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Models for supercontinuum generation beyond the slowly-varying-envelope approximation
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We show numerically that both the modified Korteweg–de Vries and the sine-Gordon models are
conducive to the generation of supercontinua with spectral bandwidths of several octaves, when an
intense short pulse is launched as the initial condition. These models beyond the slowly-varying-envelope
approximation could play an important role in modeling supercontinuum generation in gas-filled hollow
waveguides.
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I. INTRODUCTION

Supercontinuum generation (SCG) is a matter of extensive
research, driven by important applications in spectroscopy,
optical coherence tomography, and optical frequency metrol-
ogy [1]. It has a long-standing research history, starting in
1970 with the first report of a large frequency broadening
attributed to self-phase-modulation (SPM) in bulk glass [2].
Before becoming popular with the use of photonic crystal
fibers (PCFs) that allowed a drastic reduction of the input
seeding pulse energy to the nanojoule level [3], SCG was
commonly referred to as the white-light continuum and was
typically experimented on in centimeter-thick glasses with
ultrashort millijoule seeding pulses [4,5]. A valuable property
of supercontinua is their coherence, which was experimentally
investigated in [6] and studied theoretically, for the purely
temporal (guided) case, in [7]. Supercontinua generally exit
their generating media as highly chirped wideband pulses,
which find application, for instance, in the seeding of widely
tunable parametric amplifiers [8].

Supercontinuum generation in bulk media involves a com-
plex of spatiotemporal mechanisms that includes space-time
self-focusing and self-steepening, with the advent of plasma
generation that turns the beam collapse into a filamentation
process [9]. In the case of SCG in optical fibers, the physical
mechanisms involved are purely temporal, which considerably
simplifies the modeling of propagation. Yet the complexity
inherent to the wide range of frequencies and nonlinear effects
involved remains. To give an order of magnitude of the
injected pulses intensities that are necessary for SCG, in optical
fibers, the pulse peak power typically reaches the kW level,
corresponding to peak intensities of a few GW/cm2 [10,11].
The use of intense femtosecond lasers, such as Ti:sapphire, as
seeding sources in microstructured optical fibers allowed the
generation of ultrawideband spectra. Around the year 2000,
the obtained wideband spectra were spanning over more than
one octave, from the visible to the near infrared [3,12]. Optical
intensities approaching the damage threshold of silica were
also launched in tapered fibers, with the outcome of producing
a supercontinuum light extending over more than two octaves,
from the ultraviolet to the infrared (370–1545 nm at the −20 dB

level) [13]. Since then, the tapering technology applied to
PCF has significantly progressed, allowing one to obtain, for
instance, supercontinuum spectra covering a larger domain of
the electromagnetic spectrum from ultraviolet to near infrared
(350–2400 nm) [14].

The buildup of supercontinuum radiation in fiber waveg-
uides typically involves SPM and Raman scattering nonlin-
earities. However, the detailed processes at play depend on
the duration of the seed pulse and on the properties of the
material. For instance, pumping an anomalously dispersive
media with pulses of picosecond duration or longer will trigger
modulational instability during the initial stage, followed
by a breakup into soliton pulses and their collisions in a
complex interaction picture including soliton self-frequency-
shift and radiation [15,16]. In the same type of media, by
launching femtosecond pump pulses, a stage of intense spectral
broadening will occur, in association with high-order soliton
compression, followed by the fission of the high-order soliton.
Such fission is highly dependent on higher-order dispersion
terms and Raman scattering, which also break the spectral
symmetry [17–19].

A widespread propagation model used for SCG is the
generalized nonlinear Schrödinger equation, where high-order
dispersion terms, self-steepening, and Raman scattering are
included [19]. This model assumes a slowly-varying-envelope
approximation (SVEA), which is in principle valid for pulses
whose duration is several optical cycles long or, equivalently,
for an optical bandwidth narrower than the central frequency,
even though the validity of carefully derived envelope equa-
tions can cover pulse durations down to the single-cycle regime
of nonlinear optics [20].

