PHYSICAL REVIEW A 91, 033630 (2015)

Angular spin-orbit coupling in cold atoms
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We propose coupling two internal atomic states using a pair of Raman beams operated in Laguerre-Gaussian
laser modes with unequal phase windings. This generates a coupling between the atom’s pseudospin and its
orbital angular momentum. We analyze the single-particle properties of the system using realistic parameters
and provide detailed studies of the spin texture of the ground state. Finally, we consider a weakly interacting
atomic condensate subject to this angular spin-orbit coupling and show how the interatomic interactions modify

the single-particle physics.
DOI: 10.1103/PhysRevA.91.033630

I. INTRODUCTION

Spin-orbit (SO) coupling has traged#a circuitous pattl
through physics. Best known for the L - S coupling (here L
and S represent the orbital and spin angular momentum of
the electron, respectively) that contributes to the atomic fine
structure [1,2], the term was soon applied to the Rashba [3] and
Dresselhaus L4] coupling between electron spin S and its linear
momentum k present in certain solid state materials. In one
of the many recent leaps in ultracold physics, Bose-Einstein
condensates (BECs) [5] and Fermi gases [6,7] have been
created with equal parts Rashba and Dresselhaus coupling,
and proposals for more varied couplings abound [8-10]. In
this paper, we bring SO coupling full circle by introducing a
scheme to engineer a coupling between the atomic pseudospin
and the orbital angular momentum of a cold atom.

The key to creating this angular SO coupling is exchanging
the two counterpropagating Gaussian Raman beams used
in conventional SO coupling for two copropagating Raman
beams operated in Laguerre-Gaussian (LG) modes. LG beam
modes carry orbital angular momentum along the direction
of beam propagation [11]. By choosing beams with unequal
phase windings, an orbital angular momentum change may
be imparted to atoms transitioning between internal states
while the linear momentum change used for conventional SO
coupling is annulled by the use of copropagating beams.

Most excitingly, these systems are within experimental
reach. Through the use of holographic techniques or spiral
wave plates [12-14], far-field LG beams can now be created
with relative ease. Manipulating cold atoms with LG beams
has been studied both experimentally and theoretically, in the
context of quantum information storage [15], slow light prop-
agation [16], synthetic gauge fields [17], etc. The experiments
that directly motivated our investigations [18,19] used LG
beams to diabatically write phase windings and spin textures
into a BEC, producing coreless vortices and Skyrmions in the
process. Our predictions are related to these results, though we
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low-order LG beams that showcase the unique and interesting
properties of these systems. We derive the Hamiltonian and
discuss its symmetry properties in Sec. II, followed by a
discussion of the single-particle spectrum and the properties
of the ground state in Sec. IIl. These single-particle studies
form the basis for more challenging investigations about the
many-body physics. As an example, we present our studies of a
weakly interacting BEC in Sec. IV. An outlook and concluding
remarks are presented in Sec. V.

II. MODEL HAMILTONIAN

Our theoretical system is schematically shown in Fig. 1. We
consider atoms confined in a two-dimensional (2D) harmonic
trap of frequency w extending in the xy plane. Two LG beams
copropagate in the —Z direction, coaxial with the center of the
trap. LG beam modes [11] are labeled by two indices n,m, and
have complex electric field amplitudes at z = 0 given by

n| 2
. 2
E(F) = 210e”’¢<—r) L <—r2>e’z/w2,
w w

where L)' is the associated Laguerre polynomial, w is the
width of the beam, I describes the intensity of the beam, and
we have adopted the cylindrical coordinates 7 = (r,z,¢). The
form for £(¥) introduces a nontrivial intensity profile,
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I(r) = 10(1 ) [L,;; <—r2 ) e’z/wz} :
w w

while the phase winding e~""¢ reflects the orbital angular
momentum £, = —nh carried by the beam.

Via a two-photon Raman process [20], the lasers couple
two hyperfine states of the atom that we label as 1, . Under
the rotating wave approximation, the following Hamiltonian
can be derived [18,20,21]:

. 2 1 ~
focus on the adiabatic regime and consider the ground states HY = [p_ + L)+ o r* + Q(r):| v, (1)
of these systems. 2m 2

