer of quantum information between
two distant flux qubits (a) using an ensemble of NV~ centers with
I’y .n = 12 MHz, while (b) using an ensemble of Er** with [yen ~ 0.
Solid (dashed) blue line graphs the excitation of the source qubit A
(target qubit B), red line is the excitation of the antisymmetric state
of the combined cavity modes of nodes A and B, while the gray line
shows the control pulses (identical and simultaneous in both nodes).
The inset shows the density matrix of the superconducting qubit at
node B at «t ~ 10. Other parameters are y; 4, = 20 kHz, y;', = 0,
ern =09 MHz, oo = 144 MHz, 0y =0.17.
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excited-state decay can be neglected as 73 =4 s [25], and
the inhomogeneous broadening is 13.8 MHz. This negligible
decay increases the fidelity slightly to 95.1% (population of
0.904).

Next, we compare the available magnetic coupling rates
in two implementations using NV~ centers or rare-earth
ions. Both the swapping and remote transfer of the quantum
information require a strong coupling between the flux qubit
and the spins. However, the physical size of the spin ensemble
is constrained by the area of the flux qubit and also the crystal
chip must be quite thin to reduce the detrimental effects of
optical phase mismatch on the transfer fidelity. Due to their
large electron g factors [25], rare-earth ions such as Er’* can
provide a coupling rate of about 400 MHz, which is large
enough for our task. However, the largest usable magnetic
coupling strength between the flux qubit and the ensemble of
NV~ centers is only about 19 MHz. To increase the coupling
rate, we can focus the magnetic flux on the small diamond
chip using superconducting flux focusing techniques [26-28],
and utilizing this our scheme can be usefully applied to an
ensemble of NV~ centers to achieve good transfer fidelities.

IV. CONCLUSION

In summary, we have proposed a theoretical scheme for
an all-solid-state quantum interface between microwave and
optical quantum information with sufficient tunability to
permit local and long-distance high-fidelity quantum transfer.
Our scheme uses a coupling configuration which incorporates
either a combined Raman-STIRAP control or a three-body
Raman control to robustly swap between the superconducting
qubit and the optical cavity with full dynamical tunability of the
transfer. Using this quantum interface, we have demonstrated
the proof-in-principle quantum network transferring the quan-
tum information with a fidelity larger than 90% between two
remote superconducting qubits.
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APPENDIX

Our device for quantum interface and quantum network
mainly includes three subsystems: a gap-tunable flux qubit, an
ensemble of spins doped in a crystal chip, and optical cavities
connected via an optical fiber.

To provide the readers a clear picture for the complicated
protocol and simulation in the main paper, we include the
detailed discussions about the implementation of our device,
the model and method, the more specified level diagram in this
Appendix.

In this appendix, we present a model to reproduce the
experimental measurement by Zhu et al. [8]. We first model the
gap-tunable flux qubit and then its interaction with an ensemble
of spins in the one-excitation space. By fitting the experimental
data, we justify our model valid and all parameters for
the system reasonable. Then, we provide a detailed method
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showing how a quantum interface interconverts the microwave
quantum information to optical and how to swap the quantum
state from the flux qubit to an added optical cavity. All
simulations are performed in the so-called one-excitation
space. In the end, we compare the two implementations using
ensemble of NV centers and rare-earth ions.

1. Reproduction of experimental results

Before we study the swap and distant transfer of a quantum
state, we present a model to reproduce the experimental
observation by Zhu et al. [8]. Through this study, we are able
to gain a sufficient detailed description of the NV diamond
+ flux qubit hybrid system to enable our further investigation
into swap and distant transfer.

a. A gap-tunable flux qubit

Superconducting flux qubits consisting of three Josephson
junctions (JJs) embedded in a low-inductance superconducting
loop have shown to be promising candidates for quantum
computing [29]. With the standard design, the magnetic flux
(®p) passing through the loop, which induces an energy
difference € between the ground state and the first excited
state, is the only tunable parameter during the experiment. At
the degeneracy point, namely, when ®, = (n + 1/2)®( (with
integer n and the quantum flux @), the energy spacing reaches
its minimum value, the so-called gap .77, which is related to
the quantum mechanical tunnel rate. This degeneracy point
is optimal because at this point the flux qubit is decoupled
to the first order from low-frequency flux noise (1/f noise)
and has maximum coherence time [29]. Away from this sweet
point, the decoherence time drops rapidly. In comparison with
the standard three-JJ design, the gap of the four-JJ flux qubit
replacing the smallest junction with a dc-SQUID can be tuned
without leaving its optimal work point [8,22,30].

A gap-tunable flux qubit used in our scheme for quantum
transfer is shown in Fig. 4. Two identical junctions with
Josephson energy E; in series with a symmetric dc-SQUID,
in which each junction has Josephson energy of apE;, are
enclosed in a dc superconducting loop [8,22]. The control
current /I, created by the line 2 mainly generates the magnetic
flux @, threading the main loop (magenta loop) [22]. It is
used to tune the energy difference €= 21,[®; — (n + %Cbo)]
with I, the persistent current of the flux qubit through the
main loop. To decouple the current /; from the main loop, our
design use a sketched dc loop to increase the distance between
the line 1 and the main loop, and subsequently decreases
their mutual inductance. Thus, the flux ®, is only induced
by the current I; in the control line 1. This arrangement
has an advantage over the normal design by allowing one
to separately tune the magnetic flux &, and &, via the
control currents I; and /;, respectively. The dc-SQUID (green
loop) works as an effective Josephson junction with energy of
aE; =2apcos(m D,/ Py)E;.

With the bias magnetic fluxes set as &, and ®,, the flux
qubit can be modeled as a two-level system with the original
Hamiltonian (7 = 1) [22]

A~ € T(®y) ,

PHYSICAL REVIEW A 91, 042307 (2015)

< \NZ
N N (@)
- (H;]?./X ><(ME/
I 2,
& K
N\ .
x: Josephson junction
A
* O lef)
M
71,qb

97)

FIG. 4. (Color online) (a) Schematic diagram of a four-JJ flux
qubit consisting of a main loop (magenta) and a dc-SQUID loop
(green). The smallest Josephson junction is replaced by two identical
Josephson junctions forming a dc-SQUID. (b) Level diagram of the
four-JJ flux qubit modeled as a two-level system with the ground state
|gs) and the excited state |e;). The main control current /, creates
the magnetic flux threading the main loop and is used to tune the
transition frequency, while the current /; is used to tune the tunneling
between the two levels.

where the spin operators o, = |e){e'| — |g')(g| and o =
le") (g’ + |g') (€| with |e’) (]g")) the excited (ground) state
of the flux qubit. 7 (d,) is the tunnel rate between
these two states and can be evaluated as J(®,) =
wgq /21 exp{—+/4a(l + 20)E; /E (sing;, — ﬁd);)} through
the WKB approximation according to the tight-binding model
[29], where w, is the attempt frequency of escape in the
potential well and cos ¢, = 0.5«. For a general discussion,
we assume that the flux qubit operates at the optimal point
such that .7 >>€, and apply a time-dependent flux §®,(r) in
®,, to create a tunnel element .7 = J + Q,, cos(w,1). Using
the transform

les) = cos(8/2)l€;) + sin(@/2)Ig)), (A2)
lgr) = sin(6/2)|e’;) — cos(6/2)Ig) (A3)
and
o] = cosfo, +sinfoy, (A4)
o, = sinfo, — cos oy, (A5)