In addition, there exist nonlinear media conducive to super-
continuum generation that do not involve Raman scattering,
such as noble gases. The nonlinear efficiency of a noble
gas is magnified when it is used as a filler in specially
designed hollow-core PCF. Indeed, large spectral broadening
extending to the ultraviolet has been observed with an Ar-filled
PCF [21]. Raman scattering was absent from that process,
which otherwise involves self-phase-modulation as the basis
of the spectral broadening effect. Note that the importance
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of a similar spectral broadening was recognized as early as
1976 [22] and it is also involved in high-harmonic generation:
It is indeed well known that ultraintense pulses generate high
harmonics in noble gases. Whereas at a very high intensity
of several tens of TW/cm2, third and fifth harmonics were
generated in air [23], higher-order harmonics were produced
in noble gases (Ar and Kr) [24].

Envelope models are not adapted to the study of processes
involving very broad spectra, spanning over several octaves.
Indeed, the SVEA fails completely to be valid, even using
correction terms, when the bandwidth is larger than the
fundamental frequency. It should be noted that numerical
resolution of one-dimensional propagation equations can also
be performed using spectral methods, without assuming the
SVEA. The validity of such approaches is not questioned
here, however the use of those techniques cannot represent
a verification of the SVEA approach.

Models beyond the SVEA have been proposed to describe
the nonlinear propagation of few-cycle pulses (FCPs) and
the formation of FCP solitons. We are mainly interested
here in the modified Korteweg–de Vries (mKdV) [25], and
sine-Gordon (sG) equations [26], which were initially derived
in the frame of a two-level medium, assuming that the
resonance frequency was, respectively, either well above or
well below the central frequency of the FCP. Assuming
the existence of both high- and low-frequency resonances
yields the mKdV-sG model [27]. It assumes that the central
frequency is far from both low and high transition frequen-
cies. Another non-SVEA model, the so-called short-pulse
equation (SPE) [28–31], can be seen as a reduction of the
mKdV-sG model [32]. Other models describing few-optical-
cycle solitons and pulse compression in nonlinear dispersive
media have been also proposed [33–38] (see the reviews
in [39–42]).

Our objective is to test fundamental models for supercon-
tinuum generation that would be applicable to simple atomic
systems, such as noble gases, under the assumption that the
involved optical wavelengths are far from resonance. In such
simple systems, all high-order terms, including dispersion
ones, are self-contained into a compact field propagation
model, which goes beyond the envelope approximation and
thus becomes pertinent in few-cycle pulse propagation. We
recall that there is a rigorous mathematical procedure to
derive the sG and mKdV models from the Maxwell-Bloch
equations for a two-level system [26], which can be extended
to a general Hamiltonian formulation in the latter case [43].
In the present paper we show that both mKdV and sG
models are able to describe the process of multiple-octave-
span supercontinuum generation, with an initial high-intensity
ultrashort input pulse. In the following section we derive
some useful analytical results from the combined mKdV-sG
model. This model is then solved numerically, in Secs. III
and IV, in the simpler mKdV and sG approximations,
respectively. We also briefly analyze the corresponding phys-
ical mechanisms behind the subtle process of supercon-
tinuum generation. In Sec. V we analyze the similarities
and differences between low-frequency spectra corresponding
to both mKdV and sG models, at different propagation
distances. Section VI summarizes the conclusions of this
work.

II. A FEW ANALYTICAL RESULTS FROM
THE mKdV-sG MODEL

We restrict our study to propagation in transparent media,
i.e., in a situation in which absorption and diffusion processes
can be neglected, at least in a first level of approximation.
Consequently, a natural assumption is that the central fre-
quency of the pulse is far from any resonance frequency of
the medium. This assumption is a fortiori required when we
consider a very broad spectrum. Recall that, at the considered
intensities, resonant linear and overall nonlinear absorption
might damage the propagation medium. We assume that the
resonance lines of the medium can be separated in two sets:
those with frequency well above the central frequency of
the pulse and those with frequency well below it. For the
former set, the optical pulse can be considered formally as
a low-frequency wave; then using the so-called long-wave
approximation, the one-dimensional propagation is shown to
obey a mKdV-type model [26,43]. For the latter set, it is a short-
wave approximation that leads to a sG-type model [26,44]. For
a more general medium, both types of transitions are present
and the propagation of ultrashort pulses can be well described
by the mixed mKdV-sG equation [27], which we write in a
dimensionless form as

