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Typical observables in a two-mode Bose system
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A class of k-particle observables in a two-mode system of Bose particles is characterized by typicality: if
the state of the system is sampled out of a suitable ensemble, an experimental measurement of that observable
(almost) always yields the same result. We investigate the general features of typical observables and the criteria
to determine typicality and finally focus on the case of density correlation functions, which are related to spatial

distribution of particles and interference.
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I. INTRODUCTION

The experimental realization of Bose-Einstein condensates
raised great theoretical interest. A system of Bose particles
in one or a few single-particle states (modes) is an important
workbench for fundamental concepts in quantum mechanics
and statistical physics [1-7]. A large number of particles dis-
tributed among two different modes, for example, enables one
to perform a full quantum double-slit experiment in a single
experimental run [8]. Moreover, it has been proposed that
fluctuations in the interference patterns can probe interesting
characteristics of many-body systems [9-19].

Interference is an interesting example of a property that
weakly depends on the choice of the state of the system.
In a two-mode system, second-order-interference properties
are similar as far as one considers a number state or a
phase state [5,6,20], while first-order properties are very
different. These features explain why an interference pattern
can be experimentally observed in single experimental runs by
measuring the particles’ positions [1,3,4,20-23], although in
the case of number states the offset of the pattern fluctuates ran-
domly, so that averaging over a few experimental runs yields
a flat density profile. It is also interesting to note that, when
the number of particles is large, there are interference-related
observables whose experimental measurement yields the same
result at each run with overwhelming probability [24-27].

These considerations lead us to a general definition of fyp-
icality of an observable. Typicality is a mathematical concept
related to the phenomenon of measure concentration [28]. It
has been used in many emerging phenomena in physics and
other sciences, with interesting applications on the structure
of entanglement in large quantum systems [29-33], and the
search for a quantum-mechanical justification of some primary
statistical-mechanical concepts [34—44]. In this article, we
shall apply the notion of typicality to a two-mode Bose
system with a fixed number of particles. We will study the
properties of observables with respect to uniform sampling
of a suitable Hilbert subspace. An observable will be called
typical if each experimental run, performed on any state of
the subspace, would yield the same result with overwhelming
probability. According to the probabilistic interpretation of
quantum mechanics, the expectation value of an observable
provides information on the average of experimental runs on
the (pure or mixed) state. We shall build on the results of
Ref. [26] and prove that if the observable is typical, there exists
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an expectation value that contains information on (almost)
every single experimental run, rather than on the average result.
Throughout this article, we shall say that a property is “almost”
always valid if it is always valid, apart from a negligible set of
cases. A number of concrete examples will be discussed in the
following.

This article is organized as follows. In Sec. II we specify
the properties of the statistical ensemble and introduce the
general formalism, which leads to the definition of typicality
of an observable. In Sec. III an analysis of the structure of
fluctuations for a general k-particle observable is performed.
Quantitative criteria will be given to determine typicality and
obtain information on higher-order fluctuations. Section IV
includes an application of the typicality criteria to density cor-
relation operators, with the case study of counterpropagating
plane-wave modes and an extension to expanding modes in
the far-field regime.

II. TYPICALITY OF AN OBSERVABLE

Let us consider a system of bosons, without internal
degrees of freedom. The system can be described in a second-
quantization picture by introducing the annihilation and
creation field operators W(r) and Ui(r), satisfying canonical
equal-time commutation relations:

(@), b =0, (1

(o), Ui = 8(r —r'). )

Once an orthonormal basis for the single-particle Hilbert space
has been chosen, the field operators can be expanded as sums
of mode operators, which create or annihilate a particle in one
of the basis states. We are going to analyze a system made
up of N bosons, distributed among two orthogonal modes, a
and b, with single-particle wave functions v, (r) and ¥, (r). A
useful basis for the description of the N-particle Hilbert space
is formed by the Fock states

o=|3e), (G) e
) 2 . \2 ol

in which the two modes have well-defined occupation num-
bers. We are assuming that N is even for simplicity, but
this specification is immaterial in the large-N limit. In a
second-quantized formalism, Fock states are obtained by
applying a sequence of mode creation operators to the
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Since ¥, (r) and ¥, (r) are orthonormal, the mode operators

a =/dr Yrr)P(r), 13:/dr Uiy 5)

satisfy the canonical commutation relations
a.a") = [b.,67] = 1, (©)

and all the operators of mode a commute with those of mode
b. The number operators N, = a'a and Nj, = b'b count the
numbers of particles in each mode.

