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Interaction energy of nonidentical atoms
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There are different results in the literature for the interaction energy of two separated nonidentical atoms in
the case when one of the atoms is prepared in an excited state. Moreover, there are different ways to define this
interaction energy. If the interaction energy is defined as a shift in the energy of the initial state of the combined
atomic system, it is possible to carry out a time-dependent calculation that provides an unambiguous method for
obtaining this shift. The time-dependent calculations lead to an interaction energy that is an oscillatory function
of the interatomic separation, in contrast to the nonoscillatory behavior that is predicted using an alternative

theory based on time-independent perturbation theory.
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The calculation of the interaction energy between two
neutral, nonidentical atoms is considered by many to represent
a fundamental problem in atomic physics. If both atoms are in
their ground states, the calculation is straightforward, leading
to the well-known van der Waals or Casimir-Polder interaction
potentials. However, when one of the atoms (atom A) is
initially in an excited state and the other atom (atom B) in its
ground state, problems arise owing to the fact that this initial
state undergoes decay. To talk about an interaction energy
between an excited state atom and a ground state atom in a
meaningful way, two conditions must be met. First the system
must be in a quasistationary steady state; that is, an interaction
energy can be defined only for times ¢ satisfying

yat < 1, (1)

where y, is the decay rate of the initially excited atom. Second,
there must be sufficient time to establish communication
between the atoms to achieve this quasistationary state; that is,
we must require

t > R/c, 2)

where R is the separation of the atoms. For optical transitions,
it is easy to satisfy both inequalities (1) and (2), even for atoms
separated by distances much greater than a wavelength.

Exactly what constitutes the “interaction energy” is open to
interpretation. For two identical atoms [1], there is less room
for confusion. In that case, the symmetric and antisymmetric
states involving one atom excited and the other in its ground
state are each shifted in energy by the interaction. The shifts
depend on the atoms’ separation in an oscillatory fashion.
However, in the case of dissimilar atoms, there are two ways
to define the interaction energy for an initial condition in which
atom A is excited and atom B is in its ground state.

One possibility is to define the interaction energy as the
ac Stark shift experienced by atom B as a result of the field
emitted by atom A. With this definition, the interaction energy,
calculated in perturbation theory, is nonoscillatory since it
depends on the field intensity produced by atom A at the
position of atom B [2]. It seems to me that this is the definition
used by Rizzuto et al. [3], Sherkunov [4], and Haakh ef al.
[5]. These authors all found an interaction energy that is
a nonoscillatory function of the interatomic separation [6].
Experimentally, it is not easy to measure such a shift, since
atom B must be probed using an external field to reveal the
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shift; in addition the perturbation theory calculation remains
valid only for times in which the field from atom A is not
modified by the back action from atom B.

On the other hand, we can define the interaction energy as
the energy shift of the initial state obtained after adiabatically
eliminating the effects of atom B. It is this definition that
I adopt. With this definition, there are still contradictory
results for the interaction potential. Implicit in the results of
Berman and Milonni [7] and Fu and Berman [8] are interaction
energies that are an oscillatory function of the interatomic
separation. On the other hand, Power and Thirunamachandran
[9], hereafter referred to as PT, used stationary, fourth-order
nondegenerate perturbation theory to calculate the change in
energy of the initial state of the combined atomic system and
found no oscillatory behavior. PT argued that other authors
[10], who also used time-independent perturbation theory and
found an oscillatory dependence, did not properly account for
§-function contributions associated with the poles that appear
in energy denominators. The PT results are in agreement
with the shift calculated using the ac Stark definition of the
interaction energy (see, also, another paper by Power and
Thirunamachandran [11] in which the ac Stark definition of
the interaction appears to be used).

In the PT calculation, there are 12 contributions to the
interaction energy, corresponding to diagrams i—xii in their
paper. The only energy-conserving contribution of the 12
is that associated with diagram x, described below. Other
non-energy-conserving terms assure that causality is preserved
with respect to physical observables and also lead to the
“normal” contributions to van der Waals interaction energy.
However, in the limit that the transition frequencies of the
two atoms are comparable, diagram x makes the dominant
contribution to the interaction energy. It is the only term
considered in this paper. The use of nondegenerate, time-
independent perturbation theory is problematic since some of
the intermediate states are degenerate with the initial state.
To deal with this problem, PT modify degenerate energy
denominators by the addition of a small imaginary term,
with the sign of the term chosen “depending on whether a
real photon can be emitted or absorbed.” In a time-dependent
approach, no such approximations are needed.

