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Quantum manifestation of a synchronization transition in optomechanical systems
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Recent years have witnessed significant interest in nanoscale physical systems, such as nanoelectromechanical
and optomechanical systems, which can exhibit distinct collective dynamical behaviors, such as synchronization.
As a parameter of the system changes, transition from one type of emerging collective behavior to another
can occur. But what are the quantum manifestations of such a transition? We investigate a system of two
optically coupled optomechanical cavities and uncover the phenomenon of transition from in-phase to antiphase

synchronization. Quantum mechanically, we find that, associated with the classical transition, the entanglement
measures between the various optical and mechanical degrees of freedom in the two cavities exhibit a change
characteristic of second-order phase transition. These phenomena can be tested experimentally.
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A fundamental and important problem in physics is the
understanding of the quantum manifestations of classical
nonlinear and complex dynamical behaviors. In this regard,
the field of quantum chaos aims to uncover and exploit the
various quantum phenomena in systems exhibiting chaos in
the classical limit [1]. There is now a large body of literature
on quantum chaos, but most works in this field focused on
classical Hamiltonian systems of relatively low dimensions,
addressing issues such as energy level-spacing statistics [2],
quantum scarring [3], and quantum chaotic scattering [4].

The phase space dimension of complex dynamical systems
can be rather high due to the number of interacting compo-
nents. A higher-level description characterizing the mutual
relations among the components and the emerging collective
behaviors then becomes highly relevant. There are distinct
types of collective dynamics in complex systems, such as
synchronization [5] and antiphase synchronization [6]. In
micro- and nanoscale systems, there is growing interest in
exploiting synchronization [7] for significant applications. For
example, phase locking in a pair of mechanically coupled
nano-beams was demonstrated [8], and the idea of using
optical coupling to synchronize micromechanical oscillators
was exploited [9,10] for potential application in realizing
massive optomechanical oscillator arrays [11]. Recent years
have also witnessed growing interest in the quantum mani-
festations of classical collective dynamics, such as quantum
synchronization [12] and entanglement of qubits coupled to
a driven dissipative resonator [13], quantum synchronization
of van der Pol oscillators with trapped ions [14], quantum-
classical transition of correlations of two coupled cavities
[15], quantum many-body dynamics in optomechanical arrays
[16], and entanglement tongue and quantum synchronization
of disordered oscillators [17].

In physics, various transition phenomena induced by
changes in system parameters are basic and relevant. Examples
are phase transitions in statistical physics and bifurcations
to distinct dynamical states including chaos. Suppose the
complex system of interest exhibits a transition from one
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type of collective dynamical behavior to another, and further
assume that quantum effects cannot be neglected (e.g., for a
nanoscale system). What are the quantum manifestations of
the transition? To address this general question in a concrete
setting, we consider a class of physical systems of considerable
recent interest: optomechanical systems [18-22].

A single optomechanical system consists of an optical
cavity and a nanoscale mechanical oscillator, typically a
cantilever. When a laser beam is introduced into the cavity, a
resonant optical field emerges, exerting a radiation force on the
mechanical cantilever, causing it to oscillate. The mechanical
oscillations in turn change the length of the optical cavity,
hence its resonant frequency. There is thus a coupling between
the optical and mechanical degrees of freedom. This coupling,
or interaction, can in fact lead to the cooling of the mechanical
oscillator, a subject of intense recent research [23]. Here,
we consider the setting of two optomechanical subsystems
mutually coupled through an optical fiber [24], as shown in
Fig. 1. Both subsystems are driven by a common driving laser
beam. This photon-photon coupling scheme is experimentally
realizable, e.g., through two coupled optical fiber taper waveg-
uides [10,25]. A generalized version of our system is a crystal
structure of a series of mutually coupled optomechanical sub-
systems, which has many potential applications [9,10,21,22].
Utilizing the Heisenberg equations of motion, we describe
each optomechanical subsystem by a set of nonlinear equations
of four dynamical variables in the phase space: the real and
complex components of the optical field, and the position and
velocity of the mechanical cantilever. The classical phase space
dimension of the coupled optomechanical system is thus eight.
In our analysis, synchronization occurs when the normalized
power A of the common driving laser is relatively low. But as A
is increased through a critical point X, a transition to antiphase
synchronization occurs, this being a novel phenomenon in
optomechanics that can be tested experimentally with potential
applications in integrated optomechanical systems [19]. To
uncover the quantum manifestations of the transition, we study
and pay particular attention to quantum entanglement between
the two coupled optomechanical subsystems. Calculation of
the entanglement measures [20] associated with various optical
and mechanical degrees of freedom reveals a distinct type of
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FIG. 1. (Color online) Schematic illustration of our system of
two coupled optomechanical cavities. The coupling between the two
subsystems is realized by an optical fiber with A being the coupling
parameter. The displacements of the cantilevers are denoted by ¢ .

quantum manifestation of the synchronization transition: As
the transition point is crossed, the maximum entanglement
measure is continuous but its derivative with respect to the
parameter A is discontinuous. This is characteristic of a second-
order phase transition. In spite of the recent works on quantum
synchronization, the second-order nature of the quantum
change associated with transition in the classical collective
dynamics has not been identified before. Since it is not nec-
essary to drive the individual optomechanical subsystems into
highly nonlinear regimes for the synchronization transition to
occur, it is feasible to test our findings experimentally.