Here, we introduce a general formalism for analyzing where

angular SO-coupled cold atoms and present results with
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FIG. 1. (Color online) (a) Schematic representation of the the-
oretical system. The atomic cloud interacts with two LG beams
copropagating in the —Z direction with phase windings n, and n, and
intensities I, and /,, respectively. (b) Two atomic hyperfine ground
states, labeled as | 1) and ||}, are coupled by the pair of Raman beams.
The beams also induce light shifts with strengths parameterized by
the Xjo-

with Z,(r) and Z,(r) being the intensity profiles of the two
beams, encodes the light shifts characterized by the coefficients
Xjo (j =1,2and o =1, |) and also includes the two-photon
Raman detuning 6,

_ 0 e~ im—n2)
= Q(r) (ei(nl—nms 0 ;

represents the Raman coupling whose strength is characterized
by the parameter 2y with Q(r) = Qo+/Z1Z,, and finally
W = (Y4,¥,)" is the spinor wave function of the atom. By
measuring mass in units of 2, energy in units of 4w, and length
in units of the oscillator length ///m®, the Hamiltonian takes
on the dimensionless form

AV = [-1V? 4 L) + 37 + Q)] W, &)

and we have listed typical values of various parameters in
Table I.

Analogous to the procedure used in conventional SO
coupling [5], we introduce basis states ¥4 = ey, and
U, = e™%. Rewriting the Schodinger equation for these
states, and with the help of Pauli matrices o; which act on
the atomic pseudospin, we have

2
HV = [—%vz - :%Lz + % + L+ Qo, + %r2i| U, 3
where ¥ = (1/~/T,1h)T, L.= —idy may be regarded as the
quasiangular momentum (QAM) operator, and

ng O ni +ns
'B_<0 "2>_ > T

is a scaling matrix. Note that the equation is now rotationally

invariant; i.e., the QAM operator L, commutes with the

ny—np

)

TABLE 1. Taking @ =27 x 1kHz, the mass of ¥Rb M =
1.443 x 1072 kg, and 7 as the unit measures of frequency, mass, and
angular momentum, respectively, fixes the unit measures of length
(aose = V/h/(mw)) and energy (hw). These are presented below in
standard units along with typical values of x/ and 2/ in the units
used in our calculation. These values are obtained for a typical laser
intensity / = 1 mW /cm? and a single-photon detuning of 1 GHz.

Qose ha el €201 |

0.34 um 4.1 x 1072 ev 1.8 3.6
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TABLEII. In order to reduce the dimensionality of the parameter
space to a more manageable size, we fix the values of the following
parameters while allowing ;o = 0 = [y to vary. In the results
presented, xj,, €20, and I have been redefined so as to be on the
order of 1 while leaving x/ and €2¢/ with values on the order of
those presented in Table I.

Couplings  Beam width ~ Raman detuning LG indices
Xjo S_20 w ) ny = —ny m;
-1 -1 Saose 0 1 0

Hamiltonian A . Hence each eigenstate of the system possesses
definite values of QAM characterized by the corresponding
quantum number £., which is related to the the angular
momentum of each spin component in the laboratory frame by
6?’” = 0, — ny,. The coupling between atomic pseudospin
and its orbital angular momentum becomes explicit for n; # n;
as the second term in the square bracket of Eq. (3) contains a
term o(n; — ny)o. L.

The large number of parameters renders a full exploration of
the parameter space beyond reach. To focus on the key features
of the system, we may constrain a few parameters by consult-
ing current experimental interest (these are tabulated in Table IT
for reference). Most experiments using LG beams involve only
n = m = 0 (Gaussian) and |n| = 1, m = 0 beams, so we focus
on the case of ny = 1, n, = —1, and m; = m, = 0 with red
single-photon detuning such that x ; = Q¢ = —1, and abeam
width wider than the oscillator length w = 5. Lastly, we take
the beams to have equal intensity coefficients I1g = Iy = I
and take the two-photon detuning § = 0.

As we shall see, the properties of the system are governed
by the interplay of the light shifts, the harmonic trap, and the
Raman coupling. The light shifts and trap are static potentials
(see Fig. 2), but it is the Raman coupling that enforces the
SO coupling. At low intensities, the SO coupling acts as a
perturbation on the I, = 0 simple harmonic oscillator (SHO)
ground state, transferring small amounts of population within
a given QAM component. For high intensities, the LG light
shifts dominate and the condensate forms in a ring centered at
r = 0, which in turn allows for the formation of clouds with
higher order phase windings.