∂zu + c1 sin
∫ t

u + c2∂tu
3 + c3∂

3
t u = 0, (1)

where u is the electric field, z the propagation distance, and t

the retarded time, in the reference frame moving at the speed
of light in vacuum. Vector forms of Eq. (1) have also been
proposed by several authors (see, e.g., Ref. [35]). Since our
purpose is not to reproduce a specific experiment but to analyze
mechanisms of supercontinuum generation, we shall discuss
separately the different contributions to Eq. (1). If c1 = 0,
Eq. (1) reduces to the mKdV equation and accounts for high-
frequency transitions only. If c2 = c3 = 0, Eq. (1) reduces to
the sG equation and accounts for low-frequency transitions
only.

A. Self-phase modulation

Self-phase modulation is a well-known phenomenon, de-
scribed in the frame of envelope models and leading to
self-broadening of the pulse spectrum. If dispersion can be
neglected so that temporal compression does not occur (the
so-called thin sample approximation), the SPM propagation
problem can be solved analytically (see, e.g., Ref. [45]). We
generalize here this solution to the mKdV-sG model in order
to compare it with the evolution of the spectrum computed
numerically.

We assume a quasimonochromatic wave with angular
frequency ω and wave vector k, as

u = U (z,t)ei(kz−ωt) + c.c. + u1(z,t), (2)

where U is the amplitude of the fundamental wave, c.c. stands
for the complex conjugate, and u1 is a small correction.
Neglecting dispersion, i.e., setting ∂tu � −iωUei(kz−ωt) + c.c.
and so on, assuming a small amplitude so that the sine function
can be expanded into a power series of its argument, making
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use of the dispersion relation

k = −c1

ω
− c3ω

3, (3)

and disregarding the third-harmonic generation, yields

∂zU = i

(
c1

2ω3
+ 3ωc2

)
U |U |2. (4)

Equation (4) is easily solved by separating the amplitude and
phase, which yields

U = A

2
exp

[
i

(
c1

2ω3
+ 3ωc2

)
A2

4
z

]
. (5)

Computing numerically the Fourier transform of U as given
by Eq. (5) shows the broadening of the spectrum with typical
oscillations of the spectral density. These findings will be
compared to numerical results below.

B. High-harmonic generation

Next we consider the phenomenon of harmonic generation
as described by the mKdV-sG model. The third-harmonic
generation can very easily be evidenced numerically. The
correction u1 in (2) is written as

u1(z,t) = V (z,t)ei(k′z−3ωt) + c.c. + u2(z,t), (6)

where V is the amplitude of the third harmonic, k′ its wave
vector, and u2 a higher-order correction term. The same
approximations as above lead to the evolution equation for
V as

∂zV = i

(−c1

6ω3
+ 3ωc2

)
U 3ei(3k−k′)z. (7)

The solution of Eq. (7), assuming that U is a constant and
there is no incident third harmonic (V = 0 at z = 0), leads to
well-known oscillations of the third-harmonic amplitude due
to the phase mismatch �k = 3k − k′, with

V ∝ sin
�kz

2
. (8)

It must be noticed that, if SPM is important, the phase of U

in Eq. (7) is not constant but evolves according to Eq. (5) and
consequently the phase mismatch �k in (8) should be replaced
by

�k′ = 3k − k′ + 3

(
c1

2ω3
+ 3ωc2

)
. (9)

In numerical computations, the generation of third harmonics
as well as higher-order ones is observed. The amplitude of the
harmonics oscillates as predicted by (8), but with a different
periodicity due to the SPM phenomenon.