. . _ T . _ e .
:v1th sinf = Toa andsinf = Toa e have the Hamil
onian

Hy = &Uz + Q. cos(w, )0, (A6)

2

withw, = +/. 7%+ € the transition frequency of the flux qubit
in the basis of {|ef),|gs)}. We model the flux-qubit dissipation
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Flux qubit
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Josephson Junctions x

FIG. 5. (Color online) Schematic design of the chip coupling a
flux qubit (magenta bars) to an ensemble of electron spins in a crystal
chip (cyan cylinder). The gaps between the magenta bars denote the
weak connections (Josephson junctions) of the flux qubits. The flux
qubit and the crystal chip are fabricated on a substrate (gray base).

and the pure dephasing by

Yi,9b
20 =200 po, ~0r0 p—poio), (AT
Dg/ﬂq(z)p — F;"qb(azpaz —p), (A8)

where y; 4, and I'; o» are the decay rate and the pure dephasing
rate of the flux qublt respectively. The flux qubit with a loop
radius Ry and a persistent current /,, can generate a quantum-
state-dependent magnetic field

ol
..
2R,

B~ (A9)

b. Modeling of interaction between flux qubits
and ensemble of NV~ centers

Now, we study the interaction between a flux qubit and an
ensemble of NV~ centers. In the design shown in Fig. 5, the
four-JJ flux qubit is made on top of a wafer. In the main loop
of qubit, we make a hole through the wafer (to admit light) and
the diamond crystal chip with a thickness of tens of nm covers
the hole of the wafer. This design allows the NV~ centers to
couple to an optical cavity mode later.

r) =S.
SE
S
Sy
|ms = +1)
3A2
|ms = 0>

FIG. 6. Level diagram of a single NV~ center [31-34]. Both of
the excited and ground states are triplet. The state |r) = |°E,S.) can
optically couple to the ground state |*A,,m, = 0) and |3A,,m, =
+1).
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A single NV~ center in diamond can be modeled as in
Fig. 6. The free Hamiltonian of NV~ centers is given by

Hyvo = ZD, SZ+E;(S;—S%))

+ge/LBB"S'+a)rj|r>j(r|

_ZDJ ZJ

+ et B jS1j + wrjlr)(rl, (A10)

where D; ~ 2.88 GHz is the zero-field splitting (ZFS) of
the jth center and E; < 10 MHz, and g, = 2.0028,up = 14
MHz mT~!. Each NV~ center has slightly different zero-field
splitting D; due to the slightly different local strain in the
crystal. We define the statistic average ZFS as D = ) i PiD;
with P; the probability of D; and the derivation§; = D; — D.
Generally, the flux qubit can generate a magnetic field B, along
the direction of S; or Sy ,. In our setup, we assume that the
B, orients along the S, direction. S, , . represent the spin 1
operators of the NV~ centers and have the forms

- Si,j) + geMBBz,jSz,j

Ims=+1) |mg=0) |my=—1)
S. = |mg=0) 0 0 0 ,
Imy=—1) 0 0 -1
Img=+1) |mg=0) |m;=-—1)
| Ims==+1) 0 1 0
Sy =— |m;=0) 1 0 1 ,
V2 i =—1) 0 1 0
Img=+1) |mg=0) |m;=—1)
|my=++1) 0 —i 0
S}_— |mS= ) 1 0 —1 .
V2 = —1) 0 i 0
Ims=+1) |mg=0) |my=—1)
Ims=+1) 1 0 0
$? = |m;=0) 0 0 0 ,
|ms=_l> 0 0 1
lmg=+1) |mg=0) |my=—1)
[my=-+1) 0 0 -1
52 — 82 = |m;=0) 0 0 0
Imy=—1) —1 0 0

We define |+) = (Ax,m; = +1) + PAz,mg = =1))/v2
and |—> = (PAs,my; = +1) — PAy,my = —1))/4/2 so that
S2 - _(|3A2,m5 = +1) (3A27m5 = _1| + |3A2’ms =

N Az,ms =+1)=(=) (== [+)(+).  The  term
Ej(Sfyj - S}z,’j) only shifts the state |+) = (*Ay,m,; =
+1) + PAy,m; = —1))/+/2 down by energy E;. It can
be absorbed in D; when we study the coupling between
[*A;,m; = 0) <> |+). The term B ;S j describes the Zeeman
splitting due to the magnetic field applied to the z direction.
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’ NV, Flux Qubit

FIG. 7. (Color online) Diagram of the interaction between the
flux qubit and the jth NV~ center. The states are defined
as |g;) = PAy,m; = 0); and le;) = (PAg,mg = +1); + Ag,m; =
-1);)/ /2. The NV center and the flux qubit decay with rates T 1,; and
Y1,qb» respectively. The flux qubit couples to the magnetic transition
of the two ground states |e;) and |g;) of the jth NV center with the
rate g ;. The transition frequency of the qubit is sine modulated with
the amplitude of €2, and the frequency w,,.

A reasonable large magnetic field also can be used to lift
the degeneracy between |m; = £1) levels, and subsequently
excludes the transition of |my; = 0) <> |my; = —1) [12]. This
term is assumed to be negligible (B, ; ~ 0) through our
investigation following.

The flux qubit couples to the ensemble of NV~ centers via
the magnetic field created by its persistent current. To study the
magnetic interaction between these two quantum subsystems,
we only consider the triplet ground state of the NV’s electric
spin in this stage. In order to match the experimental setup [8],
we consider the transition of |g;) <> |e;), as shown in Fig. 7.

We assume that the magnetic field B, ; created by the flux
qubit orients to the x direction of the jth center so that it is

parallel to Sy. Thus, we have B, ; = B, ; = ’;;2 o, [8], where
R =v7*+d&; with 2 the distance from the flux qubit to the
center of the flux loop and d; the distance from the center of
the flux loop to the ensemble center. Generally, R; denotes the
distance between the flux qubit and the jth NV~ center. Then,
the interaction Hamiltonian describing the coupling between

the flux qubit and the NV~ centers is

N N
HQ—NV = ng,ij,onf :ng’ij’jox, (All)
J J
where g4 ;/2m = g””;z‘fﬂl” ~ 4.4 kHz in [8] for 2 = 0.7 um
and d; =1 um. po is the vacuum permeability (we have
used o] = cos o, + sinfo, = o] = o, when .7 >€ yield-
ing sin® ~ 1. We now assume that the wavelength correspond-
ing to the microwave transition of the flux qubit to be much
larger than the size of diamond crystal and from this we can
neglect the phase diffusion in the coupling g, ;.
The Hamiltonian for our flux qubit coupled to an ensemble
of NV~ centers can be represented by

:_UZ+ZD1 z,"‘zgfj x,jOx -

(A12)

¢. Modeling the interaction between flux qubits and a rare-earth
ion doped crystal Er** : Y,SiOs

An ensemble of rare-earth Er** ion doped in Y, SiOs crystal
is another promising candidate for the quantum interface
transferring quantum information from optical to microwave

PHYSICAL REVIEW A 91, 042307 (2015)

|ms = +1/2)

T e — My = —1/2)

Telecom|C-band

A = 1536 nm
| |ms =
4
Lis/2, 21 ‘i:,

|ms = —1/2)

13/, Y1

+1/2)

FIG. 8. (Color online) Level diagram of a rare-earth ion Er’*
crystal Y,SiOs allowing an optical Raman transition and a microwave
transition [7,18,35].

and vice versa. It has significant advantages: (i) The two
electronic ground states have a large-g factor up to 15. (ii) The
concentration of ions in the hosting crystal can be very large.
These two unique properties allow it to strongly couple to a flux
qubit. (iii) It has long-lived optical and microwave lifetimes.
(iv) It works in both optical telecom C-band around 1.55 um
and microwave C-band round 4-9 GHz. We next discuss
here how our scheme can be extended to the rare-earth ion
crystal.