We are interested in the properties of an ensemble of states
randomly sampled from the n-dimensional subspace

‘H,, = span{|€),|£| < n/2}, (7)
spanned by the Fock states with 0 <n < N+1 (n is
odd for simplicity.) In the case n =1, the subspace
‘H, = span{|¢ = 0)} is one-dimensional. Thus, only the

state | = 0) = |(N/2),,(N/2),) has nonvanishing probabil-
ity [12,20-24,45]. In this situation, it is improper to talk of
typicality. In the following, we are instead interested in the
large-n case [26], where the notion of typicality acquires
meaning. If a Bose-Einstein condensate (BEC) made up on
N particles is “evenly” split between the two modes (e.g., by
adiabatic splitting), one expects n = O(+/N). However, we
shall not restrict our attention to this special case and assume
throughout this article the far more general condition

n =o(N), ®)

namely, limy_. o n/N = 0.

We shall assume that states are randomly sampled out
of space (7) with a uniform distribution. This is clearly
a simplifying assumption: the number of states that are
involved in the description and their amplitudes depends on
the experimental procedure, yielding the separation of the
condensate in the two modes [46]. However, it will emerge
that our main results are qualitatively unchanged for a large
and relevant class of probability distributions on H,.

The average of the projection on a random vector state
|®y) € H, uniformly sampled on H,, yields the (microcanon-
ical) density matrix

1 .
Oy (D (L] =: = P,, 9
= [®y){Dy] = Z| - ©)

\l\<n/2

where P, is the projection onto the subspace H,. In the
following, only the density matrix (9) will explicitly appear
in our analysis and calculation. The definition and use of
the random state |®y) in Eq. (9) is superfluous and can be
dispensed with, in accord with the prescription of Ockham’s
razor. In this respect, it is worth stressing that no hypothesis
of decoherence will be made, and if one wants, one can safely
assume that in each experimental run a wave function describes
the condensate, which is therefore in a pure state.
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Given an observable A,
expectation value reads

the statistical average of its

1

A :=Tr(p,A) = - A|e).
(o A) =~ 3 (elAle) (10)
|€|<n/2
Its quantum variance is
§A% = Tr(p, A — [Tr(p, A)T'. (11

The significance of this quantity in the context of ensemble
statistics becomes clear once it is decomposed in the sum of
two contributions [26,27,47]: it contains both the classical and
quantum uncertainties of the observable A in the microcanon-
ical state p,. Therefore, the asymptotic condition

8A = 0(A) (12)

for N — oo, that is, limy_, 6A/Z = 0, ensures that in the
overwhelming majority of cases the experimental measure-
ment of the observable A will fluctuate within an extremely
narrow range around the average expectation value A. Thus,
the outcome of a measurement of A is almost always the same
(and it equals its average) for every experimental run in the
ensemble. We call this property typicality of the observable.

In the following sections we will define and characterize
conditions for a k-particle observable to be typical and analyze
in detail the case of spatial correlation functions, which are
related to interference.

III. CONTROL OF FLUCTUATIONS FOR A k-PARTICLE
OPERATOR

In a second quantization formalism, the field operators W
and ¥ can be used to build up many-body observables [48].
The simplest ones are the Hermitian 2k-point functions

k
Gtry,or) =¥ o [T ¥ ). (13)

Following Eq. (10), one can observe that the ensemble average
of G can be computed for any n once its expectation value over
the N -particle two-mode Fock states |£) is known. Thus, when
the field operators in (13) are expanded in orthogonal modes,
only the terms formed by operators associated with modes a
and b are relevant in G. Moreover, operator products with a
different number of a'’s and a’s (respectively, b’s and 5’s)
give vanishing contributions to (€)G|€). The relevant terms
in (13) can be reordered to be expressed as number operators
]\A/a,b. The average eventually reads [we will assume k = O(1)]

‘ 1
ZZE71(rls""rk)_
0 n

G T o)

l€]<n/2 A=0 B=0
(14)

with

Fu(ri,...,r) = [®y(ry, ... ,ro)l, (15)
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where ®,,(r1, ... ,ry) is, apart from a normalization factor, the
symmetrized k-body wave function with m particles in mode
a and k — m particles in mode b:

D, (ry,...,1r)
= Z 1pa(ro'(l)) t wa(ra(m))wb(ra(nﬁl)) tt Wb(ra(k)),

(16)

with o denoting permutation of k elements.

