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Tunable high-order photonic band gaps of ultraviolet light in cold atoms
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We study a five-level quasi-� system of cold atoms for achieving high-order photonic band gaps (PBGs)
probed by an ultraviolet field in two cases where either an infrared or a visible control field works in the
standing-wave configuration to induce one atomic grating. Transfer-matrix calculations for appropriate rubidium
levels demonstrate that three fifth-order band gaps or two second-order band gaps can be generated near the
probe resonance when the standing-wave control field is modulated to satisfy relevant Bragg conditions in the
regime of electromagnetically induced transparency. These high-order PBGs, as characterized by homogeneous
high reflectivities, can be dynamically tuned in positions and widths on demand and may be extended to
develop efficient devices (like diodes and reflectors) for manipulating weak high-frequency light with strong
low-frequency light.
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I. INTRODUCTION

The ability to manipulate photon flows in complex artificial
structures or materials has attracted a lot of interest due to
its potential applications in developing various smaller and
faster photonic circuits and devices [1–3]. As an outstanding
complex artificial structure, photonic crystals (PCs) [4,5]
can mold photon flows via the widely used technique of
photonic band gaps (PBGs) in which electromagnetic fields
are prohibited to propagate owing to multiple Bragg reflection.
Typically, first-order PBGs are exploited in real applications
and relevant PCs are required to have a spatial period
equivalent to the half wavelength of a controlled light signal.
Then, to manipulate photon flows in the ultraviolet (UV)
or even higher-frequency region, one has to be confronted
with many technical difficulties, e.g., in accurately fabricating
Bragg gratings of too small periods [6]. One solution is to
exploit high-order PBGs with short-wavelength light signals
controlled by long-period Bragg gratings, which is why in the
past few years many works have focused on PCs exhibiting
high-order PBGs [6–11].

On the other hand, PBGs usually cannot be changed
on demand because they are determined once PCs have
been grown with certain structures [5,12]. Nevertheless, the
dynamic manipulation of photon flows with tunable PBGs
is often desired for all-optical devices and circuits in com-
munication networks. This nontrivial task may be attained in
the regime of electromagnetically induced transparency (EIT)
[13,14], e.g., when a standing-wave (SW) field is adopted in a
�-type atomic system to induce spatially periodic quantum
coherence [12]. The underlying physics is that, in an EIT
window with sufficiently reduced absorption, it is viable
to manipulate periodic refractive dispersion to fulfill Bragg
conditions and therefore generate tunable PBGs [12,15–18].
Relevant predictions have been experimentally verified with
visible PBGs manifested by reflectivity plateaus sensitive to
frequencies and intensities of control fields [19–21]. However,
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it remains challenging to realize tunable short-wavelength
PBGs, e.g., in three-level �-type atomic systems, due to the
lack of strong coherent fields in the UV and x-ray regions,
though relevant quantum coherence effects have attracted some
attention [22–25].

Here we investigate the possibility of generating high-order
PBGs of a UV probe field in a five-level quasi-� system with
a visible or infrared SW control field. This quasi-� system
interacts with the probe field in the left arm while the auxiliary,
coupling, and dressing fields interact in the right arm. First
we choose appropriate states of 87Rb atoms to satisfy Bragg
condition 5λp � λs with the infrared dressing field set in the
SW configuration. In this case, three fifth-order PBGs are
found to arise at different detunings of the probe field when
all other fields are near resonant with relevant transitions.
These PBGs, however, correspond to slightly different SW
periods as determined by a small angle between forward (FW)
and backward (BW) beams of the SW dressing field. Then
we choose appropriate states of 87Rb atoms to satisfy Bragg
condition 2λp � λs with the visible coupling field set in the
SW configuration. In this case, no second-order PBGs can
be established at any detunings of the probe field when all
other fields are near resonant with relevant transitions. If the
auxiliary and coupling fields are far detuned instead but keep
two-photon resonance, however, a doublet of second-order
PBGs arises at two symmetric probe detunings as the five-level
system reduces effectively into a four-level system. Such nth-
order UV PBGs are characterized by experimentally accessible
and dynamically tunable reflectivity plateaus near boundaries
of nth Brillouin zones. We expect our numerical results
to be instructive in developing quantum control techniques
and efficient photonic devices in the UV and even shorter-
wavelength regions for achieving all-optical light information
processing and communication [26,27].