It is my contention that PT calculate the energy shift of
the initial state. Regardless of whether or not this is a correct
interpretation of their work, I want to stress that the shift to
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which I refer in this work is the energy shift of the initial state
of the A-B system resulting from the off-resonant interaction
between atoms A and B. This shift could be measured, in
principle, as a displacement of the line center of the radiation
emitted by atom A.

To investigate whether or not the sign convention used
by PT is correct, I first recall their stationary perturbation
calculation; this helps to establish the notation and show
that the PT result can be obtained using the Weisskopf-
Wigner approximation. I then reevaluate the interaction energy
using two time-dependent approaches, one based on coupled
equations for the state amplitudes and one based on fourth-
order, time-dependent perturbation theory. Both of these time-
dependent calculations yield identical results—the interaction
energy is an oscillatory function of interatomic separation.
Thus it appears that the PT convention for choosing the signs
of the imaginary terms may be unjustified.

I. FOURTH-ORDER STATIONARY-STATE
PERTURBATION THEORY

The physical system consists of two atoms and the radiation
field, which is initially in its vacuum state. Each atom is
modeled as having a J = 0 ground state and a J = 1 excited
state. The atoms are assumed to be stationary, with the nucleus
of atom A at the origin and that of atom B at position R. Atom
A has a transition frequency w, and is excited initially to the
m = 0 sublevel of its excited state. Atom B has a transition
frequency wp and is initially in its ground state. The initial
state for the atoms and the field is denoted by |A). The atoms
interact via the transverse radiation field, whose electric field
vector is given by

27h N _
E(r) —IZ,/ T2k D) (g™ — af e %), (3)

where ) is the quantization volume and a; (afd) is an annihila-
tion (creation) operator for a photon having propagation vector
k, frequency wy, and polarization el(f). The unit polarization

vectors are defined by

61((1) = cos B cos ¢iX + cos G sin ¢y — sin O Z, 4)
e? = sin ¢ X \
N = kX + COS Pk ¥. (@)

In dipole approximation, the interaction Hamiltonian is
V=—[ua-E@O)+up-ER)], (6)

where 14 and pp are the dipole operators of atoms A and B,
respectively. The lowest-order contribution to the energy shift
of the initial state that is R-dependent occurs to fourth order
in V. In the limit that

lwpal = lwp — wal K wy, @)

the dominant contribution to this energy shift, corresponding
to diagram x in PT, involves a chain of three intermediate
states denoted by |kX) (corresponding to both atoms in their
ground states and a photon of type kA in the field), |Bm)
(corresponding to atom B in the m sublevel of its excited state,
atom A in its ground state, and no photons in the field), and
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|k/)d> (corresponding to both atoms in their ground states and
a photon of type k'’ in the field).

Using stationary perturbation theory with these intermedi-
ate states, | find that the fourth-order contribution to the energy
shift of the initial state is given by

1 1
E=-5 > 2
m=—1Kki,k'\/

(Al'V |[KA) (KX | V |Bm) (Bm|V [kA) (kA| V |A)

(W — wa) wpa (W — w4)

®)

Immediately, we run into a problem since the frequency
denominators (wp — w4) and (wp — wa) lead to divergent
results. To avoid these divergences, one often adds small
imaginary terms to these terms. A critical question then relates
to the choice of sign for these imaginary terms. It is my
contention that the appropriate signs must be chosen on the
basis of a time-dependent calculation (which I provide in
Secs. III and IV). However, in an attempt to reproduce the
results of PT, I replace Eq. (8) by

1

m=—1Kkxrk'\/
(AlV [KX)(K)| V [Bm) (Bm|V [kA) (kA| V |A)

(wp — wp —i€)wpa (W — Wy + i€)

€))

using the sign choice made by PT. As we shall see, the use of
such a prescription does not appear to be justified.