An important point for the mechanism of spectral broad-
ening is that the spectrum of the harmonics is wider than
the spectrum of the fundamental. Indeed, typically, if u is
the fundamental wave, the source for the nth harmonic is
proportional to un. Assuming that the temporal profile is

u = Ae−t2/τ 2
e−iω0t , (10)
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FIG. 1. (Color online) Evolution of the spectral widths of the
harmonics with respect to the harmonic order. The blue dotted
line is the spectrum of a pulse evolving according to the mKdV
equation at z = 2, using the initial parameters �t = 100, ν = 0.3,
and A = 0.7. The red solid lines are Gaussian fits of the peaks,
assuming that the spectral width of the nth harmonic is proportional
to

√
n, in accordance with analytical results. The green dotted lines

are Gaussian spectral profiles having all the same width as the
fundamental, for comparison (logarithmic scale).

its Fourier transform, defined by

û(ω) = 1

2π

∫ ∞

−∞
u(t)eiωtdt, (11)

has the well-known expression

û = 1

Aτ
2
√

πe−(ω−ω0)2τ 2/4. (12)

The nth harmonic is then

un = Ae−nt2/τ 2
e−inω0t (13)

and its width (the half width at 1/e) is τ/
√

n. Consequently,
its Fourier transform is

(̂un) = 1

Aτ
2
√

nπe−(ω−nω0)2τ 2/4n, (14)
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FIG. 2. (Color online) Temporal evolution of an initial pulse with
�t = 100, ν = 0.3, and A = 0.7, according to the mKdV model.
The input pulse splits into a set of FCP solitons (the soliton speed is
compensated for clarity).

053816-3



LEBLOND, GRELU, AND MIHALACHE PHYSICAL REVIEW A 90, 053816 (2014)

-1
-0.5
0
0.5
1

-150 -100 -50 0 50 100 150

u

t
(a)

-1
0
1

-1000 -500 0 500 1000

u

t
(b)

-1
0
1

-1100 -1050 -1000 -950 -900

u

t
(c)

FIG. 3. (Color online) Evolution of an initial pulse with �t =
100, ν = 0.3, and A = 0.7, according to the mKdV model (same
as Fig. 2): (a) initial pulse z = 0, (b) set of emerging FCP solitons
z = 999, and (c) zoom on some FCP solitons in (b) (the soliton speed
is compensated for clarity).

hence the spectral width of the nth harmonic is 2
√

n/τ ; it
increases as

√
n. This result can be compared with the actual

width of the harmonics at the early stage of the pulse evolution.
Figure 1 shows a typical pulse spectrum of this kind (namely,
the pulse presented in Figs. 2–5, in Sec. III below, for z = 2),
with a Gaussian fit of the spectral peaks. The peak height is
chosen so that it coincides with numerical results and the solid
lines show the dependence of the peak width with respect to
the order of harmonics computed above. The spectral width of
the fundamental is shown for each peak by the green dotted
lines. It can be seen that, despite the spectral profile of the
fundamental being closer to a sech-type profile than to a
Gaussian one, the evolution of the spectral width with the order
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FIG. 4. (Color online) Evolution of the spectrum (on a logarith-
mic scale) of the initial pulse with �t = 100, ν = 0.3, and A = 0.7,
shown in Fig. 2. A very broad spectrum is reached quickly.
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FIG. 5. (Color online) First stage of the evolution according to
the mKdV model of the spectrum of the initial pulse with �t = 100,
ν = 0.3, and A = 0.7, shown in Fig. 2 (blue solid lines), compared
to the effect of self-phase modulation (red dotted lines), for z = 0, 2,
4, 10, and 20.

of the harmonics quite accurately follows Eq. (14). Numerical
computation shows that, for the spectrum broadened by the
SPM phenomenon, the increase of the spectral width with the
order of the harmonic is even larger.

Then it seems that broadening occurs from parametric
interaction between the sidebands of the harmonics and the
ones of the fundamental. Indeed, if the fundamental wave at
frequency ω0 contains a sideband at frequency ω0 + δω, the
third harmonics contains the sideband at 3(ω0 + δω). It may
interact with the fundamental at ±ω0, to yield 3(ω0 + δω) −
ω0 − ω0 = ω0 + 3δω, and other components. The existence
of this process has been checked by numerical computation,
adding to the initial frequency a small input at a neighbor fre-
quency ω0 + δω; the growth of the frequencies corresponding
to the parametric interaction was observed. We suspect that this
process is responsible for a part of the spectral broadening.