We consider two identical optomechanical subsystems
coupled through an optical fiber [24], as shown in Fig. 1. Each
individual system is a Fabry-Perot cavity with one fixed and
one movable mirror. We assume that there is only one photon
mode with frequency w = 2mc¢/L, where L is the length of
each cavity. The Hamiltonian of the whole coupled system
can be divided into three parts: H = H, + H, + H,.. The
sub-Hamiltonians H,@) describe the individual subsystems.
We have H, + H, = Ao(a'a + b'b) + (wn/2(p? + q}) +
(p% + q22)] + Go(alfaql + bquz), where af(b") and a(b) are
the creation and annihilation operators, respectively. The
first and second terms of H, 4+ H; describe the cavity and
mechanical modes, respectively, and the last term represents
the nonlinear coupling between the optical and mechanical
modes in each subsystem caused by the radiated pressure. The
coupling between the two subsystems is linear, which can be
described by the Hamiltonian H, = Ma'tb + bla), where A is
the optical coupling strength. The dynamics of the coupled
system are governed by the quantum Langevin equations
[19]: Bé/at = i[ﬁ, 0] +N - ﬁdiss, where N is the quantum
fluctuation operator, I-AIdiSS characterizes the dissipation, and
0 = p1,q1,a denotes the operators for the left cavity and
P2,q2,b for the right cavity, where p; 2 = wn,q12. The set of
quantum Langevin equations is then given by

p1 = —wnq1 + Goa'a — yup1 + &1,
a=—(k+ilNo)a+iGoaq, + E —irb + v 2ka™,
P2 = —wnqs + Gob'b — yupr + &,

b=—(k+iAo)b+iGobgs + E —ira +~2kb™, (1)
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where « is the decay rate of each cavity, y, is the
mechanical damping rate, and the laser detuning is given
by Ay =w. —wp. Here w. and w, are, respectively, the
frequencies of the cavity mode and of the driving laser,
and E = Eg+ E;cos(2t) is the driven external field.
The driven frequency is 2 = 2w,. The vacuum radia-
tion input noise @ and (b") are stochastic processes
[26] described by (a™(t)a™ (t")) = (b (t)b"™ (1)) = 8(t —
t"), and the Hermitian Brownian noise operator is charac-
terized by its autocorrelation function, in the Markovian
approximation [27], as (&;2(¢)€;2(t") + &1 2(t)&12(1)) /2 =
ym (27 + 1)8(¢t — "), where i = 1/[exp (hw,,/kgT) — 1]. The
mechanical and optical noise operators have zero mean
values.

To uncover the transitions in the classical dynamics, we
solve the deterministic version of the quantum Langevin
equations without the noise terms in Eq. (1), for the fol-
lowing experimental parameter setting [18,21,22,28]: L =
25mm, F = 1.4 x 10*, w,, =27 x 10° Hz, Q0 = 10°, and
m = 150 ng. We use a red detuned laser (Ag ~ w,,) with
wavelength A = 1064 nm. The modulation coefficients E,
(n =0, £1) in Eq. (1) are given by E,, = /2« P,/(hw,) with
the power of the associated sidebands Py = 10 x 1073W and
Pi1 = 0.5 x 1073W, where the decay rate is k = wc/(2FL)
(c being the speed of light). In the computation, we normalize
the above parameters by w,,, so we have y,/w, =1 X
1075, Go/wy = 3.7726 x 1075, Ag/w, = 1, k/w, = 0.107,
Eo/w, = 6.042 x 10, E|/w,, = 1.351 x 10*, and Q/w,, =
2. (For calculation of the quantum entanglement measure to
be described below, we set 7 = 0.05.) We find that, as the
coupling parameter A is increased through a critical value
Ae & 0.39082, there is a transition from in-phase to antiphase
synchronization. Figures 2(a)-2(f) show the time evolution
of various dynamical variables for two different values of
A: one before the transition (A = 0.388, left column) and
another after the transition (A = 0.398, right column). We
observe that, in the synchronized (in-phase, left column) state,
the system exhibits limit-cycle oscillations. In the antiphase
synchronization state (right column), the system exhibits
period-2 oscillations.

