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Two-band description of resonant superfluidity in atomic Fermi gases
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Fermionic superfluidity in atomic Fermi gases across a Feshbach resonance is normally described by the
atom-molecule theory, which treats the closed channel as a noninteracting point boson. In this work we present
a theoretical description of the resonant superfluidity in analogy to the two-band superconductors. We employ
the underlying two-channel scattering model of Feshbach resonance where the closed channel is treated as a
composite boson with binding energy &, and the resonance is triggered by the microscopic interchannel coupling
U),. The binding energy &, naturally serves as an energy scale of the system, which has been sent to infinity in
the atom-molecule theory. We show that the atom-molecule theory can be viewed as a leading-order low-energy
effective theory of the underlying fermionic theory in the limit ¢ — oo and U;, — 0, while keeping the
phenomenological atom-molecule coupling finite. The resulting two-band description of the superfluid state is in
analogy to the BCS theory of two-band superconductors. In the dilute limit &y — oo, the two-band description
recovers precisely the atom-molecule theory. The two-band theory provides a natural approach to study the
corrections because of a finite binding energy &, in realistic experimental systems. For broad and moderate
resonances, the correction is not important for current experimental densities. However, for extremely narrow
resonance, we find that the correction becomes significant. The finite binding energy correction could be important
for the stability of homogeneous polarized superfluid against phase separation in imbalanced Fermi gases across

a narrow Feshbach resonance.
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I. INTRODUCTION

It is widely accepted that a crossover from the BCS
superfluidity to the Bose-Einstein condensation (BEC) of
molecules can be realized in an attractive Fermi gas by
tuning the attraction from weak to strong [1]. This interesting
phenomenon has been experimentally observed in ultracold
Fermi gases of alkali-metal atoms [2] (such as 5Li and “°K). In
these experiments, the attractive strength is effectively tuned
by means of the Feshbach resonances (FRs). The basic mech-
anism of the FR is the coupling between different scattering
channels in alkali-metal atoms in a magnetic field [3,4].

The scattering channels of the alkali-metal atoms are
characterized by the eigenstates of the single-particle hyperfine
Hamiltonian in a magnetic field B. The main contribution to
the atom-atom interaction is the electrostatic central potential
which also induces the couplings among different scattering
channels. Because of these interchannel coupling, a FR
occurs when the bound-state level of a certain closed channel
coincides with the threshold of a certain open channel. A
schematic plot for this mechanism is shown in Fig. 1. In the
vicinity of an s-wave FR, the low-energy scattering amplitude
for the open channel is given by

1
fp)= m, (D

where the scattering phase shift can be well parametrized
as [3,4]

1 E —y(B — By)
avg E — y(B — By)) + yBa~

pcotd(p) = — (2)

Here E = p?/M is the scattering energy, with M being the
atom mass, By is the resonance point, B, is the resonance

width, y is the difference of the magnetic moments between
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the two-channels, and ay, is the background scattering length.
The units A~ = kg = 1 will be used throughout. The magnetic
detuning 6(B) = y (B — By) then tunes the effective scattering
length of the open channel. Near the FR, p cot§(p) can be
expanded as

peotd(p) x~ L + lreffpz +-- 3)
Aefr 2
with an effective scattering length
Ba
Aeft = abg<1 ~ 5 B()) 4
and a negative effective range
Teff = —#. %)
Mabg Y BA

For many-body systems with total density n, we normally
define a Fermi wave vector kg = (372n)!/? and corresponding
Fermi energy er = k2/(2M). So far, most of the experimental
studies focus on broad resonances, where kg|res| < 1. In
this case, the many-body physics near the FR is universal
and can be well described by a single-channel model. The
universal many-body physics can be obtained from Monte
Carlo simulations [5] by using any short-ranged potential
with the same scattering length a.i and negligible effective
range. Recently, resonantly interacting Fermi gas with a large
effective range has been experimentally realized by using the
narrow resonance of °Li at B ~ 543.3 G [6].

For general resonances, a popular effective model is the
atom-molecule model [7-10], which precisely reproduces the
low-energy scattering amplitude parametrized by (2). The
model Hamiltonian can be written as

H = H; + Hy + Hp, (6)
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FIG. 1. (Color online) A schematic plot for the mechanism of
FR. The red and blue solid lines show the potential energy (in proper
units) as a function of the distance (in proper units) for the closed and
open channels, respectively. The red and blue dashed lines show the
scattering thresholds for the closed and open channels, respectively.
The closed channel has a bound state with binding energy &¢. This
bound-state level can be tuned by changing the magnetic field. When
it coincides with the scattering threshold of the open channel, a FR
occurs.

where the atom part,

4 v?
Hy = Z fd3r1ﬂ} <—W>¢g+uofd3l‘l/f%/fiw¢iﬁ¢,

o=t
(N
the molecule part,
3 v?
Hb = /d rd)L(—m + 50>¢m7 (8)
and the atom-molecule coupling part,
w=m/%wwwﬁmWMD ©)

Here v/, denotes the open-channel fermions and ¢, denotes
the closed-channel molecules. The couplings go and u( and the
detuning Jy are bare quantities. They should be renormalized
by using the physical background scattering length ay,,
resonance width B, and detuning § = y(B — By). In this
model, the closed channel is treated as a point boson and the
FR is triggered by the atom-molecule coupling go.