Despite the fact that I believe Eq. (9) to be incorrect, I
evaluate it to establish some notation and to check that it
reproduces the PT result. Going to continuum field states and
carrying out the angular integrations in Eq. (9), I arrive at

VAVB a)k a)k,
E = h————— dow dwy —
o Qi) b Z f kf Yo
(K" R) fr(k,R) (10)
(a)kr — wp — ié) (a)k — WA + i€)7
where
4 |pal’ 0} 4 |upl w0}
=-—2"= d =-——2= 11
Ya 3 hcl an Ve 3 hed (n

are the excited state decay rates of atoms A and B, us (up)
are matrix elements of the dipole moment operator between
the ground state and the m = 0 excited state of atom A (B),

1
folk,R) = /4r [jo(kR)Yoo(Q,cb) + ﬁjz(kR)Yzo(G,cb)] ;

(12a)

fe1(k.R) = —v/47/3/20 jo(kR)Y,+1(0.9), (12b)

Jn is a spherical Bessel function, and Y, is a spherical
harmonic.

The integrals over frequency can be carried out easily if a
Weisskopf-Wigner type approximation is made. That is, all k
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and k's appearing in Eq. (10) are evaluated at k4 = w,/c and
all wy and wy/, are evaluated at w,, except when they appear
in phases. Moreover the frequency integrals are extended to
—oo. Since the wy pole is in the lower half plane and the
wy pole is in the upper half plane, only terms varying as
exp(—ik R) exp(ik’ R) contribute to the integral. In other words,

J/A)/B )}
SE ~ Z |gn(kaRI® —g*
@AB Wp

m=-—1

1 o0
x lim dw
€0+ m; Qni)? /700 ‘

0 eik’RefikR
b / dwy - -
—0 (o — wp —i€) (W — wa +i€)
3
YAVB Wy
= h—— lgnkaR)I*, (13)
©aB w% Z A

where

g0(x) = Va1 {—2’—Yoo(9,¢)
X

1 i (3 1 3
+— [_5 (E - ;) - ﬁ] Yzo<9,¢>}  (142)

Va7 /320741 (6.9) [—5 (% - 1)—1} .

g+1(x) = X 2.2

(14b)

For example, if we take atom B to lie on the positive x axis,
then

SE=h

YAYB a)A [1 — (kaR)* + (15)

+ (ka R)4]
(kaR)® .

WAB a)B 16

On the other hand, if we average over all orientations of atom
B, as do PT, we find

SE — pYAYB @A 3 [3 + (kaR)* + (kAR)4:| .

(16)

wap wy 8 (kaR)®

The term in brackets is identical to that in the second term of
Eq. (2.17) in PT. To compare the coefficients, I use Eq. (11) to
write the coefficient appearing in Eq. (16) as

3 3 2 2 2k6
= 3pyavs @y 2|ukal” |1l A (17
8 wap wy 3 hwap
whereas, in the limit (7), PT obtain
2 |u(A)* |(B)* kS
CPTZ_IM( )™ |u(B)| A (18)

9 hwap

In PT, | /,L(A)|2 represents the average dipole moment of the
initial state; that is, |(A)|> = | |? for our initial conditions.
On the other hand |(B)|? is a sum over all components; that
is, I,u(B)I2 =3 |MB|2 for our J/ = 0 to J = 1 transition. Thus
the two results, Egs. (17) and (18), are identical.

I should stress that the Weisskopf-Wigner approxima-
tion introduces negligibly small errors (of order €/w4 or
va,VB/wa) in this and subsequent calculations in this paper.
The result given by Eq. (16) agrees with PT’s calculation of
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the contribution of diagram x to the interaction energy. This
provides the dominant contribution to the interaction energy
when inequality (7) is satisfied.

II. COUPLED EQUATIONS

As I have indicated, there are four probability amplitudes,
ba, by, b, and by, which enter the calculation. By
eliminating the intermediate-state amplitudes by, and by,
one can obtain the following coupled equations for the state
amplitudes b4 and bg,, [7,8]:

; YA YA KB iw.nt
by = —Lp, — L2127 pioas
A B A B MAe
x Z f Gu(R,T,05)bpn(t — T)dz, (19a)
m=—1

; VB YA KB _iw.nt
bam = — 2 bpy, — =L pioas

B 3 B ) MAE

t
x/ H,(R,7,04)ba(t — 7)dr, (19b)
0

where

00 .

