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We investigate the problem of computing optimal quantum measurements in both minimal measuring and
minimax strategies. A Belavkin weighted square-root measurement (BWSRM) with appropriate weights can
represent the measurement that maximizes the correct probability for any given prior probabilities of quantum
states. Using this fact, we propose methods for computing optimal solutions by optimizing the weights of the
BWSRM. First, we explain the conditions for the BWSRM to be optimal. In particular, we argue that if a BWSRM
with certain weights is a minimax measurement, then the minimax probabilities can be immediately obtained.
Next, we propose an extension of the iterative algorithm developed by JeZek er al. [Phys. Rev. A 65, 060301
(2002)] for maximizing the correct probability. We prove that, for a linearly independent pure state set, Jezek
et al.’s algorithm converges to an optimal measurement. We also propose an iterative algorithm for a minimax
solution and prove that, for a pure state set, our algorithm monotonically decreases the difference between
estimated and true minimax values. Finally the performance of our algorithms is evaluated through numerical

experiments.
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I. INTRODUCTION

Discriminating between quantum states is one of the
fundamental problems in quantum information science. Since
the pioneering work of Helstrom, Holevo, and Yuen et al.
[1-3], the problem of finding a measurement that can dis-
criminate a set of quantum states as accurately as possible
has been widely studied. There are different criteria for the
detection of quantum states. A great deal of work has been
devoted to the strategy of minimum-error discrimination (see,
e.g., [4—11]). In this criterion, under the assumption that the
receiver knows the probability distribution of the quantum
states, we find a measurement that minimizes the average
probability of a detection error. In contrast, Hirota and Ikehara
discussed the quantum minimax strategy, which minimizes
the worst case of the average probability of a detection error
under the assumption that the receiver has no knowledge of
the prior probabilities of the quantum states [12]. Several
studies have also been reported on the quantum minimax
strategy [13-16].

There are some cases in which analytical solutions for
a minimum-error measurement are known. Necessary and
sufficient conditions for a minimum-error measurement have
been derived [1,3,17]. These conditions are often used to
prove the optimality of measurements [5,7,10,11]. Necessary
and sufficient conditions for a minimax solution are also
known [12,15,16]. However, it is usually difficult to obtain
a closed-form analytical expression for an optimal solution.
Analytical optimal solutions are not known with some excep-
tions, such as the case in which the dimension of the state
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space is small or that in which a state set has some kind of
symmetry.

We can use numerical methods instead of analytical
approaches. The design of a minimum-error measurement
can be formulated as a semidefinite programming (SDP)
problem [18]. The problem of obtaining a minimax solution
can also be expressed as SDP [16]. In many cases, an
optimal solution can be computed in polynomial time by
exploiting well-known algorithms for solving semidefinite
programs with interior point methods. However, these classical
methods are often inefficient since they require an excessive
number of iterations in large scale problems (e.g., [19]). In
several areas, such as signal and image processing, alternative
numerical algorithms have recently been proposed that can
effectively solve several types of optimization problems (see,
e.g., [20-23]). In quantum signal detection theory, Jezek et al.
proposed an iterative algorithm for obtaining a minimum-error
measurement [24]. Their algorithm can be applied to general
problems for minimum-error measurement and can effectively
compute a solution in many cases. Later Tyson generalized the
iterative scheme of Jezek et al. and proved that Jezek et al.’s
algorithm monotonically increases the correct probability [25]
(as he described in Ref. [25], Reimpell et al. also proved
this in a different context [26,27]). An iterative algorithm
for obtaining a minimax solution was also proposed [28].
However, it has not been guaranteed that the solutions of
these algorithms are the global optimal ones. Moreover, their
approach may require considerable computational effort at
least if naively implemented.

©2015 American Physical Society
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To reduce the computational complexity, suboptimal mea-
surements are sometimes used. In particular, the square-root
measurement (SRM), which is also referred to as the pretty
good measurement (PGM), has several desirable properties,
thus widely studied [5,6,8,29-33]. The SRM can be con-
structed directly from the given collection of states and is
optimal for several problems where quantum states have high
symmetries. A generalized SRM referred to as a Belavkin
weighted SRM (BWSRM) (also called a generalized PGM or
a weighted least-squares measurement), has also been investi-
gated [8,25,34-37]. The BWSRM can be described using a few
parameters called weights. It is shown that a minimum-error
measurement for arbitrary given prior probabilities can be
expressed by a BWSRM with appropriate weights [34].

We propose methods of computing optimal quantum
measurements in both the minimal measuring and minimax
strategies by optimizing the weights of the BWSRM. In
Sec. II, we describe a minimum-error measurement and a
minimax solution. In Sec. III, we describe a BWSRM and
conditions for the BWSRM to be optimal. In Sec. IV, we
explain our algorithm of numerically obtaining a minimum-
error measurement. Our algorithm is a generalization of Jezek
et al.’s iterative algorithm [24] with less computational cost.
We also discuss a method for estimating the precision of
the estimated maximum correct probability by computing its
upper and lower bounds at each iteration. Moreover, we prove
that, in the case of a linearly independent pure state set, JeZzek
et al.’s algorithm converges to a minimum-error measurement.
In Sec. V, we explain our algorithm of numerically obtaining
a minimax solution and of obtaining upper and lower bounds
for the correct probability of a minimax solution. We also
derive that, in the case of a pure state set, the difference
between estimated and true minimax values is monotonically
decreasing in our algorithm. We show that computational cost
can be reduced for a group covariant state set. In Sec. VI, we
evaluate the performance of our algorithms through numerical
experiments. In Sec. VII, we investigate the time and space
complexity of our algorithms.

II. OPTIMAL DETECTION OF QUANTUM STATES

We consider the discrimination between M quantum states
represented by density operators p,, (m € Zy,), where Z; =
{0,1, ...,k — 1}. The density operator p,, satisfies p,, > 0 and
has unit trace (Trp,, = 1), where A > 0 denotes that A is
positive semidefinite (similarly, A > B denotes that A — B
is positive semidefinite). A set of quantum states, p = {p,, :
m € Iy}, is called a quantum state set. Let H be the Hilbert
space spanned by the supports of the operators {p,, : m € Zy},
which we refer to as the state space of p. A state with a rank-1
density operator is called a pure state. A state that is not a pure
state is called a mixed state. A pure state set has only pure
states, and a mixed state set has at least one mixed state.

A quantum measurement that distinguishes p can be
modeled by a positive operator-valued measure (POVM) IT =
{I1,, : m € Z)}. Without loss of generality, we can assume that
each detection operator I1,, is on H. In this paper we use the
matrix representation with respect to an orthonormal basis of
‘H.Let N = dimH and S" be the entire set of n-dimensional
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positive semidefinite matrices. In this case, p, € SV and
I1,, € SN hold for each m € T),.
Let M be the entire set of POVMs. Each IT € M satisfies

I, >0, VmeZIy,

Z M, =1, (1)

M—
m=0
where [ is the identity matrix on H.

Let &, be the prior probability of the state p,. To
simplify the notation, {£2 : m € Zy} is denoted as &> for
any collection of prior probabilities £ = {&,, : m € Z}. The
average probability of correct detection, Pc(&,I1), is expressed

as

M—1
P&, T1) = ) &, Tr(pn ). )

m=0

The average probability of a detection error is 1 — Pc(&,11).
In the minimal measuring strategy, the receiver knows the
collection of prior probabilities. Let

PP(E) = max Pe(&,T1). 3)

The task of the receiver is to obtain a POVM I1 € M
maximizing Pc(§,11), i.e., satisfying Pc(§,I1) = PCOPt(S). We
call such Il a minimum-error measurement for p with £&.
If we consider a minimum-error measurement, we assume
that &, > O for any m € Z),. In the case in which £ is not
given, however, we can apply the minimax strategy. Under
this strategy, a receiver attempts to find a POVM IT* € M that
maximizes the worst-case correct probability over the prior
probabilities. We can regard Pc(&,11) as both a continuous
convex function of & for fixed IT and a continuous concave
function of IT for fixed &. Thus, from the minimax theorem
in convex analysis [38], we can prove that there exists a pair
(¢€*,11*), which we call a minimax solution for p, such that
(see [15] for details)

i Pe(€,T1) = Pe(&*, 1T
min max c(§,11) = Pc(§7,117)

= in Pc(&,T1 4

max min c(§,1D), “)

where X is the entire set of possible prior probabilities

& =1{&, : m € Zy}. Let us call £* minimax probabilities, IT*

a minimax measurement, and P = Pc(£*,I1*) the minimax
value. From Eq. (4), P& = P2 (&%) holds.