Another idea to study the narrow resonance is to use a
well plus barrier potential [11] which can reproduce a large
and negative effective range. However, it is essentially a
single-channel model which lacks the information of the closed
channel. Actually, it has been shown that the closed channel
dominates in the narrow resonance limit [10]. In this paper,
we go back to the underlying two-channel Hamiltonian which
treats both the open and the closed channels as fermions [12].
We show that the (renormalized) atom-molecule coupling g is
related to the underlying inter-channel coupling U}, and the
closed-channel binding energy & through

Men)3/2
g=mwig%< (10)
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The binding energy &¢ of the closed-channel bound state,
which serves as a natural energy scale of the system, is
automatically sent to infinity in the atom-molecule model. We
show explicitly that the atom-molecule model can be viewed as
a low-energy effective theory of the underlying two-channel
theory in the limit &g — oo and U, — 0, while keeping g
finite. For many-body physics, the resonant Fermi gas can
be viewed as a two-band superfluid with a large band offset
&o. Therefore, the underlying two-channel Hamiltonian will be
referred to as a two-band model in this paper. In the dilute limit
er/go — 0, the prediction of the many-body physics becomes
essentially the same as the atom-molecule model. However,
in realistic experimental systems, the ratio eg/g( is small but
finite. For broad and moderate resonances, the correction due
to nonvanishing g/ & is not important. However, for extremely
narrow resonance, this correction becomes significant.

The paper is organized as follows. In Sec. II we briefly
review the atom-molecule model description of resonant
superfluidity. In Sec. III we calculate the low-energy scattering
amplitude in a two-band model and show that the atom-
molecule model can be viewed as a low-energy effective
theory. We formulate the resonant Fermi gas as a two-band
superfluid in Sec. IV and study its dilute limit in Sec. V. We
apply the two-band description to study the narrow resonance
of ®Li in Sec. VI. The paper is summarized in Sec. VII.

II. REVIEW: ATOM-MOLECULE THEORY

In this section, we briefly review the atom-molecule theory
of resonant superfluidity in atomic Fermi gases. We introduce
the renormalization of the atom-molecule model and its
description of the superfluid state [8—10].

A. Renormalization of the model

To renormalize the model, we first calculate the two-
body scattering amplitude f(p). The Lippmann-Schwinger
equation for two-fermion scattering can be expressed by using
an energy-dependent interaction vertex,

2

8o
V(E) = . 11
(E) =0+ 2 (1)
The resulting 7" matrix reads
V(E)
T'(E)= —F—F—7 (12)
1 — V(E)II(E)
where the two-particle bubble function I1(E) is given by
1
I[(E) = _ . 13
( ) Z E +ie — 28k ( )

k

The integral over k is divergent and we introduce a cutoff A.
Completing the integral we obtain

MA M -
(E)=——— + —+—M(E +ie). (14)
272 Ax
The scattering amplitude f(p) = —%T(E ) takes the form of
Eq. (1), where p cotd(p) reads
2A 4w ( g
0

—1
té = - — . 15
peotd(p) = ="~ — “+E_%> (15)
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Next we match the above result to the physical result (2).
The renormalizability of the model requires that the equality

g 1
E —8o(A)
1 E—-$§
- (16)
(lbg E — 8 + '}/B A
holds for an arbitrary value of the scattering energy E through
proper cutoff dependence of the bare couplings and the

detuning. Defining the renormalized couplings u = 4w ay, /M,
g = /¥ Bau, and detuning § = y (B — By), we obtain

u
uo(A) = m,
_ 8
go(A) = —1 — n(A)u’ 17
_ g n(A)
80(A)_8+—1 —n(A)u’

where n(A) = MA/(2m?). When the background scattering
length is neglected, i.e., u =0, only the detuning needs
renormalization. In this case, we have gy =g and §y =
8+ g’ n(A).

B. Superfluid state

The partition function of the many-body system can be
expressed as

z= / [y ldy 11dg, lddl1exp (=Spg).  (18)

where the action S reads

Sy.p = fdx D Y@@ — w, ()
o=t

) B
+ / dx B (O0: — 2 () + / dtH. (19)
0

Here x = (z,r), with 7 being the imaginary time, and 8 =
1/T,with T being the temperature of the system. Here we have
introduced the chemical potential i which is conjugate to the
total particle number. To decouple the four-fermion interaction
term, we introduce an auxiliary field ¢(x) = ugyry (x)yr4(x).
By performing the Hubbard-Stratonovich transformation, we
obtain

Z= / [dollde1de, dl,] exp (—Sur).  (20)

where the effective action reads

V2
Seff = /dx ¢>1Tn(x)(3r T 8o — 2M>¢m(x)

2
_ /dx M_/dx TrinG~'[g.¢n]. 1)

Uo

with the inverse fermion Green’s function given by

_ v
G = af w0 EI s 22
o' + goPm =0 — 537 —
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In the superfluid phase, the two boson fields ¢y, and ¢
generate nonzero expectation values. We define

Ap = go(Ppm(x)),  Ar = (@(x)). (23)
In the mean-field approximation, the grand potential at 7 = 0

is given by

8o — 2u A2
2 |Ab|2—u—‘+ & E. (24
0

kl<A

Q=

where & = ex — p and Ex = V&2 + |A]%, with A = A, +
A¢. The next step is to remove the cutoff dependence by using
the physical quantities u, g, and §.