Gn(R,T,05) = 1" ' w0y’ / dwy wie @t £ (k,R),
0

(20a)

o0

H,(R,1,04) = 7 w}> / dwy, wje " @TONT 2| R),
0

(20b)

and a standard interaction representation is used with the f’s
given by Egs. (12) [12]. Retardation is readily apparent in these
equations. If we set

bpm(t) = e dp, (1), 2D
then
YA YA LB Wy
by =—""by— =4
A 2 A 2 A w%
x Z / w(RT,00)dpn(t — T)dT,  (22a)
m=—1
dBm = — (VTB - iwAB) dpm
t
_Yals / Hn(R,T,00)ba(t — T)dT.  (22b)
2 puaJo

Note that both G,, and H,, are now evaluated at w,.

The integrals over wy in Eq. (20) can be carried out using
a Weisskopf-Wigner type approximation, as in the previous
section. In this manner, we find [7,8]

Gu(R,7,05) = [¢*R8 (t — R/c) M,y (ka,R)

+e7 85 (v + R/c) My (ka R, (232)
Hu(R,7,04) = [478 (T — R/c) Pu(ka,R)
+e M85 (z + R/c) Ppy(ka.R)L,  (23b)
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where

My(k,R)

= Py(k,R) = —«/E{%Yoo(e,qb)

1 3 1 3
VG [’ (E B ;> *?] Y2°<9’¢’)}’

(24a)
My (k,R) = V/A,/3720 [i (% - %) + %} V2.11(0.9),
(24b)
Pi1(k.R) = v47./3/20 |:i <% — %) + %} Y34, (0,0),
(24c)

and p = kR. For fixed R, the § functions § (t + R/c) do not
contribute to the time integrals in Eq. (22). As a consequence,
we obtain

by = _V_AbA _ YAKB DY iksR
2 2 M A wy
1
X ) Mu(kaR)dpu(t = R/c).  (252)
m=—1
dBm = — (V_; - iwAB) dpm
_YAEB kiR p (k, R)ba(t — R/c).  (25b)

2 pa

The atoms are dissimilar; in other words the frequency
difference |wp4| is assumed to be much greater than y4 + y5
so there cannot be resonant exchange of excitation between
the two atoms. In the limit |wapg| > ya,ys, the solution of
Eq. (25b) is approximately

j TR R P (kg R)bat — R/c),  (26)

2wap pa
which implies that

; YA . YAYVB
by =—=b
A 5 A +l460AB

x MR M (ka ,R) P, (ka,R)ba(t — 2R /C). (27)

When inequality (1) holds, we can set ba(t — 2R /c) ~ ba(t).
It then follows that the energy shift is simply

3

(,z)3 !
OE = —h 72 A Re | 24K S M, (ka R)P, (ks R |
dwap wy

m=—1

(28)
an oscillatory function of k4 R. For atom B on the x axis
O =m/2,¢=0),

YAYVB a)_i

3
40),43 wp

x Re [ %P4 —§
2

SE = —h

~.

1 1 1 N2
fon PA Pa
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where
pPA = kAR

If we average over all orientations of atom B, we find
Iy . 1\?
SE = —nTAE L4 pe [ i (—)
dwpa wy PA
“@G7)-x]]) @
X = —- - .
2)\px pa) P;

III. FOURTH-ORDER TIME-DEPENDENT
PERTURBATION THEORY

To make a closer connection with the PT result, I use
time-dependent perturbation theory, holding off evaluating the
integrals over frequency until the end of the calculation. The
appropriate equations for the field amplitudes (in an interaction
representation) are

batty = ~Zba + o D ATV I i),

(31a)

. 1 .
bis(t) = = 3 KAV [A) e by (1)
ki

1
1 —iwpk
+ 7 E E (KA| V |Bm) e "bpm(), (31b)

m=—1 kX

. 1 ,
bin(®) = =T b0+ — Y (Bm|V k) € b (1),
ki

(3lc)
where

Wek = Wy — Wy, o =A,B. (32)