II. MODEL AND EQUATIONS

We consider a five-level quasi-� system of cold atoms
shown in Fig. 1(a). The dipole-allowed transition from level
|1〉 to level |5〉 is probed by a weak UV light field of frequency
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(amplitude) ωp (Ep). Other dipole-allowed transitions |2〉 ↔
|3〉 , |3〉 ↔ |4〉, and |4〉 ↔ |5〉 are driven by three strong visible
or infrared light fields of frequencies (amplitudes) ωa (Ea),
ωc (Ec), and ωd (Ed ), respectively. The auxiliary field ωa

is always kept in the traveling-wave configuration while the

coupling (dressing) field will be set in the SW configuration
along the x direction in the first (second) case as shown
below.

With the electric dipole and rotating-wave approximations,
we obtain the interaction Hamiltonian

HI = −�

⎡
⎢⎢⎢⎢⎢⎣

0 0 0 0 �∗
p

0 �p − �d �∗
a 0 0

0 �a �p − �d + � �∗
c 0

0 0 �c �p − �d �∗
d

�p 0 0 �d �p

⎤
⎥⎥⎥⎥⎥⎦

(1)

where relevant detunings are defined as �p = ωp − ω51,� = ωa − ω32 = ω43 − ωc (the auxiliary and coupling fields are assumed
to exhibit detunings of identical magnitudes but opposite signs), and �d = ωd − ω54 while Rabi frequencies are denoted by
�p = Epd15/2�,�a = Ead23/2�,�c = Ecd34/2�, and �d = Edd45/2�. In addition, ωij (dij ) represents the resonant frequency
(dipole moment) on atomic transition |i〉 ↔ |j 〉.

Starting from Eq. (1), it is straightforward to obtain the motion equations of density-matrix elements

∂tρ21 = −γ ′
21ρ21 + i�∗

aρ31,

∂tρ31 = −γ ′
31ρ31 + i�aρ21 + i�∗

cρ41,
(2)

∂tρ41 = −γ ′
41ρ41 + i�cρ31 + i�∗

dρ51,

∂tρ51 = −γ ′
51ρ51 + i�dρ41 + i�p

valid in the weak probe limit. Equations (2) are constrained by
∑

ρii = 1 and ρij = ρ∗
ji together with the assumption ρ11 =

1,ρ22 = ρ33 = ρ44 = ρ55 = 0, and ρ23 = ρ24 = ρ25 = ρ34 = ρ35 = ρ45 = 0. We have also set γ ′
21 = γ21 + i(�d − �p),γ ′

31 =
γ31 + i(�d − �p − �),γ ′

41 = γ41 + i(�d − �p), and γ ′
51 = γ51 − i�p as the complex dephasing rates of relevant density-matrix

elements with γij being the real counterparts of complex γ ′
ij .

Setting ∂tρij = 0 to solve Eq. (2) in the steady state, we can obtain the complex probe susceptibility

χp5 = N0|d15|2
2ε0�

× ρ51

�p

= i
N0|d15|2

2ε0�
× γ ′

41γ
′
31γ

′
21 + γ ′

41�
2
a + γ ′

21�
2
c

γ ′
51γ

′
41γ

′
31γ

′
21 + γ ′

51γ
′
41�

2
a + γ ′

51γ
′
21�

2
c + (

γ ′
31γ

′
21 + �2

a

)
�2

d

(3)

where N0 is the volume density of a homogeneous sample of
cold atoms. With Eq. (3) it is easy to examine the complex