To renormalize the grand potential, we note that Ay, and Ag
are cutoff dependent and therefore not physical quantities [8].
To show this, we use the stationary condition

02 8o —2 A
2 == 2 MAb - 55 =0
0A} 8 " 2FEx
(25)
Q) Ay A 0
A} w4 2Bk
to obtain
2
A
Ap=—50_ZF (26)
Z/L - 8() Uuop
Then we have
g5/ C2u — &)
Ay = .
uo + g5 /2u — 8)
27

uo+ g5 /Q2u —80)

Therefore, A, and Ay are cutoff dependent. To renormalize the
grand potential, we should regard them as dependent quantities
and express the grand potential in terms of the finite quantity
A. Finally, we obtain

AP
Qu(A) = -

+ - Ey). (28
Py T Y MZM(&.( W (28)

Using the fact that

1 1
= — —n(A), (29)
uo+ 8/ (Qu —80)  uerr 7

we obtain a cutoff-independent expression,

Al? A?
Q(a) = -2 +Z(5k—Ek+u), (30)
k

Ueff 2ek
where
2
= . 31
Ueff = U + 20— (€1}
The gap equation can be derived from 9€y/9A = 0. We
have
| ( 1 1 ) (32)
Ueff X 28k 2Ek ’
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Meanwhile, the total density n is obtained through n =
—0Qy/du. We obtain

n=2<1—2—‘;>+nm, (33)

k

where the contribution from the closed channel is given by

2 2
iy = 210 (1— - ) . (34)

g Uetf
From the above coupled equations, we can solve the pairing
gap A, the chemical potential u, and the closed-channel
fraction n,/n at given detuning §. For sufficiently large
coupling g, the result reproduces the universality predicted
by the single-channel model. For finite temperature properties
and beyond-mean-field treatment, we refer to Refs. [8—10].

III. A TWO-BAND MODEL FOR FESHBACH RESONANCE

The precise prediction of the FRs relies on solving the
microscopic multichannel scattering problem with known
microscopic interaction potentials. However, the scattering
problem near a specific FR can be attributed to an effective two-
channel problem. Let us consider a two-channel Hamiltonian
H = Hy + Hy, [12], where

4 v?
Ho = Z Z /dSI‘WIlw(r)<—m +8na)1ﬁm(1’)~ (35)

n=1,2o0=1,]

Here n = 1 and n = 2 correspond to the open channel and the
closed channel, respectively. The interaction part is

Hp= ) / d’r f r' ol (1) V(I — ', (r),  (36)

m,n=1,2

where we use the notation

@n(r) = Y} (X) Yy (1). (37

In this second quantization form, the thresholds ej, = &4y +
eny are put into the free part Hy. Therefore, the interaction
potential V(|r — r'|) — 0O for |r — r'| — oo. It includes both
intra- and interchannel interactions.

The threshold energies &,, can be further simplified.
Without loss of generality, we set

gy = €1 = 0, &y = &2 = %Eth- (38)

For a many-body system, the difference between &,4 and &,
can be absorbed into the definition of the chemical potentials.

A. Low-energy scattering amplitude

The effective range r( of the microscopic potential V(|r —
r'|) introduces an energy scale

1

= —. 39
Mrg (39

&r
At low scattering energy E < ¢, the shape of the microscopic
interaction potential V(|r — r’|) is not important. It can be
safely replaced with a contact one V§(r — r’). For many-body
physics, this means that all kinds of short-ranged potential
V(Ir — r'|) lead to the same predictions in the dilute limit
kero — 0 [12]. By making use of the contact potential, the
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Lippmann-Schwinger equation of the scattering 7 matrix
becomes an algebra equation,

<T11(E) le(E))_]_<V11 v12>‘1
T, (E) Tn(E) S \Vay Wy
B\(E) 0
_< 0 &(E))’ 0

where the two-particle bubble functions are given by

1

Bu(E) = . 41
n(E) ;E—l—ie—s&—Zsk “1)

Here € = 0" and g = k2 /(2M). Note that we have set
stlh =0 and stzh = gy (B) without loss of generality. The cost
of the contact interaction is that the integral over the fermion
momentum k becomes divergent. We introduce a cutoff A for
|k| and obtain

MA
Bi(E) = 2t L (E), (42)

where

M
I(E) = H\/—M(E +ie),

(43)

M -
[L(E) = E\/—M(E +ie — eg).

The divergence can be removed by using the renormalized
coupling matrix U. It is related to the bare coupling matrix V
by [12]

<U11 U12>_1 _ (Vu V12>_l n (77(/\) 0 ) "
Ux Up Var Voo 0 nA)

Without loss of generality, we set Uj, = Up; > 0. Then the
Lippmann-Schwinger equation becomes cutoff independent,

(Tn(E) le(E))1 _ <U11 U12>1
Tw(E) Tn(E)) — \Un Uxn
B <H1(E) 0 ) 45)
0 [L(E)

Next we relate the elements of U to physical observables.
In general, both the coupling U and the threshold energy ey,
depend on the magnetic field B. However, near the FR we
may safely neglect the B dependence of the coupling U. The
threshold energy ey, can be well parametrized as

em(B) = & + 8(B), (46)

where ¢ is the binding energy of the closed-channel molecule
and §(B) = y(B — By) is the magnetic detuning. The binding
energy &y serves as another energy scale of the system. For
an atomic system, we normally have the hierarchy ¢y < &;.
For the problem of FR, low-energy scattering means that
the scattering energy E < g9. This is actually the simplest
model for FR in atomic systems. If we know the explicit B
dependence of the microscopic interaction potential V(jr —
r’|) and the threshold energy &y,, we can have better description
of the B dependence [12].
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Solving the Lippmann-Schwinger equation, we obtain the 7 matrix for the open channel,

T, (E) = [Un +

1
—— =11(0) =

U

U122H2(E)
1 — UpnIly(E)
A FR occurring at B = By requires that 77;(E = 0) diverges at B = By. Since I1;(0) =

—1
] — M(E). A7)

0, we obtain

%\/Mso. (48)

This equation clearly shows that the bound-state level of the closed channel coincides with the threshold of the open channel

when FR occurs. The scattering amplitude for the open channel is defined as f(p) =

