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A generalized formulation is presented for determining the saturation thresholds for optical processes excited
by ultrafast pulses based on the pulse area of the excitation pulse. It is demonstrated that the threshold of
driving-pulse intensity for absorption and fluorescence saturation in a two-level system is inversely proportional
to the square of the duration of the excitation pulse. These results are obtained from both a simplified analytical
solution assuming a Gaussian excitation pulse shape and a detailed numerical calculation based on density-matrix
equations. The calculation is generalized further to obtain the saturation condition for a two-photon Raman process
by defining a two-photon pulse area both analytically and numerically. These results not only provide predictive
capabilities for determining thresholds of signal saturation using ultrashort durations with arbitrary pulse shapes
and durations but also open up possibilities for predetermining the threshold intensities of various resonant
nonlinear processes.
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I. INTRODUCTION

An atomic or molecular transition saturates when it is
pumped to reach an underdamped regime, modifying the
absorption spectrum with a saturation dip and Stark shift
(Lamb dip) in a homogeneously (inhomogeneously) broad-
ened medium [1]. Typically, a strong cw pump (long-pulse
pump laser with a duration longer than the characteristic
decays of the system) equalizes the population of a homo-
geneously broadened two-level system (TLS) in a few Rabi
cycles to reach a steady-state (quasisteady state) saturation
of absorption with absorption coefficient α = α0(1 + I0/Is)−1

[2]. Here, α0 is the linear absorption coefficient, and I0 and Is

are the peak laser and saturation intensities, respectively. In the
time domain, molecular population and coherence oscillate at
a rate known as the Rabi frequency �, which is proportional
to the square root of the driving-field intensity. When the Rabi
frequency � exceeds the rates of population decay γ and pure
dephasing of coherence � associated with the transitions of
interest, the system reaches an underdamped regime, i.e.,

� >
√

γ�, (1)

and the transition saturates [3]. This condition is pictorially
depicted in Fig. 1(a).

However, if the duration of the excitation pulse is shorter
than the molecular decay and dephasing time scales and the
threshold Rabi period �−1

cw [as shown in Fig. 1(b)], even in the
underdamped regime, this pulse escapes the interaction region
long before a steady-state (or a quasisteady-state) absorption
saturation is reached. Thus, the question to be addressed is,
can absorption be saturated at all in the ultrafast regime? If
yes, how? Clearly, inequality (1) is a necessary condition
for ultrafast absorption saturation but no longer a sufficient
condition. In fact, we found that a stronger drive pulse with
increased Rabi oscillations within the duration of the drive
pulse [as depicted in Fig. 1(c)] can force the system to
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saturate. For excitations with durations shorter than the decay
and dephasing time scales of the system, McCall and Hahn
showed that self-induced transparency is achieved along the
propagation direction z when the area under the pump pulse,
known as pulse area,

θ (z) =
∫ ∞

−∞
�(z,t)dt, (2)

is larger than π [4]. Here, �(z,t) is the Rabi frequency
associated with the pump pulse. Thus, the pulse-area de-
scription can clearly be used to obtain a saturation criterion
for ultrafast absorption processes. Many interesting pulse-
area-based propagation studies have been documented in the
literature [5,6]. For shorter pulses, the pulse-area theorem has
been revisited [7,8]. The area theorem has also been used
to describe the temporal dynamics of accurate control of the
quantum states, e.g., in realizing fast quantum gates [9].

From the spectroscopy perspective, ultrashort pulses associ-
ated with very high peak powers have been extremely useful for
varieties of time-resolved, nonlinear spectroscopic techniques
[10]. Generally, these approaches can be classified as below-
saturation-threshold [11] and above-saturation-threshold [12]
time-resolved spectroscopies. In either case it is crucial to
have prior knowledge of the parameter domain leading to the
saturation limit before designing an experiment. It has been
shown recently that saturation of the molecular N2 Raman
transition with a 100-fs pulse requires a pump intensity that
is more than six orders of magnitude stronger than that for a
nanosecond-duration pulse [13].