FIG. 1. (Color online) (a) Schematic diagram of a five-level
quasi-� system of cold atoms driven into the EIT regime by a
weak probe field ωp, a strong auxiliary field ωa , a strong-coupling
field ωc, and a strong dressing field ωd . (b) Schematic diagram
of a four-level quasi-� system with two far-detuned single-photon
transitions |2〉 ωa←→ |3〉 and |3〉 ωc←→ |4〉 replaced by one resonant

two-photon transition |2〉 ωa+ωc←→ |4〉. An infrared dressing field ωd in
(a) and a visible coupling field ωc in (b) are set in the SW configuration
to attain fifth-order and second-order PBGs for a UV probe field,
respectively.

refractive index np5 = √
1 + χp5 whose imaginary and real

parts govern, respectively, local absorptive and dispersive
properties of a weak probe field.

When the coupling (case 1) or dressing (case 2) field is set
to work in the SW configuration, we should describe it by a
spatially modulated Rabi frequency

�s(x) = �s+e+iksx + �s−e−iksx (4)

with the period as = λs/ (2 cos θs) along the x direction. Here
2θs is a small angle between the FW (�s+) and BW (�s−)
components of a spatially modulated coupling (case 1) or
dressing (case 2) field. Then refractive index np5 is also
periodically modulated so that the atomic sample is driven
into a one-dimensional atomic grating and multiple Bragg
scattering yields complicated optical responses inaccessible
directly through Eq. (3).

In what follows we adopt the transfer-matrix method to
examine whether high-order PBGs open up for a UV probe
field in the presence of an infrared or visible SW field. To this
end, we first evaluate a 2 × 2 unimodular transfer matrix Mj

as in Refs. [28,29], which describes the propagation of a weak
probe field through the j th SW period and is restricted by
the Bloch condition, starting with the probe susceptibility χp5
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in Eq. (3):[
E+

p (x + as)
E−

p (x + as)

]
= Mj (�p)

[
E+

p (x)
E−

p (x)

]
=

[
eiκas E+

p (x)
eiκas E−

p (x)

]
(5)

where E+
p and E−

p denote the FW and BW probe electric fields,
respectively. Equation (5) allows one to check the expected
high-order PBGs via the complex Bloch wave vector κ =
κ ′ + iκ ′′ with the requirement

cos(κas) = T r[Mj (�p)]/2. (6)

Note, in particular, that boundaries of the nth Brillouin zone
are reached when we have κ ′ = ±nπ/as with n = 1,2,3, . . . ,
indicating T r[Mj (�p)] = ±2.

It is well known that a FW incident probe field will
experience multiple Bragg scattering to generate considerable
BW photons when it propagates through a multilayer periodic
structure, and PBGs are expected to open up at boundaries of
the nth Brillouin zone if the Bragg condition nλp � λs (i.e.,
ωp � nωs) is satisfied. That is, we will obtain nth-order PBGs
near the probe resonance where κ ′ � ±nπ/as and κ ′′ 	= 0 .
The existence of nth-order PBGs can be further verified by
examining probe reflectivity and probe transmissivity:

R(�p) =
∣∣∣∣M(12)(�p)

M(22)(�p)

∣∣∣∣
2

,

(7)

T (�p) =
∣∣∣∣ 1

M(22)(�p)

∣∣∣∣
2

directly accessible in experiment, contrary to κ ′ and κ ′′ of
the Bloch wave vector. Here M(ij ) is one matrix element of
M = M1 · · · Mj · · · MN , the total transfer matrix of an atomic
sample with N SW periods.