As shown in Fig. 8, both the excited state 4113/2 1Y
and the ground states s 22 Zy for each Er’t ion are
doublets. The optical transition *I;5/, : Z; — *Ij32 : Y; and
the microwave transition [*I;5/> : Zi,my; = —1/2) — [*I;5)2 :
Zy,ms = +1/2) form two A-type systems [7,18,35]. In the
dispersive coupling regime, we can model the system as a
simple A-type system with one excited state |r;) = |4113/2 :
Y1), two ground states |e;) = [*I;5/2 : Zi,m; = +1/2) and
lgj) = |4115/2 :Zy,mg = —1/2). The electric dipole moment
of the optical transition is about 2.07 x 10732 C m, while the
g factor for the magnetic coupling depends on the orientation
of the extinction axis and can be up to 15 [25,35], yielding
a spin tuning rate (Zeeman splitting) up to 200 GHz/T [7].
The optical transition is at around A ~ 1536 nm, while the
zero-field splitting of the two ground states is around 4 GHz
[36].

The Hamiltonian of an ensemble of rare-earth ions includ-
ing the magnetic coupling is given by [7,25]

N
D; - ~
Hee = P50+ msBy g S+ onjlr) (1,
J

(A13)

where D; is the zero-field splitting of the jth spin,
B; denotes the external magnetic field applied to
the jth spin and are slightly different because it is
inhomogeneous at different sites of the spins. g, is the
g-factor tensor, and the electronic spin operator S ; are defined

as  {8.;.5:,.8 0 = (*Lisp : Ziumy = +1/2)  (MLisp
Zymg = +1/2| — [*Lispp : Zy,mg = —1/2) (*Lisys
Zimg = —1/2|,1*1sp2 : Zymg = +1/2)  (*Lispp 0 Zy,ms =
=121+ 1*lispp : Zymg = —1/2)  (*Lispa 2 Zy,my = +1/2],

—i(|*ispp 2 Zy,ms = +1/2) (s : Zymg = —1/2] —
[*Lisp : Zi,ms = —1/2) (*Lisa : Zy,ms = +1/2|)}. Here, we
neglect the hyperfine interaction and the nuclear quadrupole

042307-7
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interaction and w,. ; is the energy of the optical excited state
Irj).-

]We use the arrangement similar to the qubit-NV system
discussed above [8] such that the magnetic field created by the
flux qubit orients to the local x direction of the ions. When the
rare-earth ions are inserted within the loop of the flux qubit,
the magnetic coupling between these two systems is described
by [25]

N
Hope =Y 87.jS.0% - (Al4)
J

As a result, the Hamiltonian describing the evolution of the
spins and the flux qubit is given by

Wq

N
D; . -
H=—too+) 25 +g75 00 (A15)
J

Because there is only one excitation in the system at
most, we can consider the motion of the system in the one-
excitation basis. We instead use the notations S, ; = |e;){e;| —
1g;)(gjl. 8%, = le;)(g;l.5-; = |g;){e;|. After applying the

. _ —i(Ro YV DS2
unitary transform U =e "2 i 72" to Eq. (Al2) or

—i(Ro, 4N D3 iy .
U=e"2%"24i 277 to Eq. (A15), and the rotating-wave
approximation, we have the Hamiltonian describing the
general qubit-spin system

N
A Si - _ _
Hg spin = Tqaz + Z EJSz,j + 878+ jo- + 045 )
J

(Al6)

with A, = w, — D. Under cryogenic temperature, we may
assume that the spins remain in |g;) if they are initialized in
that state because D; is a few GHz (D; ~ 27 x 2.88 GHz [8]
for NV~ centers and D; ~ 2m x 4 GHz [36] for Er ions).

d. Interaction in the single-excitation space

We model the case in which a single excitation is injected
into the system via the flux qubit. It allows one to consider the
one-excitation space (OES) whose spanning state vectors are
each N + 2 long and can be written as

lgr,G) = 1g7.81,82,---,&m) = |01,
|€f,G) = |ef7glvg2» .. ng) = |]>M9 (A17)
lgr.€j) = 187.81,82, - .8j—1,€j,8j+1,---,8m) = |j + L) um,

je{1,2,...,N}. We thus have M = N + 2 eigenstates in the
OES.

Setting the state |g r, G) as the zero-energy level in the OES,
one can find the following OES representations:

-1 0 O 0
0 1 0 0

oo=|0 00 O = 1) (1] = 10} (01,
0 0 0 0

PHYSICAL REVIEW A 91, 042307 (2015)

0 1 O 0
0 0 O 0

o=, . . . |=0mu
o 0 0 ... O

Sej=1j+Du(j+ 11 =100 (0l

and

S—j=10m(j+1].

Using the notations {|/) s} for the OES, the operators take
the forms
oz = 1) (1] = 10)u (0l
o = [0)m(Ll,
Sej=1j+Dumlj + 11— 10)u(0],
S_j=100m(j +1.

(A18)

By defining the operator

N
= 12/.G)(g7.Gl + les.G)les. Gl + Y Igr.ej)(gs.¢;l.
j=1

we also find

oz = Dw (=Y 1j+ D (i + 11 = 10040]
i

Al9
=2/ (1] =T (A19)

and

S.;i=1ji+Du(j+1
- Z|I+I>M<l+l|_|0>M<O|_|1>M<1|
I#]

=20+ Ou(j+1-L

Since we can drop I in the Hamiltonian, we can then have

o, =20,0_, (A20)

S.;=28:;8_;, (A21)

where all operators are represented in the OES. Thus, the
Hamiltonian describing the full system of coupled flux-qubit—
spin ensemble takes the form

Ho-in = Dgoro— + ) 8,515
j
+87, (S0 + 05 )),
(A22)
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or in matrix form by

lgs.G) les,G) lgr.er)
lgs.G) 0 0 0
ler.G) 0 Ay g1
lgr.é1) 0 811 8
Ho opin = |gf,efj—1) 0 8rj-1 0
g7.€;) 0 grj 0
lgr.€jt1) 0 8f.j+1 0
|gfséN> 0 8f.N 0

The decoherence superoperators for dissipation and pure
dephasing for each NV~ center are given by

| T o _
Liin 10 =125 10845 = 81,80 — 08, ;5 51,
(A23)

) _ _
.ﬁ,ﬂs(pi)n’jp ZF;J'(Sz,j:OSz,j -0,

(A24)

where I'y ; and I'; ; are the depopulation and pure dephasing
rates of the state |e;) in the jth NV~ center or spin. Combining
all this, we can simulate the dynamics of the full system using
the Lindblad master equation

J
2 — —i[Hg.pn.p] + Z o] + £ )

ot
+ Y Lamilol+ ) L5 el (A25)
y J

where the Hamiltonian takes the form given by Eq. (A22).

e. Confirmation of the model with experimental data

To study the performance of the quantum interface between
optical and microwave, our single-excitation model describing
the interaction of the ensemble of spins and the flux qubit
considers the inhomogeneous broadening of the transition
frequencies of the spins. This is an important difference
between our model and that used in [8]. Before discussing the
quantum interface, we first justify the validity of our model by
a near perfect matching with the experimental data presented
in [8]. The parameters given by Zhu et al. are described in
Tables I and II and their values are listed in Tables III, IV, V,
and VL.