In this paper, our goal is to establish a criterion and
determine a scaling law characterizing the saturation threshold
for the ultrafast regime, such as Eq. (1) for the long-pulse
regime. We use the pulse-area interpretation to obtain the
scaling law for single-photon processes such as absorption
and emission [Fig. 2(a)]. We also define a two-photon pulse
area to obtain a criterion for saturation in Raman scattering
[Fig. 2(b)]. We demonstrate that unlike in the cw or long-
pulse regimes, an ultrafast, nonequilibrium, and dynamical
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FIG. 1. (Color online) (a) Typical Rabi period �−1
cw associated with the threshold drive intensity for steady-state absorption saturation in

the cw regime is smaller than the effective decay time scale (γ�)−1/2. (b) In pulsed excitation, when the duration of excitation is shorter than
�−1

cw (i.e., τ < �−1
cw ), then even if the peak Rabi frequency of the drive pulse matches �cw , the pulse leaves the interaction region way before

completion of a single Rabi cycle. Thus, saturation cannot occur. (c) A stronger drive intensity with higher peak intensity can drive multiple
Rabi cycles within the pulse to obtain a dynamical saturation of absorption.

saturation can be realized only in the highly underdamped
regime. The physics of such a saturation process is very rich
because the Rabi-oscillation time scale becomes comparable
to that of the vibrational time scale of the molecules. Also,
the predictive capability achieved from this result will be
extremely useful for establishing design parameters both for
saturation-spectroscopy experiments and for experiments that
must be operated below saturation limits. This calculation may
also be useful for saturation-based ultrafast optical switching
and controllable wave-packet dynamics [14].

In Sec. II, we describe a generalized scheme for obtaining
the saturation criterion for ultrafast excitations. As an example
of the criterion, in Sec. III, we demonstrate its validity in the
saturation of absorption and fluorescence in a TLS. In Sec. IV,
we define the two-photon pulse area and determine a scaling
law for saturation of Raman transition. We summarize the
results and outlook in Sec. V.

(a) (b)

Ed Ew

Ep ES

FIG. 2. (Color online) Three-level model scheme depicting en-
ergy levels of NO used for studying saturation. (a) Only two levels
are used for studying the saturation of absorption of the weak probe
pulse Ew(t) and fluorescence by the strong drive pulse Ed (t). (b) The
level diagram for investigating the saturation of Raman coherence by
the pump pulse Ep and Stokes pulse ES that are detuned by δ from
the excited electronic state.

II. SATURATION IN THE ULTRAFAST EXCITATION
REGIME

Let us consider that a system pumped by a resonant
ultrashort Gaussian pulse with peak electric field Ei0 at t = ti0,
central frequency at νi , and pulse duration τi can be written
as Ei(t) = Ei0e

−(t−ti0)/τ 2
i e−iνi t + c.c. The coupling strength of

the field with the system is given by Rabi frequency 2�i =
2℘αβ |Ei(t)|/�, where ℘αβ = 〈α|℘|β〉 is the dipole-matrix
element between states |α〉 and |β〉 and � is the Planck constant.
Since the amplitude of an ultrafast pulse rapidly evolves in
time, a transient pulse area

θi(t) =
∫ t

−∞
2�i(t

′)dt ′ (3)

can be defined to characterize the evolving interaction of the
pulse and the medium. For a Gaussian pulse, the area of one
complete pulse is given by

i = lim
t→∞ θi(t) = 2�i0τi

√
π, (4)

where, according to McCall and Hahn [4], a transparency is
induced in the medium for i � π . Thus, the above equation
can be used to determine the saturation-threshold condition
in a variety of processes involving ultrafast interactions.
Note the same procedure can be extended to other pulse
shapes. Nonadiabatic coupling of TLS with ultrashort pulses of
different pulse shapes has shown different behaviors in terms
of their transition probabilities [15].