III. RESULTS AND DISCUSSION

In this section, we examine via numerical calculations the
efficient generation of high-order PBGs in two cases where
either a coupling (ωc) or dressing (ωd ) field is set in the
SW configuration. One difficulty of generating high-order
PBGs via spatially modulated atomic coherence lies in the
fact that we have to find appropriate atomic levels with
relevant resonant frequencies approximately satisfying the
Bragg condition λp � nλs . In addition, it is usually difficult to
obtain high reflectivities and large bandwidths for high-order
PBGs because the Bragg condition λp � nλs is more fragile to
parameter fluctuations as the order n is increased. Therefore it
is essential to accurately control the SW coupling or dressing
field in terms of frequency ωs , amplitude Es , and angle θs to
maximize the stability of high-order PBGs.

A. Fifth-order UV PBGs

We first consider the case in which levels |1〉 , |2〉 , |3〉 , |4〉,
and |5〉 correspond, respectively, to |F = 2,mF = 2〉
of 5S1/2, |F = 1,mF = 0〉 of 5S1/2, |F = 2,mF = 1〉 of
5P1/2, |mJ + mI = 2〉 of 7S1/2, and |mJ + mI = 3〉 of 15P3/2

for cold 87Rb atoms in the presence of a moderate magnetic
field [30–32]. In this case, all the applied fields should have
an exact σ+ polarization and we can choose the dressing field
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FIG. 2. (Color online) (a) Real (black solid) and imaginary (blue
dashed) parts of the Bloch wave vector. (b) Reflectivity (black solid)
and transmissivity (blue dashed) vs probe detuning �p with �d+ =
168 MHz, �d− = 143 MHz, �c = 4.0 MHz, �a = 60 MHz, �d =
� = 0,γ21 = 0.2 kHz, γ31 = 5.8 MHz, γ41 = 0.6 MHz, γ51 = 0.2
MHz, θd = 7.78◦, d15 = 1.6 × 10−30 C m, N0 = 8.0 × 1012 cm−3,
and L = 9.8 mm. Relevant field wavelengths are λp = 303 nm, λd =
1501 nm, λc = 728 nm, and λa = 795 nm [30–32].

of wavelength λd � 1501 nm (infrared) to work in the SW
configuration. Thus it is possible to attain a SW grating of
period ad � 757.5 nm by setting θd � 7.78◦ so that a probe
field of wavelength λp � 303 nm (UV) may experience the
fifth-order PBGs with 5λp � 2ad . In principle, three such
PBGs will arise at different probe detunings, each close to
the center of a spatially modulated EIT window. Note that
a quasi-� system can be attained without involving other
Zeeman or Paschen-Back levels [33] even if the FW and BW
dressing beams have also the π and σ− polarizations because
mJ + mI cannot equal to 3 or 4 for 7S1/2 [34].

With Eqs. (3)–(7), we can plot in Fig. 2 real and imaginary
parts of the Bloch wave vector (a) as well as reflectivity and
transmissivity of the probe intensity (b) versus probe detuning
�p to examine first the central PBG near probe resonance.
Figure 2(a) clearly shows that, in the region of �p ∈ {18,25}
MHz, a stop band opens up near one boundary of the fifth
Brillouin zone as manifested in κ ′ad � 5π and κ ′′ad 	= 0. The
existence of this fifth-order PBG is further verified by a plateau
of high reflectivity (∼82%) and a basin of low transmissivity
(∼0.1%) in Fig. 2(b). In the region of �p ∈ {−12,7} MHz,
however, we have instead κ ′ad 	= 5π and κ ′′ad � 0 so that it
is viable to get a nearby allowed band of high transmissivity
(∼78%) and low reflectivity (∼0.1%). Positions of the stop
and allowed bands may be reversed with respect to probe
resonance �p = 0 by modulating angle θd of the FW and BW
dressing field beams [12].