Although Zhu et al. reproduced well the experimental result
of the vacuum Rabi oscillation curve by varying the 7} and 75
of the flux qubit and the NV centers, we instead first explore the
validity of assuming homogeneous decay and dephasing rates
for the diamond subsystem. With this assumption we achieve
a poor agreement with the experiment for the Rabi oscillation
over the whole duration with only good agreement during the
first period of oscillation. Our best fit is shown in Fig. 9 using
the homogeneous parameters listed in Tables VII and VIIL.
Obviously, we successfully reproduce the first Rabi oscillation,
however, we note that more population than predicted by the

PHYSICAL REVIEW A 91, 042307 (2015)

lgr.ej—1) lgr.e;) 1gr.€jr1) lgr.en)
0 0 0 0
81.j-1 81 8f.j+1 -eo 8fN
0 0 0 0
51 0 0 0
0 5 0 0
0 0 551 0
0 0 0 Sy

(

model returns to the flux qubit during the period from ~20 to
~60 ns.

We understand this excess qubit population to be mainly
due to a dark-state-related strengthening of the revival of the
qubit population due to an inhomogeneous broadening in the
transition frequencies of the spins. When the inhomogeneous
broadening of the transition frequencies of the spin ensemble
is small in comparison with the ensemble-qubit coupling
rate, this inhomogeneity creates a slow decay channel from
the single-excitation state (or bright state), to a multitude
of spin dark states which are relatively long lived. This
inhomogeneous broadening can be considered as an additional
decay of the single-excitation bright state of the spins [12,37—
39] during the first few Rabi oscillation periods. However, if
the inhomogeneous broadening is comparable to the coupling
rate, one can have cycling from the multitude of dark state
bath to the bright state. To consider this effect, we expand
our model to encompass a distribution (inhomogeneity) of
transition frequencies for the spin ensemble. It can be clearly
seen from Fig. 10 that this model correctly reproduces the
emergence of the large population of the flux qubit when
t > 20 ns. The parameters listed in Tables IX—XI are used is
this extended inhomogeneous model. We will use this model
including the broadening of the transition frequencies of the
spin ensemble for our numerical investigations throughout the
remainder of our study below and in the main manuscript.

The parameters of the flux qubit and the NV centers for
our fit in Fig. 10 are listed in Tables IX and X. Obviously, the
decay rate of the flux qubit is small. Interestingly, although

TABLE I. Description of parameters of the flux qubit.

Notation Description

I, Persistent current

Vigb Relaxation rate

Tigp Relaxation time

Vagb Pure dephasing rate

145 Dephasing time

T} Pure dephasing time

A Representing the detuning between the flux qubit and
the magnetic transition of the spins (NV centers)

B Magnetic field created the flux qubit

oA Inhomogeneity of the detuning A
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TABLE II. Description of parameters of the spins (NV centers).

Notation Description

D Zero-field splitting of the ground states

ge g factor of the electron

E Strain-induced splitting

Ven Relaxation rate of the ensemble of spins

I3 Pure dephasing rate of the ensemble of spins

Ty, Relaxation time of the ensemble of spins

Toen Dephasing time of the ensemble of spins

T;,, Pure dephasing time of the ensemble of spins

4 Distance from the flux qubit to the center of the ensemble of spins

By . Magnetic field along S, of the ensemble of the spins. It is applied to tune the Zeeman splitting.

N Total number of spins (NV centers) in the ensemble

N, Group numbers of the spins (NV centers). It means that we divided all spins into N, groups, in which the spins are
considered as identical, for simulations

g Magnetic coupling rate of the flux qubit to one group of spins

8 Collective coupling rate of the total spins to the flux qubit

o Inhomogeneous broadening of the zero-field splitting D; of the spins. It means that the parameter D; varies within a
variance of o5 as a random number in simulations

or,,; Inhomogeneous broadening of the relaxation rate of the spins. It means that the parameter I'; ; varies within a variance

of or,;asa random number in simulations

ory, Inhomogeneous broadening of the pure dephasing rate of the spins. It means that the parameter I'; ; varies within a
variance of ory, asa random number in simulations
Oy, Inhomogeneity in the grouped coupling rate g . It represents that the parameter g varies within a variance of o, as a
random number in simulations
TABLE III. Parameters of the flux qubit in [8].
I, (mA) Viqv/27 (MHz) A /2r (nHz) yz’f b /2m (MHz)
300 1 0
TABLE IV. Parameters of the NV~ centers in [8].
D/2x LB E/2n  y,, /27 (MHz) B X Density gi/2n  3;/2m =~/Ng;/2n
(GHz) ge (MHz mT~!) (MHz) (onresonance) I'i/2r B (um) cm™® N (kHz) (MHz)
2.88 2.0028 14 0(< 10)  ~8(~20ns) % 1.2 5x10"% 3x10’ 4.4 35
TABLE V. Parameters of the flux qubit in [12].
I, (mA) Ti 45 (0S) T, 4» (ns) away from sweet point T, 4» (ns) at sweet point I, = [Tzfqlb — (2T1,qb)_']_] (ns)
395 19.7 100 20.2 (for T, 45 = 19.7 ns); 114 (for T, 4, = 100 ns)
TABLE VI. Parameters of the NV~ centers in [12].
D/2r By E/2n T7,, T3, (8) Ty =[QT10)"" + T, 1" (D+ — D_)/2m  Density 8i/2m 3;/2n = V/Ngi /27
(GHz) (mT) (MHz) (ns) (pure dephasing) (ns) B (MHz) cm™3 N (kHz) (MHz)
2.878 2.67 4 2038 175 33.6 tolp ~40 4.7 x 107 107 4.4 8.9

2R
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TABLE VII. Parameters of the flux qubit for our fit in Fig. 9.

Vign/2m Vagn! 270 on/2m A /27 (MHz)
(MHz) (MHz) (MHz) detuning
0.4 1 0 0

we set the detuning A = 0 in our simulations, the random
broadening in D; gives an effective detuning of 27 x 5.8 MHz
which we believe comes from the energy shift due to the
strain-induced splitting E. To do the simulations, we divided
the NV centers into 20 groups. There is no observable change
when we increase the number of groups to 40.

In Fig. 10, we consider an inhomogeneous model where
some parameters vary throughout the ensemble of NV centers.
The extent of these variations is characterized in Table

XI. The parameter variances used in Table XI are defined
as oy = /SN (X — X,2/N with X € {A;.T1;.T2 .87,
where X = (X j) s the statistic average value. Note that the
decay rate I'T ,, /2 = 28 MHz of the NV~ centers in the first
model is somewhat close to the sum of the collective decay rate
of I'f ,, and the inhomogeneous broadening in the transition
frequéncy os in the second model. It provides strong evidence
that the inhomogeneous broadening plays a role of the decay

in short time [37-39].

2. Transfer quantum information between qubit and
cavity via sideband transition

In this section, we show how to use the technique of
stimulated Raman adiabatic passage (STIRAP) to transfer
quantum information between the flux qubit and the cavity
mode robust against the inhomogeneity and decoherence of
the ensemble of spins.