III. BELAVKIN WEIGHTED SQUARE-ROOT
MEASUREMENTS (BWSRMS)

A. Definition of BWSRMs

Let R,, = rankp,,. Also, let ¥, be the N x R,, complex
matrix whose kth column is /A, k |¥m.x), Where A, and
|¥m.k) € H are the nonzero eigenvalue and corresponding unit
eigenvector, respectively, of p,. Then, we can write p,, =
{1/ Iﬁ:,(l (AJf denotes the conjugate transpose of A).

Let w, which we will call weights, be a set of R,,-
dimensional positive semidefinite matrices w,,, i.e., w =
{w,, € S® : m € Ty;}. The BWSRM with weights w, which
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we denote as [T™ = {1™ € S¥ : m € Ty}, is the POVM
expressed as (see Sec. 2.2 of Ref. [34])

M = (G 2wy (G112, )
where G™ € SV is defined by

M—1
G™ = dwey. (6)

k=0

In this paper, we assume w € W, where W is the entire
setof w = {w,, € S® : m € Iy} satisfying G™ > 0(A > 0
denotes that A is strictly positive semidefinite). In this case,
since G™ > 0holds, [G™]~!/2 exists. Moreover, since w,, >
0 holds, [T is guaranteed to be positive semidefinite.

In the case of a pure state set, since R, = 1,1, (also
denoted as |y,,)) is a vector in H and w,, is a non-negative
real number. From Egs. (5) and (6), [T is expressed as
W = |7 (¥, where [4,36]

|7) =[G 172 W [Yrm)

(7
M—1
G™ =" wi |Y) (Wil -
k=0
Note that TT™) satisfies
Tr[ o T] = Te[ Y3 wa Y], (8)
where Y(*) € S® is defined by
Y(w) wT [G(w)] 1/2¢ . )

Y™ > 0 holds from [G™]~1/2 > 0. 1™ is scale invariant
with respect to w, that is, 1™ = IT{®») for any positive real
number k.

Any minimum-error measurement and minimax measure-
ment can be expressed as a BWSRM, with appropriate weights,
as shown later. The probability of correctly detecting the
state P, Tr[p, T[] tends to increase as the trace of the
corresponding weight Trw,, relatively increases.

B. Examples of BWSRMs

The first example is the SRM (also referred to as the
Belavkin-Hausladen-Wotters PGM [25,37]). This measure-
ment can be denoted as the BWSRM ™ with w = {£,1,, €
SR :m e Iy}, where I, is an R,-dimensional identity
matrix. From Eq. (5), TI{"’ is expressed as

. -172 M—1 -172
H(mw) — (Z%—kpk) Enm (Z %'kpk> . (10)
k=0

k=0

In particular, in the case of a pure state set, w =& = {§,,}
holds. From Eq. (7), we have 1) = |7 ()} (7 (*)| with

Mot -172
) (Zskwfk w) Veu lYm) . (D)

k=0

The second example is the quadratically weighted mea-
surement (QWM) [25,36,37,39], which is equivalent to the

BWSRM ™ with w = {S,%llﬂ,f,lﬂm € 8% :m e ). From
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Eq. (5), we find that
—1/2

H“’”—(Zskpk) mpm<25kpk) - (12)

In particular, in the case of a pure state set, we have w = & 2=
{€2}. From Eq. (7), we have TI%") = |7(*)) ()| with

—1/2

M-1 —1/2
) (Zskwk w) EnlYm).  (13)

C. Conditions of minimum-error measurements

Now we introduce an important remark for investigating
a minimum-error measurement expressed as a BWSRM. The
following remark shows that any minimum-error measurement
can be always expressed as a BWSRM and provides a
necessary and sufficient condition for optimality.

Remark 1 (Theorem 3 of Ref. [34]). We consider a collec-
tion of M quantum states, p = {p,, = Wm‘ﬂrL :m € Iy}, with
prior probabilities £ = {&,, : m € Zy}.

A necessary and sufficient condition for a POVM II =
{I1,, : m € Zy;} to be a minimum-error measurement is that
IT is identical to the BWSRM IT™) = {H(“’) m € Iy} with
weights w = {w,, € S® : m € Iy} € W such that there ex-
ists a positive real number c satisfying

E. Y™ < cl,, Vm e Iy, (14)
é:’VlYfiLu))wm =cwy, VmeIy. (15)

From Eq. (15), each column of w,, is an eigenvector of ¥*)
with eigenvalue c&,, !, This implies that Egs. (14) and (15) are
equivalent to the statement that Y*) can be expressed as

v, = ct, (L™ @ Z,7),

1
Z(w) < IKer, ( 6)

where I,,™" is the identity matrix on the space spanned by

the supports of w,,, and Z™ and IX are respectively a

(R, — rankw,,)-dimensional positive semidefinite matrix and

the (R,, — rankw,,)-dimensional identity matrix on the kernel

of wy,. In particular, if w,, > 0, then Eq. (16) is equivalent to

EnYy = cly. (17)

Note that a POVM 11 is a minimum-error measurement if
and only if an operator X € S" exists such that [2,3]

X - g:mpm

} 0, VYm € IM, (18)
= 0, Vm e IM. (19)

We can find that Eqs. (14) and (15) are respectively identical to
Egs. (18) and (19). Indeed, substituting w,,, = c’zénzl Iﬂy]:, I, ¥
and X = c[G™]"/2, and after some algebra, Eqs. (14) and (15)
follow from Egs. (18) and (19), and vice versa (see [4,34] for
details). Also note that Eldar et al. argued that a sufficient
condition for the SRM to be a minimum-error measurement is
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that ¢ exists such that (Theorem 1 of Ref. [40])

M—1 =172
&¢;<§:§H%> Y = Cly. (20)

k=0

Since the SRM is the BWSRM with {w,, = §,1,,}, Eq. (20)
is a special case of Eq. (17). Since w,, > 0, Eq. (20) is also a
necessary condition.

D. Conditions of minimax solutions

In this subsection, we present a proposition that is useful
for considering a minimax solution in which the minimax
measurement is expressed by a BWSRM. In preparation, we
introduce the following remark.

Remark 2 (Theorem 2 of Ref. [12]). We consider a state set
o ={pm:m e Ly}.LetE = {&, : m € Iy} beprior probabil-
itiesand IT = {I1,, : m € Zy;} beaPOVM. Assume &,, > O for
any m € Iy, [41]. Then, (¢,I1) is a minimax solution for p if
and only if IT is a minimum-error measurement for p with &
and Tr(p,, I1,,) is a constant independent of m € Z,,.

Using Remarks 1 and 2, we can prove the following
proposition.

Proposition 3. We consider a state set p = {0, = ¥y, W,L :
m € Zy}. We also consider a BWSRM ™ = {TI) : m ¢
Iy}, wherew = {w,, € S® : m € Iy} € W are weights. As-
sume Trw,, > Oforanym € Zy.Let &™) be prior probabilities
EW) = (W) m € Ty} with

) v Trw,
mo T M1
Z k=0 Trwk
The following three statements are equivalent:
(1) TI™ is a minimum-error measurement for p with £™).

(2) 1™ is a minimax measurement for p.
(3) A positive real number c exists such that forany m € 7,

21

VY < cly,
(22)

EWY Wy, = cw,,.

Moreover, if one of the above statements is true, then the
following statement is also true:

(4) €™ are minimax probabilities.

In particular, if p is a pure state set, then the above four
statements are equivalent.

In the case of a pure state set we obtain £ = ,/w,, by

normalizing w,, such that 3 ¢" —) ' Jwi = 1. This means that
we can identify w with [£™)]* = {[£™)]% : m € T)} when
obtaining a minimax solution. Proposition 3 indicates that
if minimax probabilities £* are obtained, then a minimax
measurement is obtained as the QWM I1U™™ for a pure state
set. Thus, in this case, the problem of obtaining a minimax
solution can be reduced to finding minimax probabilities £*.

In contrast, in the case of a mixed state set, we cannot
identify w with [£®)]? since w is a set of matrices. However,
it follows from Remark 1 that w* € WV exists such that TT"
is a minimax measurement. Moreover, from Proposition 3, if
such w* is obtained, then minimax probabilities are obtained
as £ of Eq. (21). Thus, in this case, the minimax problem
can be reduced to finding w*.
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Proof. Since (1) < (3) from Remark 1, it is sufficient to
show (2) < (3) and (3) = (4) for any state set, and (4) = (1)
for any pure state set.