In Fig. 3 we plot probe reflectivity R and transmissivity
T versus probe detuning �p in a much wider region to
check whether we can simultaneously get all three expected
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FIG. 3. (Color online) Probe reflectivity (black solid) and trans-
missivity (blue dashed) vs probe detuning �p with θd = 7.78◦ (a),
θd = 7.70◦ (b), and θd = 7.89◦ (c). Other parameters are the same as
in Fig. 2.

fifth-order PBGs. Figure 3(a) clearly shows that the two side
PBGs are not well established (like the central one) in the
presence of many reflective interference fringes with the same
parameters as in Fig. 2. Slightly modifying angle θd (period
ad ), however, we can observe a well-developed side PBG
around �p = −312 MHz [Fig. 3(a)] or �p = +312 MHz
[Fig. 3(c)] at the expense of destroying the central PBG.
The results in Fig. 3 indicate that the best development of
various PBGs requires slightly different parameters (angle
θd and period ad ) due to the fragility of high-order Bragg
conditions. In addition, the central PBG is easier to develop
into a wider and higher plateau of reflectivity as compared to
the side PBGs; a nearby allowed band of high transmissivity
is seen to become wider as one stop band of high reflectivity
degrades into low residual fringes.

B. Second-order UV PBGs

We then consider the case in which levels |1〉 , |2〉 , |3〉 , |4〉,
and |5〉 correspond, respectively, to |F = 2,mF = 1〉
of 5S1/2, |F = 1,mF = 1〉 of 5S1/2, |F = 2,mF = 2〉 of
5P1/2, |mJ + mI = 3〉 of 6D3/2, and |mJ + mI = 2〉 of 11P3/2

for cold 87Rb atoms in the presence of a moderate magnetic
field [30–32]. In this case, the dressing field and other
three fields are required to have, respectively, an exact σ−
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FIG. 4. (Color online) (a) Real (black solid) and imaginary (blue
dashed) parts of the Bloch wave vector. (b) Reflectivity (black
solid) and transmissivity (blue dashed) vs probe detuning �p

with �c+ = �c− = 210 MHz, �d = 180 MHz, �a = 200 MHz,
�d = � = 0,γ21 = 0.2 kHz, γ31 = 5.8 MHz, γ41 = 1.8 MHz,
γ51 = 0.28 MHz, θc = 3.25◦, d15 = 2.0 × 10−30 C m, N0 = 5.0 ×
1012 cm−3, and L = 6.8 mm. Relevant field wavelengths are λp =
311 nm, λd = 2910 nm, λc = 621 nm, and λa = 795 nm [30–32].

polarization and an exact σ+ polarization. Here we choose the
coupling field of wavelength λc � 621 nm (visible) to work
in the SW configuration. Thus it is possible to attain a SW
grating of period ac � 311 nm by setting θc � 3.25◦ such that a
probe field of wavelength λp � 311 nm (UV) may experience
the second-order PBGs with 2λp � 2ac. Once again, three
PBGs are expected to arise at different probe detunings and an
ideal quasi-� system can be attained even if the FW and BW
coupling beams have the π and σ− polarizations.

However, numerical results in Fig. 4 show that it is not
possible to attain well-developed PBGs when the auxiliary
(ωa), coupling (ωc), and dressing (ωd ) fields are resonant with
relevant transitions. The underlying physics can be inferred
from Eq. (3) where the coefficients of �2

c are much smaller
than those of �2

a and �2
d because γ21 is a small quantity as

compared to other dephasing rates and all Rabi frequencies.
To have well-developed PBGs, we should choose appropriate
parameters to amplify the periodic modulation of a SW
coupling field on the probe susceptibility. This is done by
setting the auxiliary and coupling fields to be far detuned
from relevant transitions with a sufficiently large |�| [35,36].
Then we may safely reduce the five-level quasi-� system
[Fig. 1(a)] into a four-level quasi-� system [Fig. 1(b)] with
the probe susceptibility becoming instead

χp4 = i
N0 |d15|2

2ε0�

γ ′
41γ

′
21 + �2

e

γ ′
51γ

′
41γ

′
21 + γ ′

51�
2
e + γ ′

21�
2
d

(8)

where �e = �a�c/� is the effective Rabi frequency on the

two-photon transition |2〉 ωc+ωs←→ |4〉.
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FIG. 5. (Color online) Probe reflectivity vs probe detuning �p

with �e+ = �e− = 80 MHz, �d = 0 (black solid); 20 MHz (blue
dashed); and −20 MHz (red dotted) in panel (a) and �d = 0,�e+ =
�e− = 80 MHz (black solid), 90 MHz (blue dashed), and 70 MHz
(red dotted) in panel (b). Other parameters are the same as in Fig. 4
except �d = 104 MHz.