In the widely studied schemes by Zhu et al. [8], etc., the
coupling of the flux qubit to the ensemble of spins is constant
in time. As a result, to switch off the interaction with the
spins, the flux qubit must be biased far away from the “sweet
spot” which causes a large decoherence. We next present a
method to modulate the qubit-spin coupling via the sideband
transition. One of the advantages of this sideband-transition
scheme is that one can efficiently tune on and off the flux-
qubit—spin interaction while the qubit remains at the“sweet
spot” where the decoherence is lowest. More importantly, the
sideband-transition scheme enables the STIRAP technique
and avoids much excitation of the ensemble of spins, and
subsequently greatly suppresses the unwanted influence of the
inhomogeneity of the spins on the quantum transfer.

PHYSICAL REVIEW A 91, 042307 (2015)
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FIG. 9. (Color online) Predicting the experimental data of the
Rabi oscillation in [8] assuming homogeneity in the NV ensemble.
Blue line and dots are the experimental measurement data taken from
[8]. Magenta line shows the decay rate we use for fitting. Cyan line for
the switching probability as a fitting of the Rabi oscillation. The pure
damping data (blue dots) are fitted using e~>*"/13° (corresponding to
a decay rate of 27 x 1 MHz).

a. Modulation of the qubit-spin-cavity interaction

Here, we consider a hybrid quantum system consisting of a
flux qubit, an ensemble of spins, and an optical cavity shown
in Fig. 11. The scheme depicting the coupling between the
flux qubit and the spin ensemble for one node is shown in
Fig. 12. In the level diagram of the spins, |r;) = I*E,S.) for
NV centers, while |r;) = |*I13/2 : Y1) for Er’* ions. As before,
we neglect the terms Z;V 8elleB: jS; j + Ej(Sf’j — S)z,’j) in
the NV centers. For NV centers, B, ; can be large enough
to split [m; = +1) and |m; = —1) such that the splitting is
much larger than E;. When a o -polarized control field €2, is
applied, the fields and qubit only couple to the transitions
[rj) < Ims =+1;) and |[m; =0;) < |my = +1;), respec-
tively. Alternatively, we also can arrange that B; ~ 0 and the
control field €2, is linearly polarized. Thus, €2, optically and
the qubit magnetically couple to the transitions |r;) < (|m; =
+15) 4 my = —1,))/v/2 and |g;) < (jms = +1;) + Im; =
—1;))/ V2, respectively. Either way, we can replace the states
Ims = +1;) or (Imy = +1;) + Img = —1;))/+/2 with |e;).
For rare-earth ions, we simply have |e;) = |4II5/2 2y mg =
+1/2) and |g;) = |4115/2 :Zy,mg; = —1/2). The Hamiltonian
related to the free evolution of the NV centers or the rare-earth
ions takes the form

N
Hxy :ZDJ'S?,;‘ + oy jlrj)(r;ls (A262)
j

TABLE VIII. Parameters of the NV centers for our fit in Fig. 9.

L5 /27 ¢;/2m (MHz)
D/27 By, E/27 T;,, /2 (pure Ty, =215+ T N, (Di— D_)/2m Density grouped  g,/2m = ~/Ng;/2n
(GHz) (mT) (MHz) (MHz) dephasing) (ns) groups (MHz) cm™ N coupling (MHz)
2878 0 <10 28 0.9 33.6 40 ~0 5x10%1.6 x 107 556 35
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FIG. 10. (Color online) AsinFig. 9 butincluding inhomogeneity
in the transition frequencies of the spin ensemble, the coupling rates
gr.j» and the decoherence rates.

N D,
Hp; =Z TJSZ,J' + 1) (r;l.
J

(A26Db)

We set the energy of the ground state |g;) to be zero.
Using this, the free Hamiltonians (A26) and the optical-spin
interaction can be rewritten both as

Haino = Y _ Djlej) el + wrjlr) ;.
J

Hoogpin = »_(8c.7¢"%1a18) (i1 +8c. e aalr;)(g;1)
J

(A27)

+ ZQc(eithHzﬁ(t)le)j(rj|+e*iwu*i¢(t)|rj><ej|)_
J
(A28)

This system including three subsystems {flux qubit, spin
ensemble, cavity mode} can be described by the Hamiltonian
Hyo4e in Eq. (A29):

Hiode = Hq + HspinO + H. + Hq—spin + HD-SpiIls (A29)
Wy
H, = TUZ + Q cos(w,t)o, (A30)
H. = w.d'a, (A31)
N
Hyxv =Y 85j0xS;: (A32)

J

where R; is the position of the jth NV center. The JC coupling
between the cavity mode a and the jth NV center is given
through the coupling strength g. ; and the phase ikR; which

PHYSICAL REVIEW A 91, 042307 (2015)

is inhomogeneous because this optical phase is sensitive to the
site of the spins R;. The Raman control field has a frequency
wr, and Rabi frequency €2, and a nontrivial phase ¢(¢).

We next apply the unitary transform

N

U = exp{—i[(w; — o)t — Plle;){e;l}
Qexp{—iw,t|r;)(r;| —i(w,; — w)t|g;) (g1}

. P L
®Xexpy —iwta'a —1 jtaz

Q, . ¢
+ a)_: sin(w,t)o; — EU{| }

to the full system and define A; = w,; — o, with o, =
(wrj), § = oL — ¢, Mg = 0 — ¢, and Ay = (0 — @) —
D, A, = w; — é. From this we have the relations

Al —Ay=6—D. (A33)

Under the two-photon resonance condition, § = D. From
this, we have [40-43]

0= ‘;ﬁgz - ;(A1 +A;—8;— Plej)e;]

— > (Ao+ A)lg)g;l

J

+ ) Qelley) (] + Irj)e;)

J
+ ) (ge e alig) ril + ge e ialr;) gD

J
ad Q A _
+ D 8r ) <w_u> e8NS o
- "
J

k=1

Q e
+He]+ ng,jfo (w—u> [e7'2'S, jo_ +Hcll,

J "
(A34)

with 8, ; = le;)(0;land S_ ; =8, ;. A, = A, — w, and we
set A, ~ 700 MHz. With this we can safely neglect the off-
resonance terms for k # 1 and obtain the Hamiltonian

) (N RN
J
— > (Ao + API0) (0 + D Qelle;) (| + Irj) e
j J
+ ) (8e e al|0);r] + ge e alr) (0]
Q
Wy

j
— ng,jjl (_“) (e*"A"’S+,,a, + eiquSv77j0+).
J

(A35)

TABLE IX. Parameters of the flux qubit for our fit in Fig. 10.

Vi.qp/27 (MHz) decay rate of qubit

V2 45/ 27 (MHz) pure dephasing of qubit

A /27 (MHz) detuning

0.4

1.0 5.8 = —E (Table II)
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TABLE X. Parameters of the NV centers for our fit in Fig. 10.