E = p*/M < &, TIo(E) is real and T, (E) =

—%Tn(E). At low scattering energy

—%ip. Therefore, f(p) takes the form of Eq. (1), where p cot(p) is given by

47 Mgy — /M(gg+ 68— E)

pcotd(p) =

(49)

At low scattering energy E < gp and near the FR (§ < &), it
can be well approximated as

V% E—-$§
pcotd(p) ~ T, e . 50)
Un E—5+ Unllfzzﬂ

Thus, the coupling constants are related to the physical
observables through the following relations:

47 ap,g _471 1
M TP T M JMe,

2U3,
€0
UnUx»
(51

Uy = yBa =

In terms of U}, and ¢y, the effective range r.¢ can be explicitly
expressed as

1672

S — 52
M2UL(Megg)3/? (52)

Teff = —

which indicates that the effective range is always negative.
From Fig. 1, we find that the binding energy &y equals the
Zeeman energy splitting Ez at the resonance B = By [12];
ie.,

g0 = Ez(B = By). (53)

B. Atom-molecule model as a low-energy effective theory

The phenomenological coupling g in the atom-molecule
model is related to physical observables as g = /y Bau.
From Eq. (51) we can identify u = Uj,. Therefore, g can be
expressed in terms of &y and U, as

MegP e
g = Uy P (54)
|
Sf = /dx

| o=1.1

Voo

r 2
Sy, = /dx ——qum(x)F — Trln —o ZV_M T 3
Dl (x)

- MUy, VMey — /M(gg +6 —E) + U”UZZ«/M(SO Ty 5

(

This expressions shows explicitly how the phenomenological
coupling g is related to the microscopic parameters. In the
following we show that the atom-molecule model can be
viewed as a low-energy effective theory in the limit &g — oo
while keeping the phenomenological coupling g finite (hence,
Uiy — 0). In this limit, we have U, ~ O(g;”""), Un ~
0(g; "), and U;; ~ O(1), which leads to U2 < |UyUn|.
Therefore, the relations between U and V can be well
approximated as

v\~ Uz !
Vii——22) =(U,--2) —n
( 1 V22> < T n(A)

Vi~ v\
Vo — ﬁ) = <U22 - J) —n(A)  (55)
( Vi Un

! (1+ Uia ) (A)
Uy Ui U M

12

Vi (V V122)1 _ Ui . Un
| Vit — =~ = = :
Vo Vo UnUn—U  UnUxn
Comparing with the atom-molecule model, we identify
V2
u="Up, = Vi — 2. (56)
Vo

To arrive at the atom-molecule model, we introduce an
auxiliary field ®(x) = Varvha) (x)¥24(x) and integrate out
the closed-channel fermions. Then the effective action can be
expressed as S = St + Sp + Spr, Where

3wl (x)(a - u)w () + ( - —)wx)m(x)m(xm(m ,

(x) )} | 7
_at 2M + Slh

V '
Sor = / dxv—zmm(x)wi(x)wj(x) + LY ()Y ()],
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Here we have introduced the chemical potential © and used
Y, = V1, to denote the open-channel fermions. Using the
fact Vi — V122/ Vas = ug we find that the fermion part St
corresponds precisely to the atom part Hy of the atom-molecule
model.

Next we consider the molecule part S, and the atom-
molecule coupling part Spe. The inverse propagator for the
boson field ®(x) is given by

528y [ Dl D]

Dil(x,x’) =5
PR (x)6Pm(x")

m

(58)

In the momentum space, it can be explicitly evaluated as

1 1
Dl (w.q)=——+
m (@@ Zw+ze+2u

sq — & — 28k
(59

Atlow energy, i.e., w,6q K &o, it can be expanded in terms of
w and gq. We have

2
D, w,q) = do + dy <a) _ 4‘1—M> (60)

where

M 1 MA
do = —vM(en —21) — (— + —),
Voo

47 22
(61)
M2

T 87/ M(en — 20)

It becomes evident in the following that the low-energy
expansion (59) corresponds to the leading-order expansion
in 1/4/Megy. For large ¢y, we have §,u < 9. Therefore, d
and d; can be well approximated as

d

M2
di~a= Py~ e (62)
and
d() ~ ﬂ\/M(é‘th -2 )— L
4 Uzz
U Viy
a UnU} V22(V11V22 - V12)

M
= WMo +8 =2 — VM)
(L) (ey
Voo ) ug Uy /) u
1 (Vi\> 1 (Un)®
~als—2ur —(22) - —(22) . (63
Ol|: M+au0<V22> Olu(Uzz)i| ( )

Then we define a normalized molecule field,

Pm(x) = Vo Pn(x), (64)
which corresponds to the molecule field used in
the atom-molecule model. The effective actions

PHYSICAL REVIEW A 91, 023622 (2015)

become

2
Sb:fdxqﬁ(x)[a —V——zu

4M
1 (V> 1 (Un
S+ ——) - 65
* +0!M0<V22) Ol”<U2 > }b 0.6
1
Sbf ~ dXﬁV ¢ (X)WT(X)K//'¢(X)+H0]
Using the relations between U and V in Eq. (54) we obtain
1 V12 1 U12 8
—_—— = U= ——= (66)
Vo Vo Ja UnUxn T - n(Au 80
and
1 (Vi 1 [(Un)’
o2 4(%)
aug \ Voo au \ Up
2 2 2
A
sy S8 g, 8N o e
ug u 1 —n(A)u

Here we have used the definition of the atom-molecule
coupling,

202 [(Meg)3/2
g =yBau =25 =Up = (69
U 21

Therefore, we have shown that the atom-molecule model
is a low-energy effective theory of the two-band model in
the limit &y — oo (and hence Uj; — 0), while keeping the
phenomenological atom-molecule coupling g finite. In the
atom-molecule model, the energy scale g is hidden and is
automatically sent to infinity.