In the following sections, we consider elementary optical
processes, such as absorption, emission, and Raman scattering,
and determine their saturation criterion analytically based on
calculation of the pulse area. We show that for any pulsed
resonant excitation with an arbitrary ultrafast duration shorter
than the decay and dephasing time scales of the material
medium, a generalized criterion for the saturation threshold
can be derived. Note that the Rabi period considered in
this work is larger than the optical period, and thus, the
rotating-wave approximation (RWA) is valid [16]. Also, this
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study assumes the interaction volume consists of a thin optical
medium or a single molecule.

III. SATURATION THRESHOLDS OF ABSORPTION
AND FLUORESCENCE IN A TWO-LEVEL SYSTEM

Let us consider the saturation of absorption and fluores-
cence in the two-level subsystem shown in Fig. 2(a). The en-
ergy levels under consideration are representative of electronic
states X 2� and A 2�+ of a nitric oxide molecule. The system
is driven by the pulse Ed (t), with a central frequency resonant
to the |a〉 ↔ |c〉 transition, and is probed by a weak pulse Ew(t)
with a detuning � from the transition. The pulse-duration
dependence is studied parametrically by varying τi (i → d,w)
corresponding to the electric-field envelopes. We assume the
decay rates of the excited and ground states are same, i.e.,
γaa = γcc = γ . The dephasing rate γac = γ + � determines
the coherence decay. For NO the collisional population-decay
rates of both states are γ ∼ 1010 s−1, and the pure dephasing
rates are � ∼ 15 × 1010 s−1 [17]. The spontaneous decay is
very slow (∼106 s−1) compared to other decay processes and
hence is ignored. Also, collisional quenching is neglected here.

The transient Rabi frequency changes rapidly over the
duration of the pulse. During the transient evolution of the
drive pulse acting on the TLS, the integrated-absorption and
integrated-fluorescence signals

Aint(t) ∝
∫ t

−∞
Imηac(t ′)dt ′,

(5)

Fint(t) ∝
∫ t

−∞
ρaa(t ′)dt ′,

respectively, are calculated numerically. Here, ρij is the
density-matrix element corresponding to the population (co-
herence) for i = j (i �= j ). Note that since both the drive and
the weak probe pulses act on the same transition, we have made
the following transformation of the off-diagonal element of
the density matrix for extracting the drive-induced molecular
polarization experienced by the probe pulse [17]:

ρac(t) → σac(t)e−iνd t + ηac(t)e−iνwt . (6)

Here, Imηac determines the absorption of the probe by the
TLS, and σij corresponds to the polarization experienced by
the drive field. After we substitute this transformation, the
density-matrix equations for the model system become

ρ̇aa = −γaaρaa + [−i�∗
dσac − i�∗

wηac + c.c.],

σ̇ac = −γacσac + i�d (ρcc − ρaa),
(7)

η̇ac = −(γac + i�)ηac + i�w(ρcc − ρaa),

ρ̇cc = γaaρaa − γccρcc + [i�∗
dσac + i�∗

wηac + c.c.].

In the absence of the probe field, for a nondecaying system,
the solutions for the excited-state population and coherences,
respectively, are well known as [18]

ρaa(t) = sin2[θd (t)/2],
(8)

σac(t) = i

2
sin[θd (t)].

Here, θd (t) is the transient pulse area defined in Eq. (3), with
i → d. Thus, Rabi oscillations occur in the TLS; however, the
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FIG. 3. (Color online) (a) Excited-state population ρaa and co-
herence in probe polarization ηac in two-level system as a function
of (a) time and (b) transient pulse area θd (t) associated with the drive
pulse. Here, τd = τw = 100 fs, the peak of the pulses appear at 400 fs,
Id0 = 1017 W/m2, and Iw0 = 1010 W/m2.