Animportant class of k-particle observables can be obtained
by integrating the 2j-point functions, for j < k, with a
multiplicative kernel .A; [49]:

k
Ak:Z/drl-~-drj.Aj(r1,...,rj)Gj(rl,...,rj). (17)
j=0

The ensemble average of A can be immediately computed by
inserting the general results (14). Thus, since G; = O(N/)
when k = O(1), we have

A_k= /dm ~-drk.Ak(r|,...,rk)Gk(rl,...,rj)

+ O(N*1). (18)

In order to study the behavior of the variance (11) and
determine whether Ay is typical or not, we should compute its
square, which involves at the highest order in N a product of
G, functions that can be recast into a single 4k-point function
by normal ordering the field operators:

AA% = /di‘] "'erk[Ak(rl, ~~«7rk)./4k(rk+1, ...,er)

x Go(ry,...,ry)] + O(N*h). (19)

From (17)—(19) we get an expression for the variance,

SAT = /di‘l coedrg[Ae(ry, AT kg T2

X 7Pt ra)] + O(NHT, (20)
with
Ve(ry, oo rop) = Go(ry, ... P o)
= Gi(ry, ... sre) Ge(Pig, - 1), (21)

which depends only on the ensemble averages of G and G.
Notice that the order N>*~! comes both from contributions
in (17) with j < k and from normal ordering.

Our aim is to find whether, for some choice of the sampled
Hilbert subspace H,,, the standard deviation (20) is of smaller
order with respect to the average A; in the asymptotic N —
oo regime. This behavior is in accord with the definition of
typicality of the observable A; given in Sec. II. First, let us
observe that, since G is polynomial in N and n, inserting the
general result (14) into (SAi yields a polynomial function of
degree 2k in the number of particles and the dimension of the
sampled subspace:

k 2k—p N\?
sA; =YY D™ <5) n. (22)
p=0 ¢=0
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Due to the symmetry of the summand around ¢ = 0, only terms
N?k=4p4 with even g are present in (22). It is evident that, as
far as n = o(N), it is necessary and sufficient for Ay to be
typical that

Déﬁ?f& = /drl"'erkAk(rl»-~-7rk)v4k(rk+1»---J'Zk)
k
X |:Z Fu(ry, ....ru)
M=0

k
- Z Fm’(rla-~-vrk)Fm(rk+1s-~-7r2k):| (23)

m,m’'=0
vanishes, namely,
DY) = 0. (24)

In this case, since Ay = O(N¥), the relative fluctuations are

gl 0( ! >+0(”)—>o for N — oo, (25)
Ay VN N ’
which is consistent with Eq. (12). Fluctuations that scale like
N~1/2, related to normal ordering and to the very definition of
Ay, are ensemble independent in the sense that they are present
even in degenerate distributions of states. Linear fluctuations
in n are clearly related to the dimension of the sampled
subspace and therefore strongly depend on the definition of
the ensemble. It is interesting to note that, if n = O(N%), two
qualitative regimes can be distinguished: (i) when o < 1/2,
the relative fluctuations scale like N~'/2, while (i) if ¢ > 1 /2,
they asymptotically vanish like N*~!, i.e., more slowly. This
reasoning is based on the assumption that D;ﬁﬁ)z , does not
vanish: we will see in the following how this condition can
be checked and discuss in the next section a relevant class of
exceptions.

Due to the form of the symmetrized products of wave
functions (16), the typicality condition (24) can be recast
in a more convenient form: in particular, we can dispose of
the integral over 2k variables by observing that the functions

D (ry, ..., 1) can be decomposed as
Oy (ry, ... .rou)
min{M,k}
= Y Oy )Pu(Fhgs )
m=max{0, M —k}
(26)

This result is related to the cluster decomposition principle in
Bose systems [50]. When one computes the square modulus
Fy = |®y]? of (26), which enters the variance in (21), the
term ) Fy_n F,, appears. This contribution exactly cancels
with the subtracted terms in (21) since it can be obtained by a
change of summation indices,

k
Z Fy(ry, oo s r)Fp (P, -1 20)
m,m’=
koM
= Z Z Fyom(ri, ... .r)Fp(Pis, - 1 20)
M=0m=0
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2k k
+ Z Z FM_m(r],...