Symmetries of the Hamiltonian

If we consider the two spin components to experience the
same light shifts (i.e., £4 = L), then we should expect the
system to be invariant under the exchange of the spin labels.
This action sends n¢p — —n¢ as well as inverting the spin
space, and is equivalent to reflecting the entire system across
the xy plane. For the spin-1/2 Hilbert space, this can be
represented by the action of o,; for the spatial wave function
we look for an operator that sends £, — —¢, while leaving
7 unaffected, that is, a time-reversing (antiunitary) operator.
More precisely, we note that the time-reversal operator

T=0.K,

where K denotes complex conjugation, commutes with the
Hamiltonian H in Eqgs. (1) and (2).
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FIG. 2. (Color online) Upper panel: Single-particle dispersion relations for I, = 0,1.25,5,25. For the case with [, = 0, the dispersion
relation is simply that of the two-dimensional (2D) spinor SHO but viewed through the QAM formalism. The doubly degenerate states are
shown with black squares. Other states are nondegenerate. The ring-trapped energy predictions of Eq. (5) are given by red (gray) dotted lines
for I, = 5 and 25. The spectrum is symmetric about (1, 4 1,)/2 = 0. At small I, the ground state is doubly degenerate with £, = =1; at large
Iy, the ground state is nondegenerate with £, = 0. The transition occurs at I, & 1.65. Lower panel: Corresponding effective potentials V; | (r)
(black dotted lines) and ground state wave functions (blue [gray] solid lines).

This symmetry may be translated into the QAM frame by
transforming 7 under the unitary matrix U = diag(e’™?,e"?)
to give an operator

T=UTU ' =¢m™¥s K

that commutes with the Hamiltonian A in Eq. (3). These
symmetries will play an important role in understanding the
properties of the ground states in the following sections.

III. SINGLE-PARTICLE PHYSICS

By fixing the QAM quantum number £., we can mathe-
matically reduce the problem to the radial dimension only.
For effective numerical simulation, the divergent terms can be
removed by making the ansatz

§ = oil® rituq(r)
- ruy(r))

where sy = |, —ny| and s, = |€. — ny|. The single-particle
eigenstates may then be determined by applying the finite
difference approximation to the equations for u4 | and directly
diagonalizing the resulting matrix.

We now abandon our general analysis and focus on the
specific case of ny =1, np =—1, m;y =my =0, and all
other parameters as in Table II. The upper panel of Fig. 2
shows the dispersion relations E(Z,) for this system, and the
corresponding ground-state wave function is displayed in the
lower panel. For the I, = 0 cases, the band structure present is
just that of the spinor simple harmonic oscillator (SHO) viewed
in the QAM frame. The ground states found are the expected
Gaussian wave packets populating the component with the
laboratory-frame angular momentum ng) = fz —nyp =0,
or QAM 7, = +1.

At low light intensity, the twin ground states are perturbed
versions of the original £, = 1 SHO ground states, with small
amounts of population transferred into the previously vacant
component. However, at Iy & 1.65, the system transitions to
having a single ground state with 7, = 0 and V4] = ¥, ]. We
will see that this gives rise to a quantum phase transition in the
many-particle BEC case.

The symmetry of the bands about (n; + n,)/2 is guaranteed
by the 7 symmetry discussed above. In particular, the
commutation relation

[7.H]=0,
together with the anticommutation relation
(L. T} = +n)T

determines the effect of 7 on the energy eigenstates: If W
is an eigenstate of the system with QAM quantum number
£, then T is also an eigenstate with QAM quantum number
ni 4+ ny — £.. Putsimply, 7 reflects the spectrum of the system
about 7, = (n; 4 n,)/2. Importantly, this implies that any
nondegenerate state musthave £, = (n; + n,)/2, whichis only
possible if (n| + n,) is even. Hence if we choose, for example,
n; = 1 and n, = 0, then all eigenstates (including the ground
state) will remain degenerate.

A. Band flattening

From Fig. 2, one can see that as /j increases, in addition
to the ground state changing from twofold degenerate to non-
degenerate, the low-lying dispersion bands become flattened.
This phenomenon can be attributed to the fact that, for large 1,
the atoms are confined to a ring-shaped region as a result of the
light shifts induced by the red-tuned LG beams. Quantitatively,
for a given QAM quantum number £, each spin component is
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exposed to an effective static potential
2 1 1