We can also work out the next-to-leading-order low-energy
expansion of the molecule part Sp. It is quartic in ¢, and
corresponds to the two-body interaction of the closed-channel
bound states. We have

o _ LAan [y 6 ol (69)

where ap, >~ 2/+/Mey is the scattering length of the closed-
channel molecules. In the limit &g — o0, this contribution
can be safely neglected. However, for realistic systems, & is
large but finite, this term may be important for the stability of
polarized superfluidity [13].

IV. RESONANT FERMI GAS AS A
TWO-BAND SUPERFLUID

Starting from the two-channel Hamiltonian (35) and (36),
we naturally have a two-band description of the superfluid
state which is analogous to the BCS theory of two-band
superconductors [14,15]. The molecule binding energy &g
appears explicitly in this theory as the band offset. In the dilute
limit ep/e9 — 0, we expect that the two-band description
recovers the atom-molecule model description.
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A. Superfluid phase

Following the standard field theoretical treatment, we
introduce the auxiliary pairing fields

Dy(x) Vit Vi2\ [e1(x)
D(x) = = ,

Do(x) Var - Va2 ) \@a(x)
where x = (t,r), with t being the imaginary time, apply the
Hubbard-Stratonovich transformation, and integrate out the

fermion fields. The partition function of the system can be
expressed as

(70)

z= f [P [dD] exp (— ). 1)

The effective action S. reads

Seit = —/dx IV d(x) = D TrinG, ' [@y(x)],

n=1,2

(72)

where the inverse fermion Green’s functions are given by

G,' = (_

Here we have defined pu; = u and w,
being the fermion chemical potential.

In the superfluid phase, the pairing fields have nonzero
expectation values. We write

B + 2+ i Dy (x) /
. v~ S(x — x').
P} (x) —3 — 357 — In

(73)

=u —em/2, with u

P (x) = An + ¢n(x), (74)

where the constants A; and A; serve as the order parameters
of superfluidity. Note that both ®; and &, are superpositions
of the pair potentials ¢; and ¢,. The order parameters A,
and A, are both finite quantities, in contrast to the atom-
molecule model. The effective action can be expanded in terms
of the fluctuations ¢,(x). In the following, we evaluate the
effective action up to the Gaussian fluctuations, i.e., Ser =~
So + Sg. First, we consider the mean-field part Sy. It can be
evaluated as Sy) = BV, where the grand potential € is

J
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given by
2
Q= -AlU~ A+ZZ(Enk = |>
=12 k €k
—27 Z Z In(1 4 e Bw/Ty, (75)
n=12 k
Here A = (A1,A»)T and the dispersions are defined as &, =

ex — My and Egx = +/(&k)* + | Aq]?. Note that we have used
the renormalized coupling U. The grand potential €2 here
is free from the cutoff A for arbitrary values of A; and A,.
Therefore, A; and A, are two independent physical quantities
in the present two-band theory.

The contribution from Gaussian fluctuations is given by

1
=3 D¢/ -OM(©Q)$(0). (76)
Q

where QO = (iw,,q), with w, =2vr/T (v integer) and
P (- Q) = (#}(Q).91(— Q). $5(Q).h2(— Q). The inverse bo-

son propagator M(Q) is a 4 x 4 matrix and can be expressed
as

M(Q)=-U""® L +H(Q).

where I, is a 2 x 2 identity matrix. The matrix H(Q) can be
expressed as

(77)

H(Q) = diag(H\(Q), H2(Q)).

The two blocks H,(Q) are 2 x 2 matrices. Their elements
satisfies H!'(Q) = H*(—Q) and H'*(Q) = H?'(Q). Using
the fermion propagator G,(K ), we have

(78)

H'(Q) =) GHK)G (K + Q).
‘ (79)
H*(0) =) G K)G' (K + 0),
K
where G,(K) can be obtained from
-1 _ ia)m - Enk An
o= ( N - snk) - @Y

Here K = (iw,,k), with w,, = (2m + 1)n/T (m integer).
Their explicit forms are given by

U§+ Uri )
iwy + Ens + En_

Hi (@)=Y [(1 for = ( il
Q) = -
n - n+ — Jn— — En+ En—
1 Upy U
+ 25k + (fn+ - fn—)(iwv T En+ — En,

Eni + En_

le(Q>=Zﬂ[<1—f ~ f)
n - 2En+En7 n+ n—

The notations in the above expressions are defined as E,+ =
Enkeqp, 2, = %(1 + &0t/ Ens), V2, = %(1 —&y+/Ept), and
for = f(Eqns), with f(E) = 1/(ef/T 4 1) being the Fermi-
Dirac distribution. The contribution of the Gaussian fluctua-

(Ent + En-)? — (iwy)?

2 .2
un+Un— , (81)
iw, — Eny + Ey_
R e sy
T Eny = En? = (00?2 ]
[
tions to the grand potential can be formally expressed as
1
Q= 8 XQ:In det M(Q). (82)
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The order parameters A, and the chemical potential u
should be determined by the stationary condition or the
gap equation 9€2p/dA, = 0 together with the constraint for
the total density n = —9£2;/0, where ; = Qg + g is the
grand potential including Gaussian fluctuations [16]. The gap
equation can be expressed as

(U11 U12>_ _(Fl(Al) 0 ) <A1 )_0
Uy Uxp 0 F>(Aj) AV '

(83)
where F, is given by

_ 2f(Eg)—1 1
Fu(Ay) = Xk: [W + 2—8'(] (34)

1

We conclude that A; and A, vanish at the same critical
temperature, in analogy to the BCS theory of two-band
superconductors [14]. Meanwhile, the number equation is
given by

n=ni+ny+ng, (85)
where n, = —0€,/0u is the fluctuation contribution and
Enk
ny=y {1 =2 (B i (86)
k

Note that the gap equation can also be expressed as

UL Fa(Ay) ]‘1

T8 | pAy,
1 — UnF(As) 1Ay

|:U 1+
87
Aa Uz
A Uy —Fz(Az)detU.
The first equation shows explicitly the resonance effect on
the open channel. As we show below, these equations become
essentially the same as the atom-molecule model in the dilute
limit eg/eg — 0.

