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Charge asymmetry in the differential cross section of high-energy
bremsstrahlung in the field of a heavy atom
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The distinction between the charged particle and antiparticle differential cross sections of high-energy
bremsstrahlung in the electric field of a heavy atom is investigated. The consideration is based on the quasiclassical
approximation to the wave functions in the external field. The charge asymmetry (the ratio of the antisymmetric
and symmetric parts of the differential cross section) arises due to the account for the first quasiclassical correction
to the differential cross section. All evaluations are performed with the exact account of the atomic field. We
consider in detail the charge asymmetry for electrons and muons. For electrons, the nuclear size effect is not
important while for muons this effect should be taken into account. For the longitudinal polarization of the initial
charged particle, the account for the first quasiclassical correction to the differential cross section leads to the
asymmetry in the cross section with respect to the replacement ¢ — —¢, where ¢ is the azimuth angle between
the photon momentum and the momentum of the final charged particle.
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I. INTRODUCTION

The theoretical investigation of high-energy brems-
strahlung and high-energy particle-antiparticle photoproduc-
tion in the electric field of a heavy nucleus or atom has a
long history because of the importance of these processes
for various applications; for the latter process see reviews in
Refs. [1,2]. These processes should be taken into account when
considering electromagnetic showers in detectors, they also
give the significant part of the radiative corrections in many
cases. Therefore, it is necessary to know the cross sections of
these processes with high accuracy. In the Born approximation,
the cross sections of both processes have been obtained for
arbitrary energies of particles and for arbitrary atomic form
factors [3,4] (see also Ref. [5]). The Coulomb corrections
to the cross section, which are the difference between the
exact in the parameter n = Z« cross section and the Born
cross section, are very important (here Z is the atomic charge
number, ¢ = 2 ~ 1 /137 is the fine-structure constant, e is the
electron charge, i = ¢ = 1). There are formal expressions for
the Coulomb corrections to the cross sections exact in 1 and
energies of particles [6]. However, the numerical computations
based on these expressions become more and more difficult
when energies are increasing, and, for instance, the numerical
results for ete™ photoproduction have been obtained so far
only for the photon energy w < 12.5 MeV [7].

At high energies of initial particles, the final particle
momenta usually have small angles with respect to the
incident direction. In this case typical angular momenta, which
provide the main contribution to the cross section, are large
(I ~E/A > 1, where E is energy and A is the momentum
transfer). This is why the quasiclassical approximation, based
on the account of large angular momenta contributions,
becomes applicable. In this approximation, the wave functions
and the Green’s functions of the Dirac equation in the external
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field have very simple forms, which drastically simplify their
use in specific calculations. The wave functions, obtained in the
leading quasiclassical approximation for the Coulomb field,
are the famous Furry-Sommerfeld-Maue wave functions [8,9]
(see also Ref. [5]). The quasiclassical Green’s function have
been derived in Ref. [10] for the case of a pure Coulomb
field, in Ref. [11] for an arbitrary spherically symmetric field,
in Ref. [12] for a localized field which generally possesses no
spherical symmetry, and in Ref. [13] for combined strong laser
and atomic fields.

In the leading quasiclassical approximation, the cross
sections for pair photoproduction and bremsstrahlung have
been obtained in Refs. [14-18]. The first quasiclassical
corrections to the spectra of both processes, as well as to
the total cross section of pair photoproduction, have been
obtained in Refs. [19-22]. Recently, the first quasiclassical
correction to the fully differential cross section was obtained
in Ref. [23] for e™e™ pair photoproduction and in Ref. [24] for
wT e pair photoproduction. As aresult, the charge asymmetry
in these processes (the asymmetry of the cross section with
respect to permutation of particle and antiparticle momenta)
was predicted. This asymmetry is absent in the cross section
calculated in the Born approximation and also in the cross
section exact in the parameter n but calculated in the leading
quasiclassical approximation. Thus, the charge asymmetry
appears solely due to the quasiclassical corrections to the
Coulomb corrections. The difference between the atomic
field and the Coulomb field of a nucleus results in the
modification of the cross sections (effect os screening). The
influence of screening on the Coulomb corrections to ete™
pair photoproduction is small for the differential cross section
and for the total cross section [15]. However, screening is
important for the Born term. The quantitative investigation
of the effect of screening on the Coulomb corrections to the
photoproduction cross section is performed in Ref. [19].

The influence of screening on the bremsstrahlung cross
section in an atomic field is more complicated. It is shown in
Refs. [16,20] that the Coulomb corrections to the differential
cross section are very susceptible to screening. However, the
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Coulomb corrections to the cross section integrated over the
momentum of final charged particle (electron or muon) are
independent of screening in the leading approximation over
a small parameter 1/m,ry.,, where ry, ~ Z71/3(m,a)~" is a
screening radius and m, is the electron mass. The quantitative
investigation of the effect of screening on the Coulomb
corrections to the spectrum of bremsstrahlung is performed
in Ref. [20]. The differential cross section of bremsstrahlung,
calculated in the leading quasiclassical approximation, is the
same for e™ and e~ (for u™ and p™). Therefore, to predict the
charge asymmetry (the difference between the bremsstrahlung
differential cross section for particles and antiparticles in the
atomic field), one should perform calculations in the next-to-
leading quasiclassical approximation. This is the main goal of
our paper. The result is obtained exactly in the parameter 5.
Besides, for the case of muons the nuclear size effect is taken
into account.