Vi (r) = 2—;2 +o + ﬁJrﬁm + Erz, 4)
examples of which are illustrated in the lower panel of
Fig. 2. However, the spatially varying Raman coupling induces
further energetic variation across the width of atomic cloud.
For £, = 0 and symmetric light shifts with £, = £, = L,
the system may be decoupled by defining the symmetric
and antisymmetric superpositions of the two spin states:
s = %(&T + 1)), which are governed by their respective
Hamiltonian

i Lo r L cy o0+ 42
=|—= — r r)+=r |,
* 2 22 2

with the corresponding effective potentials
1 1,
Vi) = 572 + L(r) £ Q(r) + 57

For our choice of the parameters, 2(r) < 0, hence we will now
neglect the ¢_ mode as it has higher energy than the ¢, mode.
In the limit of high intensity, the effective potential V, (r) has
a deep minimum at radius ry,;, 7 0, and the atomic density is
concentrated in a thin annulus of radius ry;,. If we consider
the ring trap to be infinitely thin, then the eigenenergies will
be given by ff/(Zrim). A recently work has explored this
limit [22]. To account for the finite width of the ring, we may
expand V. (r) around rp;, to second order such that V. (r) can
be approximated as a harmonic potential with freqeuncy w, .
Therefore we conjecture that the low-lying eigenenergies can
be represented as (apart from a constant shift)
8 2
E(l;,ny) =niw; + =, (%)
2r2

min

where n, = 1,2,3, ... represents the radial quantum number.
The red (gray) dotted lines for Iy =5 and 25 in the upper
panel of Fig. 2 represent the low-lying energy dispersion
curves obtained using the above formula, and one can see
that they fit with the numerical results extremely well. Note
that we obtained w, for states with £, = 0. For finite 7_,
the effective potential should contain extra contributions from
the centrifugal term ff /(2r?). However, as one can see from
Fig. 2, this extra term has negligible effect on the value of w, .

From Eq. (5), we observe that for a given n, the curvature
of the dispersion is determined by the value of rp,, and the
spacing between adjacent bands (with Any = 1) is given by
wy. We plot in Fig. 3 how these two quantities vary as laser
intensity Iy changes. These results show that as I increases,
rmin €ventually saturates, whereas w, continues to increase.
The infinitely thin ring limit is reached when w, is much
larger than all other energy scales of the system.

B. Spin textures

The SO coupling gives rise to intriguing spin textures. To
characterize the ground-state spin texture, we first define a
normalized spin vector:

wigw
20w

5=
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FIG. 3. (Color online) Dependence of r;, (a) and w, (b) on the
laser intensity /. The dashed vertical lines indicate the critical laser
intensity at which the ground state changes from twofold degenerate
to nondegenerate.

Previous studies of 2D Rashba SO-coupled [23] BECs and
BECs exposed to LG beams [19] have found that the spin
texture contains a topological knot known as a 2D Skyrmion.
Obtained from their 3D siblings by stereographic projection,
2D Skyrmions are a subject of interest in BEC studies for the
protection that arises from their topological nontriviality. In a
Skyrmion spin texture, the azimuthal and polar angles of the
local spin may be written as ®(r) and ®(¢), respectively, which
gives rise to the azimuthal ng = (27[)’1<I>(¢)|é”= o and radial
windings n, = cos O(r)|?2,. The Skyrmion number [24] is
the topological invariant that distinguishes a Skyrmion texture
from that of the vacuum; in 2D it is given by

1 - - o o
Ngkyrm = E/‘s - (0§ X ayS) dr, (6)
or, in terms of the radial and azimuthal windings [25]:

Nskyrm = NN -

In Fig. 4, we present the ground-state spin texture at four
different values of /. In our system, for the twofold degenerate
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FIG. 4. (Color online) Spin structure for the ground state. The
arrows point in the direction of the local spin s, and the color
represents the spin along the z axis. For Iy = 0, 0.5 and 1.65, the
ground state is degenerate and we pick the one with £, = 1. For
Iy = 2.5, the ground state is nondegenerate with £, = 0. The spin
structure for /, = 0.5 and 1.65 corresponds to a half Skyrmion with
ng =2andn, =1/2.
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ground states with £, = =1 at small laser intensity (I, < 1.65),
we have ng =2 and n, = £1/2, which corresponds to a
half Skyrmion. As I, increases from zero, population is
transferred into the previously unoccupied component, and
the radial winding that forms the Skyrmion texture approaches
from r = oo, as shown in Fig. 4. This manner of formation
also bypasses the topological protection usually enjoyed by
Skyrmions. At large r, the atomic density becomes very
small and hence, from both a numerical and experimental
perspective, s is ill defined. For Iy > 1.65, the Skyrmion spin
texture persists in the £, = &1 components, but the 7, = 0
ground state cannot have a Skyrmion spin texture, as the 7
symmetry implies that [y4(r)| = [, (r)| and hence the spin
becomes planar and lies in the xy plane. Correspondingly, the
radial winding n, and the Skyrmion number ngym, all vanish.