At this point it is appropriate to say something about the
initial conditions. Up to this point and in this section, it is
assumed implicitly that atom A is excited suddenly at time
t = 0. By “suddenly,” I mean that the excitation time is short
compared with R/c and |wg4|~'. There are some who might
argue that this sudden excitation introduces spurious terms
into the calculation. To alleviate such fears, I show in the
Appendix that the results are unchanged even if we excite
atom A adiabatically, that is, in a time interval T satisfying the
inequalities y;l > T > |wgal ™"

To fourth order in perturbation theory, assuming that, to
zeroth order in V, ba(t) =~ e~ 7a!/2,

c37 . 1 ! 1 I/
zth(t)=1h<i—h> Z Z (Al V [K'V)

m=—1KkA KN

x (K'A'| V|Bm) (Bm| V |k)A) (kA| V |A) &'

t t
X / dt/eiwk/gt/_/ dt"elom!” g=v(t'=1")/2
0 0
"

t
5 / 1 ot g2 a3
0
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The real part of the term on the right-hand side can be identified
as 0 E for y4t < 1. After carrying out the angular averages, |
obtain

YAYB kwk
SE = Re | inYAYB_ dap 2k Ikk
{l 4(27‘[1)2/ wk/ e (kk)

x Z [ M, (k,R)e™ F + M (k,R)e~*F]

m=—1

X [Pk ,R)™ R + P,:(k’,R)e—"k’R]}, (34)
where
e*)’/\f/z
I(k,k") = - - -
(ka+iya/2) (Wwa+iya/2) iwap+ya/2—ys/2)
e*VBHi'wAut

(i +iye/2) (@pg+ive/2) (i0ap+ya/2—ye/2)
l'e—ia)kAt
Wik (s +iva/2) (wrp +1iyp/2)

ie—ia)k/Al

+ ; - .

wi (W a +1iya/2) (wep +iys/2)

Ineglect the second termin 7 (k,k”) since it is rapidly varying

in time. Moreover, I set e ¥4/2 ~ | and replace (wxp + ivp)

[and (wp'p +iyp)] by wap and (iwap + ya — yB) by iwas,

since this leads to corrections of order y4 p/wap [13]. As a
consequence,

(35)

1
iwap (Wra +iya/2) (Wpa +iva/2)

I(k,k') ~

l'e—ia)kAf

o @ap (s +iya/2)

ie—iwk/Al

. (36)
Wi waB (@A +1ya/2)

The sum of the second and third terms in Eq. (36) does not
diverge at wy = 0. As a consequence, we can set

1 1 . < 1 1 )
— = — lim — + -
Wik 2 e—0t \wpp + i€ Wik — L€

= lim —wgk/ =P (L> ,

=0 (o)™ + €2 ki
since excluding the nondivergent point wip = 0 does not
change the value of the integral expression (34). Once this
substitution is made, we can neglect any terms varying as
yat or Y4 R/c in what follows based on inequalities (1), (2),
and (7). By substituting Eqgs. (36) and (37) into Eq. (34)
and interchanging k and k&’ in the last term [that is, the term
multiplied by the last line in Eq. (36)], I find

(37

)/A)/B w; a)k,
0FE = Re dow dw
460AB (27‘[1) Z / k/ kwA w3
|: Ak, k)
(ks +iya)(wra +iva)
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By (k, k') + Cp(k,k") + D, (k,k') + E, (k,k")
(wra +iya)

x e iomip (Lﬂ (38)
Wik’
where
Ak, k') = [M,(k,R)e™ R 4+ M* (k,R)e™*R]
x [P, (k' R)e* R + P*(k' R)e * K], (39a)
By, (k.k') = [M(k,R)P,,(k',R)
+ M,y (K R) P,y (k,R) ]! KR (39b)
Cu(k k') = [M,,(k,R)P,,(k',R)
+ M,y (K R) P,y (k, R)*e " (KHHR (39¢)
D, (k.k') = [M,,(k R)P*(k'.R)
+ M (K, R) P, (k, R)]' )R, (39d)
Epn(k.k') = [M,,(k, R)P*(k'.R)
+M: (K R) P, (k,R)]Fe I (-FIR (3%)