The bremsstrahlung differential cross section from high-
energy charged particle in an atomic field, do(p.q.k,n), can
be written as

do(p.q.k.n) = dos(p,q.k,n) + do.(p.q.k.n),

do(p.q.k.n)+do(p.q.k,—n)
5 ,

do(p.q.k,n) —do(p,q.k,—n)
5 ,

dUS(p’q’k’n) =

do.(p.q.k,n) = (D

where k is the photon momentum, p and ¢ are the initial and
final charged particle momenta, respectively. Evidently, the
bremsstrahlung differential cross section from high-energy
antiparticle can be obtained from do(p,q.,k,n) by the re-
placement n — —n, so that it is equal to doy(p,q.k,n) —
do,(p,q.k,n). In the leading quasiclassical approximation,
all dependence on n of the matrix element is contained in
the factor Ny [see Eq. (31)]. Since Ny — —Nj at n — —n,
the cross section calculated in the leading quasiclassical
approximation, which is proportional to |Np|?, does not
reveal the charge asymmetry. Thus, the charge asymmetry
appears solely due to the first quasiclassical correction to
the matrix element. We show that the antisymmetric part of
the differential cross section, do,(p,q,k,n), is independent of
screening in the kinematical region, which provides the main
contribution to the antisymmetric part of the spectrum.

The paper is organized as follows. In Sec. II we derive the
general expression for the quasiclassical matrix element of the
process. In Sec. III we find in the quasiclassical approximation
all structures of the Green’s function of the squared Dirac
equation for a charged particle in arbitrary localized potential
and the corresponding structures of the wave functions. We
obtain the leading terms and the first quasiclassical corrections
as well. Using these wave functions, we derive in Sec. IV
the matrix element of the process and the corresponding
differential cross section for arbitrary localized potential and
in the particular case of the pure Coulomb field. In Sec. V
we investigate in detail the charge asymmetry in high-energy
bremsstrahlung from electrons. In this case the nuclear size
effect is not important. In Sec. VI we investigate the charge
asymmetry in high-energy bremsstrahlung from muons, which
is sensitive to the deviation at small distances of the nuclear
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atomic field from the pure Coulomb field. Finally, in Sec. VII
the main conclusions of the paper are presented.

II. GENERAL DISCUSSION

The differential cross section of bremsstrahlung in the
electric field of a heavy atom reads [5]

awqe
do = 4%

= Gy dQ dQ, do|M |, )

where d 2 and d€2, are the solid angles corresponding to the
photon momentum k and the final charged particle momentum
q. w =€, — g, is the photon energy, &, = \/ p> +m?, g, =
Vg% + m?, and m is the particle mass. Below we assume that
€, > m and &; > m. The matrix element M reads

M= /dr zzfl_>(r)y -e* ugf)(r)exp (—ik-r), (3
where y* are the Dirac matrices, uif)(r) and u;_)(r) are
the solutions of the Dirac equation in the external field, e
is the photon polarization vector. The superscripts (—) and
(+) remind us that the asymptotic forms of u;_)(r) and
u;j') (r) at large r contain, in addition to the plane wave, the
spherical convergent and divergent waves, respectively. The

wave functions u;j') (r) and u;_)(r) have the form [24]

i) = gl for.q) —a- f1(r.q) — = - fa2(r.q)],
uP(r) = [go(r,p) — - g1(r,p) — T - ga(r,p)luy,

- 8p+m 0"¢P
P 2e, o)

&p+m
X

Uy = g tmfl o'y <) (4)
2e, g+ m

where ¢ and y are spinors, @ = y°y, ¥ = y°y3y, and o are
the Pauli matrices. The following relations hold:
go(r.q) = for.—q), gi(r.q) = f1(r.—q),
82(r.q) = —fa(r.,—q). ®)

The wave functions in the atomic field can be found from the
Green’s function D(r;, ri|¢) of the squared Dirac equation in
this field using the relations [24]

expipri

o M§,+)(r2) = —rlli_l}loo D(ry,rilepu,, p=—pni,
expi
fn—lihﬁf,’)(rl) = — lim @, D(ro,r1leq), g = gqma,
(6)
where ny =ry/ri,ny =ry/rp, and
1
D(ry, rile) = (ry)| ——|r
2, 1] <2|732—m2+i0| 1)
= (rl{le = VOP + V> —m®
+io- VV(r)+i0 ). (7)
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Here P = yH*Pu, Py =[e — V(r),iV],and V(r) is the atomic
potential. It follows from Eq. (7) that the Green’s function
D(r,, ri|e) can be written as

D(ry, rile) =do(ra,r)) +a-di(ra,ry) + X - do(ra,ry).