M=k+1 m=M—k

JEa(Tegr, - 1)

27

Accordingly, a compact form of the typicality condition (24)
reads

min{M ,k}
D(Ak)

2k0_Z Z

M=0 m'#m=max{0,M —k}

II(l:IAk)m M—-m' Ir(nl?i];} = 0’ (28)

where the coefficients Z,, ,, are integrals over k position
variables of products of the type @7 @,

m,m

T /dr1 cedr Ay, (@D ) T,

(29)

Given the integral kernel .A;, which determines the highest
orderin N of the observable A > and the mode wave functions
Ya.5(r), it is sufficient to compute the integrals (29) to check
whether the observable is typical.

It is also interesting to analyze the structure of D;fk_)z'z,
also in view of the following discussion on spatial correlation
function. If Dé/,?ﬁ)m is nonvanishing, the transition between
an ensemble-independent (N ~!/2) and an ensemble-dependent
behavior of fluctuations occurs for n = O(N'/?). In order to
analyze this quantity, one should take into account terms of
order N* and N*~2n? in the general expression (14),

Gi(ry,...,ry)

o (2 (1)
m=0 2 2

2

n-..o 2
— —k(dm+1)+4
x2[k k(4m ) m]}

+ O(N1 + O(N**n%), (30)

which is to be used in the computation of (21). Integration over
the kernel .4; and application of the same change of indices
leading to Eq. (27) yield the result

min{M ,k}

1
slewres Y

M=0 m'#£m=max{0,M —k}

(A _
D2k—2,2 -

{I(Ak) I(Ak)

M—-m,M—m'""m,m

x [2k* — k@AM + 1) +2M°1} |, (3D

where the 7 integrals have been defined in (29) and

J@A0 = /dn cedr A(ry, 1)

k
X E F,(ry,...
m=0

The summation appearing in (32) contains an equal number
of positive and negative terms. Thus, it can vanish if the mode

Tk —2m). (32)
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structure is properly chosen. In particular, it vanishes when
the F,,’s are invariant with respect to the exchange of the two
mode wave functions:
k
Fp = Fen = Y Fulk —2m)=0. (33)

m=0

This condition is always valid in a “double-slit” BEC in-
terference experiment [8,51-55], where the two modes are
identically prepared (within experimental accuracy) and then
let to interfere. It is easy to check that the above condition is
satisfied whenever |, (r)| = |, (r)]| at all points. In turn, this
is a consequence of the invariance of F,, under local phase
transformations v, ,(r) — ey, ,(r).

IV. TYPICALITY OF DENSITY CORRELATIONS

In this section we will specialize the general results obtained
for an observable of the form (17) to a particular class, related
to the spatial interference of condensates. This is usually
accessible to experimentalists and provides an interesting
example of typical behavior. We shall analyze the integrated
density correlation functions

Ce(xy, .. xp) = /d"ﬁ(")ﬁ(" +x1)...00r +x4-1)

= /erk(r,r +x1,...,r +x5-1)

+ O(NF ™, (34)

where o(r) = Gl(r). In agreement with Eq. (17), it is clear
from the normal-ordered form that the highest-order integral
kernel for this class of observables is

k=1
o) =[[8i —ri—xp). (39)

i=1

Ck(rl,

The singularities arising in the normal ordering of (34) can be
avoided by smearing all densities around the points (r + x;)
with functions that take into account the finite experimental
spatial resolution.

The 7 integrals appearing in the typicality condition (28)
can be computed for any couple of mode wave functions
using (35):

i = /drl-~-drka(r1,...,rk)(cbfn/cbm)(rl, TR

/dr(dD* O, ). r+x1,....r +x21). (36)
Consider for definiteness m’ > m. In this case, the function
¥ ®, (ry,...,ry) is the sum of products of k mode wave
functions and k complex conjugates, with the number of v/’s
exceeding the number of ¥,’s by m’ — m. The structure of the
products reads

S T
[T 1Wat )P i
o=1 =1

A X
< [Towsvnaio [ [wrvaa ). (37)
¢=1 £=1
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with S+T+Z+X=k, S+Z=m/, and S+ X =m,
which implies

Z—X=m—m (38)

for all products in @}, &, .