I have carried out the integrations in the radiation zone without
making the Weisskopf-Wigner approximation and verified
that they reproduce the same results that I obtain using the
Weisskopf-Wigner approximation. In the Weisskopf-Wigner
approximation, it is a simple matter to carry out the contour
integrations. The first term in Eq. (38), arising from Eq. (39a),
yields

SE, = hIAYE LA ‘”A Re Z M (ka ROP (kg R)e 2R,
4CUAB a)B —

(40)

The fourth and fifth terms, arising from Eqgs. (39d) and (39¢)
cancel one another, while the second and third terms, arising
from Egs. (39b) and (39c¢), contribute

VAVB w_i

SE, = —h
: dwap a)3B

1
xRe Y [My(ka,R) Py (ka R)e 4R

m=—1

+ M, (ks ,R) P, (ka,R)EZ* RO — 2R /c)], (41)

where © is a Heaviside function. The first term Eq. (41)
cancels the § E; contribution to § E given in Eq. (40), while the
remaining term in Eq. (41) provides the correct retardation.
Fort > 2R /c, we find

YAYB U)A

4wAB wB

SE =—-h

Re Z M, (ks R) Py (kg R)>* 1R,
m=—1
(42)
in agreement with Eq. (28).

IV. DISCUSSION

I have shown that the interaction energy between an
initially excited atom and a ground state atom is an oscillatory
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function of their separation if only energy-conserving terms are
included, that is, terms that dominant the interaction energy
when |wpa| < w4. My results do not agree with those of PT,
who found a nonoscillatory dependence. I have argued that the
choice of the signs of the €’s used in such a calculation must be
justified on the basis of a time-dependent calculation, which I
have carried out. Had PT used the prescription

1

(wpa —i€)wpa (wrg —i€)

(43)

instead of
1

(wpa —i€)wpa (wra +i€)

(44)

they would have obtained our result, Eq. (42), in the limit
that ¢t > 2R/c (note that prescription (43) is the one used by
Philpott [10]). On a physical basis, the oscillatory dependence
is to be expected. Atom A emits radiation whose frequency is
centered at w4 and this radiation is scattered back to atom A
by atom B; in other words there is not an integral over a large
range of frequencies as there is for non-energy-conserving
transitions. As a consequence, we would expect that the spatial
phase factor e**4R associated with this scattering process
should enter into the expression for the interaction energy.
As areminder, I am defining the interaction energy as the shift
in energy of the initial state resulting from the interatomic
interaction.
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APPENDIX: ADIABATIC EXCITATION OF ATOM A

It may be argued that the sudden excitation of atom A
leads to spurious terms in the interaction energy. In this
appendix, I show that the only spurious term of this nature that
could be attributed to a sudden excitation of atom A actually
corresponds to the second term of Eq. (35), a term that was
neglected in any event since it was rapidly varying on a time
scale of order 1/ |w4p|.

In trying to ascertain the effect of a sudden turn-on of an
excitation field, it is good practice to begin with all atoms in
their ground states. That is the procedure I follow. I denote by
|g) the state in which both atoms are in their ground states. The
atoms are subjected to a field pulse whose carrier frequency is
resonant with w,; this field acts only on atom A. As such, in
the absence of any interatomic interactions [that is, to zeroth
order in the interaction potential V appearing in Eqgs. (31)], the
amplitude equations are

by(t) = —x(1ba(2),
ba(t) = —V2—AbA(r) + x(Oby (1),

(Ala)
(Alb)

where y (¢) is one-half the Rabi frequency associated with the
pulsed field excitation of atom A. It is assumed that the field
is turned on adiabatically (with respect to 1/ |w4g]) in a time
interval T > 1/ |wap| centered at t = 0 and I consider only
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1
<T <Lt K — (A2)
|wagl YA

(the only time range that makes sense for an adiabatic field
turn-on and one for which we can define an interaction energy).
In the limit that inequality (A2) holds, the approximate solution
of Egs. (Al) is

bP(1) ~ At)e 2, (A3)
where
t
A(t) = sin/ x(@dt'. (A4)