B. Superfluid transition temperature

The superfluid order parameters A; and A, vanish simul-
taneously at some critical temperature 7,. At a given chemical
potential u, the critical temperature is determined by

Uy Up\ ' Fi(0) 0 _
det[(Un U22> _< 0 Fz(O)ﬂ_O' ®%

After some manipulations, we obtain

[ U2, F>(0)
Ui+ —————
1 — UpnF(0)

To express 7T, in terms of the density n or ep, we
need to solve the chemical potential u through the number
equation n = ny + ny + ng. The mean-field contributions can
be simplified as

—1
} = F1(0). (39)

=2 flex— ). (90)
k

We have n, >~ 0 for T, < &o. The fluctuation contribution n
is given by n, = —93£2,/9 . For vanishing order parameters,

PHYSICAL REVIEW A 91, 023622 (2015)

the effective action Sy can be simplified as

Sy =) ¢I(—Or(0)p(0). 1)
0

Here ¢'(— Q) = (¢7(Q),¢5(Q)) and the inverse boson propa-
gator I'~!(Q) becomes a 2 x 2 matrix,

_ Uir Up - x1(Q) 0 >
r-'Q=- , (92
© <U21 Uzz) ( 0 x2(Q) ©2)

where the pairing susceptibilities x,(Q) reads

— fGuk+q/2) — (k- q/2) 1
n = . 93
Xn(Q) ;[ Y 28‘(} 93)

We note that the superfluid transition temperature is also
given by det I'~1(0,0) = 0, which is the generalized Thouless
criterion for two-band systems. Finally, the contribution 2,
can be expressed as

1
Z/ — opo — 1@ @)+ &(w.ql 94)

where §,(w,q) = —Im ln[Fn’l(a) + i€,q)], with the two vertex

functions given by

Ubx2(Q)

_1
= Uszz(Q):| +x1(Q),

95)

I iwy.q) = —[Uu +

Uh\™'
Iy iw,q) = —<U22 - i) + x2(0).

Un
The first contribution corresponds to the usual Nozieres—
Schmitt-Rink (NSR) approach with an energy-dependent scat-
tering length [17]. The second contribution can be attributed
to the presence of the closed channel. Actually, for g9 — oo,
we have

Uhxo(Q) g
1= UnxAQ)  iw, — & +2u—5

5 (96)

q
Iy (iw,.q) ~ —05<lwu Ty +2u -5+ VBA>
We expect that the term yBp in I’y YGwy,q) controls
the closed-channel contribution. For broad resonance with
y BA > ¢, this contribution can be safely neglected and we
recover the single-channel description.

V. DILUTE LIMIT: &y — oo

In this section, we study the dilute limit of the two-band the-
ory. The dilute limit means &p/er — 00. The closed-channel
binding energy & is equal to the Zeeman energy splitting at
the resonance B = By [12]. Considering the resonance occurs
at high magnetic field, we estimate gy ~ y By. For the Li
atom, its broad resonance and the narrow resonance occur at
B =834.1 G and B = 543.25 G, respectively. The typical
density of atoms realized in current experiments is 10'3-10'4
cm 3. Therefore, we estimate that the ratio &y/ep is of order
103 in current experimental systems, which satisfies well the
dilute condition e < &g.
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For the sake of simplicity, we focus on the zero-temperature
case and employ the mean-field theory. We show that in the
mean-field approximation, the predictions from the two-band
theory become essentially the same as the atom-molecule
model in the dilute limit. The coupled gap equations for the
pairing gaps A; and A, can be expressed as

1

—— = Fi(Ay),
Un+Cay 1A
(97)
A C(A) 1
A1 U +C(A) UnF(Ay)
where C(A») is defined as
U2 Fy (A
C(Ay) = —f2(82) (98)

1 —UnpF(Ar)

The quantity C shows explicitly the resonance effect on
the open channel. Note that A; and A, are both complex
quantities. Without loss of generality, we set A; to be real and
positive. From the second equation we find that A, is also real.

In the dilute limit e < €9, we expect that |§],| | < &9 near
the FR. Meanwhile, we also assume that |A;| < &y. While
this is not evident at present, we prove it self-consistently.
Therefore, for &g — o0, the function F>(A,) asymptotically
behaves as

M
F(Ay) = E\/M(So +8—2w[l+ 0@™], (99

0.8

—1 0 1

10 10
9/9c
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where o = |A,|/g9. Then we obtain

MUY M(gy + 8 — 2u1)

lim C(A;) = lim
£0—> 00

eo—>oo 4w | _ ¥Meots-2))
«/MSU
2
8
= = Cqo, 100
20— 0 (100)

where the atom-molecule coupling g is given by

[(Meg)3
lim U12 &
Ujy—0&—00 2

g = lim (101)
Thus, the first gap equation becomes essentially the same as
the gap equation of the atom-molecule model.