First, we prove (3) = (2) and (3) = (4). Assume that ¢
exists satisfying Eq. (22). From Eq. (22), we find that

2
(6 Pr w1 = . 3

By taking the trace on both sides of this equation and
substituting Eq. (8), we obtain

[§,E1w)]2Tr[pm I'If,’f)] = *Trw,,

e (ZJTWC) , (24)

where the second line follows from Eq. (21). In contrast, S,(nw) >
0 holds from Trw,, > 0. Thus, from Eq. (24), Tr[p, 1]
is a constant independent of m € Zy. In contrast, II® is a
minimum-error measurement for p with £€® since (1) < (3).
Therefore, from Remark 2, (¢ ) 1) is a minimax solution.

Next, we prove (2) = (3). Assume that IT™ is a minimax
measurement. Let £ be the corresponding minimax probabili-
ties. Since I1™ is a minimum-error measurement for p with
&, c exists such that Egs. (14) and (15) hold. From Eq. (15),
we find that

EXY S w, Y = Py, (25)

m=m

Taking the trace on both sides of this equation and substituting
Eq. (8) yield

ExTr[pn 1] = > Trw,,. (26)

Since ¢ > 0 and Trw,, > 0 hold, &,, > 0 holds. In contrast,
from Remark 2, Tr[p,,[1{*’] is a constant independent of m €
Zy. Therefore, from Eq. (26), &, o« +/Trw,, (ie., £ = &™)
holds, which indicates from Egs. (14) and (15) that ¢ exists
such that Eq. (22) holds.

Finally we prove (4) = (1) for a pure state set. Assume that
€™ are minimax probabilities. From Remark 1, a minimax
measurement, which is also a minimum-error measurement
for p with & @) can be represented as a BWSRM ™" with
certain weights w’. Now we will show that [T®" = 1™, Since
£ > 0 forany m € Ty, from Eq. (8) and Remark 2, we have

w, [7]

The second equality follows from the fact that Tr[p,, TT%*"] is
independentof m € Zy. Itis obvious that o™ [£™)] > Oholds,
which gives w/, > 0 from Eq. (27). Substituting &, = &)
and w,, = w,, into Eq. (15) and dividing both sides by w),
yield that £)Y™" is a constant independent of m € Zy.
In contrast, as derived from Eq. (27), ,/w], Y is also a
constant independent of m. Therefore, £(*) Y™ o Jw.Y, W)
ie., £ o \/w},, holds. Since & o \/w,, also holds from
Eq. (21), we have w, o w,,, which yields nw =mnw, m
Note that in the case of a mixed state set, statement (4)
of Proposition 3 is usually not equivalent to statements (1)—
(3). This can be explained as follows. Assume that IT™ is
a minimax measurement. Let o = {@,, = umwmujn € Skn
m € Iy} € W, whereu,, is an R,,-dimensional unitary matrix.

= Tr[p, TV = PP (™). Q27)
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Since Trw,, = Trw,, holds and statement (4) is true for w,
£@) = £ are minimax probabilities. However, in general
1™ is not a minimax measurement.

IV. CALCULATION OF MINIMUM-ERROR
MEASUREMENT

We consider a quantum state set p = {p,, = ¢m¢J1 m e
T} with prior probabilities & = {,, : m € Z),}. Inthis section
we present our iterative algorithm for finding weights w =
{wpn € S® :m € Ty} of the BWSRM IM™ = {IT™ :m €
Iy} so that the correct probability Pc[£,TT™] is as close as
possible to the maximum one PZ"(£) (denoted by P for
simplicity). Our algorithm is based on an iterative algorithm
developed by JeZek er al. [24]. We then give upper and lower
bounds for the maximum correct probability. We also argue
that Jezek et al.’s algorithm is guaranteed to converge to a
global optimization solution for a linearly independent pure
state set.

A. Iterative algorithm

Jezek et al. proposed the following iterative formula [24]:

M0 = Eu AT 2 o T 0 [A]2,
(28)
M—1
AD =3 Ep I py,
k=0

where r € {0,1,2,...}. We assume that IT’ is the BWSRM
with certain weights w’ = {w!, :m € Iy} e W, ie., II' =
™", for a certain ¢ > 0, and will show that [1¢+D is also
a BWSRM. Let us denote G and Y as G = G™") and

Y = y®") for simplicity. We also assume, for any r > 0,

r+1 2 r r r
wi D =YWy, (29)
‘We have
2oL o = 20 G Pynwl [ [G' 1712 o
= Y wi Y]
= yw Ty, (30)

where the first and second lines follow from Egs. (5) and (9),
respectively. Thus, we have that, from Egs. (6) and (28),

Z Vi w(f-H)

Equations (28), (30), and (31) give
MUHD = [GUHD]1/2y, 1+ Dyt [GU+D]-1/2
=@, (32)

where the last line follows from Eq. (5). Equation (32) indicates
that TI¢*D is the BWSRM with weights w*". Therefore, as
far as an initial measurement IT? is chosen to be the BWSRM
™) with certain weights w©® e W, 1" = ™" holds for
any r > 0, where w”) € WV are the weights satisfying Eq. (29).
This means that Eq. (29) can also be used as an iterative
formula. Initial weights w® may be set to w® = &,,1,, (ie.,

M1 are the SRM) or w® = &2 U W (ie., TIO are the QWM).

= GU*D, 31)
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Now let us consider the following iterative formula instead
of Eq. (29):
wf:;+1) — Srid[er{)] (r)[Y(r)] , (33)

ﬂ] m

where d is a positive real number, which we call the
acceleration parameter. It is easy to verify that Eq. (33)
with d =1 is equivalent to Eq. (29). The entire algorithm
for finding a minimum-error measurement is found in the
following pseudocode (the stopping criterion, i.e., steps 3 and
4, will be shown in Sec. IV C).

Finding a minimum-error measurement:

Input: prior probabilities & = {&,,},

quantum states p = {0, = ¥, 1//,11},

a constant for the stopping criteria § Pc,

and an acceleration parameter d.

1. Initialize w®

(€8 w® = &y Ly or w® = E2yh ).

2forr =0,1,... do

/* Decide whether to stop */

3. Compute Pc®"" and Pc”

and (40), resEctively.

4.it 2" — P < 5P then break

/* Update the weights */

5. Compute

G = 245‘ vw vy

Y = Yn[GO1 2,

(r)
’ from Egs. (39)

w£’:+1) EZd[y(r)]dw(r)[Ylglr)]d
6. end for

7. Compute 1™ from Eq. (5).

Output: the POVM 1",

Like the JeZek et al.’s algorithm, the proposed algorithm
is based on a necessary condition for a minimum-error
measurement. Equation (28) implies that if TT") converges
to IT, then IT satisfies

M-1 -1z
= (Z gkzloknkpk) gmpm IT,,, (34)

k=0

which is a necessary condition for a minimum-error measure-
ment [24]. Similarly, Eq. (33) guarantees that if w") converges
to wy,, then w,, satisfies Eq. (15) with ¢ = 1. Indeed, from
Remark 10 in Appendix A with A =&,Y™ and B = w,,
Eq. (15) with ¢ = 1 is equivalent to

wy = E2[Y] w,,

We can interpret that our algorithm tries to find a fixed point
of the function f(w,,) = S,%d[Y,ﬁlw)]dwm[Yrﬁlw)]d using Eq. (33).

We expect to speed up our algorithm using an appropriate
acceleration parameter d with d > 1. For example, if Y/ ™1 ~
Y holds, then we obtain

g2yr+D [52 Y(r)w(r)Y(r)] yr+h

~ e[
Therefore, one iteration of Eq. (33) with d = 2 is approxi-
mately equivalent to two iterations of Eq. (29). As discussed

in Sec. VI, numerical experiments show that Eq. (33) with
d > 1 tends to convergence faster than Eq. (29).

[r]". (35)

wP YO (36)

012318-5



NAKAHIRA, KATO, AND USUDA

Our algorithm updates weights w instead of a POVM
1), which provides two advantages. One advantage is low
computational cost. Since the size of w is usually smaller
than that of T (in particular, w” is a set of M real numbers
in the case of a pure state set), our algorithm is expected
to require lower computational time and memory than Jezek

et al.’s algorithm at least if naively implemented. The other
advantage is easy to accelerate the convergence speed by
tuning the parameter d. The acceleration technique of our
method is difficult to apply to Jezek ef al.’s algorithm. Indeed

one may consider a formula such as

(r+1) _
I,

=&2X(AVT 20, (0, [AVTH (37)

instead of Eq. (28). However, T1"*Y given by Eq. (37) does
not satisfy Eq. (1).