oscillation frequency is determined by θd rather than the Rabi
frequency �d itself, unlike in the long-pulse- or the cw-laser
excitation regime. For completeness, we plot the full numerical
solution of ρaa and ηac without any approximation in Fig. 3.
The temporal evolution of the population ρaa and coherence
ηac matrix elements is calculated by solving the coupled
density-matrix equations using the fourth-order Runge-Kutta
method. The parameters used for the numerical plots are pulse
durations τd = τw = 100 fs, centered at td0 = tw0 = 400 fs,
and the peak intensity of the pump (probe) Id0 = 1017 W/m2

(Iw0 = 1010 W/m2). Clearly, in Fig. 3(a), the frequency of
oscillation changes as a function of time for both population
and coherence. However, when ρaa and ηac are plotted as
a function of the transient pulse area θd (t), the oscillation
frequency remains constant and also follows the approximate
solution given in Eqs. (8). Note that since the probe is
weak, the probe coherence ηac(t) follows the coherence σac(t)
generated by the strong drive pulse. It is shown that the
efficiency of population transfer and the adiabatic following
are modified strongly if propagation of the pulse in a resonant
TLS is considered [19]. Rabi oscillations via ultrafast laser
excitation of TLS are reported for free-induction decay [20]
and fluorescence [21,22].

From the spectroscopy perspective, the Rabi oscillations
modify the spectroscopic signature of the transition, creating
new peaks in the spectrum. For example, in cw-laser-based
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FIG. 4. (Color online) Integrated probe absorption (solid black
line) and population (dotted red line) plotted as a function of the peak
intensity of the drive field for pulses with pulse duration τd = 100 fs.

saturation, two new absorption peaks emerge symmetrically on
both sides of the central absorption frequency in the molecular
spectrum with reduced absorption at the transition frequency
[23]. While such a saturation dip in the absorption spectrum is
essential for experiments that exploit the reduced absorption or
the associated anomalous dispersion at the central frequency
[24], the modified spectrum is detrimental to experiments that
rely on the molecular spectroscopic fingerprints for sensing
applications [25]. For an ultrafast excitation, the electric field
Ed rapidly varies within the duration of the pulse, and so
does the probe absorption. Hence, we calculate the integrated
probe absorption Aint and plot it in Fig. 4 to investigate
where and how the ultrafast saturation of absorption occurs.
Aint (solid black line) is plotted as a function of Id0 with
pulse durations τd = τw = 100 fs. It is clear that for an
initial increase of Id0 by several orders of magnitude up to
1014 W/m2, Aint is reduced by only 10%, but within the next
order of magnitude increase from 1014 to 1015 W/m2, Aint is
reduced by two orders of magnitude. To explain this observed
dip using molecular population, in the same graph we plot the
value of the population inversion [ρaa(t) − ρcc(t); red dotted
line] obtained at the tail end of the pulse (t = tp0 + τp). We
observe that at Id0 ∼ 4 × 1014 W/m2, the ground and excited
states are exactly balanced [i.e., ρaa(t) − ρcc(t) = 0(t)], and
Aint is halved compared to that at Id0 = 1010 W/m2. With
a further increase in Id0 (>4 × 1014 W/m2), the molecular
system switches from the absorptive to transient-gain regime,
and hence, Aint drops by almost two orders of magnitude
and oscillates thereafter. Such behavior is due to the onset
of Rabi oscillations in the molecular population, as described
earlier. This transition from a slow decrease in absorption
to a Rabi-oscillation regime is characteristically similar to
absorption saturation in the cw regime [23]. Hence, we identify
that the transition from the absorptive to gain regime causes
saturation of absorption in ultrafast excitation of TLS. Note
that unlike the dependence on the effective decay rate in the
cw excitation regime, the saturation condition in the ultrafast
regime depends only on the dipole strength of the target
molecule.