D/2m B ; E/2n Lyen/2n T7,,/2n (MHz) N, (Dy —D_)/2n gr/2mr MHz)  g;/2m = VNgi/2m
(GHz) (mT)] (MHz) (MHz)  (pure dephasing) groups (MHz) N grouped coupling (MHz)
2.878 0 Neglected 12 0.9 20 ~0 1.6 x 107 5.56 35

In the optical dispersive Raman transition, we can adiabatically
eliminate the states |r;) [44], and the Hamiltonian becomes

N h+ A :
Heffzmaz—Z[A1+A,-—5j—¢
j

QAL+ A —3)) }| w
A1+ A, — 602+ (p; 22 | 7N

_Z Ag+ A + g"’jam(AoJrAj) lgi) (gl
ol RV VYA R

—ng,Jl( )(Sﬂa +5_j04)

. ) 1
C ikR;
R E et —
2 - 8c.j (Ao—l—Aj—zyj/Z

1

—_— H.
* 5o, i) Hle ol e

(A36)

- 1 1
We  define  A; = 585552 T ava s -2

& = g’ with g. =(g.;), 0 =kR;. We also have the
modified Lindblad operators from the decay channels
Irj) — 18(e);) as [44]

FO \/Vo_nigc'-.ie_mj&
T Ao+ A)) +iyi)2
V70,582
(Apg+ A —6))
JY1.j8c.j€ —i% g
(Ag+ A, )+zy,/2

+ V718
(Ao +Aj;—=68)—iy;/2

lgj) (gl

+

1gj)(ejl. (A3T)

—iy;/2

(1
Léfz,j = ;) (gl

lej){ejl. (A38)

These operators will be later used for the swap and quantum
transfer of quantum state.
If [Aol,|A1| > y},|8;], we have

. tA, + A,
Heir = Z Anv.jlej)e;l

(a0 8+ S
- J (AO+AJ) J J

- ngjfl ( )(S+,a_ +5_ 04

- ZAJ-sJ- (e%a'S_; +e7™3, ;a), (A39)
J
. N 92
with ANV,]‘ZA]—{-AJ' ¢+m, Aj:

Q = 1 1 ~ chL N
S8(aa t aga5) ~ aeia; because §=D. If
[Aol > |A;], Aj~ A= —A‘ﬁ" is constant in time. In our

sideband transition regime, all parameters QC,QM,Q'),A,]
can be modulated in time. This flexibility provides a
significant advantage over the fixed on-resonance coupling
for transferring quantum information. When €, = 1.8w,,
the effective coupling between the flux qubit and the NV~
centers has maximum value J;(2,/w,)gy,; = 0.58g ;. Note

that the total coupling strength A,, = ‘/NALSQ“ = % is

the collective JC coupling strength which is suppressed by
a factor of Ay/Q. in comparison with the on-resonance
coupling rate v/N g..
b. Operators in the one-excitation space
In the OES including the cavity mode, we write the basis
vectors (N + 3 long, N the number of spins in the ensemble) as

|g7.0,G) = |g7,0,81,82, - --,8n) = |0) s,
les,0,G) = les,0,81,82, - -.8n) = [ m,
187:1c,G) = 187.1c.81.82, - - - .&N) = 12)m,
1g7,0.¢;) = 187,0,81,825 -+ +8j—1,€j:&j+15 - - :&N)
=j+2u, j=12,...,N

After defining the unitary operator for the system

N+2

T=> 1wl
=0

= |gr,0,G){gr,0,G| + |e;,0,G)(les,0,G]|

N
+1g516.G) g 1e.Gl+ Y 187.0.6)(87.0.¢;1,

j=1
the operators have the forms

o, =2y (1] -1, (A40a)

op = les){esl = [1)um (0l (A40b)

S.i=2lj+2m(j+2] -1, (A40c)

TABLE XI. Variance in parameters for our fit in Fig. 10.

os/2m (MHz) (Variance in
D; of NVs)

or,/T'1 e, (Variance in
decay rate of NVs)

01y, / T2en (Variance in
decay rate of NVs)

o, /8s (Variance in coupling
between qubit and N'Vs)

14.4 0

10% 1%
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5o = 1j + 20,
ala = [1)(1c) = 12)m (2.

(A40d)
(A40e)
(A40f)

In the single-excitation b_asis, we ha\_/e the relations o, =
2000_ =2|1)u (1] and S, ; =285, ;S_; =2|j+2)u(j+
2|. So, the operators in the effective Hamiltonian above are

given by
a'alg;) gl = 12)u(2l = a'a, (Adla)
lej) (el =S5, (A41b)
lgi)(g;l = (g;){gjl + lej){ejl —lej)e;l) (Adlc)
=1 —|gs,0c.€;)(gr,0c,€l
=T—1j+2)m(j+2],
alale;)(e;| = @. (A41d)
|
lg7,0,G) ler,0,G) lgr,1,G)
lgr.0,G) 0 0 0
les,0,G) 0 @+ A, 0
|gfvl’G> 0 0 _8e11
A = 187,0.€1) 0 _gf,ljl(i—:) — A&
1g7,0,€2) 0 —gf,211(i,2—:) —Apkpe®
1g,0.én) 0 —grn i (5E)  —AnEne ™

The superoperators describing the dissipation and pure de-
phasing for all systems are

Y1,qb
"iﬂq(l)[p] = 2q (20_po; —or0_p — poio-),
L2p] = y3 (0200, — p).
o) T o - o
"%Nv,j[p] = T(ZS—,j,OS+,j =84S ip—pSeiS- ),
(2) _ % /Q R
L ilpl =T5 (S ;0825 — p).

K A~ A~ AT A AT A
Zelpl = E(ZCIWT —alap — pa'a),

i(O)T _ i(O)T'i(O)

1, .
(Lo) )
va(jj[P] = _(ZLeff,j'O eff, j eff, j Letf, j P

[\

2(0)F 7(0)
- pLeff,jLeff,j)’

1, .
Ao = 0L

~(1 At p0
. A YOI A

eff, j eff, j Leett, j P

2D 7()
- pLeff,jLeff,j)'
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¢. Master equation

Substituting Eqs. (A40) and (A41) into the effective
Hamiltonian, H.g has the form

Hep = (¢ + Ayoyo — Z Anv,jS4.;5-; —8emd'a
J

Q _ _
- Zg.fljfl <a)_> (Syj0-+S-jo4)
J

"
i

— Y AE( QTS+ e, ja), (A42)
J

. 8.
with 8,, = > —

i (Bo+A)
and 6; are also constant. We modulate €2,,, <;5, Q, and w,,
and subsequently A ; and Aq become time dependent. The full
effective Hamiltonian in the OES in matrix form reads as

is constant in time. Note that g ;, &;,

|gfaosel) |gf10762> |gfvoseN)
0 0 0
Q, Q2 o
_gf,ljl(m) —gf,zh(w—) _gf,NJI(w_M)
—Ai§ e —Aar§re’® —Ayéye™
—ANVJ 0 0 (A43)
0 —Anva .. 0
0 0 —ANV,N

(

Thus, the dynamics of the node can be described by the
Lindblad master equation

0 N
L = —i[fa. 0] + ZV10) + L) + L)

ot
+ ) Awlel+ YA ol
J J
+ Y A1+ YA ol
J J
(A44)

d. MQ-Optical swap quantum state via STIRAP

We are interested in the transfer of quantum state between
the flux qubit and optical mode using the STIRAP method
because it is robust against the imperfection in the control
process [45] and avoids much excitation of the spins. We
now assume the tripartite two-level (2L) system interacts
on resonance, i.e., under the one-photon resonance condition
(OPRC). To enable the OPRC, the spin ensemble must interact
on resonance with the photon in the optical mode and also with
the first sideband transition of the flux qubit. Thus, we have
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"

Mirror

Av}y field

FIG. 11. (Color online) Schematic diagram of the interaction
among the hybrid quantum system consisting of a flux qubit, an
ensemble of spins, and an optical cavity.