PHYSICAL REVIEW A 91, 012318 (2015)

from Eq. (33), if w{") converges to a positive number, then
£,Y") converges to 1). The optimal weights w are w =~
{0.0519,0.467}. We can see that weights w” converge to the
optimal ones as r increases.

Figure 1(c) shows the lower and upper bounds for P2"" (i.e
r w)

&(w( " and P_C( )), which are discussed in Sec. IV C. ngt
can be obtained by [1]

= (1 + /1= 4&& | Woly) P)/2 = 0.84.

(38)
. (
We can see that both &(w( ) and Po” )

t
converge to Pa.

C. Estimation of accuracy of maximum correct probability

Obtaining the maximum correct probability PCPt is usually

B. Example

We show an example of finding a minimum-error measure-
ment using the proposed algorithm. We consider a binary pure
state set p = {[o) (Yol , [¥1) (Y11} satistying [ (Yolyn) | =
0.8. Prior probabilities are set to £y = 0.3 and &; = 0.7. Since
p is a pure state set, i.e., Ry

=R =1, w" and Y are
nonnegative real numbers. The acceleration parameter is set to
d=1.

difficult; instead, we consider obtaining lower and upper
bounds for P2" based on the theory of SDP. More precisely, we
exploit the fact that feasible solutions to the primal and dual
problems for finding a minimum-error measurement always
provide lower and upper bounds, respectively. In the proposed
algorithm, these bounds are used as the stopping criterion

Let Pc™ be the correct probability of the BWSRM T
that is,

Figures 1(a) and 1(b) respectively show w(’) and &,Y) "),
We set the initial weights to w(()o) =& =0.09 and w(o)

£2 = 0.49, which means that the POVM 1" is the QWM.
Note that the correct probability of the QWM is larger than that
of the SRM [36]. In the first iteration, we compute ¥? from
Eq. (9). In this example, we have {&,, Y,ff))} ~ {0.789,0.965} (~
denotes approximately equal). Substituting this into Eq. (33)

yields w) = [£,Y 012w ~ {0.0561,0.456}. £Y.” < 1 and
1

0
& Yl(o) < 1 hold, which gives w(()l) <w)” and w(ll) < wﬁo).
(£, YN converges to {1,1} in this example (note that,

0.50 N 0.92 . T : ;
0.49 § :(C) 1)(‘((“:4,)
M i
' I
= 048 090%‘ _____ )
=047} i
i 2 \
0.46 £ H
Ll ] ,g L \‘
o5l v o o 18
0.05 0.06 0.07 0.08 0.09 & 0-88F \\ .
(I) g L \
1.0 (_E) o
i 0.86F | i
— F \\
:>,: 0.9k ) \\
G k\\\
0.84 === s S
0.8F i —
. * L L i 1 1 1 1
0.8 0.9 1.0 0 1 2 3 4 5
f()Yl,(r)

Iteration r

FIG. 1. Example of the result of our method for finding a
minimum-error measurement in the case of a binary pure state set
(a) the transition of w’; (b) the transition of &, Y ";

;5 (c) the lower and
upper bounds for ngl vs number of iterations.

M—1

P = Pelg. 1™ = Y & Ty wy ™). (39)
k=0
It is obvious that Pc™” is a lower bound for P
The following proposition gives an upper bound
Proposition 4. We consider a state set p = {0, = YV V¥m

t.
m € Iy} with prior probabilities £ = {§,, : m € Ty}. Letw €
W. Also let

M—1 +

- (w) w 1

P =TGP+ )y & - —n ] - (40
k=0 )‘O[Yk ]

where Ao[Y,"] is the largest eigenvalue of ¥, and (x)*
is defined as x if x > 0 and zero otherwise. Then, Pc ) >
P holds for any w € W. Moreover, if w satisfies Eqs. (14)
and (15) with ¢ = 1 (note that the BWSRM IT™ is a minimum-
—(w
error measurement from Remark 1), then Pc

' = P2 holds.
Proof. First, we prove P_C(w)

> P, °pl for any w € W. Let
M-1
X" =16"1"2+ 3 (1=c") &, (@D
k=0
where ¢\ is the largest real number such that
(G = " &pr. 42)

From Eq. (41), we have that for any m € Zy,

M—1
X —Epn = > (1= ") Eor — [1 = ¢ Jemom
k=0

(1= ") & pm — [1 = )60 0m

>
>

e

(43)

In contrast, any positive semidefinite matrix X with X > &, o,
for any m € Z,;, which means that X is a feasible solutlon
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to the dual problem, satisfies TrX > ngl (see Theorem 1
of Ref. [18]). From Eq. (43), X" is a feasible solution of
the dual problem, and thus TrX™ > PZ™ holds. Therefore, it
suffices to show that TrX® = P, Using Remark 11 in Ap-
pendix A (with ¢ = ¢\"’&,® = Y, and B = [G™]7/?) and
substituting ¥ = wkT[G(w)]"/zwk, it follows that Eq. (42)

is identical to c,(cw)skY,fw) < I,. Since c,({w)

is the largest real
number satisfying this inequality, ¢"’ = (&Ao[¥""])~" holds.
Substituting this into Eq. (41) and taking the trace, we obtain
Tex® =P

Next, we assume that w satisfies Eqs. (14) and (15) with

¢ =1andprove P = P, Let

M—1
X = Z Eoe 1. (44)
k=0

Since MI™ is a minimum-error measurement, X > EnPm
holds for any m € Zy; [17]. In contrast, from Remark 12 in
Appendix B, [G™]'/? = X holds. Thus, we have [G™]'/2 >
&.0m, Which means c,((w) = 1. Therefore, from Egs. (41)
and (44), we have

(45)

|
From Eq. (39) and Proposition 4, for any w € I/V,ngt
satisfies

P = Tex™ = Te{G™]'2 = TrX = P

P™ = Pclg,T™] < PP < P (46)

In particular, if w satisfies Eqs. (14) and (15) with ¢ = 1, then

. .. opt
™ is a minimum-error measurement and Pc™ = P =

P holds. Pc™ and P are expected to be close to P

.. )y . ..
under the condition that [T™") is close to a minimum-error
measurement as the iteration proceeds.

(
Note that it is not guaranteed that P_C(w 'is monotonically

decreasing with respect to r. Considering this, we can use

(r)
as an upper bound of P2" instead of P at

r)

. —w®
min,¢, Pc

each iteration in our proposed algorithm. In contrast, &(“’m) =

Pcl§, "] is monotonically increasing with respect to r, as
described in the next subsection.

D. Convergence of solution

Jezek et al. reported the numerical observation that their
algorithm monotonically increases the correct probability at
each iteration and converges to the maximum correct proba-
bility [24]. Later, Reimpell ef al. proposed an algorithm for
maximizing entanglement fidelity of quantum channels [26],
which is a generalization of JeZek et al.’s algorithm (see [25]).
Reimpell ef al. also proved the monotonic increase of their
algorithm [26,27], which means that JeZek et al.’s algorithm
monotonically increases the correct probability. Moreover,
Tyson gave a geometric interpretation of these algorithms by
embedding the set of POVMs (or completely positive maps) in
a semidefinite inner product space, and generalized Reimpell
et al.’s monotonicity result to a more general iteration [25].
However, the convergence to the optimality has not been
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proved yet (see [25]). The following theorem shows that in
the case of a linearly independent pure state set JeZek et al.’s
algorithm converges to a minimum-error measurement (proof
in Appendix C).

Theorem 5. We consider a linearly independent pure state
set p = {|VYm) (Y| : m € Iy} with prior probabilities & =
{&, : m € T)}. Using the iterative formula of Eq. (29) [i.e.,
Eq. (33) with d = 1] starting from initial weights w©® =
{w® > 0:m eIy}, the BWSRM ™" converges to a
minimum-error measurement.

V. CALCULATION OF MINIMAX SOLUTION

We now consider a quantum state set p = {0, = ¥y xp,i, :
m € Ty}. We present our iterative algorithm for finding
weights w = {w,, € S® : m € Ty} of the BWSRM IM™ =
{IT™) : m € Iy} so that TI™ is as close as possible to a min-
imax measurement. Note again that, from Proposition 3, E(w)
is minimax probabilities if [T is a minimax measurement.