III. THE mKdV MODEL

The mKdV equation, Eq. (1) with c1 = 0, is solved
numerically by means of a standard fourth-order Runge-Kutta
scheme. The time derivatives are computed using five-point
finite differences. We use a large number of discretization
points along t (30 000) in order to avoid numerical effects
due to either high- or low-frequency cutoffs. The use of
finite differences rather than a spectral method avoids some
drawbacks due to the periodicity in frequency that would be
induced by the use of discrete Fourier transforms. However,
we use periodic boundary conditions in t . The validity of
the numerical results was ensured by comparing the results
obtained with various step sizes, number of sample points, and
numerical schemes, until we obtained results independent of
these parameters. In particular, the high-frequency cutoff due
to the discretization must be placed above the highest expected
harmonics. The initial data has the form of a Gaussian pulse

u(0,t) = A sin(ωt)e−t2/τ 2
, (15)
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hence A is the amplitude. For convenience, we use normalized
(dimensionless) parameters, assuming c2 = c3 = 1 in Eq. (1).
We fix the ratio of the (normalized) optical period 2π/ω to
the pulse duration τ to be the same as for a 100-fs-long pulse
with wavelength λ = 1 μm. Therefore, it is more convenient
to do as if t was expressed in fs and ω = 2πc/λ, with
c = 0.3 μm/fs, and τ = �t/

√
2 ln 2, where �t is the full

width at half maximum of the pulse. However, since we use
normalized quantities, reducing both �t and λ (we keep the
same ratio throughout the paper) does not correspond really
to a reduction of the physical wavelength, but to an increase
of the dispersion parameters of the material. The resonance
frequencies are supposed, in the frame of the mKdV model,
to be very large and increasing the pulse frequency consists in
setting the experimental conditions closer to the resonance.

At a high-amplitude level (computations were run up to
A = 2), an initial pulse with �t = 100 and ν = 0.3 may split
into a set of FCP solitons, which are mKdV breathers (see
Figs. 2 and 3). The FCPs form in a first stage until z � 12
and then slowly go away one from the other. A huge spectral
broadening occurs during the formation of the FCPs, before
they begin to separate, as can be seen in Fig. 4.

Figure 5 presents the first stage of evolution, compared
to the effect of SPM as computed from Eq. (5) above. It
can be seen that the analytic envelope approximation is quite
correct until z � 2 and then the actual broadening becomes
asymmetric, while the analytic formula remains symmetric.
When the supercontinuum is formed, however, the analytically
approximated spectrum only accidentally may coincide with
the actual one.

At a lower amplitude (about A = 0.1–0.2), the spectrum
oscillates, returning to its initial width in a way that recalls
the Fermi-Pasta-Ulam recurrence (see Fig. 6). In this case,
only two FCP solitons are formed and propagate together as
a higher-order soliton of the nonlinear Schrödinger equation
does, yielding a kind of superbreather, the evolution of which
is shown in Fig. 7.

If we reduce the wavelength λ and pulse length �t , the
dispersion is much higher due to the closeness to resonance.
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FIG. 6. (Color online) Evolution of the spectrum (on a loga-
rithmic scale) of an initial pulse with �t = 100, ν = 0.3, and
A = 0.17. The spectral broadening evolves periodically, showing
some recurrence phenomena.
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FIG. 7. (Color online) Evolution of the superbreather generated
by an initial pulse with �t = 100, ν = 0.3, and A = 0.17.

Consequently, the FCP solitons form at higher amplitude and
the evolution from the Gaussian pulse to soliton is much
quicker. For λ = 0.3, i.e., ν = 1, and �t = 30, at A = 0.7,
we observe the same oscillating behavior as for A = 0.17,
ν = 0.3, and �t = 100 above. For A = 1.5, still �t = 30,
and ν = 1, the obtained pattern is comparable to Figs. 2 and 3
above, but with six solitons only.