the relations

. Q2
¢=A —Ap+ A—C — 8., (NVs-photons), (A45)
1
¢+ A, = —8., (qubit-NVs) (A46)
yielding
. 02
d=A1— Ao+ —< — 68, (A47)
Ay
Q2
w, =w, +D— ==, (A48)
Ay
Wy =0y +8en+ 6. (A49)

Using Gaussian control paired pulses J1(R,/w,) =
0.58¢ /27 and Q. = Q. ge~¢~<"/2% with the am-
plitude €2, of the coherent control field, we can swap the
quantum state from the flux qubit to the cavity mode with a
fidelity . = /(¥|p|¥) [46] larger than 90% (see Fig. 13).
We also calculate the fidelity shown in Figs. 13(b) and 13(c) as
afunction of the decay rate « of the cavity and the coupling rate

g and the optical Raman transition rate A ~ Qgi’" by setting

g= O.SSW(gf,j) = Ag. During the scan, we fix the pulse
widths g7y = g7, = 2.1 and delays 74 f — 74, = 1.257 for
Y1,¢p = 0.4 MHz in Fig. 13(b), while g7y = gr. = 6.3 and
Tq,f — Tq,c = 1.2t for y1 4 = 0.02 MHz in Fig. 13(c). For
a flux-qubit decay rate y; 4, = 0.4 MHz, we can achieve a
swap fidelity larger than 0.81 if ¥ < 5y, 45 and g > 40 MHz.
This shows that if the qubit and cavity decay quickly, then
to achieve the transfer fast enough to avoid significant loss,
then the coupling to the spin ensemble must be quite large.
However, practically the magnitude of this coupling g can be
much reduced if the qubit and the cavity decay more slowly.
As shown in Fig. 13(c), the fidelity can be higher than 73% for
Y1,¢b = 20 kHz, k < 5y; 45 and g > 10 MHz corresponding
to a collective coupling strength ~/N (g £.j) > 18 MHz. Such
high-quality flux qubits [21,22] and Fabry-Pérot cavities [23]
are available using existing experimental technology.

PHYSICAL REVIEW A 91, 042307 (2015)

IQM lef)

e H1gb

—[gy)
Flux qubit

Spins

FIG. 12. (Color online) Level diagram showing the interactions
between spins (left panel) and optical fields (g, je™*®i for the cavity
mode and 2.¢'? for the classical driving) and qubit (right panel). The
energy of levels |r;) and |e;) of the spins have an inhomogeneous
broadening of A; and §;, respectively. The inhomogeneity in the
phase ¢(t) is absorbed into ik R; which is dependent on the site of the
spin R;. The occupation in the state |r;) decays to the state |e;) and
|g;) withrates y; ; and yy ;, respectively. y; = o ; + y1,; is the total
dissipation rate of |r;). The state |e;) also decays to the state |g;) with
arate I'; ; due to the magnetic dipole transition. y; , is the dissipation
rate of the flux qubit whose transition frequency is modulated with
amplitude €2, and frequency w,,. The qubit-spin coupling rate is gy, ;.

3. Remote quantum transfer

To construct a quantum network, we create a tripartite
Raman transition in each node, as shown in Fig. 14. We now

o
@®

c
9
=
o

>

a

o
o

o o <o
S

o
00555 100

9/79 00 50|4/“(l1

9/711

FIG. 13. (Color online) Swap of quantum information from the
flux qubit to the cavity mode via the STIRAP protocol. (a) Gray
lines are the time-modulated STIRAP couplings via a driving
classical optical field ©2.(r) (solid line) and modulated cavity-QED
coupling strength g s J;[£2,,(¢)/w,,] (dashed line). Blue line shows the
population of the excited state of the source flux qubit, red line is the
population of the target photonic state [z = 1), while green line shows
collective excitation of the spins. Inset is the Wigner function of the
cavity mode at y; 4t = 0.036. We have chosen parameter values such
that y; 4, = 0.4 MHz, x = 3 MHz, and g = 105 MHz. Subplots (b)
and (c) show the swap fidelity as a function of « and g for y, ,, = 0.4
MHz (b) and (c) with y; 4, = 0.02 MHz.
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lej)

lef) mmm— Tien — 0, = 1)
s gf Aj W‘Z’NLLL&
I.qb é(—) <>
! To other node
l9s) 195) In = 0)
Flux Qubit Spin ensemble  Cavity mode

FIG. 14. (Color online) Schematic diagram for the tripartite Ra-
man transition in one node.

consider that the ensemble of spins dispersively couples to the
flux qubit and the cavity mode. The photon from the cavity is
injected into an optical fiber and is then received by the cavity
in another node. To transfer the quantum information between
two distant nodes, we modulate the coupling rate A ;(¢) by
tuning the coherent control field €2.(¢), remembering that the
flux qubit couples to the spins with constant rates g, ;.

The Hamiltonian describing the motion of the system in
each node is given by Eq. (A42) in the sideband transition
regime. However, to build a quantum internet, we do not need
to modulate the coupling g, because we can quickly adjust
the coherent optical driving €2., which in turn will modulate
the overall microwave-optical coupling strength. With this, the
flux qubit can interact resonantly with the spins with a constant

J

8N, 85508182, -
28N438150,81,82, - -
lgr:1e,G)a = Igs:1c,81,825 - - -
lgr,0,€)a = 187,0,81,82, - - -
ler,0,G)p = gr,0,81,82, - -
18r.1c.G)p = 187.0.81.82 - -
1gr.0.¢;)p = 187.0,81,82, - -

|g7,0,G;87,0,G) = |gr,0,81,82, - ..
|€f,O,G)A = |6f,0,g1,g2, .
)

28j—1:€5,8j+15 - -

8Ny er,0,81,82, ...

8N4 87:0,81,82, ...

The size of this OES is M = N4 + Np + 5. We define the
identity operator for the whole system

Npo+Np+4

Ina= Y IDudll

=0
= 1g7,0,G)4(gr,0,G| + |ef,0,G)s{lef,0,G]|
N

+127.16,G)algr 16, Gl+ Y 127,0.67)a(gr.0,¢;]
j=1
+187.0,G)p{gr,0,Gl + |er,0,G)p{les,0,G|

N
+1g7,16,G)plg s, 1, G| + Z lgr,0,é;)p(gr,0,é;l.

j=1
(A52)

Then, the relevant operators have the forms
oy = 1m0l (A53a)
0.4 =204 40_ 4, (A53b)

8N4 8540,81,825 - -+

8Ny & 1e,81,82, -+
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coupling rate if needed. The Hamiltonian is given by
I:Ieff = (qb + Aq)O'JrOL — Z AJ-S;,]-S‘,,]- — 86,1&7&
J

=Y 87k 0- + 3 o)
j

- Z Aj(t)sj(eiej&TSL,j 4710 S'Jr,j&)' (AS0)

J

In this arrangement, the flux qubit can interact resonantly with
the spins with a constantly maximal coupling rate if needed. In
comparison with the case modulating the qubit-spin coupling
but fixing the spin-cavity coupling, it allows us to transfer
quantum information with a faster speed and a higher fidelity.

a. Two-node quantum network in the one-excitation space

Now, we study the simplest quantum network with two
nodes A and B, each node including N4 (Np) NV centers (see
Fig. 15). Although their individual OES basis span a Hilbert
space, they share a common ground state. Again, in the OES
we have the basis