A. Iterative algorithm

In the previous section, we discussed the iterative formula
of Eq. (33) by focusing on the fact that Eq. (15), which is a
necessary condition for a minimum-error measurement, holds
if and only if Eq. (35) holds for a positive real number d.
In a similar manner, we construct an iterative algorithm for a
minimax solution using a necessary condition for a minimax
solution. To be more precise, we use the fact that IT™ is a
minimax measurement if and only if Eq. (22) holds, as given
in Proposition 3.

First, we give an iterative formula for a pure state set. As
stated in Proposition 3, for a pure state set, the QWM I jg
aminimax measurement for minimax probabilities £*. Here we
assume that w = £2 holds (i.e., [T1™ is the QWM) during each
iteration and update prior probabilities £ such that & converges
to £*. We introduce the following formula:

1 =(d
&,V =8 E"],

§ = & -
[6.757] <k§ [&Yf“]d) ’

where r € {0,1,2, ...}. The basic idea is based on Remark 13
in Appendix B. Indeed, E(V(£) of Eq. (47) is identical to
E,,(€2) defined by Eq. (B3). From Remark 13, T jg
a minimum-error measurement for p with £+ if 4 = 1.
Here, d > 0 is an acceleration parameter. It follows from
Eq. (47) that £ is a fixed point of BD() if &,YE is a
constant independent of m € Z), (note that ¢ > 0 exists such

(47)

E(6) =

that &, Y,fz) = c in this case), i.e., £ satisfies the necessary and
sufficient condition of Eq. (22). Initial probabilities £© are
chosen such that £ > 0 and Y ' ¥ = 1 (for example,
O = 1/M).

Next, we extend the iterative formula of Eq. (47) to a
mixed state set. From Proposition 3, if optimal weights w* are
obtained, then (6", T1™") is a minimax solution. To obtain
an iterative formula with respect to w, let us consider the
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following equation:
[0 YW, Y = Pw,, (48)

which follows from Eq. (22). We normalize w such

that 307" /Trwy = 1, which means £® = /Trw; from
Eq. (21). Then Eq. (48) can be rewritten as

2 Tm
TcT,,’
T, = Y, Y™ e SFn.

Wy = [E;nuj)]
(49)

In consideration of this, we propose the following iterative
formula:

WD — [5(”1)]2£’
m m TI'T,Zr)
-1
(r) M~—1 (r)
£ Trwn Trw ’
[t ") \ = [Ter ]
¢ ( r)yr) (50)
T r) = Ymr) l‘); Ymr ’
Y}glr) wT [G(r)] 1/21//
M—1
6" = Y vy
k=0
where r € {0,1,2, ---}. Note that ¥ = Y,Elwm) and G =

G™") hold. We can see that this formula is a generalization
of Eq. (47). Indeed, in the case of a pure state set, the first line
of Eq. (50) gives w"”) = [£"]? for any r > 0, and substituting
this into the second line of Eq. (50) yields Eq. (47).

The proposed iterative algorithm can be summarized as
follows (the stopping criterion will be shown in the next
subsection):

Finding a minimax solution:

Input: quantum states p = {p,, = V¥, w,i,},

a constant for the stopping criteria § Pc,

and an acceleration parameter d.

1. Initialize w©® (e.g., wf,?) = I,/M?).

2.forr =0,1,--- do

/* Decide whether to stop */

3. Compute Pc*(wm) and P_é(w( " from Egs. (51)

and (55), res@ctively.

4.if P*(w ) Pc*(wm) < 8 P then break

/* Update the prior probabilities and weights */

5. Compute w*+Y from Eq. (50) [Eq. (47) can

also be used for a pure state set].

6. end for

7. Compute £ and ™" from Egs. 21)

and (5), respectively.

Output: the prior probabilities £ ™"

and the POVM 1",

PHYSICAL REVIEW A 91, 012318 (2015)

B. Estimation of accuracy of a minimax value

We can calculate the upper and lower bounds for the
minimax value PZ at each iteration. Let

P_C*(w) = miIn Tr[ o, 119”]

= min Tr[ Y w, Y] (51)

mEIM

Pé(’”) is a lower bound for P¢ since PE(’”) satisfies

P_C*(w) = msin Pelg, ™) < Pel&*, T < PE. (52)

For a pure state set, it is known that Remark 13 in
Appendix B holds, which yields, for any w € W,

Pe[Ew). I = PPEW)] > min PP(E) = PE, (53)
where E(w) is defined by Eq. (B3). Thus, Pc[E(w),[1™]
(denoted as P pure(W)) is an upper bound for PZ. From Eq. (8),

P*

Cpure is expressed as

" M- Ty

—*w _ ( )

o (L) Towr o
k=0 "k m=0

It is obvious that if [1™ is a minimax measurement, then
P*("’) P2 holds. Although Remark 13 cannot be

P* = Pépure
applied to a mixed state set, the following proposition gives an
alternative upper bound.

Proposition 6. We consider a state set p = {0, = ¥y 1//,11 :
m € Iy} Letw € W. Also let

M—1 -1

Srw) 1 12

P § —— | TG"™1', (55)
( Ao[Ylf’”])

k=0

where Ao[Y."] is the largest eigenvalue of ¥,". Then, P_(*:(w) >
PZ holds for any w € W, where P( is the minimax value.
Moreover, if [1™ is a minimax measurement, then P_é(w) =P
holds.

Note that in the case of a pure state set P_(‘:'(w)

*
to P C pure

) M—1 | -1y
e = — ) Ty w, Y. (56)
(=) ™2

k=0

is equivalent

7w
since P%  can also be expressed as

Indeed, this is given by

M-1 M-1
Tr Z me,f;”) =Tr Z wmlﬂ,L[G(w)]_l/zt//m
m=0 m=0
M-1
=Tr Y Yuwa [G™]7/?
m=0
= Tr[G™]'/2, (57)
where the first and last lines follow from Egs. (9) and (6),
respectively.
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Proof. First, we prove that P_c*(w) > P¢ holds for any w €
W. Let ¢!*) be the largest real number such that [G™)]!/2 >
W p,,. Also let

m

£, = Ccl,
X = I, (58)

where C = [ZM ! (w) ~1. Then, we have that for any m €

T,
X = &,pm =C(GN2 —cpn) 20. (59

In contrast, from the theory of the SDP, if a positive semidef-
inite matrix X and prior probabilities £’ satisfy X — &, 0, > 0,
then TrX > P2 (&') holds (see Theorem 1 of Ref. [18]). Thus,
we obtain

TrX > PME) > P (60)

Therefore, it suffices to show that ¢(*) = (Ao[Yk(w)])_', since,

from Eqgs. (55) and (58), P_C*(w) = TrX holds in this case.

Using Remark 11 in Appendix A (with ¢ = ¢),® = v,
and B = [G™]7!/?) and substituting Eq. (9), it follows that
[GW1/2 > cfnw)pm is equivalent to c,(71w)Y,1(1w) < I,,. Therefore,
) = (o[Y™])~! holds.

Next, we assume that [T® is a minimax measurement, and
prove P_E(w) = PZ. From Proposition 3, Eq. (22) holds, which
indicates that Eq. (16) with &,, = &™) holds. Thus, the largest
eigenvalue of Yk(w) can be expressed by XO[Y,fw)] = [~

Substituting this into Eq. (55) yields P& " = ¢Tr[G™]/2. In

contrast, from Remark 12 in Appendix B, we have

G(w)]l/Z Z %_(w) (w). (61)

Taking the trace on both sides gives cTr[G™]'/? = P,
which yields P2 = Pg. ]

C. Convergence of solution

Here we show the monotonically decreasing property of
OP "[£] for a pure state set when the acceleration parameter
is d = 1. As described in Sec. VA, £/t = D[] =
E,,([£"1?) holds for any r > 0 in the case of d = 1, which

yields P_é(w) = PP'[0+D] from Eq. (53). Theorem 7 claims

that the upper bound P_C*(w) is monotonically decreasing. We
also show the condition of convergence toward an optimal
solution in Theorem 8.

Theorem 7. We consider a pure state set p = {|V,,) (V] :
m € Zy}. Using the iterative formula of Eq. (47) withd =1
starting from initial prior probabilities & © satisfying £ > 0
for any m € Iy, PX” "[£™] is monotonically decreasing.