IV. WEAKLY INTERACTING BEC

Our discussion so far has focused on the single-particle
physics, which forms the foundation for further exploration
of the many-body physics. Here, as a first attempt along this
line, we consider a weakly interaction BEC in the mean-field
regime. An interacting BEC of atoms exposed to the same
setup is described by a Gross-Pitaevksii equation (GPE)
that includes the single-particle Hamiltonian as well as an
interaction term

n¥ = (H + gV,
where

G— (g|1/f¢|2+gm|1ﬂ¢|2 0 )
0 gl P+ gr v 1?) 7

g+ characterizes the interspecies interaction strength, and we
have taken the intraspecies interaction strength g4 = g,, =g
for simplicity. To ensure the stability of the condensate,
we consider the situation where all interaction strengths are
positive.

When we include interactions, the nonlinearity may spon-
taneously break the rotational symmetry. Hence when solving
the GPE, we no longer assume that the system is rotationally
symmetric and do the calculation in the 2D xy plane. We deter-
mine the ground state by applying a split-step imaginary time
evolution [26], treating the kinetic energy, Raman coupling,
and the remaining portions of the GPE in the momentum basis
Vo (P), QAM basis ¥, (7), and the usual position basis /4 (),
respectively.

Figure 5 shows the ground-state phase diagram in the
parameter space spanned by the laser beam intensity I, and
interspecies interaction strength g4 for this system at g = 1,
with insets depicting the representative density profiles of the
spin-up and spin-down components in different phases. The
three phases found are characterized by their QAM. Phases
IT and III are the many-body analogs of the single-particle
ground states at small and large Iy, respectively, and the weak
interaction considered here does not change the properties
of these states in a qualitative way. Both these phases obey
rotational symmetry with definite QAM. The ground state in
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FIG. 5. (Color online) Phase diagram for the weakly interacting
BEC with g = 1. Insets depict the representative density profiles
(14 |2 in the left panel and |y, |? in the right panel) of each phase.

phase III is nondegenerate with £, = 0, while that in phase II
is two-fold degenerate with 7. = =+1.

By contrast, as is obvious from the density profiles,
phase I spontaneously breaks the rotational symmetry. Further
analysis shows that the phase I ground state can be regarded
as an equal-weight superposition of the two single-particle
ground states at £, = +1, with an arbitrary relative phase
(it can be readily proved analytically that the energy of this
equal-weight superposition state is independent of the relative
phase). For each realization, this relative phase will be fixed
through the mechanism of spontaneous symmetry breaking.
In this phase, each spin state can be regarded as a coherent
superposition of quantized vortices with different winding
numbers [27]. Specifically, 14 in the laboratory frame is a
superposition of states with £, = 0 and £, = —2, while ¥ is
a superposition of states with £, = 0 and ¢, = 2. However,
unlike in previous proposals where such a superposition state
is created dynamically [27], here the vortex superposition
state represents the ground state of the system. Furthermore,
for a phase I state, the density profiles of the two spin
components completely overlap with each other, i.e., [y | =
[, |?. Therefore phase I occurs when g4y 1s small. Increasing
the laser intensity creates a more ring-shaped potential, which
tends to restore the rotational symmetry. This explains the
reduced area of phase I at higher intensities.

V. OUTLOOK AND CONCLUSION

In this work, we considered a situation where two hyperfine
ground states of an atom are Raman coupled by LG laser beams
with different phase windings. This creates a coupling between
the atom’s pseudospin and its orbital angular momentum. Such
a situation has already been realized in several experiments,
although previous investigations have all focused on the
dynamics, instead of the ground-state properties that we
explored in this work.

We have provided a detailed study of the single-particle
physics using realistic parameters. Such studies will form
the foundation for the exploration of many-body properties
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involving a quantum gas. We have performed an investigation
of a weakly interacting atomic BEC subject to this angular
SO coupling under the mean-field framework. Already in this
simple setting, the interatomic interactions lead to nontrivial
effects. For example, under proper conditions, the interactions
spontaneously break the rotational symmetry of the system.
Future studies will be extended to stronger interactions which
can induce more complicated spin textures [23,28] and even
lead to strongly correlated beyond-mean-field states [29] and
systems of Fermi gases.

PHYSICAL REVIEW A 91, 033630 (2015)

Note added in proof. Recently, we noticed a preprint by Hu
et al. [30] that considered a similar system as ours. In places
where we overlap, our results agree with each other.
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