A. Plane-wave modes

Let us focus on two modes that are paradigmatic in
the description of interference of Bose-Einstein condensates,
namely, two counterpropagating plane waves,

Ya(r) =e*r, () = ek, (39)

In the next section, we will show how the results obtained in
this idealized situation generalize to the more realistic case of
two expanding modes that are spatially separated at the initial
time.

For the plane-wave modes (39), |¥, 5| =1 and ¥}y, =
e 2T Inserting these results in the general form of the
products (37) and integrating over r as in (36) yields

z

X
l_[e_z”‘o"‘f:*1 neziko"‘fs*‘ /a’re‘zi(’”’_m)ko" =0. 40
£=1

c=l1

Thus, all the contributions to the integral (36) identically vanish
for every k and every set of points (x 1, .. .,xx—_1). This implies
that condition

Dy =0 (41)

is satisfied by all density correlation functions of the form (34),
which are thus typical for n = o(N). The structure of the
modes provides interesting information also on the N%~2,?
part of the fluctuations, arising from (21) and the general
expression (30). Since |¥,| and || are identically equal
to one, the mode wave functions satisfy the symmetry
condition (33) for the F,, functions. This implies that the 7 (¥
integrals, defined as in Eq. (32), identically vanish, which,
together with the cancellation of the 7 integrals, leads to the
result

D;(Jik—)z,z =0. (42)

Thus, the highest order of ensemble-dependent contributions
to the variance SC,f is indeed N%*~*n*, which should be
compared with the order N>*~! of the ensemble-independent
fluctuations. This means that if n = O(N%), the relative
fluctuations behave like

sc _ [0(5)

&~ lo((3)) = o)

fora < 3/4,
for @ > 3/4.

(43)

Observe that, when o < 3/4, the dominant fluctuations are
ensemble independent, while they depend on the choice of
n in the other case. The transition between the two regimes
for a typical observable is generally expected at « = 1/2 [see
discussion after Eq. (25)]; in this case, however, the transition
takes place at the larger threshold value o = 3/4 by virtue
of the cancellation (42). This behavior, which is general for
density correlation functions, generalizes the results obtained
in [26] for the Fourier transform of the second-order density
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px)

' non—typical

FIG. 1. (Color online) In the asymptotic regime, the outcome
of a density measurement in a two-plane-wave mode system is
approximated by the function (47). The visibility ~O(1) and the
period ~k, ' of the interference pattern are (almost) fixed by
typicality, namely, by the typical correlation function (46). The offset
¢ of the pattern, and thus the value of density at the origin, does not
appear in the typical observable (46) and fluctuates randomly. The
order O(v/N) of the density fluctuations refers to the casen = O(N%)
with o < 3/4 [see Eq. (43)].

correlation function
Co(x) = / drp(r)p(r + x). (44)

We include a brief discussion of this operator to clarify what
implications typicality has from an experimental point of view.
The expectation value of (44) is generally given by

N2 s
Co(x) = Tﬂ;fdrFm(r,r +x)+ O(N) + O(n?), (45)

which, in the case of plane waves, specializes to
Ca(x) = N*[1 + § cos(2ky - x)] . (46)

Due to typicality, the function (46) represents the over-
whelmingly probable experimental result of a measurement
of the observable C'g(x), unless n = O(N). This function is
the two-point density correlation of a classical density (see
discussion in Ref. [26])

p(x) = 2N? cos’(ko - x + ). 47)

Among all the parameters that determine the typical experi-
mental outcome of a density measurement, one, namely, the
offset ¢ of the interference pattern, is not determined by
typicality since correlation functions do not depend on it.
In Fig. 1 a possible outcome of a density measurement in
a two-plane-wave mode system is represented, with its typical
(and nontypical) features highlighted.