Proof. Let  F(r,r) = Pc["), "D pP[E0] >
F(r,r) is obvious. Since, from Remark 13, £0+D = B([£"]?)
are prior probabilities such that TT"”"™ is a minimum-error
measurement, Por [£¢*+D] = F(r,r 4+ 1) holds. Thus, it is
sufficient to show F(r,r) > F(r,r + 1) since in this case we
obtain

PMED] = F(rr) > F(rr +1) = PP (62)
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Let K = YV ' v”1". Since
1

r+) _ = (r)
Em —_ ( é ) K(r)y([é(r)]z

(63)

72
ie., Y’gl[f 19 — 1/[K(r)€;¥+1)]7

M—1

Py = Y 0T

m=0
M-1 iy 92

1 AT ED
§ : ) m

K®]2 En |:(r+1) ’ 64)
m=0 m

2 Thus,

where the first line follows from Eq. (8) with w = [£("]
F@r,r)— F(rr+ 1)

£ 2 £
%.(r) m _ m
Z m 1) (r+1)
m

m=0
1 — g0
(r) m
ZKOPR mZ:0 En In [&Eﬁl)

D))

K(:)]Z

>0, (65)

where Dgp is the Kullback-Leibler divergence. The first
inequality of Eq. (65) follows from x> — x > Inx for any
x > 0. The second inequality follows from the fact that the
Kullback-Leibler divergence is non-negative. |

Theorem 8. We consider a state set p = {wmw,L me
Ty} Assume thatw") € S®» in Eq. (50) converges to a strictly
positive matrix (denoted by w,,) for each m € Z),;. Then,
(™ T1™) is a minimax solution, where w = {w,, : m € Zy}.

Proof. From Eq. (50), £, T\, and Y converge. We
denote their limits by &,,,7,,, and Y,,, respectively. Taking
the trace on both sides of the first equality of Eq. (50) yields
[£0+D]2 = Trw+D. Thus, from Eq. (21), €” = ™" holds
for any r > 1, which indicates £ = &™), From Eq. (50), Y,
equals to Y,(,L“)) of Eq. (9). Hence, from Proposition 3, it is
sufficient to show that there exists a positive real number ¢
satisfying Eq. (22).

Equation (50) yields

L YWy Y('”)
_ (w) m m
w, = [ ] & (66)
Note that TrT,, > 0 since w,, > 0. Let A = §W YW/ /TrT,,
and B = w,,, then Eq. (66) is expressed as B = ABA. Since
A > 0 and B > 0, from Remark 10 in Appendix A, A = [,
holds. Therefore, E;W)Y,glw) = cl,, holds with ¢ = 4/TrT,,, and
thus WY ®Ww, = cw, holds, which means that Eq. (22)
holds with ¢ = /TrT,,. [ |

D. Group covariant state sets

We consider a state set p = {p,, = WmWrL :m € Iy} that
is invariant under the action of a group G (|G| > 2) in which
each element g € G corresponds to an N-dimensional unitary
matrix Uy. Such p is called as a group covariant state set with
respect to G [42]. For any m € Z); and g € G, there exists
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k € T such that
ngm U; = Pk- (67)

Assume without loss of generality that Eq. (67) is equivalent
to Ug¥,, = Y (indeed, this is true if {y,, : m € Iy} is
appropriately set). To simplify the notation, we denote such k
as g o m. Similarly, we denote U, AU, g as g o A for any matrix
A. Equation (67) can be rewritten as

8 © Pm = Pgom- (68)

G may include an antiunitary matrix (see [16,42] for details).
A group covariant state set is a generalization of a so-called
geometrically uniform state set [40], in which for any m € Ty,
and k € 7y, there exists g € G such that k = g o m.

For a group covariant state set p, a minimax solution
(&*,1T") exists such that, for any m € Z,; and g € G [16],

gf:l = g;om’
. . (69)
goll;, =11 gom”

Thus, a minimax solution is expected to be computed effi-
ciently for a group covariant state set. Note that a computa-
tionally efficient numerical solution using SDP for quantum
states satisfying geometrical symmetry in minimal measuring
strategy has been proposed [43,44].

The following proposition holds.

Proposition 9. Let G be a group with |G| > 2 in which
each element g € G corresponds to an N-dimensional unitary
or antiunitary matrix U,. We consider a group covariant state
setp = {om = ¥ xp,L :m € Iy} satisfying Ugry = Ygom for
any m € Zy; and g € G. We consider computing a minimax
solution for p using the iterative formula of Eq. (50), where
initial weights w® are chosen such that w(”, = w for any
m € Iy and g € G. Then, we have that for any r > 0 m e Ty,
and g € G,

w® = w(r) (70)

gom :

This proposition implies that we need to calculate only one
weight for each orbit; we do not need to calculate M weights,
where the orbit of m is the set {g o m : g € G}. In the case of a
geometrically uniform state set [40], which has just one orbit,
we need only calculate one weight wy ) for each r. Note that a
similar result can be easily obtained in the case of the iterative
formula for finding a minimum-error measurement.

Proof. We prove this proposition by induction on r. By
assumption, it is obvious for r = 0. Assume that, for a certain
t > O,w;’gm = w' for any m € Iy, and g € G. We have, for
any g € G,

T

(1)
o G = g o [Ymwyl]

im

b

O]
wé’ om Wy, gom

Il
g

g 3
TL

Z Wm'w([)lﬁ

m'=0

— G(w‘”)’ (71)
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where m’ = g o m. Thus, Y! satisfies
)y, _
Y(l) _ ,(//[;,i‘om [G(w )] l/zwgom

gom
=yl{g o [G" 1 Yy,
= Y IG Ty,
=r". (72)

Therefore, from Eq. (50), w{:" = wi*" holds for any m €
Iy and g € G. |

VI. NUMERICAL EXAMPLES OF PROPOSED
ALGORITHMS

In this section, we explain the performance of proposed
iterative algorithms. First, we investigate the convergence
properties for pure states using an M-ary optical amplitude
shift keyed (ASK) coherent state set p = {|ka) (ka|: k €
{0, £1,..., £ | M/2]}}, where |ka) is the eigenvector of the
photon annihilation operator corresponding to the eigenvalue
ka. Let |a|?> = 0.1 and M be odd. Next, we investigate the
performance for mixed states using randomly selected states.

The convergence properties of the iterative algorithm for
a minimum-error measurement, expressed by Eq. (33), for p
with equal prior probabilities are shown in Fig. 2 for d = 1.0,
1.25, and 1.5. The initial weights are chosen tobe w® = 1/M?
foreach m € T),. We plot the number of iterations r to achieve
the difference between the upper and lower bounds for the
maximum correct probability, i.e., P_C(w< ) _ &(“’(")), less than
10~° for different M. Note again that the result withd = 1.0 is
the same as that of the iterative algorithm developed by JeZek
et al. [24]. At least in the range of 1.0 < d < 1.5, we can see
that the number of iterations required decreases as d increases.
We verified that solutions tend to diverge at about d = 2.0. d
may change at each iteration, and our algorithm is expected to
be accelerated if d is appropriately scheduled.

5000 T T T T
——d=10
4000 F | --e--d=125 ]
[ | e d=15 ]
3000 o
f=) F 4
g
g
2 2000 F .
1000 F ]
0_| s
0 25

Number of states M

FIG. 2. Example of numerical calculations for minimum-error
measurements for an M-ary optical ASK coherent state set. Number
of iterations to achieve difference between upper and lower bounds

. o =) )
for maximum correct probability, Pc - &("’ ) less than 107 is

shown.
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[\
W

FIG. 3. Example of numerical calculations for minimax solutions
for an M-ary optical ASK coherent state set. Number of iterations
to achieve difference between upper and lower bounds for minimax

5w ) 9 -
value, P — PE™" less than 10~° is shown.

The convergence properties of the iterative algorithm for a
minimax solution, expressed by Eq. (47), for p are shown in
Fig. 3. From Proposition 3, the QWM M with minimax
probabilities £* is a minimax measurement for a pure state set.
In consideration of this, we set the initial weights as wfq?) =
1/M? for each m € Ty In a similar manner to Fig. 2, we plot

. . . ) ")
the number of iterations r to achieve P_é(w - Pé(“’ ) Tess

than 10~ for different M. We can also see that the number of
iterations required almost decreases as d increases in the range
of 1.0 < d < 1.5. Note that the number of iterations required
for a minimax solution is less than that for a minimum-error
measurement. However, we found that this is generally not the
case; in many state sets, the algorithm for a minimum-error
measurement has a faster rate of convergence than that for a
minimax solution.

The values of P2 — P& and Pz — Pe™”) for 20
iterations when M = 3 are illustrated in Fig. 4. For M = 3,
a closed-form analytical expression for the minimax value
PZ is known [28]. One can see that both P_e(w( ” — PZ and
PE— Pc*(w(r)) nearly exponentially decreases as the number
of iterations increases. Note that in this case our algorithm
with d = 1.25 has a faster rate of convergence than that with
d=1.5.