IV. THE sG MODEL

The sG equation, Eq. (1) with c2 = c3 = 0, is solved in
the spectral domain by means of a standard fourth-order
Runge-Kutta scheme. The antiderivative is computed in the
spectral domain, dividing by iω. The mean value of the
function, corresponding to the angular frequency ω = 0, is
set to zero. Using this method implies that the function u for
which the antiderivative is computed should have a zero mean
value and that the antiderivative is fixed in such a way that its
mean value is zero. The inverse Fourier transform is computed
by means of a standard fast Fourier transform algorithm before
the sine function is computed, and so on, at each substep of the
Runge-Kutta scheme. The number of points is 215 = 32 768.
We use inputs of the same form (15) as in the previous section,
keeping the same ratio �t/λ, and we set c1 = 50. Note that
a change in c1 results only in a change of the unit along the
z axis. As in the case of the mKdV model, the choice of the
numerical scheme and optimum step size was done following
a large set of trials, ensuring the accuracy of the numerical
solution of the sG equation.

For moderate amplitudes and high frequencies, the SCG
process is a slow one. The supercontinuum appears at z = 0.55
for �t = 100, ν = 0.3, and A = 5 and the distance increases
to z = 2.5 for �t = 80, ν = 0.375, and the same amplitude
and to z = 3.3 for �t = 100, ν = 0.3, and A = 2.5. Thus, for
moderates amplitudes, e.g., for A = 1, and for ν = 0.3 and
�t = 100, the supercontinuum appears between z = 9.6 and
10 and the evolution is much smoother than in the case of high
amplitudes. It can be seen that for A = 1 a few FCP solitons
(about six) form and they tend to separate (see Fig. 8).

When the normalized frequency is decreased, still keeping
the same ratio between pulse duration �t and wavelength λ, the
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FIG. 8. (Color online) Evolution of the profile of an initial pulse
with �t = 100, ν = 0.3, and A = 1, according to the sG model:
(a) input (z = 0), (b) formation of the first FCP soliton (z = 9.2),
(c) the second FCP soliton is just formed (z = 11.16), and (d) end of
our computation (z = 20).

variations represent the dependence with respect to the dipolar
momentum of the transition, in other words, the closeness to
the resonance, which in this case is assumed to be located at
very low frequencies.

For higher amplitude, the nonlinear speed is higher and it
is less easily compensated by dispersion. The duration of the
FCP solitons tends to decrease and their amplitude to increase.
Consequently, their number increases. However, their velocity
is smaller and they do not separate. The nonlinear interaction
between FCP solitons produces very sharp peaks, which
induce numerical instability, so numerical solution cannot be
prolonged far away. The nonlinear interaction creates some
kind of interference pattern (see Fig. 9). Starting from z = 3.4,
there appear phase dislocations corresponding likely to the
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FIG. 9. (Color online) Evolution of an initial pulse with �t =
100, ν = 0.3, and A = 2.5, according to the sG model.
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FIG. 10. (Color online) Evolution of the spectrum of an initial
pulse with �t = 100, ν = 0.3, and A = 1, according to the sG model
(on a logarithmic scale). From bottom to top, z = 0, 4, 8, 9.2 (arising
of the first soliton), 11.16 (the second soliton is just formed), and 20.

formation of FCP solitons and some interference pattern arise
between them (see Fig. 9).

At low intensity, only a few harmonics are created (see
Fig. 10); however, when the intensity increases, the number of
harmonics grows substantially. We note that 15 harmonics are
visible in Fig. 11. Oscillations of the amplitude of harmonics
can be seen and are more pronounced for higher-order
harmonics and for higher intensities. The harmonics are first
created and then they broaden until they merge. When they
merge, a continuum is formed. At the same time, wave
breaking due to nonlinear velocity develops in the time domain.
It leads to the formation of a bunch of sharp FCP solitons, when
the spectrum becomes very broad.

More specifically, precisely at the propagation distance
where the first dislocation of the phase pattern appears in the
time domain, a sharp transition occurs in the spectral domain,
from a set of broad harmonics to a spectrum monotonically
decaying towards high frequencies. The slope of this decay,

z

ν

4.5

4

3.5

3

2.5

2

1.5

1

0.5

00 2 4 6 8 10 12 14 16 18
-160

-140

-120

-100

-80

-60

-40

-20

0

20
(dB)

FIG. 11. (Color online) Evolution of the spectrum of an initial
pulse with �t = 80, ν = 0.375, and A = 5, according to the sG
model (on a logarithmic scale). Notice the high number of harmonics
and the oscillations of their amplitudes.
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FIG. 12. (Color online) First stage of the evolution of the spec-
trum of the initial pulse with �t = 100, ν = 0.3, and A = 1,
according to the sG model (blue solid lines), compared to the effect
of self-phase modulation (red dotted lines), for z = 0, 2.4, 4.8, 7.2,
and 9.6.

initially identical to the decay of the harmonics, decreases
rapidly with further propagation.