B. Arbitrary expanding modes

Let us now discuss the typicality properties of density
correlation functions for a two-mode system that is closer
to actual experimental implementations and find out in which
cases the results (41) and (42) can be generalized. Let us
consider two spatially separated modes ¥,(z) and ¥,(z) in
one dimension, which are concentrated, respectively, around
positions z, and z;, with their initial width being much
smaller than their distance. Besides these conditions, no other
requirement is necessary on the mode wave functions, which
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are fully general. The spatial separation implies that the
convolution

/ AP W& +2) =2 T 48

with F,;, and ¢, being real functions of z, is peaked around a
point z = zo, while the convolutions of ¥} with v, and of v}
with v, are peaked around z = 0. If the trapping potential is
turned off at the initial time ¢t = 0, the particles evolve under the
free Hamiltonian Hy = —d?/dz>. In the absence of collisions,
the k-point functions at # > 0 can be obtained by replacing

wa,b(Z) - wa,b(Zat) = exp (_itHO) I/Ia,b(z)~ (49)

We are interested in the large-time (far-field) regime, in
which the evolved wave functions are approximated by the
asymptotic form [56]

1 \? . Z 50
a D= — A a A, )
Vab(z.0) (47”;) s (5:) (50)
where V¥, 5(k) = [ dze **, 5(z) are the Fourier transforms
of the initial modes. In the far-field approximation, the
quantities ¥y, and their complex conjugates, which enter
the typicality condition (28) through products of type (37), are
thus related to products of Fourier transforms, which can be
expressed through the convolution (48) as

Vo (k) (k) = f dz et @t ipu@ik, (51)

Using a quadratic approximation of F,; around its maximum
20, the integral becomes Gaussian, and the product ¥, reads

Vo (@.0¥,(2.1) = ¢(z0,1) exp (_i%)

2
- ]. 52
X exp 82F o) (52)

If the spatial period of the complex exponential is much shorter
than the standard deviation of the Gaussian part, namely,

2
|F) ,(zo)l”

the product (52) is consistent with the result for counter-
propagating plane-wave modes with time-dependent wave
number ko(t) = zo/4t, modulated by a slowly varying Gaus-
sian envelope, whose width is of the same order as the
standard deviation of the far-field-approximated |v,|> and
[¥]%. Thus, the integrals of products (37) with the kernel (35)
are exponentially suppressed as e~ (olFu

Z0 > (53)

#D*, This means that
when the relation (53) on the initial wave packets is satisfied,
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the typicality condition (41) on correlation functions is fulfilled
within a very good level of approximation.

The generalization of the result (42), yielding the cancel-
lation of N%*~252 terms in the variance, cannot be extended
without further assumptions to the case of expanding modes in
the far-field regime. In fact, the relation |v,(z,1)| = |¥»(z,1)|
might not even be approximately verified in the large-time
limit. Condition J(¥, which, together with the results
discussed above, leads to D;fﬁ)z , =0, can be verified only
if the low-momentum Fourier co’mponents of the two modes
are approximately equal [see Eq. (50)]. In the case analyzed in
Ref. [26], in which the correlation C,(z) has been studied for a
system with two translated Gaussian modes, it turned out that

D;gzg =~ 0, as expected from the present general discussion.

V. CONCLUSIONS AND OUTLOOK

In this article we have defined and characterized the
typicality of a generic observable in a two-mode Bose system.
The results enable one to determine if an observable is
typical once the mode wave functions are known and to
identify different regimes in the fluctuations around the
typical expectation value, as the dimension of the sampled
subspace varies. The observable analyzed in the last section is
experimentally accessible and can provide a test for typicality.

The identification of typicality criteria for observables
helps one understanding which properties are shared by the
vast majority of states and which ones have instead wide
fluctuations. Remarkably, this distinction is central in deter-
mining “good” (macroscopic) observables in both classical
and quantum-statistical mechanics [57]. The relation between
the results obtained in this article and statistical mechanics will
be the object of future research.

It would also be interesting to extend the formalism in
order to include more general cases, such as nonuniform
samplings or randomly fluctuating modes. Other possible
avenues for future investigation will be the analysis of
the dynamical effects of typicality [47] and the statistical
interpretation of recent experiments on phase randomization
in condensates [51-55], as well as the characterization of the
typicality of entanglement in a Bose-Einstein condensate [58].
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