®)

It is convenient to calculate the matrix element for definite
helicities of the particles. Let u,, 1y, and A be the signs of
the helicities of initial charged particle, final charged particle,
and photon, respectively. We fix the coordinate system so that
v = k/w is directed along z-axis and ¢ lies in the xz plane
with g, > 0. Denoting helicities by the subscripts, we have

L+ ppo-np (141,
4cos(6,/2) — Mp

1 92 +/'L
() emen(1)

X =—1+Mq0’-nq 1411y
Ho ™ dcos(8,/2) \1 — g

1 92 +,lL
10 R )

%(ex +ikey), ©))
where 6, and 6, are the polar angles of the vectors p and
q, respectively. The unit vectors e, and e, are directed
along ¢, and k x ¢, respectively, where the notation X, =

— (X - v)v for any vector X is used. We also introduce
the vectors 6, =p./p, 0, =q./q, and the matrix F =
Uppu,lq > Which can be written as

¢pt,, =

e, =

1
F = (au,,u,, + X by, )0+ PO+ ¥’y (P + Q)

+(1=PQ)—y(P - Q)
_ MKpp M4
P_s,,+m’ Q_sq+m’ (10)

where a,, ,, and b, are defined from

¢“1)X/1q - (aMIMq to- b“ﬂ“q) (11)
We obtain from Eq. (9)
02 i
aw—l—% 2V 10, x 0,1,
a,; = ie -0
= o e

| .

1= =@, + oq)z} +iv.10, x oq]} v
8 1

[01)(] x v],

"w i

1 1
bllﬂ = \/Eel/- — ﬁ(eu,f)p +04)V, e, = E(ex + iuey),

12)
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where 0,, =0, — 0, and i = —u. The matrix element M,
Eq. (3), can be written as follows

M:/dref””Tr{(fo—ot-fl—E‘fz)}’

ei(go—o-g1—X-g)F} (13)

Note that only the terms with (P + Q) and (1 + PQ) in F,
Eq. (10), contribute to the matrix element (13) because it
contains the odd number of the y matrices.

In the quasiclassical approximation the relative magnitude
of the functions fy, f1.2, g0, and g » is different, so that
fO Nlcfl NZZfZ, do ~ 1.d; ’\’lzdg,

(14)

go ~l.gi ~ 12,

where [, ~ ¢/A >> 1 is the characteristic value of the angular
momentum in the process, A = g + k — p is the momentum
transfer. To find the distinction between the differential cross
section of bremsstrahlung from particles and antiparticles,
it is necessary to take into account the first quasiclassical
corrections to the functions fy, go, f1, and gy, while the
functions f and g, can be taken in the leading quasiclassical
approximation. Let us introduce the quantities

(Ao, Ao, A1, Aoz, A2o)
= /d’ exp (—ik - r)(fogo. fog1. f180. f082, f280).
15)
In terms of these quantities, the matrix element M has the form

M= 8/@,;@, [8)\/L,)(eia - oqAOO —2A0+ ZMpAZO)

+ 8,1, (e, — 0,A00 + 2A01 + 21, A2) ]
_mpp(p —q)
:;_ 81yt Oip1, Aco- (16)
2 pq

Below we calculate all quantities in (16) for arbitrary atomic
potential V (r), which includes the effect of screening and the
nuclear size effect as well.

III. GREEN’S FUNCTIONS AND WAVE FUNCTIONS

Let us consider the case of arbitrary central localized
potential V(r). We expand the Green’s function D(r», r|¢),
Eq. (7), up to the second order with respect to the correction
o-VV(@):

1
D(ra, ryle) = ("2|ﬁ— ﬁl"l VV(V)—
+ %icx . VV(r)gioc . VV(r)%|r1),
H = &> —m? —2e¢(r) + V> + 0,
V2
o(r) = V(r) — 2(r)' (17)
&

The function DO(r,, rile) = (ra|H~"|r;) is the Green’s
function of the Klein-Gordon equation. This function was
found in the quasiclassical approximation with the first
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correction taken into account [12]:

P iKT

472r

2}"11’2
r=ry—ry, Ri=ri+xr+0 ,
Kr

DO(ry,ri|e) =

PHYSICAL REVIEW A 91, 032106 (2015)

1 £ .3 1 X
/dQexp |:iQ2—ir/ de(Rx)] {l—i—%/ dx/ dy(x—y)VLV(Rx)-VlV(Ry)},
0 0 0

Kk =+vVe2 —m?2, (18)

where Q is a two-dimensional vector perpendicular to r and V | is the component of the gradient perpendicular to r. Within the
same accuracy, D (r,, ry|e) coincides with the contribution d(r,, ;) to the Green’s function D(r, r|¢), Eq. (8).
Using this formula and Egs. (4), (6), and (8), we obtain the function fy(r,q),

fo(r,q) = —;;e”'q'r f d Qexp [i 0*—i /Oode(rX)