For the second equation, in the dilute limit we have

Az Coo 2\/ 2

R Meg) 1+ 0],
A Uit Cs gM( o)l ()]

(102)

For &g — oo, we have A, — oo but A/gy — 0. Using this
result, we can simplify the number equation. In the mean-field
theory, the number equation is given by n = n| 4 n,, where
ny and n, are the contributions from the open channel and
closed channel, respectively. Since A,/gy — 0 for g9 — o0,
we can expand the closed-channel contribution n, in powers of
|A3z]/| 12 |. Therefore, the number density of the closed channel
asymptotically behaves as

_ A @M 2]

= 1+ 0@?)].
nyp 3 |/,L2|2 22 [1+ O(a?)]

(103)

v @ & 9 B SN

-1 0 1

10 10 10
9/9;

FIG. 2. The dependence of the pairing gaps A; (a) and A, (b), the chemical potential u (c), and the closed-channel fraction n,/n (d) on the
coupling g (scaled by gr = /27kg/M) at the resonance (§ = 0). The coupling g is determined by g = Uo(Mgg)¥*/+/27, with g9 = 10%¢g.

The background scattering length is set to be kpap, = 0.1.
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Using the relation (102), we obtain

. 2|A1|2(
lim n, =

£0—> 00 g2

C 2
Uy +Coo) )

This is the same as the closed-channel contribution n,, in
the atom-molecule model. Therefore, in the dilute limit, the
pairing gap A, can be eliminated and the predictions become
the same as the atom-molecule model.

For the grand potential €2), by using the asymptotical
behavior

|A]? M|As|?
Z Sk — Ex + =~ VMo +8§—2u)

2¢e
. K

(104)

x [1+ 0@@?)] (105)

and the relation (102), we can show that it recovers the result
(30) of the atom-molecule model.

In realistic experimental systems, the ratio &y/¢ep is large
but finite. We expect that the predictions from the two-band
theory agree with the atom-molecule model in addition to a tiny
correction, which should be of order O(er/¢p). In Fig. 2 we
show the evolution of the pairing gaps, the chemical potential,
and the closed-channel fraction with the interchannel coupling
U, at the resonance for gy = 103ep and krapg = 0.1. In the
plots, we have also used the atom-molecule coupling g, which
is determined by g = U;»(Mey)*/*/~/27 and scaled by gp =
2mkp/M. The effective range parameter kgreg is related to

0.2
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0.05¢
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y
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the coupling as

2
kerefr = —4<gﬁ> . (106)
F

For sufficiently large coupling Uj, or g, where |kpress| < 1,
the system enters the universal regime. In this regime we have
n, — 0 and hence the open channel dominates. The open-
channel pairing gap A and the chemical potential jx agree with
the universal values A; = 0.6864¢g and u = 0.5906&g from
the single-channel model. From the numerical results shown
in Fig. 2, we find that the crossover from the broad to narrow
resonances occurs at |kgregr| ~ 1. We have also compared the
results with the predictions from the atom-molecule model
with the same coupling g. For &y = 10%e, we find that the two-
band predictions already agree well with the predictions from
the atom-molecule model. For broad and moderate resonances,
the corrections to the pairing gap A and the chemical potential
 are tiny. Our results agree with a recent multichannel
approach to the pairing in atomic Fermi gases where the open
and closed channels have one hyperfine state in common [18].
On the other hand, we find from our numerical analysis that
the correction to the (dimensionless) chemical potential 1 /¢ep
is generally of order O(ep/eo) for er/ey ~ 1073. We notice
that u/ep — 0 in the narrow resonance limit. Therefore, for
extremely narrow resonance, this tiny correction may become
significant because the chemical potential itself is also tiny.
We focus on the extremely narrow resonance in the next

100 1
.

Az/sF

2 (b)

11 12 13 14 15

oo

5 06 07 08 09 1
y
6.3

m\

6.2f

6.1
6os-  (d)

6 L L L L L L L L L
05 06 07 08 09 1 11 12 13 14 15
y

FIG. 3. The dependence of the pairing gaps A; (a) and A, (b), the chemical potential u (c), and the open-channel fraction n;/n (d) on
the parameter y = ¢¢/(y By) (d) at the resonance. In the calculations we set the density parameter x = ¢g/(y Bao) = 1, which corresponds
to g/gr = 0.25 or kpres = —63. The dashed lines are the predictions from atom-molecule theory, which coincides with the dilute limit

(80/er — 00) of the two-band theory.
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section. On the other hand, at high density where er ~ &,
medium effects on the closed channel become significant and
the atom-molecule model becomes invalid. Unfortunately, this
high-density regime is not accessible in current experiments
of atomic Fermi gases.

VI. EXTREMELY NARROW RESONANCE

As we mentioned above, the tiny correction due to nonva-
nishing er/e9 may become remarkable for extremely narrow
resonance with g/gr < 1 or |kpregr| > 1, because the chem-
ical potential p/ep itself becomes comparable with this tiny
correction. An intuitive picture is that, for extremely narrow
resonance, the closed-channel dominates and the system can
be regarded as a BEC of the closed-channel molecules. In
the atom-molecule model, the closed-channel molecules are
treated as noninteracting point bosons. However, in the present
two-band theory, the closed-channel molecules are treated as
composite bosons and theirs interactions are automatically
taken into account. The leading correction is the two-body
boson-boson interaction with a scattering length ay,, as we
have shown in Eq. (69). The interaction parameter kpa,, reads

ke _, |2eF
Me, 2]

kpam = (107)

For realistic value er /gy ~ 1073, the above interaction param-
eter is generally of order 0.1. Therefore, for extremely narrow
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resonance, the boson-boson interaction can lead to remarkable
correction to the chemical potential and the equations of state.