Figure 12 is the same as Fig. 5, but for the sG model.
If amplitude is increased or frequency is decreased (closer
to resonance), the spectrum departs from the precision of
the envelope dispersionless computation much faster so that,
e.g., in the analogous figure for �t = 80, ν = 0.375, and
A = 5, no accordance between both is seen. It should be
noted that the asymmetry is inverse to the one observed in
the case of the mKdV model. The numerical curve is above
the analytical one for high frequencies, in contrast to what
happens for the mKdV model. This is related to the fact that
spectral broadening toward low frequencies is more important
(see the next section), which reduces the amplitude of the
low-frequency sideband of the spectrum in favor of lower
frequencies.

V. THE LOW-FREQUENCY SPECTRUM

The low-frequency spectrum is more easily seen when the
spectrum is plotted against the wavelength λ. Figure 13 shows
this spectrum for both the mKdV model (red dashed line) and
the sG one (blue dash-dotted line). By comparing both curves,
we can see that analogous spectrum profiles are obtained.
We stress that the distance at which the supercontinuum is
produced, the amplitude of the input field, and the strength
of nonlinearity and dispersion are intimately related. Conse-
quently, for arbitrary values of the normalized parameters c1,
c2, and c3, there is no reason to obtain comparable curves using
the same input field amplitudes and the same propagation
distances. In Fig. 13, using the scale invariance of both
equations, the parameters have been adjusted in order to yield
simulations that can be easily compared. More specifically,
using the same parameters as above, we obtained comparable
spectra for both models with an amplitude A = 0.7 and a
propagation distance z = 16 for the mKdV model and A = 2.5
and z = 4 for the sG one. Reducing the parameter c1 from 50
to 12.5 changes the latter distance to z = 16 and reducing c2

FIG. 13. (Color online) Evolution of the spectrum of an initial
pulse with �t = 100, ν = 0.3, and A = 2.5 (on a logarithmic scale,
in dB), against wavelength λ, according to three models: the mKdV
one, with c1 = 0, c2 = 0.0784, and c3 = 1 (red dashed line); the sG
one, with c1 = 12.5 and c2 = c3 = 0 (blue dash-dotted line); and the
mKdV-sG one, with c1 = 6.25, c2 = 0.0392, and c3 = 0.5 (light blue
solid line). The propagation distances are z = 0, 6, 12, and 16.

from 1 to (0.7/2.5)2 = 0.0784 changes the former amplitude
from 0.7 to 2.5.

This way the spectra can be compared on a single plot
(see Fig. 13). We can notice a few significant differences. For
the mKdV model, the spectrum is always more symmetric
than that obtained for the sG model. The broadening towards
high frequencies starts at the current intensity level and decays
quite rapidly with decreasing wavelengths, but less rapidly
than toward low frequencies. However a wide broadening
towards low frequencies also occurs, which decays much
slower with wavelength, but forms a kind of pedestal; indeed,
it has a maximum intensity much lower than that of the
main peak, even at its maximum in λ. In the range A � 0.2
(for the value c2 = 1 used in Sec. III, which corresponds
to A � 0.7 for c2 = 0.0784) where superbreathers form and
spectral width oscillates, this component of the broadening
is much larger with respect to the other one and the asym-
metry of the spectrum tends to become in favor of low
frequencies.