0
2r

rx=r+an+Q 8_’ Q’nII:O’
q

where V | is the component of the gradient perpendicular to
n, = q/q. Then we use the relation

i
2¢e

and write the linearin VV (r) termin Eq. (17) as « - d{(r3,r 1),
where

iVV(r) = %[p, H]+ —V Vi), (20)

i
di(ry,ry) = —g(vl + V)DO(ry,r| e) + 8d1(ra,r1),

1 i 1
8d(ra,r1) = —(r2] = —VVir)—|r). 21
1(ra,ry) ("2|H28 (V)HII‘1> 20
If we replace V(r) by V(r) 4+ 8§ V(r) in the operator H, where
8V(r) = —ia - VV%(r)/(2¢)?, then we obtain from Eq. (18)

l-ei/cr 1
8di(ro,ry) = _m/dgexp [in—ir/ de(Rx)]
0
1
x/ dx VV2(R,), (22)
0

where R, is given in (18). Using Egs. (4), (6), and (8), we find
the function f(r,q),

1
fir.q) = 2V = felrg)+ 8 f1(r.q),

5fi(r.q) = — 4;82("‘“ f d Qexp [i 02— fo wde(m}

oo
x f dxVV3i(r,), (23)
0
where r is given in Eq. (19).

To transform the third term in (17), we replace i V'V (r) by
5-[p. H]. Then it follows from Egs. (4), (6), and (8) that the
function d,(r,,r;) is

i

dyfror) = — G5V ViIDO(ra,r1| 8) + 8dy(ra,ry),
1V 1
da(rar) = I (ralo 28(:)#”)’ (24)

where Iy = —(/2)(ro x Vo —r; xVy) and V'(r)=
aV(r)/or. In (24) we use the relation [[,H] =0. If we

]{1+L[oodxfxdy(x—y)VLV("x)'VLV("y)}’
284 Jo 0

(19)

(

replace V(r) by V(r)+ 8V (r) in the operator H, where
8V(r) = r~'V'(r)/(2¢)?, then we obtain from Eq. (18)

eiKr
dds(ra,r) =1y m/dQ
1
X exp [i Q2 — ir/ de(Rx):I
0

1 /
x/ de(R)‘). (25)
0

X

Substituting this expression in (24), we finally find d»(r,,r),

reikr 1
dr(ra,r) = —m/dQexp [iQZ—ir/ de(Rx)}
0

1 X
X / dx / dy[VV(R,) x VV(R,)]. (26)
0 0

The corresponding function f,(r,q) is

farg) = —Z_lq: /dQexp [in—i/wde(m}
TTE 0

X /Oodx /x dy[VV(ry) x VV(ryl. (27)
0 0

For the Coulomb field V.(r) = —n/r, we find from (19),
(23), and (27)

for,q) = Fa+ (1 +ng -n)Fc,
f1(r,q) = (ng +n)nkp,
far,q) = —iX - [ng x n]Fc, (28)
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where
Fa( ) = N [C(1— inF(in.1,iz) + ”"zei%m/z YF(1/2+in.1,i2)],
r, = X _ l r — — l l
A q.n p ) q- ”7 n, , 1z «/2— n ”77 ,1Z
anlels ) . .
Fp(r,q, n)——-exp ——lq r|CA—inFA+in,2,iz) + ra/2—inFQG/2+in,2,iz)],
«/_
iy
Fe(r,q,n) = —exp (% —iq-r )’;j/_m/z —inFQ3/2+in,2,i2),
r
z=0+4+n -ngqr, n= - (29)

Here I'(x) is the Euler I' function and F(«,B,x) is the confluent hypergeometric function. The results (28) and (29) are in
agreement with that obtained in [23].

IV. CALCULATION OF THE MATRIX ELEMENT

The calculation of the quantities Aoy, Ao, A10, Ao, and Ay (15) is performed in the same way as in Ref. [20]. We present
details of this very tricky calculation in the Appendix. We obtain

1
Ay = drexp[—iA -r — l)((p)]|:z25,,£q<§,,§'q(pl +q.)+m (8,,&,, — eqéq)/ dxxV ,V(r— xv)i| V.V(r),

wm?*
A o0
A = ng /drexp[ iA-r— lX(p)]|:lVJ_V(r)+ —/ l 2 ],
281, 0 281}
8q$q . . 0
Ap = — drexp[—iA -r —ix(p)] dx[VV(r —xv) x VV(r)],
2we m? 0
Al = —Agi(eg < €p. 5 < &), Axn=—Ap(e; < &), & < §p),
00 m2 m2
(p) = / V(z,p)dz, ==, =—. (30)
x(p) . o) &p 2 & R

Substituting Eq. (30) in Eq. (16), we find the matrix element M,

M = =681, (pSin, + €403, ) [No(€s.EppL — Eqq 1) + Ni(€].ep6,P1 — 4544 1)]

1
- Emﬂps,u,,ﬂqgkup(gp — & )[No(§p — &) + Ni(epé, — 48],

2i
Ny = T/drexp[—iA-r—ix(p)] AL -V V),
wm=AY
1 o0
N, = 2—/drexp[—iA~r—ix(,o)]/ dxxV V(r—xv)-V_ V(). 3D
wm=&,&, 0