By replacing Eq. (3) with Eq. (8), we plot in Fig. 5
probe reflectivity R versus probe detuning �p to examine
the potential second-order PBGs. We find that a doublet of
second-order PBGs arises near one boundary of the second
Brillouin zone as manifested by two symmetric plateaus of
high reflectivity (∼85%). We would like to stress that this
pair of second-order PBGs is generated within a double
EIT structure [29,37–39] while first-order double PBGs have
been predicted in a four-level N system [40]. In addition,
it is clear that these second-order PBGs (likewise for those
fifth-order PBGs) can be dynamically tuned in positions and
widths by modulating the SW coupling field. Finally we have
applied a perfect SW coupling field (�e+ = �e−) to induce
second-order PBGs because the required EIT background
survives even at the SW nodes due to �d 	= 0 [see Fig. 1(a)].
In contrast, an imperfect SW dressing field (�d+ 	= �d−) has
to be used to induce fifth-order PBGs, otherwise the required
EIT background cannot be guaranteed at the SW nodes [see
Fig. 1(b)]. Both second-order and fifth-order PBGs will be
blurred if significant absorption exists at the SW nodes in the
absence of an EIT background [12].

It is worth stressing that resonant dipole-dipole interactions
should be considered even for low-lying excited states when
average atomic separations are smaller than relevant transition

wavelengths [41,42], but in the weak probe limit most atoms
are populated at the ground level |1〉 so that it is enough
to consider only resonant dipole-dipole interactions on the
most important |1〉 ↔ |5〉 transition. That is why we can
neglect resonant dipole-dipole interactions when the probe
wavelength 303 (311) nm in the first (second) case is clearly
larger than the atomic separation for N0 = 8.0 × 1012 cm−3

(5.0 × 1012 cm−3). In addition, the hyperfine levels of
6D3/2,7S1/2,11P3/2, and 15P3/2 have very small energetic
separations, which then requires us to carefully treat the
nonresonant scattering. The fact is, however, that nonresonant
scattering can be safely neglected when a moderate magnetic
field is applied to lift the degeneracy of all Zeeman and
Paschen-Back levels in the weak probe limit.

IV. CONCLUSIONS

In summary, we have studied a five-level quasi-� system
of cold atoms with the goal to generate tunable high-order
PBGs so that the propagation behaviors of a weak high-
frequency probe field are dynamically controlled by a strong
low-frequency SW field. In this quasi-� system, the probe
field applied to drive the only left-arm transition exhibits
a frequency being about the frequency sum of auxiliary,
coupling, and dressing fields applied to drive the three right-
arm transitions. We consider, in particular, two cases where the
five levels correspond to different hyperfine states of cold 87Rb
atoms with the dressing (case 1) or coupling (case 2) field set
in the SW configuration. In the first case, the infrared dressing
field can induce three fifth-order PBGs for the UV probe field
near one boundary of the fifth Brillouin zone. These fifth-order
PBGs, however, correspond to slightly different periods of the
SW grating and are somewhat fragile to the angle between FW
and BW beams of the dressing field. In the second case, the
visible coupling field can induce two second-order PBGs for
the UV probe field near one boundary of the second Brillouin
zone. These second-order PBGs can only be attained when
the five-level system reduces into a four-level system with
far-detuned auxiliary and coupling fields. Both second-order
and fifth-order PBGs are manifested by characteristic spectra
of the Bloch wave vector and probe reflectivity and can be
dynamically tuned in positions and widths by manipulating
the SW control field.
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