In the final part of this work, we apply the two-band theory
to study the narrow resonance of °Li atoms at By = 543.25
G. The resonance width and the background scattering length
have been measured to be By = 0.1 G and apg = 61.6ag [6].
For convenience, we define two parameters,

B
a=—, b:y A,
Ebg

(108)

where gy, = 1 /(Magg) is the energy associated with the
background scattering length. We also define the following
two variables:

EF €0
y=—
Y Bo

X By (109)
For the typical densities realized in recent experiments [6], we
have er ~ y Ba and, hence, x ~ 1. The binding energy ¢ is a
parameter in the two-band model and so far cannot be extracted
precisely. However, it is reasonable to estimate &y ~ y By and,
hence, y ~ 1. From the above parameters we obtain

&
kedvg = V2bx, = = %
F

(110)
Un <a3bx2)l/4 g <2b>1/4
Us 3 " ogr \ x ’
L
6, 4
[T
w
\N 47
2 b
0 I I I I I I I I I
05 06 07 0.8 09 1 1112 13 14 15
y
5
4.8f
4.6K
44f 7T e
4.2f (d)
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y

FIG. 4. The dependence of the pairing gaps A; (a) and A, (b), the chemical potential u (c), and the open-channel fraction n;/n (d) on
the parameter y = ¢¢/(y Bp) (d) at the resonance. In the calculations we set the density parameter x = eg/(y Ba) = 2.5, which corresponds
to g/gr = 0.2 or kgregr = —100. The dashed lines are the predictions from atom-molecule theory, which coincides with the dilute limit

(e0/er — 00) of the two-band theory.
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o —

(a) x=1

85 06 07 08 09 1 11 12 13 14 15
y

ool  (b)x=2.5

8.5 06 07 08 09 1 11 12 13 14 15
y
FIG. 5. The dependence of the energy of the resonant superfluid
on the parameter y = &y/(y By) for x = 1 (a) and x = 2.5 (b). The
energy is scaled by the energy of the noninteracting two-component
Fermi gas, Erg = %N er. The dashed lines are predictions from atom-
molecule theory, corresponding to the dilute limit /e — o0.

where Up = 47w /(Mkg). From the measurements we have
b =2 x 1073, which means that this resonance is extremely
narrow. In the following, we consider two typical densities,
x =1 and x = 2.5, which correspond to two effective range
parameters kpres = —63 and kpress = —100, respectively.

In Figs. 3 and 4, we show the dependence of the pairing
gaps, the chemical potential, and the open-channel fraction on
the parameter y in the range 0.5 < y < 1.5 at the resonance
(6 = 0) for two typical densities x = 1 and x = 2.5. At both
densities, the finite-g( corrections to the open-channel pairing
gap A and the open-channel fraction n; /n are relatively small.
However, the correction to the chemical potential ;& becomes
significant since the chemical potential itself is already very
small for such an extremely narrow resonance. In Fig. 5 we
also show the energy of the resonant superfluid at two typical
densities x = 1 and x = 2.5. For reasonable values of the
closed-channel binding energy, i.e., 0.5 <y < 1.5, we find
that the chemical potential and the energy predicted from the
two-band theory deviate significantly from those of the atom-
molecule model predictions. For smaller y, we find that the
deviation is larger. This can be understood by the fact that the
boson-boson interaction parameter kran, becomes larger for
smaller y. The atom-molecule model predictions correspond

PHYSICAL REVIEW A 91, 023622 (2015)

to the limit y — oo of the two-band theory, which indicates
vanishing boson-boson interaction kgray, — 0. However, for
extremely narrow resonance, the convergence to the atom-
molecule theory is very slow. From a numerical analysis, we
find that the two-band theory predictions converge to the results
from the atom-molecule theory at y ~ 10%.

VII. SUMMARY AND OUTLOOK

In summary, we have shown that a simple two-band theory
can describe the resonant superfluidity in atomic Fermi gases.
The atom-molecule model can be viewed as a low-energy
effective theory of the two-band model in the limit &g — oo
and Uy, — 0, while keeping the phenomenological atom-
molecule coupling g finite. Explicitly, the atom-molecule
coupling g is related to the microscopic parameters as g =
Upn(Meo)*/ V27. The two-band description of resonant
superfluidity is in analogy to the BCS theory of two-band
superconductors. The closed-channel binding energy &y pro-
vides a large band offset, which is automatically sent to infinity
in the atom-molecule model. In the dilute limit eg/ey — 0, we
find that the two-band theory reproduces precisely the atom-
molecule theory. Since the physical results do not depend on
the details of the microscopic interaction potential V(|r — r'|),
the simple two-band model could be a feasible model for future
Monte Carlo simulation of atomic Fermi gases across narrow
FRs.

In realistic experimental systems, the ratio eg/gg is small
but finite. The correction due to this small ratio physically
corresponds to the effect of boson-boson interaction in the
closed channel. For broad and moderate resonances, such
correction is relatively small and thus not important. However,
for extremely narrow resonance such as the resonance of
SLi at B = 543.25 G, the correction becomes significant.
The correction may also be important for the stability of
the homogeneous polarized superfluid state against phase
separation for population imbalanced systems (n14 # nyy). A
recent study of the polaron problem in highly polarized Fermi
gases across a narrow FR indicates that the highly polarized
mixture can be stable against phase separation if the value
kgay, s nonvanishing [13], where a, is the molecule-molecule
scattering length in the closed channel. On the other hand, it
has been shown that the polarized superfluid state can be stable
against phase separation in two-band Fermi superfluids [19].
Therefore, it is interesting to apply the two-band theory to
study the possibility of a stable polarized superfluid state across
a narrow FR.
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