Next, we numerically calculate Aint(t → ∞) and fluo-
rescence Fint(t → ∞) given in Eqs. (5) and plot them in
Figs. 5(a) and 5(b) as a function of the peak intensity of
the drive pulse to study their saturation behavior. Note that
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FIG. 5. (Color online) (a) Absorption saturation of a weak ultra-
fast probe, (b) fluorescence saturation in a TLS as a function of the
peak intensity Id0 of drive fields of different durations, and (c) pulse
area d associated with the pump pulse.

here the integration is carried out over the whole pulse, and
Ew is set to zero in Fig. 5(b) to calculate the integrated
fluorescence. For a range of drive intensities Id0, the probe
absorption remains relatively constant, and the fluorescence
increases; then at high intensity both of them saturate.
Longer τd pushes the saturation threshold toward a lower
drive intensity for both absorption and fluorescence. Such
pulse-duration dependence can be understood as follows: in
an underdamped regime, for a given peak intensity, when
the pulse duration is increased, d will increase; hence, the
number of Rabi cycles will increase within the pulse duration
compared to that in the shorter-pulse-duration regime. When
the transient pulse area of the drive field reaches θd (t) = π/2,
the population inversion reaches zero (ρaa − ρcc = 0). Any
further increase of Id0 can drive the population imbalance,
favoring a transient gain; for example, at θd (t) ≈ π , we get
ρaa → 1, which causes a two-orders-of-magnitude reduction
in the integrated absorption Aint(t → ∞). As discussed earlier,
after θd = π/2 the molecular system moves from a purely
absorptive to transient-gain regime. Furthermore, Aint(t) goes
through cycles, with peaks when θd (t) is an odd integral
multiple of π/2 and dips when it is an odd multiple of π .
All these arguments based on θd can be extended to the plot of
integrated absorption Aint vs the total pulse area d . Similarly,
in Fig. 5(b), the integrated fluorescence Fint(t → ∞) reaches a
maximum at d ≈ π and a minimum at d ≈ 2π ; for the same
reason as described earlier, the fluorescence also oscillates as
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a function of Id0. The integrated fluorescence is higher for
the longer pulse because repumping of the excited state can
occur within the pulse duration. To calculate the number of
population cycles involved within the duration of the pulse for
a given peak intensity of the pulse, we plot the pulse area d

as a function of peak intensity for different pulse durations
in Fig. 5(c). To distinguish the thresholds for absorption and
fluorescence, we have added arrows marked 1 for absorption
saturation and 2 for fluorescence saturation in Figs. 5(a)–5(c).
Thus, for each of the pulse durations, the saturation conditions
for absorption and fluorescence are given by d > π/2 and
d > π , respectively. Also, for any given pulse duration, the
threshold for absorption and fluorescence differ by a factor
of 2. Note that the absorption saturation condition determined
from the population inversion at a given time (in Fig. 4) differs
slightly compared to the condition derived from the pulse
area because the latter is integrated over the whole pulse,
whereas the former relies on the population condition only
at t = tp0 + τp for a given Id0.

Furthermore, from Eq. (4), a condition for the absorption
(fluorescence) saturation threshold can be obtained by setting
d > π/2 (d > π ). Thus, in terms of measurable parame-
ters, the saturation threshold of the absorption and fluorescence
can occur in a TLS if

κA

√
Id0τd > 1, κF

√
Id0τd > 1, (9)

respectively. Here, κA = 25/2℘ab/(�
√

πcε0) and κF = κA/2
are medium-dependent constants. The threshold intensities of
the drive field that push the absorption and fluorescence to
saturation are obtained as(

I th
d0

)
Ab

= 1

κ2
Aτ 2

d

,
(
I th
d0

)
F l

= 1

κ2
F τ 2

d

. (10)

Thus, the threshold intensity of the drive pulse for absorption
or fluorescence saturation scales as the inverse of the square of
the pulse duration. The shorter the pulse duration, the higher
is the threshold of saturation intensity.