Under these conditions, A(t) ~ O fort < —T /2 and A(t) ~ 1
fort > T /2 (assuming a 7 pulse).
Thus the expression

t t
pl@ant / di'e'ovst’ / dt//eia)gkz”e—yg(z’—z”)/z
0 0

”
x/ di" et gmral" /2 (AS)
0

appearing in Eq. (33) should be replaced by

t t
G = eiwAkrtf dt/eiwk/Bt// dt//eia)gkt”
0 0

l//
2 mo_ "
X/ dt etkat e yat /ZA(IW)
0

t n
— eia)Akrl/ dtleiu)krﬂtl / dtzeia)}mtz
—0o0 —0Q

%) .
% f dt3e’“’“(’37’2)efy"’3/2A(lg), (A6)

[ee]

where I set yp = 0 as it is unimportant in this calculation.
Since the function

5] .
fe) = [ dnen et a7
—00

is slowly varying with respect to /242, we can do the integral
over t, in Eq. (A6) by parts to arrive at

Q

t
G . 1 e—iu)k/Al/ dtleia)krgtl eia)EAl] f(tl)

iwap 00

1 . ! .
— e iwvat dl]@lwk’*‘t'

lwaB o0

4]
% / dt2eika(lz—f1)e—VA&/ZA(tz)

]

1 . ! .
- _ e loxal dtlé‘lw"”‘tl

OYV:] o0

N .
X / dtye' a2 e VA2 A (). (A8)

0]
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I now switch the order of integration and find

1 ' S
G = —- e oK al dtzelkalze J/Afz/zA(tz)
LWAB —00
t .
X / dl‘lelw""kz]dﬁ
5]
—1 t
— e—iwk/At dtzeia)kAtze—)/Atz/zA(tz)
WAB Wik —00

% (eiu)k/kt _ eiwkr/‘tz)

t
_ 1 / d[zeiyAt2/2A(t2) (eiwk/A(trt) _ ein(trt)) )

WABWkk' J —c0

(A9)

Note that this expression is well defined in the limit that
Wik ™ 0.

What is important to note is that A(#,) varies from 0 to 1 in
a time interval 7 centered about # = 0. Thus we have

1 T/2
G ~ / dtQA(tz) (eia)k/A(tz—t) _ eika(tz—t))
WABWkk' J -T2

t
4 1 / dtze—VAtz/Z (eiwk’A(tz—l) _ eiwm(tz—t)) )
WABWkk' JT/2

(A10)
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The first term is of order T/t < 1 times the second so we can
replace the entire expression by

t
G~ ;/ dtze—VAfz/Z (eiwk’A(lz—l) _ eika(fz—l))
T

WABWkK' JT)2
1 t
~ f d[2e*)//\lz/2 (eiwk//\(fsz) _ eiwm(fz*t)) ,
WABWkK' JO

(Al1)

where I used the fact that |wy 4| T, |wial T, and y4 T are much
less than unity.
Carrying out the integration, I find

1
iwap (Wpa +1ya/2) (wka +1iya/2)

G~
ie*ikat ie*iwk/At
- . + . )
wapwrk (Wra +iva/2)  wapwiw (pa +iyYa/2)
(A12)

which reproduces Eq. (36). Thus, whether we excite atom A
suddenly or adiabatically (with respect to 1/ |wpa|) from an
initial condition in which both atoms are in their ground states,
we get an oscillatory interaction energy. The “spurious” term
introduced by a sudden turn-on of the field, represented by
the second term in Eq. (35), does not appear in the adiabatic
calculation; however, this term contributed negligibly to the
final result given by Eq. (36), under the assumption that it is
rapidly oscillating and averages to zero on a time scale greater
than 1/ |lwagl.

[1] See, for example, M. J. Stephen, J. Chem. Phys. 40, 669 (1964).

[2] If a Heisenberg approach to the problem is used to derive an
equation for the time evolution of the lowering operator of atom
B, the level shift appearing in that equation would be (twice)
the ac Stark shift produced by the field from atom A on atom
B. In such an approach there is an implicit trace over the states
of atom A so the quantity calculated is different from the level
shift of the initial state calculated in this paper.

[3] L. Rizzuto, R. Passante, and F. Persico, Phys. Rev. A 70, 012107
(2004).

[4] Y. Sherkunov, Phys. Rev. A 79, 032101 (2009).