:8ng) = 10)m, (A5la)
avy) = 1w, (A51b)
8Ny) = 12)m, (A5l1c)
8N 87,0,81,82, - .8N,) = 1T+ 2, J=1,2,...,Ng (A51d)
,8Ng) = INa +3)m, (A51e)
8Ng) = INa+4)u, (A511)

8i—1,€j,8j+1>---8Ng) =]+ Na+4y, j=12,...,Np.
(AS1g)

[

Sea=1i+2u(0, j=12,....Ny (AS53c)
S.a =281 454, (A53d)
lejdale;l = Sy a5 4, (A53e)
10,)4(0;] = Inet — S1,48_ 4, (A531)
04,8 = |Na+3)u(0], (A53g)
0,4 =204, A0 A, (A53h)
Sip=1j+Na+4nu©, j=12,....,Ng (A53i)
S.8 =28, 454, (AS3j)
lej)lejl = 8185 5, (A53k)
10,)5(0;| = Inet — S4.85— 5, (A531)
as = 10)m{2l, (AS53m)
ag = |0)p {(4]. (A53n)
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Output

Node A Node B

FIG. 15. (Color online) Schematic diagram for a two-node quan-
tum network. The quantum information of the node A (left) is sent to
the node B (right) via a undirectional optical fiber (red curve). Here,
we neglect the optical circulator.

Using the basis and operators above, we can extend the
effective Hamiltonian and master equation into a two-node
quantum network if a connecting unidirectional cascaded
Lindblad operator is provided as follows:

>

Net = —+/ Kex,AKex,B( TBaAIO aApaB + ,OCZAaB CprClA)
(A54)

where k., a,p is the decay rate of cavities A and B due to the
external coupling to a quantum bus, e.g., optical fibers.

b. Tripartite Raman transition

To transfer quantum state between two distant supercon-
ducting qubits using the 1997PhRVL..78.3221C scheme [14],
we need to adiabatically eliminate the spins. To achieve this,
the flux qubit and the cavity must dispersively couple to the
spins and together they form a tripartite Raman transition under
the tripartite two-photon resonance conditions

2

. Q
¢ =A; — Ay + A—C — 8en — Asp (NVs-photons), (AS55)
1

¢+ A, =— 8, (qubit-NVs), (A56)

where Agp is the one-photon detuning between the spins and
the flux qubit and the cavity. Thus, we have

. Q2
¢=AI_AO+A_L_8M_ASP7 (A57)
1
Wy =Ny + 8+
Q2
= (A1 —Ag) + A_L — Agp + Ay (A58)
1
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Population

0 10 20

FIG. 16. (Color online) Quantum transfer from the flux qubit A
to the qubit B. To perform the remote transfer of quantum information,
the protocol requires identical and simultaneous controls in both A
and B nodes if we eliminate the time day due to the retardation in the
propagation in optical fiber [14]. The chirp ¢ and the detuning A, are
constant in time. Parameters are listed in Table XII. Black lines are
the normalized modulated couplings, which are on top of each other.
Solid (dashed) blue line shows the population of the excited state of
the flux qubit A (B). Red line for the excitation of the antisymmetric
state of the cavity mode. The inset bar is the density matrix of the
flux qubit B at time k¢ = 9.35.

Because €2, varies in time, the chirp ¢ and A, must also
be modulated in time while ©Q2/A; is about few hundred
of MHz. We apply the sech-function time modulation of
the couplings with amplitude Q.o = ~/Ng. = 200« and with
detuning Ay = A} > Q0 [24]. For an easy implementation,

we fix the chirp ¢ = A — — 8en — Agp and apply a
constant detuning A,. This arrangement only perfectly cancels
the ac Stark shift at the peak of the coupling. However, the
fidelity remains high, about 92.7% at k¢ = 9.35, as shown in
Fig. 16. We can further modulate the transition frequency w, of
the flux qubits to tune A,. This allows complete cancellation
of the ac Stark shift over the whole optical driving period and
result in a higher fidelity of transfer F' = 93%.

4. Parameter estimation

To predict the reasonable performance of our scheme, the
best available parameters are crucial. Now, we turn to estimate
the available optical coupling rates between the spins and the
qubit and the photon.

First, we address the coupling rates for the ensemble of NV~
centers. The cavity mode optically drives the zero-phonon
line of the NV~ centers. Thus, the resonance wavelength of
a Fabry-Pérot cavity is about A. ~ 637 nm corresponding
to the resonance frequency w.=4.7 x 10'* Hz and we
assume the mode volume V, = 1000k2. Thus, the zero-point
fluctuation of electric field in the cavity can be evaluated to

TABLE XII. Parameters for simulations in Fig. 16.

K Yi,qb

(MHz) /N3, Q. Ao=A; o

A lﬂl en r;

2,en T oA

(kHz) v5,, (MHz) VNg; (MHz) (MHz) (MHz) (MHz)  Agp

10 200k  200xsech[—(0.43kxt —2)] 20/Ng. 0.lw 20

0 700 10« 12 09 144 10 20/Ng,
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be Eg = ,/% = 1.1677 x 10* V m~!. The electric dipole

moment of a NV~ center is about = 3.0 x 1072 C m [47]
yielding a single-photon coupling rate g. &~ 0.53 GHz for a
single NV center. An ensemble of N = 3 x 10® NV~ centers
(p = 8 x 10'® cm™3) can generate a collective coupling rate
V'Ng. ~ 2.9 THz, which is large enough for all investigation
in our work. This large coupling rate can relax the optical
experiment design. To achieve a uniform optical coupling to
the cavity mode, the physical thickness of diamond chip #cy;p
must be much smaller than the optical resonance wavelength of
the cavity. In our investigation, fepip < Ac/8ncnip Where nepip is
the refractive index of the host crystal chip. Unlike the quantum
memory in [8], this thin diamond film limits the available
magnetic coupling rate. According to Eq. (A9), the collective
magnetic coupling rate is proportional to ~/NB ~ [ p/TchipP
with the concentration of spins p. For the persistent current
I, =800 mA Rp =5.6 um and fcpip = 0.12X./ncyp with
nehip = 2 for diamond, the maximal coupling rate VN3 £ is
about 19 MHz. However, we can increase the magnetic field
by an order by using a flux focuser [26-28].

PHYSICAL REVIEW A 91, 042307 (2015)

The relatively small magnetic coupling rate of the flux
qubit to the NV~ centers embedded in a crystal chip of
the above dimension limits the performance of our quantum
interface for transferring quantum information. In contrast,
if we instead use a chip of rare-earth crystal, the rare-earth
ions enjoy a stronger coupling because they possess a much
larger g factor. Following, we look into the coupling of
rare-earth ions to the flux qubit. We assume that a cavity
mode with resonance wavelength A, ~ 1536 nm and frequency
we = 1.95 x 10" Hz drives the optical transition of Er**. The
electric dipole moment of Er** is small, about 2.07 x 10732
C m [48]. However, the concentration of rare-earth ions can
be large [36]. Assuming that ncy, = 1.8 for Er*t : Y,Si0s,
Rp = 5.6 um, tehip ~ 0.1A./nchip, and p = 50 x 10'® cm—3
(0.25%) yielding N =4 x 10° allows a collective optical
coupling rate of 2w x 4 GHz, while the magnetic cou-
pling rate can be 27 x 370 MHz for I, =800 mA and
Rp =17 uym. In terms of the magnetic coupling, a rare-
earth chip is considerably better than a diamond crystal
chip.
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