It may be noted that the threshold criterion for fluorescence
is clearly defined by the condition where the excited population
reaches the maximum value. But since the integrated probe
absorption Aint monotonically decreases (at different rates)
until it reaches an oscillatory regime, there is a lack of rigor in
determining the exact threshold condition for the absorption
saturation, which is also the case for absorption saturation in
the cw regime [23]. Nevertheless, depending on the experiment
or phenomena of interest, the above formulation can be
employed to determine the threshold for ultrafast absorption
saturation. For example, if a lower bound for the absorption
threshold is necessary where the population inversion can only
be limited to −0.9, then the new threshold can be obtained
using d � π/7 (corresponding to Id0 ∼ 1.3 × 1013 W/m2)
in Eq. (4) to obtain the new threshold conditions (I th

d0)′Ab =
(2/7)2(κAτd )−2.

An important inference that can be drawn from Eq. (10) is as
follows: for the discussed range of pulse durations, there exists
a scaling law that can help determine the threshold intensity.
To understand it better, we plot the integrated absorptions
from Fig. 5(a) as a function of the pulse area of the drive
pulse d in Fig. 6. For different pulse durations, even though
the magnitudes of the integrated absorption are different,
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FIG. 6. (Color online) Integrated probe absorption Aint of weak
probes in the TLS as a function of pulse area of the drive d plotted
for three pump pulses with different durations. The scaling constant
Id0 × τ 2

d (solid black curve) corresponding to all three pump-pulse
conditions match exactly.

there are some characteristic similarities in the plots of the
integrated probe absorption. (1) The probe absorption shows
sinusoidal oscillations with frequencies that are independent
of the pulse durations. (2) Absorption saturation occurs at
d ∼ π/2, beyond which the integrated probe absorption
begins to decline rapidly and recovers near d ∼ 2π . The
oscillation continues for several periods. Note that for very
large pulse areas (d > 10π ), the Rabi oscillation becomes
comparable to the optical frequency and vibrational period of
the molecule, and hence, the RWA fails [16]. Also, according
to Eq. (10), the products of the threshold peak intensity and
the square of the duration of the drive pulse [(I th

d0)Abτ
2
d ] should

coincide, irrespective of the duration of the drive pulse. In
Fig. 6, we plot this product Id0τ

2
d as a function of d to show

that the product converges to one line (solid black line) for all
values of τd . The intersection point of the curve Id0τ

2 with
d = π/2 defines the absorption saturation threshold for TLS
excited by ultrashort pulses of arbitrary duration.

This calculation can be applied to a host of resonant pro-
cesses. For example, in electronic-resonant-enhanced coherent
anti-Stokes Raman spectroscopy (ERE-CARS), the pump and
Stokes pulses are in two-photon resonance with the molecular
Raman transition, whereas they are highly detuned from the
electronic transition [17], but the probe field resonantly couples
the electronic transitions. The ERE-CARS technique has been
extremely useful in measuring the concentration of minor
species [26]. In such an experiment, while it is important
to maintain the spectroscopic signature of the molecule in
the generated ERE-CARS signal, saturation can alter the
spectral lines [27], requiring additional correction algorithms
like those employed in the saturation of fluorescence [28].
With careful detection of the ERE-CARS signal, the threshold
probe intensity for saturation can be measured. The threshold
probe intensity for saturation of ultrafast ERE-CARS can
be calculated by treating the probe transition as a TLS and
employing the above calculation to determine the threshold
of fluorescence [29]. This scaling law can also be generalized
to obtain saturation conditions in a variety of other resonant
systems involving ultrafast laser-matter interactions, which
will be published elsewhere.
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IV. TWO-PHOTON PULSE AREA AND SATURATION
THRESHOLD OF RAMAN COHERENCE

As an example of the generalization of the pulse-area-based
threshold calculation to a two-photon-excitation system, we
consider a coherent Raman transition as depicted in Fig. 2(b).
When the pump Ep and Stokes ES pulses couple to a Raman-
allowed transition v = 0 ↔ v = 1 in the X 2� electronic
manifold of NO molecules in a two-photon resonant condition,
the Raman coherence ρbc is generated between the vibrational
states in this model system. Saturation of Raman coherence and
also the Stark shift of nanosecond-laser-excited Raman transi-
tions have been demonstrated previously [30], where the con-
dition for saturation is the effective two-photon Rabi frequency

�2ph = 4
�p�S

δ
>

√
γ�, (11)

where δ is the detuning of the pump and Stokes pulses from
the excited electronic state. It was shown that for nanosecond
excitation, a nearly saturated signal generated by beating the
Raman coherence with an electronic-resonant probe facilitates
quenching-independent detection of important minor gas
species [31,32].