Note that in Eq. (16) the contributions of Ap; and A,y cancel out the contributions of the terms with V V2(r) in Ag; and A}
(30). The amplitude M is exact in the potential V (r). It contains the leading quasiclassical contribution and the first quasiclassical
correction as well. For high-energy bremsstrahlung from electrons in the field of a heavy atom, it is necessary to take into account
the effect of screening. For high-energy bremsstrahlung from muons it is necessary to take also into account the finite nuclear
radius R (nuclear size effect), because the muon Compton wavelength, A, = 1/m,, = 1.87fm, is smaller than R, R = 7.3 fm
for gold and R = 7.2 fm for lead, m , is the muon mass.

From (31) we have:

2 N, 2
Z |1‘4|2 =S+ +8, S= A [m ( t+e )5/’&1 2817811(517 - gq)zil s

2
Ay
m?ReNyN*
S, = —62 0 {m (65 +3)(ep + )Epkq + [(5 +7)(ep — £q) — depeq(epky — £4E)](Ep — 5‘1)}’
Sy = —ppImNo N} (e, + £)6p8, [pL X q1]-v. (32)

The quantity S is the even function of 5, it contributes to the symmetric term do(p,q,k,n) of the cross section (1). The quantity
S is the odd function of 7, it contributes to the antisymmetric term do,(p,q,k,n) of the cross section (1). The quantity S, is the
even function of 7, it contributes to the symmetric term do,(p,q,k,n) of the cross section (1) which vanishes after averaging over
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the helicity ., of the initial electron. Note that the contribution of S; to the cross section is responsible for the effect of asymmetry
with respect to the replacement ¢; — —¢;, where ¢; are the azimuth angles of the final particles in the frame where the z axis
is directed along p. Such asymmetry is absent in the cross section calculated in the leading quasiclassical approximation. We
emphasize that the contributions S; and S, are nonzero due to accounting for the next-to-leading quasiclassical terms.

The coefficients Ny and N; depend on the momenta p, ¢, and k via the momentum transfer A. Therefore, it is easy to find

from (2) and (32) the cross section do/dwd A | . A simple integration gives

do, _ awe,m* Nol2(0). do, _ awe,(ep + Sq)m4ReN0Nl"d>,
dodA,  (2m)’e, dwdA | (2r)’e,
1 V142 g2 + g2 A
@:n(§+ +¢%) é_2/1 441y, {:—l (33)
V1 +¢2 £pEq 2m

The function ® has the following asymptotic forms:

® 812)4-8;
Ep€y

V. CHARGE ASYMMETRY IN HIGH-ENERGY
BREMSSTRAHLUNG FROM ELECTRONS

As is known, the main contribution to the Coulomb cor-
rections to the symmetric part of the differential cross section
of bremsstrahlung is given by the region A ~ max(rs‘c},Amm)
[16,20], where Apin=p —q — o = mza)/ZEqs,,. However,
the main contribution to the charge asymmetry is given by
the region A > max(rs‘c},Amm). In this region we can neglect
the effect of screening, replace V (r) by the Coulomb potential
Ve(r) = —n/r, and neglect also A in comparison with A | . A
simple calculation gives for the coefficient Ny and N in (31):

(LAY T(1 — in)
om?A? T +in)
272 (LAY T(1)2 — i)

N =TT — (35)
wm*e,ea A T'(1/2 +1in)

where L ~ min(e,/m?, ry.,). Note that the factor (LA)*" is
irrelevant because it disappears in |M|?. Then we obtain for
the coefficients in Sy, S;, and S, (32):

8ty \° Reg(n)A
Nol? = , ReNyN: = —="|Ny|%,
[ Nol <wm2A2) eNoN; 1o e | Nol

rcq
I A
tmNoN; = TS g
4epe,
r'(l—inl1/2+in)
gm) =n / (36)

T +inl(1/2—in)’

Asitshould, in the region A ~ m there are no Coulomb correc-
tions to do(p,q.k,n) calculated in the leading quasiclassical
approximation. The Coulomb corrections to do,(p,q,k,n) (the
term S)) and do,(p,q.k,n) (the term S;) are accumulated in
the functions Reg(n) and Img(n), respectively. These functions
are shown in Fig. 1. At n < 1 we have Reg(n) ~ n and
Img(n) &~ —(41n2)n?. It is seen from Fig. 1 that the functions
Reg(n) and Img(n) differ significantly from their small-n
asymptotic forms already at very small 7.

2 &s 4+
5)8 ate <1, &=-L—21nQ2¢)—1

2 82
atz > 1. (34)

EpEq

(

At w < ¢, the ratio of the antisymmetric part of the cross
section to the symmetric one,

Si _ mAReg(n)

) 37
So 28,, ( )

increases with A /e, and can be more than ten percent. The
ration /Sy is small at w < g, because it is suppressed by
the factor (w/e ,,)2.