InFigs. 5 and 6, we show the dependence of the convergence
properties of the proposed algorithms for a minimum-error
measurement and a minimax solution, respectively, on the rank
of density operators. We use 100 sets of randomly generated
four quantum states {p,, : m € Z4} whose supports are linearly
independent. Prior probabilities are also randomly selected
in the case of finding a minimum-error measurement. For
any m € Iy, p, has arank of R, i.e., R, = rankp,, = R, and
thus, the dimension of the state space is N = 4R. We plot
the average number of iterations r to achieve the difference
between the upper and lower bounds for optimal value less
than 10~° for different R. In Figs. 5 and 6, the numbers of
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20

Iteration

FIG. 4. Accuracy of minimax value vs number of iterations for a
ternary ASK coherent state set.

iterations required tend to increase and decrease as R increases,
respectively; however, it is not significantly changed by R
at least in the range of R < 15. Thus, since the proposed
algorithms take O(N?) = O(R?) time for a single iteration
as explained in the next section, they require about R times
higher computational complexity than in the case of R = 1.

In Figs. 2-6, the proposed algorithms with d = 1.25 always
take less average number of iterations than those with d =
1.0, which implies that d ~ 1.25 is expected to offer stable
performance. Note that, using the property that the logarithm of
the difference between the upper and lower bounds decreases
approximately linearly with the number of iterations, as we can
see in Fig. 4, we can obtain a rough estimate of the number of
iterations required after a few iterations, and thus can choose
an appropriate value of d.

30_ T T T T T T T T T T T T T T T T
25 F

20 b

15 F

Iteration

10 .

0 : I L L L L 1 L L L L 1 L I 1 I 1
0 5 10 15

Rank of each state R

FIG. 5. Example of numerical calculations for minimum-error
measurements for four pure (R = 1) and mixed (R > 1) states.
Number of iterations to achieve difference between upper and lower
bounds for maximum correct probability less than 10~° is shown.
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TABLE I. Time and memory complexity for finding an optimal
POVM.

Time complexity Storage

Strategy Method per iteration requirements
Minimum CSDP O(N®%) O(N*%
measuring Proposed O(N?) O(N?)
Minimax CSDP O(N%) O(N*
Proposed O(N?) O(N?)

B
150 :\\\—< ]
o - " e lm e i LR -
.S . -
2 100 - hoe O
8 -
ol —e—d=10 | ]
i ——e--d=125
aed =15
0_ 1 1 L L 1 1 1 1 L L 1 1 1 1 1 1
0 5 10 15

Rank of each state R

FIG. 6. Example of numerical calculations for minimax solutions
for four pure (R = 1) and mixed (R > 1) states. Number of iterations
to achieve difference between upper and lower bounds for minimax
value less than 1077 is shown.

VII. TIME AND SPACE COMPLEXITY

The proposed algorithms are expected to have lower
computational complexity and memory size than classical
approaches for solving an SDP. Here we will compare our
algorithms with CSDP [45], which is a widely used SDP solver
implementing a primal-dual interior point method. We assume
that the spans of {p,, : m € Zy,} are linearly independent (i.e.,
Znnf;ol R, = N), and N? is much larger than M, which is
satisfied in many practical cases. We do not assume that p is
symmetric.

In minimal measuring strategy, CSDP solves the problem
of maximizing Pc(£,I1) under the constraint of Eq. (1).
Since the number of scalar equality constraints is N2, CSDP
takes O(N®) time for a single iteration and requires O(N*)
storage [45]. In contrast, in our algorithm the calculation of
[G™1~1/2 of Eq. (9), which requires O(N?) time for a single
iteration, is often much harder than the other operations. Our
algorithm requires O(N?) storage for N-dimensional square
matrices.

In minimax strategy, the problem can be expressed as the
following SDP [16]:

argmax Tr(poIlp),
MeM

subjectto  Tr(p,,I1,,) = Tr(poIlp),Vm € Zy;. (73)

Since IT must satisfy Eq. (1) (i.e., I[1 € M), the number of
scalar equality constraints is also N2. This means that CSDP
has the same order of time and memory complexity as that in
the minimal measuring strategy. Similarly, our algorithm takes
O(N?) time for a single iteration since the major computational
cost is to compute [G"]71/2. Our algorithm also requires
O(N?) storage. Table I summarizes the above arguments.

We should mention the total complexity. We here consider
that the permissible error of the correct probability is 107°.
We can see from numerical observations that the number
of iterations required by CSDP is typically less than 30. In
contrast, our algorithm sometimes needs thousands of itera-

tions as shown in Fig. 2. However, since the time complexity
required by our algorithm and CSDP for a single iteration are
respectively O(N?)and O(NY), itis expected that the total time
complexity of our algorithm is much less than that of CSDP.
We did numerical experiments on an Intel Core 17-4600M
machine with 4 GB memory to compare the processing time.
Both CSDP and our algorithm are implemented in C language.
In the case of ASK coherent state set with |a|?> = 0.1 (this is the
same condition as in Figs. 2 and 3) and M = 15, the processing
time for CSDP and our algorithm in the minimal measuring
strategy was 50 and 1 s, and that in the minimax strategy was
80 and 0.03 s, respectively.

We now compare our algorithm in the minimal measuring
strategy with that of JeZek et al.. First, we consider the case of
d = 1. If we naively implement JezZek et al.’s algorithm, then
it involves several multiplications of N-dimensional square
matrices, which requires additional O(N?) time for a single
iteration and O(N?) storage in practice. Thus, it requires
much computation time and memory, although it has the
same order of computational complexity as our algorithm.
However, if we optimize the implementation of Jezek et al.’s
algorithm by representing p,, and I, as p, = 1//,,[1//,11 and
I, = 71,,,71,1,, respectively (y,, and m,, are N X R, matrices
for each m € Z),), then it can have the almost same time and
memory requirements as our method. Next, we consider the
case of d > 1. As described in Sec. IV A, the acceleration
technique of our method is difficult to apply to Jezek et al.’s
algorithm. In contrast, our algorithm can accelerate with only
a small additional computational cost. Note that the optimal
acceleration parameter d is different for each state set. The
issue of how to optimize d is remained for future study.

It is worth discussing the parallel computing. SDP with
matrix size of N x N and L constraints can be solved in
polylog(N)polylog(L) time (for a given permissible error),
using poly(N)poly(L) processors [46], where poly(a) and
polylog(b) respectively denote the polynomial of a and
polylogarithm of b. This is because operations for Hermitian
matrices such as matrix multiplication and eigendecomposi-
tion take polylog time using polynomial number of processors.
For the same reason, our algorithm can obtain a solution in
polylog(N)polylog(L) time using poly(XN)poly(L) processors.
Even if parallel processors are used, our method usually must
achieve sufficient accuracy with lower time complexity than
SDP-based algorithms since our method has a lower total
computational complexity in many cases.

If p is symmetric, then using the symmetry we can often
reduce the time complexity of both SDP-based and our
algorithms. For example, we consider a cyclic state set p,
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which can be expressed as p = {p,, = U poU ™ : m € Ty}
with a unitary matrix U. Since there exists a matrix X > 0
satisfying Eqs. (18) and (19) such that X commutes with
U, we can simplify the SDP expression [43]. Similarly, G
commutes with U, which indicates that we can reduce the
computational cost of computing [G]~1/2 in our algorithm.

VIII. CONCLUSION

We investigated the problem of computing a minimum-
error measurement and a minimax solution by optimizing the
weights of the BWSRM. We derived necessary and sufficient
conditions for the BWSRM to be a minimax measurement,
which indicates that the trace of each optimal weight of the
BWSRM is proportional to the square of the corresponding
minimax probability. We also showed an extension of the
iterative algorithm developed by Jezek et al. [24] for a
minimum-error measurement. For a linearly independent pure
state set, the algorithm of JeZek et al. converges to an optimal
measurement. Then, we proposed an iterative algorithm for
a minimax solution. For a pure state set, our algorithm
monotonically decreases an upper bound of minimax value.
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APPENDIX A: REMARKS ON MATRICES

We give some remarks for providing our main results.

Remark 10. For any positive semidefinite matrices A and B
and any positive real number d, AYBA? = B and AB = B are
identical. In particular, if B is strictly positive, AYBA? = B if
and only if A is the identity matrix.

Proof. First, assume that A’BA? = B. Let a Schatten
decomposition of A be A =), ay lax) (ax|. Premultiplying

and postmultiplying both sides of ABA? = B by (a;| and
|ax), respectively, yield
ai’ (x| B lax) = {ar| B lay) - (A1)

Let K = {k : (ax| B |ax) > 0}. From Eq. (Al), a; = 1 holds
for any k € K. Therefore, AB = B holds.