However, when the durations of the coupling laser pulses
are on the order of femtoseconds, the coherence dynamics
become more complex for two reasons: (1) the large bandwidth
associated with femtosecond pulses can couple multiple
rotational states simultaneously, and (2) the durations of the
pulses are small compared to molecular decay and dephasing
time scales (τi � γ −1, �−1). In a previous work, we demon-
strated the saturation dynamics associated with rovibrational
coherent Raman processes are, in fact, dominated by saturation
of pump-pulse-induced coherences between multiple purely
rotational states [13]. Also, since the pulse durations are much
smaller than the decays of the system, the above condition
(11) of the two-photon Rabi frequency fails. However, a new
criterion for saturation of the Raman process can be obtained
using the pulse-area description, which is equivalent to that
presented in the Sec. III. Note that for simplicity, the effect of
additional rotational levels is ignored in our current three-level
model.

Considering the pump and Stokes pulses to be highly
detuned from the excited electronic state |a〉 (i.e., δ � τ−1

p ),
the Raman process [as depicted in Fig. 2(b)] is equivalent
to a two-photon absorption process between states |b〉 and
|c〉. Thus, to obtain an analytical condition for the threshold
of saturation of Raman coherence with ultrafast pulses,
we calculate an equivalent two-photon transient pulse area
associated with �2ph, which can be defined as

θ2ph(t) = 4

δ

∫ t

−∞
�p(t ′)�S(t ′)dt ′. (12)

Substituting the pump and Stokes Rabi frequencies associated
with the Gaussian pulses

�i(t) = �i0(t)e−i(t−ti0)2/τ 2
i (i → p,S), (13)

the two-photon pulse area 2ph = θ2ph(t → ∞) becomes

2ph = 4

δ

√
π

τ 2
p + τ 2

S

exp

[
− (tp0 − tS0)2

τ 2
p + τ 2

S

]
�p0�S0τpτS. (14)

Clearly, the two-photon pulse area decreases exponentially
as the square of the separation |tp0 − tS0| between the peaks
of the pump and Stokes pulses. For |tp0 − tS0| � τ 2

p + τ 2
S ,

the two-photon pulse area 2ph → 0; therefore, the saturation
condition will never be reached. When the centers of the pulses
overlap, the above expression reduces to

2ph = 4

δ

√
π

τ 2
p + τ 2

S

�p0�S0τpτS. (15)

If one of the pulse durations is longer than the other, the above
expression reduces to (assuming τp � τS)

2ph =
√

2π

δ
�p0�S0τS. (16)

Thus, the shortest of the two pulses employed to excite the
Raman transition will determine the saturation criterion for
the Raman coherence.

Considering the durations of both pulses to be the same, i.e.,
τp = τS = τ , and the pulse peaks to coincide in time, which
is the usual experimental scenario in femtosecond Raman
experiments, the pulse area in Eq. (14) reduces to

2ph =
√

2π

δ
�p0�S0τ. (17)

Based on the criterion developed for absorption saturation
in the TLS, the saturation condition for Raman coherence
may be obtained as 2ph > π/2. Thus, under the assumptions
used to derive Eq. (17), the condition for saturation of Raman
coherence may be written in terms of measurable experimental
parameters as

κ2ph

√
Ip0IS0τ > 1, (18)

where κ2ph = 25/2/(π1/2δcε0) is a medium-dependent con-
stant. Therefore, the threshold pump-pulse intensity for Raman
saturation is (

I th
p0

)
Ram = 1

κ2
2phIS0τ 2

. (19)

Thus, the shorter the pulse duration, the higher is the threshold
intensity for Raman saturation.