If |pi| > mand |q | > m, then

Si _ mReg(m) 0,

So 2A

S Tw(e, + &4)lmg(n)

— = Ax0,] v, 38
S =P a(agea (A7) (38)

where 0,, = p.1/p —q.1/q. Thus, the azimuth asymmetry
increases with w and may be important.

Let us discuss the cross section do/dwdA; at A >
max(r_!, Amin), Eq. (33):

scr?

dog, 8(X7]28q
dwdA | - na)spAi ’
do, _ mReg(n)(ep, +.)A  doy (39)
dodA| de e, dodA |’
—
7
7
0.8 //
Ve
e
06} e
= -7
oh 04} P
s
Ve
02r =
0.0t~ ‘ ‘ ‘ J
0.0 0.2 0.4 0.6 0.8 1.0
n

FIG. 1. The functions Reg(n) (solid curve) and —Img(n) (dashed
curve), Eq. (36).

032106-6



CHARGE ASYMMETRY IN THE DIFFERENTIAL CROSS ...

FIG. 2. Dependence of A = U(;ldaa/da)dAL on {=A,/
2m, Eq. (39), for a few values of =g¢g,/¢,; o0p=
an’Reg(n)/2m*we,A1): t = 0.25 (solid curve), 1 = 0.5 (dashed
curve), and t = 0.75 (dotted curve).

In Fig. 2 we show the dependence of A = o Ydo, /dwd A |
on { =A,/2m for a few values of t=¢,/¢,; 09 =
an’Reg(n)/(2m*we, A, ). This figure confirms our statement
that the main contribution to the antisymmetric part of the
cross section is given by the region A ~ m.

Performing integration over A, in (33), we obtain the
antisymmetric correction to the spectrum

d ; 3 2R 82 +82
doa _am’y eg(n) AL (ep +&4). (40)
dw 4ma)8§ Epéyq

This result coincides with the corresponding result of
Refs. [19,20].

In Fig. 3 we show the dependence of A| = al_ldoa /dwdk |
on ¢ =ki/m for a few values of t=¢,/¢,; 01 =
an’Reg(n)/(2m>we ). Here k, is the component of k per-
pendicular to the vector p, k; = —wp, /p. The result is
obtained by numerical integration of the differential cross
section do,(p,q.k,n) overdq, .

4

FIG. 3. Dependence of A; = al"da,l/da)dkL on¢; =k, /m,for
a few values of t = ¢,/¢,; o1 = an’Reg(n)/2mwe,): t = 0.25
(solid curve), t = 0.5 (dashed curve), and r = 0.75 (dotted curve).
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As is known (see, e.g., Ref. [5]), the cross section
dovrem(w,€p,k1)/dwdk | of bremsstrahlung (e, is the initial
electron energy) can be obtained from the cross section
dophoto(@,€p,p1)/depdpy of photoproduction (g, is the
positron energy) by the relation

2
doprem(w,€p,k1) _ Spdophoto(_wa —€p.P1)

- . @l
dodk | w?depdp | “h

where p, = pk,/w. The antisymmetric part of doppoto
(w,€p,p1)/de,dp) was obtained in Ref. [23]. Using Fig. 2 in
that paper and Eq. (41), we find that our result shown in Fig. 3
is in agreement with the corresponding result in Ref. [23].

VI. CHARGE ASYMMETRY IN HIGH-ENERGY
BREMSSTRAHLUNG FROM MUONS

The charge asymmetry in the differential cross section of
high-energy utu~ photoproduction in the electric field of
a heavy atom was investigated in detail in Ref. [24]. The
deviation of the nuclear electric field from the Coulomb field
at small distances due to the finite nuclear radius R (nuclear
size effect) is crucially important for the charge asymmetry.
Though the Coulomb corrections to the total cross section are
negligibly small, it was shown in Ref. [24] that the charge
asymmetry is not negligible for selected final states of u™
and p~. In this section we study the charge asymmetry in the
differential cross section of high-energy bremsstrahlung from
muons in the field of a heavy atom.

We write the Fourier transformation V(A?) of the potential
V(r)as

4 nF(A?)

Az
where F(A?) is the form factor, which differs essentially from
unity at A 2 1/R and Q < 1/rg,. Let us first discuss the
Coulomb corrections to the symmetric part of the cross section
calculated in the leading quasiclassical approximation. In this
case the cross section doy; depends on the parameters of the
field via the factor Ny (31). In the Born approximation

Ve(AY) = — (42)

20
wm?A?
2VE(A?Y)
==

Nop = fdr exp(—iA -r)A -V V(r)

(43)

wm
We define the Coulomb corrections N to the quantity |Np|?
as

No = [No|* — | Nog|*. (44)

The quantity N vanishes at r;} < A < R™! and has two
peaks: at A ~ r__l and at A ~ R~!. The contributions of these
peaks to the integral f A2Nod A | are [20]

128732
w m

JFOn) =Rey (1 +in) —y(D), (45)

where ¥ (x) = dInT'(x)/dx, the negative contribution corre-
sponds to the peak at A ~ r !, and the positive contribution
corresponds to the peak at A ~ R~!. These two contributions