The final state, when the extremely broad spectrum is
formed, is comparable in both cases. However, the first stages
of the evolution are quite different. The spectrum in the
sG model becomes asymmetric sooner than the mKdV one
and overall the asymmetry arises in the opposite direction.
Thus, according to the mKdV model, the spectrum is more
extended toward the short wavelengths first, while according
to the sG model, it extends first toward the long wavelengths.
This is obviously in relation to the fact that the mKdV model
only accounts for the high-frequency transitions, while the
sG model takes into account the low-frequencies transitions
only. The Raman effect, due to the interaction of the incident
wave with the low-frequency transitions, is known to be
an important cause of the self-broadening toward the low
frequencies in many experimental situations of SCG. In the
present framework, the low frequencies are taken into account
by the sG equation. However, this model is derived by means of
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a short-wave approximation, which formally sets the value of
the resonance frequency to zero. Precisely, the sG equation
is derived from a two-level Maxwell-Bloch model, which
takes the Raman effect into account, by a mathematical
procedure that assumes that the Raman shift tends to zero.
Hence, the question whether the self-broadening arising from
Raman effect is still observed within this approximation
naturally arises. Figure 13 shows that a low-frequency spectral
broadening qualitatively similar to the action of a Raman effect
is actually accounted for by the sG model.

In addition, an example of evolution according to the full
mKdV-sG system has been plotted in Fig. 13 (light blue solid
line). We choose the parameters providing intermediate values
between the two special cases that we just compared: half
the value of one of the set of coefficients plus half the value
of the other one. This required us to compute the evolution
with both the mKdV and the sG terms of the equations by
using the same numerical scheme. We found that the fourth-
order Runge-Kutta scheme in the spectral domain presented
for the sG model could be used, with adequate numerical
parameters for the evolution step, spectral resolution, and
temporal resolution. In the early stage, the curve is almost
exactly in between the other two and the final development of
the supercontinuum is also very close to them. However, the
intermediate stage of the development occurs slower than in
the case of pure sG or mKdV models. We have seen that this
stage corresponds to the individualization of FCP solitons and
that the FCP solitons of the sG model and the ones of the mKdV
model have different properties. It thus can be understood that
the cooperation of the two effects is less effective than each
one of them acting separately. Finally, we recall that both the
sG and mKdV models are completely integrable, while the
mKdV-sG equation for arbitrary parameters is not. This can

explain why FCP solitons would form less efficiently in the
case of the mixed mKdV-sG model than for the pure mKdV
or sG ones.

VI. CONCLUSION

In this work, we have investigated the ability of two generic
models beyond the slowly-varying-envelope approximation,
namely, the modified Korteweg–de Vries and the sine-Gordon
models, to predict the generation of supecontinuum light with
a spectral bandwidth extending over a few octaves, when
an intense ultrashort pulse is set as the initial condition
of the propagation. We have analyzed the similarities and
differences between the obtained low-frequency spectra at
different propagation distances for both models. Based on
our simulations, we have highlighted that a Raman-like effect
is acting in the generic sine-Gordon propagation model,
as an essential mechanism of the low-frequency spectral
broadening.

As a general statement, we believe that the development
of universal models for supercontinuum generation, models
that do not involve numerous parameters, are helpful in
gaining complementary physical insight, even though these
models may provide only a qualitative understanding of the
underlying dynamics. We point out, however, that specific
higher-order-dispersion correction terms can be added into
our models to reproduce the particular dispersion properties
of an engineered fiber or material. These refinements are left
for future investigation. Finally, the results obtained in the
present work might motivate further studies in other physical
settings involving nonlinear systems, e.g, in the context of
hydrodynamic surface gravity waves, where ultrawide spectral
broadening has been observed experimentally [46].

[1] Supercontinuum Generation in Optical Fibers, edited by
J. M. Dudley and J. R. Taylor (Cambridge University Press,
Cambridge, 2010); The Supercontinuum Laser Source: Fun-
damentals with Updated References, edited by R. R. Alfano
(Springer, New York, 2006).

[2] R. R. Alfano and S. L. Shapiro, Phys. Rev. Lett. 24, 592 (1970).
[3] J. K. Ranka, R. S. Windeler, and A. J. Stentz, Opt. Lett. 25, 25

(2000).
[4] R. L. Fork, C. V. Shank, C. Hirlimann, R. Yen, and W. J.

Tomlinson, Opt. Lett. 8, 1 (1983).
[5] P. B. Corkum, C. Rolland, and T. Srinivasan-Rao, Phys. Rev.

Lett. 57, 2268 (1986).
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