Next, assume that AB = B. Each column of B is an eigen-
vector of A with eigenvalue 1, and also an eigenvector of Ad

with eigenvalue 1. Therefore, AdBAd BA? = (AYB)t =
holds.

If B is strictly positive, i.e., B~ ! exists, then it is obvious
that AB = B if and only if A is the identity matrix. |

Remark 11. Let I be the t-dimensional identity matrix.
For any n x k matrix ®, any n-dimensional strictly positive
semidefinite matrix B, and any real number c, cdTBD < I
and B~! > ¢® ' are identical.

Proof. If ¢ <0, then this remark is obvious, since in
this case I} — c®'BP and B~! — cd P are always positive
semidefinite. Assume ¢ > 0. Let A = ¢!/2®TBY/2, Then,
c®BD < I; is identical to AAY € I;. In contrast, B>
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cddT is identical to
I > cB"?®dB? = ATA. (A2)

Now we will show that AAT < I,é and ATA < I, are
identical. AAT < I holds if and only if all eigenvalues of
AAT are less than or equal to 1. Since AAT and AT A have the
same nonzero eigenvalues [47], this means that all eigenvalues
of ATA are less than or equal to 1, that is, ATA < I. |

APPENDIX B: REMARKS ON BWSRMs

Remark 12. We consider a state set p = {p,, = WmWrL :
m € Ty} with prior probabilities £ = {§,, : m € Zy}. Letw €
W.

If w satisfies Egs. (14) and (15) with a certain ¢ (i.e.,
the BWSRM I1™ is a minimum-error measurement from
Remark 1), then we have

[GMV? = (B1)

M-1
Z Eoe 1.
=0

Proof. We have
C[G(w)]l/2 — cG(w)[G(w)]—l/Z

=c Z e 1G]

k=

E

" GG

|I
<
-
“ I

skwkw G P yw ] [G™ 12

=~

(=)

<

Eop T, (B2)

>~
[=)

where the second to fifth lines follow from Egs. (6), (15), (9),
and (5), respectively. |

Remark 13 (Theorem 5 of Ref. [35]). We consider a pure
state set p = {|V¥m) (Yl : m € Iy ). Let E(w) = {E(w) :
m € Ty}, where w € VW and

M—1 -1
1 1
(w) Z ( )) :
YmLU < k:() YkLU

Note that &, (w) > 0 and Y &, (w) = 1 hold, and thus
E(w) can be interpreted as prior probabilities. For any w € W,
the BWSRM 1™ is a minimum-error measurement for p with
prior probabilities E(w).

From Remark 13, we can obtain the prior probabilities &
such that TI™ is a minimum-error measurement for a given
w, that is, & = E(w). However, it is often difficult to obtain w
such that IT™ is a minimum-error measurement for a given .

Note that Remark 13 can be generalized to a mixed state
set as follows.

Remark 14. We consider a state set p = {p,, = WmWrL :
m € Ty} with prior probabilities & = {§, : m € Z}. Let
R,, = rankp,,. We also consider a BWSRM ™ = {1 :
m € Iy}, where w = {w,, € S® :m € Ty} € W. Assume

(B3)

En(w) =
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w,, > 0 for any m € Ty. If [1™ is a minimum-error mea-
surement for p with £, then we have that for any m € Z,,,

M—1 -1
R, Ry
Em = (w) (Z <w>) : (B4)
TrY,, = IrYy

Proof. Assume that TI® is a minimum-error measurement
for p with &. Postmultiplying both sides of Eq. (15) by w;,!
yields &, Y{") = cI,,. Taking the trace on both sides we have
En TrY(w) = cR,,. Therefore, &, R,,,/TrY,flw), i.e., Eq. (B4)
holds. ]

APPENDIX C: PROOF OF THEOREM 5
1. Outline

First, we derive that &, Y converges to 1 as r tends to
infinity. Next, using this property, we prove that the correct
probability of the BWSRM 1", denoted as P.”, converges
to the maximum correct probability Pé)pt. Finally, we show that

(r) - .
™) converges to a minimum-error measurement, denoted
as IT°.

2. Proof that £, Y" converges to 1

Let E”) be an N-dimensional square matrix satisfying

H(w<'>) [E(”]TE(” Also let
M—1
S0 = 3 e - EPY[E — EDJgwpn (€D
m=0

We exploit the fact that S™ converges to 0 as r tends to infinity,
which is proved by Tyson [see Eq. (16) of Ref. [25]]. E{ can
be expressed as

ED = |0) (Y|  wS[GP17V2, (C2)

where |0) is any normal vector in H. From Eq. (9), we have

ED [¥,) = [0) Jwi Y. (C3)

We obtain, for any m € Ty,

SO > T[ECHD — EQT[ECHD — EO)0m

2
— §m| w;}:+l)er1r+l) _ wi’:)Y’(nr)|
2
= |y wi YOLE, YD — 1], (C4)

where the first to third lines follow from Egs. (C1), (C3),
and (29), respectively. Since S converges to 0, the right-hand
side of last line of Eq. (C4) also converges to 0. Therefore,
to prove that &, Y,f[) converges to 1, it suffices to show that

\/ w,(ﬁ)Y,E[) has a positive lower bound.

Let |¥t) € H(m € Zy) be a unit vector such that
(U|y) = 0 for any k € Ty, with k # m. Then, we obtain
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a lower bound of 1/ w"’ Y ") as follows:

w Y = iy (Yl [GO17 2 9)

| (Y1 Ym)
T WRIGOI )

wir | (1Y) I
WinlGOT)

w2

W) Wl Wl i)
= [ (Y [¥m) |, (C5)

where the second line follows from Remark 11 (with B =

[GWNV2,¢c = (1/f,,f|[G(’)]1/2|1/f,i)71, and ® = Wﬁ)).Thethird
line follows from
r 2 r
W llGO1 219 ” < (Y| GVl (C6)

which is derived from the fact that ATBA < ATA holds for
any matrices A and B satisfying B < I (in this case, A =
[GPV1Y2 |yly and B = |y:h) (¥:k]). The fourth line follows
from Eq. (6). Since {|y,,) : m € Iy} is linearly independent,
| (WL |¥) | is positive.

3. Proof that P’ converges to P2

Since &, Y\ converges to 1, for any €' > 0,ry > 0 exists
such that &, Y™ < 1+ € forany r > ro. Lete = 1 — (1 +
€)7! (note that € converges to 0 if € converges to 0). Then,
we have

(1 — €&, Y+ < 1. (C7)

m

Substituting Eq. (9) into Eq. (C7) and using Remark 11

[with ¢ = (1 — €)&,,,® = |,,), and B = [G"TD]71/2] yield
[GUFP12 = (1 = ) 1Y) (Yl (C8)
Hence, we have
THG VY2 — (1 — e)ngt

M—1
=Tr Y {[G"™"1? = (1 — )&, [Y) (Y }TT},

m=0
=0, (C9)

where the last inequality follows from the fact that TrAB > 0
for any matrices A > 0 and B > 0. In contrast, we can obtain

r)
PO = Z En (Y 111511

m=0
M—1
=Y gl
m=0
M—1
>(1—¢) Z Yrﬁlr-rl)w’(?:ﬂ)
m=0
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M—1
=1 —Tr Y _[G"1 2wl [yr,) (Y
m=0
=1 —eTr[G V]2, (C10)
The second line follows from
r r r 2 w'”
with = 2wO[YO) = €2 (Y| TP [y),  (CL1)

which is given by Egs. (8) and (29). The third and fourth lines
of Eq. (C10) follow from Eqgs. (C7) and (9), respectively. From
Egs. (C9) and (C10), we obtain

P > (1 —e? P (C12)

PHYSICAL REVIEW A 91, 012318 (2015)

Therefore, for any € > 0, o > 0 exists such that PC(’) > (1—
€)? ngt for any r > ro, which implies that Pc(r) converges to
ngt as r tends to infinity.

4. Proof that TT™") converges to IT*

The entire set of POVMs M can be regarded as a closed
convex set, and Pc(£,11) is a concave function with respect to
M. P2 is the maximum value of Pc(,TT) over all IT € M.
In contrast, the minimum-error measurement IT® is uniquely
determined for a linearly independent pure state set [48]. Thus,
since Pc [E,H(wm)] converges to P it is obvious that 1 (L)
converges to I1°. ]
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