)
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FIG. 4. Dependence of Gy = |Ny|>/|Noz|>* —1on B = A/A at
B > 1/(ryerA) and a few values of n; n = 0.34 (Ag, solid curve),
n = 0.6 (Pb, dashed curve), and n = 0.67 (U, dotted curve).

are the universal functions of 1 independent of the form of the
potential in the regions r ~ ry., and r ~ R, while the function
Ny is very sensitive to the form of the potential in these regions
[16,20]. Since m < R~! for electrons, only the region r ~ ry,
gives the Coulomb corrections to doy/dw [16],

2
ﬂz_ﬁlan f) <t2—zt+1>, tzg_‘i. (46)
dw m2w 3 €p
For muons m,, > R~!, so that the sum of the contributions
from both peaks, A 2 1/R and Q < 1/ry., gives the total
Coulomb corrections to doy /dw. As aresult, the total Coulomb
corrections vanish, see Eq. (45). However, the Coulomb
corrections to the differential cross section at A ~ R~! are
large. To illustrate this statement, we consider the form factor

F(A?) in the form

2

F(A?) = Y

(47)

where A ~ 60 MeV for heavy nuclei. This form is valid for
A > rL, where the factor Ny is given by

_ S [ _ Pk (2
N°‘wm2A2/o d‘”l(p)[l g (ﬂﬂ

X exp{—Zin[lng + Ky <%)i|}

8mn A
Nos = wm2A2(1 4+ B2)’ = A (48)
Here J,(x) is the Bessel function and K, (x) is the modified
Bessel function of the second kind. In Fig. 4 we show the
dependence of Gy = |Ng|*/|Nog|*> — 1on B = A/A forafew
values of 7.

Note that very narrow peak at A ~ rs’C} [68 ~ 1/(rser A) K
1] is not shown in this figure. The dependence of the peak on
the shape of the atomic potential at A ~ r_! was investigated
in detail in Ref. [20]. It is seen from Fig. 4 that the Coulomb
corrections to | Ny|? are significant in the region A /A ~ 1.

PHYSICAL REVIEW A 91, 032106 (2015)

FIG. 5. Dependence of G| = Z,;lReNONl*/|N0|2 on f=A/A
(52), for a few values of n; n = 0.34 (Ag, solid curve), n = 0.6 (Pb,
dashed curve), and n = 0.67 (U, dotted curve).

Let us consider the factor Ny (31). In the lowest in n
approximation it reads

A
Ny = T
wm?ep,e,
ds
j(A)=/W[VF(Q+)VF(Q—)

+ (A% —4s))VE(Q)VH(Q)],
O =(+A/27% s=s5-A/A, (49)

where V;(Q) =0dVr(Q)/0Q, see Ref. [24]. For the form
factor (47), the explicit form of J(A) is given in Ref. [24]:

2%’ A

J(A) = A FB), B= N
FB)=1+ 2 arcsin _Bs 4 arcsin P
4 N/ VB 1

~ 128
T(BP+HB*+ 1)

The exact in 1 factor Ny at A > r_! is given by

scr

(50)

22 n? o[
i / / dxdp F(Bx/p) Jo(p) Jo(x)
wm=g,e, A Jo Jo

xexp{—Zin[lng—i—Ko (%):H (1))

To demonstrate the influence of the nuclear size effect on the
ratios S1/Sp and S/So (32), we plot in Figs. 5 and 6 the
quantities G| and G,,

N =

_ ReNyN; _ mReg(nA
T ATS 4e e,
ImNoNY mrlmg(n)A
Gy= —21 oy, W2 52
SRS B ! A e, (52)

as a function of B = A/A. For a pure Coulomb field G| =
G, =1(36).

It is seen that the quantities G; and G, decrease rapidly
with increasing 8 at 8 < 1.
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1.2

FIG. 6. Dependence of G, = 2);11111N0N1*/|N0|2 on f=A/A
(52), for a few values of n; n = 0.34 (Ag, solid curve), n = 0.6 (Pb,
dashed curve), and n = 0.67 (U, dotted curve).

VII. CONCLUSION

We have investigated in detail the charge asymmetry in the
process of high-energy bremsstrahlung in the field of a heavy
atom. The charge asymmetry arises due to the account for the
first quasiclassical correction to the differential cross section
of the process. The results are exact in the parameters of the
atomic field and are valid even for n ~ 1, they take into account
the effect of screening and the nuclear size effect. The latter is

J

PHYSICAL REVIEW A 91, 032106 (2015)

important for high-energy bremsstrahlung from muons where
the charge asymmetry is very sensitive to the shape of the
nuclear form factor. It is shown that the Coulomb corrections
essentially modify the charge asymmetry as compared with
the leading in 7 result already for the relatively small 5. In
the experimental region of interest, where £, > p, > m and
g4 >> g1 > m but A S 1/R, the asymmetry can be as large
as a few tens of percent. For the longitudinal polarization of
the initial charged particle, due to the account for the first
quasiclassical correction, the differential cross section reveals
the asymmetry with respect to the replacement ¢ — —o,
where ¢ is the azimuth angle between the photon momentum k
and the momentum ¢ of the final charged particle in the frame
where the z axis is directed along p. Due to account for the first
quasiclassical correction, our results for the differential cross
section of high-energy bremsstrahlung have essentially higher
precision than the famous results in Ref. [16] and should be
taken into account in precision experiments and at data analysis
in detectors.
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APPENDIX