[5] H. R. Haakh, J. Schiefele, and C. Henkel, Int. J. Mod. Phys.:
Conf. Ser. 14, 347 (2012).

[6] Both Rizzuto et al. [3] and Haakh et al. [5] also calculate a
transient contribution to the interaction potential that contributes
only fortimes ¢ < 1/w4. To simultaneously satisfy ¢ > R/c, this
term can contribute only if the atoms are separated by less than
a wavelength. Moreover, the time-dependent term calculated
by these authors would not be present if atom A is excited

adiabatically on a time scale greater than 1/w,4. This term is not
included in my calculation.

[7] P. R. Berman and P. W. Milonni, Phys. Rev. Lett. 92, 053601
(2004).

[8] H. Fu and P. R. Berman, Phys. Rev. A 72, 022104 (2005).

[9] E. A. Power and T. Thirunamachandran, Phys. Rev. A 51, 3660
(1995).

[10] R. R. McLone and E. A. Power, Proc. R. Soc. London, Ser.
A 286, 573 (1965); M. R. Philpott, Proc. Phys. Soc. 87, 619
(1966).

[11] E. A. Power and T. Thirunamachandran, Chem. Phys. 198, 5
(1995).

[12] Any R-independent level shifts are assumed to be incorporated
into the definition of frequencies w4 and wg.

[13] The contributions to I(k,k’) for the poles near wyp = 0 and
wpp = 0 are neglected since they give rise to terms that vary
rapidly in time with frequency |w45|. Such terms will not appear,
in any event, if the field is turned on slowly compared with
1/ |wasl.

042127-7


http://dx.doi.org/10.1063/1.1725188
http://dx.doi.org/10.1063/1.1725188
http://dx.doi.org/10.1063/1.1725188
http://dx.doi.org/10.1063/1.1725188
http://dx.doi.org/10.1103/PhysRevA.70.012107
http://dx.doi.org/10.1103/PhysRevA.70.012107
http://dx.doi.org/10.1103/PhysRevA.70.012107
http://dx.doi.org/10.1103/PhysRevA.70.012107
http://dx.doi.org/10.1103/PhysRevA.79.032101
http://dx.doi.org/10.1103/PhysRevA.79.032101
http://dx.doi.org/10.1103/PhysRevA.79.032101
http://dx.doi.org/10.1103/PhysRevA.79.032101
http://dx.doi.org/10.1142/S2010194512007465
http://dx.doi.org/10.1142/S2010194512007465
http://dx.doi.org/10.1142/S2010194512007465
http://dx.doi.org/10.1142/S2010194512007465
http://dx.doi.org/10.1103/PhysRevLett.92.053601
http://dx.doi.org/10.1103/PhysRevLett.92.053601
http://dx.doi.org/10.1103/PhysRevLett.92.053601
http://dx.doi.org/10.1103/PhysRevLett.92.053601
http://dx.doi.org/10.1103/PhysRevA.72.022104
http://dx.doi.org/10.1103/PhysRevA.72.022104
http://dx.doi.org/10.1103/PhysRevA.72.022104
http://dx.doi.org/10.1103/PhysRevA.72.022104
http://dx.doi.org/10.1103/PhysRevA.51.3660
http://dx.doi.org/10.1103/PhysRevA.51.3660
http://dx.doi.org/10.1103/PhysRevA.51.3660
http://dx.doi.org/10.1103/PhysRevA.51.3660
http://dx.doi.org/10.1098/rspa.1965.0165
http://dx.doi.org/10.1098/rspa.1965.0165
http://dx.doi.org/10.1098/rspa.1965.0165
http://dx.doi.org/10.1098/rspa.1965.0165
http://dx.doi.org/10.1088/0370-1328/87/3/302
http://dx.doi.org/10.1088/0370-1328/87/3/302
http://dx.doi.org/10.1088/0370-1328/87/3/302
http://dx.doi.org/10.1088/0370-1328/87/3/302
http://dx.doi.org/10.1016/0301-0104(95)00034-L
http://dx.doi.org/10.1016/0301-0104(95)00034-L
http://dx.doi.org/10.1016/0301-0104(95)00034-L
http://dx.doi.org/10.1016/0301-0104(95)00034-L