To verify this analytical form, we calculate the Raman
coherence by numerically solving the coupled density-matrix
equations for the three-level Raman model system. We plot
the numerical values of the Raman coherence at the tail end of
the pulse |ρbc(t � τ )| as a function of the peak intensity of the
pump (maintaining the Stokes intensity at 4 × 1015 W/m2)
in Fig. 7(a) and the corresponding two-photon pulse area
2ph in Fig. 7(b). All molecular NO parameters are the
same as discussed in the previous section. We show that
the Raman coherence in Fig. 7(a) saturates when the pulse
area 2ph ∼ π/2. Also, as predicted in Eq. (19), the Raman
coherence saturates at higher laser intensities for shorter pulse
durations. For clarity, we have added arrows marked 1 and 2
for saturation thresholds predicted numerically corresponding
to τp = 1 ps and 100 fs, respectively. Although the saturation
thresholds observed in the plots are qualitatively well predicted
in Eq. (18), they do not agree well quantitatively. In particular,
for longer pulses, the analytical form (18) underpredicts the
saturation threshold, whereas it overpredicts the threshold for
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FIG. 7. (Color online) (a) Saturation of Raman coherence for
different pump-pulse durations. (b) Two-photon pulse area 2ph

corresponding to different peak intensities of the pump pulse.

the shorter-duration regime. Note this description assumes
a Raman process is equivalent to a TLS absorption with
a two-photon Rabi frequency. A rigorous Maxwell-Bloch
equation must be developed and solved analytically to ob-
tain better quantitative agreement. It may also be observed
that for a picosecond pump, the saturation value of the
Raman coherence reaches the near-maximum value of 0.5,
but for shorter pulses, the Raman coherence never reaches
the maximum coherence value. Such a reduction in the
maximum coherence value occurs because a shorter-duration
pump pulse drives the system toward the highly underdamped
regime where the coupling between driving pulses and
the molecular state is reduced significantly. Therefore, the
magnitude of the maximum achievable Raman coherence
decreases.

Even though the analytical result for the Raman process
predicts a saturation threshold that differs from the numerical
results, the difference is within an order of magnitude.
This result will therefore be extremely useful for estimating
design parameters for a Raman setup to operate either
in below- or above-saturation threshold limits. Again, this
condition demonstrates we can generalize the pulse-area-based
calculation to predetermine the threshold parameters for a
wide range of pulse durations. Also, it may be used to
calculate saturation in multiphoton processes, such as in
two-photon fluorescence experiments to detect radicals [33]
and to achieve interference-free imaging [34], for which it
is vital to know the threshold for ionization. Also, such
threshold calculations are important for higher-order para-
metric four-wave-mixing processes that are used to obtain
time-resolved and collision-independent detection of minor
species [35].

V. SUMMARY

In summary, we have shown that the saturation of optical
processes excited by ultrafast lasers occurs in a highly
underdamped regime. Using the pulse-area interpretation, we
have demonstrated that the threshold for saturation follows a
scaling law for a range of pulse durations. For one-photon
processes, such as absorption and fluorescence, and two-
photon processes, such as the coherent Raman process, the
threshold drive intensity for saturation can be analytically
estimated, and it is inversely proportional to the square of
the pulse duration. The ultrafast saturation threshold for
absorption is marked by a transition from a purely absorptive
to transient-gain regime, while that for fluorescence is marked
by a maximum population-inversion condition. This method
can be extended to calculate other optimized pulse shapes that
are promising for tailoring the saturation behavior of a system.
These analytical results will be useful for estimating the design
parameters of an experimental setup a priori for spectroscopic
experiments that operate at below- or above-threshold limits
of saturation.
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