In this Appendix, following the method of Ref. [20], we derive the expression (30) for the quantity Agy,

Ay = /dr exp (—ik - r) fogo, (AD)

where the function fy(r,q) is given in (19) and go(r, p) = fo(r,— p). Other quantities in (30) are calculated in the same way. We
split the integration region into two, z > 0 and z < 0, and denote the corresponding contributions to Ag as Ag, and A,. For

z > 0, the function fj has a simple eikonal form

fo(r.q) = e 9" exp |:—i foo dxV(r + an)] , (A2)
0

so that

A&:[ Odr/%exp{iQ2—iAor—i/OOde[V(rx)—i-V(r—i—an)]}

i
1+ —
X|: 28p 0

) dx /x dy(x = y)V, V(ry)- VLV(ry)] ; (A3)
0

where ry =r — xn, + Q+/2r/p. Within our accuracy we can replace the quantity V(r 4+ xn,) in (A3) by V(r + xn, +
0./2r/p), shift p — p — Q/2r/p, and take the integral over Q. We obtain

[e.¢]
A(J)”O:/ drexp{—iziAi—iAm—if dx[V(r —xn,) + V(r+an)]}
>0 p 0

X [1 + t oodx /x dy(x =)V V(r —xnp) -V V(- ynp):| : (Ad)
0 0

2¢g,
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In the same way, we obtain
o= / dr exp {iiAi —iA-r— i/ dx[V(r —xn,) + V(r +an)]}
z<0 2‘] 0

. o0 X
X |:1 + é dx/ dy(x —y)V V(r +xng)-V_ V(r+ ynq)] . (A5)
q JO 0

There are two overlapping regions of the momentum transfer A:

maw mza)
IANKCS— ILA> Apin=7—

: A6
£p 2e,8, &9

In the first region, one can neglect the term proportional to A2L in the exponents in (A4) and (AS). Then the sum Agy = A(J{O + Ay
reads

o0
AO():/drexp{—iA-r—i/ dx[V(r —xnp)+ V(r —l—an)}
0

. o0 X
x[1+% dx/ dy(x — Y)WV V(r —xnp) - VoV — yn,p)
p JO 0

l' o0 X

+— dx/ dy(x —y)V_ V(r+xng)-V V(i + ynq):|. (A7)
284 0 0

In the prefactor we make the replacement n,,n, — v, and in the exponent we take into account the linear term of expansion in

n, — v and n, — v of the integral. Besides, in the arguments of the functions V (r + yv) and V (r — yv) we make the substitutions

z — z —yand z — 7+ y, respectively. After that we take the integral over y and obtain the contribution of the first region

0 w >
Ago = /dr exp[—iA -r —ix(p)]V_ V(r)- |:ZAL§ — m/() dxxV_ V(r —xv)],
x(p) = / V(z,p)dz, (A8)

where A, =v-Aandl,,=q./9—p./p.

Now we pass to the calculation of A in the second region (A6). In Eq. (A4) for A(J{O, we make the replacement n, — n,
and zAi/Zp — (ng - n)Af_/Zp. The polar angle of n is small, and we can integrate in (A4) over the region n, - n > 0. After
the integration over z, we obtain

l oo oo
A*:—/d exp[—iA) -p—i —i—i—/ d/ dxxV V(r)-V_ V(r —xn,)|. A9
0= ATn, 4 A/2p pexpl—iAy - p X(p)][ R 1V(r)-V.IV( ») (A9)
The calculation of A is performed quite similarly. As a result we have
1
—A-n;+A

Ay = T /dpexp[—iAl~p—ix(p)]|:—i +/ dz/ dxxVJ_V(r)~VJ_V(r—an)i|. (A10)
1/44 —00 0

Taking into account that

2 2 2 2

m’w m’w m m
., —A-n,+ A )2q = , = =,
2ep6.8, 1 /24 2ep84€) P mz—i—pi 1 m2+qi

A-n,+Al)2p=—
we obtain for Agy = Ay + Ay, in the second region
1 ; :
Ao = T[dp exp[—iAL-p —ix(p)]
mtw

x[%epsqspéq(m+ql>~m<p)+m2<epsp—eqsq) / dz / dxxVLV(r—xv)VLV(r)]. (A1)
—00 0

Now we can compare (A11) and (A8) and write the expression for Ay, which is valid in all region of A. We finally arrive at the
following result:

1 o0
Aw = —— f drexpl—iA -1 — ix(p)][ziepeqspsq(m +qu) +m¥epk, — by f dxxVoV(r — xv)] VLV
0
(A12)
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