To understand the transition from synchronization to
antiphase synchronization, we plot the bifurcation diagrams
of various dynamical variables versus the coupling parameter
A, as shown in Fig. 3(a), where the red and green curves
correspond to peak and valley values of the real and imaginary
parts of the photon operator a and b, respectively. We observe
a Hopf bifurcation at the transition point. The bifurcation
behavior of the mechanical operator g (2) appears slightly more
complicated than that associated with the optical operator. On
both sides of the critical point A., each mechanical variable
has two branches, but the oscillation amplitude becomes
larger as A is increased through A.. The black dashed curves
indicate the behaviors of the unstable oscillations about A,
whose amplitudes remain unchanged through the transition.
Note that, in the real quantum system, due to existence of
noise, the unstable state, as well as continuation of steady
state before critical point, would disappear. Also shown in
Fig. 3(a) are the basin structures. In particular, for A < A,
the in-phase synchronized state is the only stable state in the
system but it becomes unstable for A > A., where antiphase
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synchronization state becomes stable. Figure 3(b) shows a
magnification of the bifurcation diagram of the mechanical
variables. As shown schematically in Fig. 3(c), the bifurcation
at A. can be understood as a continuation of the modulation due
to the driven optical field and the occurrence of a standard Hopf
bifurcation at A, superimposed on the original oscillations.
Since the frequencies of the driven optical field and the
limit-cycle oscillations generated by the Hopf bifurcation are
incommensurate, the combination of the two leads to period-2
oscillations in both cavities but with the phase difference
of m. The bifurcation at A, is thus not a period doubling
bifurcation.

The stabilities of the collective motions about the transition
point can be characterized by the transverse Lyapunov expo-
nents (TLEs) [29]. As shown in Fig. 3(d), the largest nontrivial
TLE associated with the synchronized state is negative before
the transition but it becomes positive after the transition.
The synchronized state is thus stable for A < A, but it is
unstable for A > .. At the transition, where the antiphase
synchronization state is born, its largest nontrivial TLE is zero
but decreases linearly past the transition point. The antiphase
synchronization state is thus stable for A > A..

To characterize the quantum manifestation of the collective
transition at A., we measure the degree of quantum entangle-
ment, which is defined as the logarithmic negativity (LN) [30].
It can be calculated through the covariance matrix V(¢#) whose
time evolution is governed by [28]

dv)/dt = AQV(t) + VA (1) + D, 2)

304 306

where D = diag[0,y,,(2nn + 1),x,k,0,y,, (211 4+ 1),x,k], and
the matrix A is

a=la ) ()
with
0 Om 0 0
Re(Gap) 0 —Aap —K
and
0 0 0 O
=10 0 o s ®
0 0 - O

The matrix elements are written as G, = V2Gola,b(t))
and A, = Ag — Go(qi1.2(2)). The elements of the covariance
matrix V(z) at one time step are given by Vi; = (u;u; +
ujui)/Z, Whereui = 801 = Oi - Ols with Oi =dq1, P1,4ar, 4,
q2, P2, b, or b; and the upper index “s” stands for “stable state.”
For our coupled optomechanical system, the covariance matrix
contains information about quantum entanglement among two
mechanical and two optical modes; thus its size is 8 x 8. The
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FIG. 3. (Color online) (a) Bifurcation diagrams for the mechan-
ical variables (g 2, blue curve), the real (a, and b,, red curves), and
imaginary parts of the cavity operators (a; and b;, green curves).
The black dashed lines indicate the unstable state after the transition.
The basin structures before and after the synchronization transition
are also shown, where the pink and light blue areas correspond
to the in-phase and antiphase synchronization states, respectively.
(b) and (c) Extraction of Hopf bifurcation at the transition point,
where g, and ¢V represent the stable and unstable time evolution
of left mechanical mode, respectively, after the critical point A, in
arbitrary unites. (d) Transverse Lyapunov exponents (TLEs) versus
the coupling parameter A, where the blue solid curves correspond to
the two largest TLEs and the black dashed line indicates the largest
TLE of the unstable state after the transition. The pink and light blue
backgrounds correspond to synchronized and antiphase synchronized
states, respectively.

covariance matrix can be expressed as

I Ci Cip Cyp
Cal Ia Ca2 Cab
Cn Cop L Cy|’
Coi Cpa Crr I

V =[Vijlsxs = (6)

where I; and C;; are 2 x 2 matrices and C;; = C]T, Thus, the
covariance matrix for two entangled modes is given by

_ | Gy

where I; ; and C;; are 2 x 2 matrices. For convenience, we
use the indices (i,j) = (1,2) and (i,j) = (a,b) to specify
the mechanical and optical modes, respectively, for the left
and right side subsystems. For example, “15” denotes the
entanglement between the mechanical mode on the left side
and the optical mode on the right side, and “a2” denotes the
entanglement between the optical mode on the left side and
the mechanical model on the right side, and so on. The LN
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FIG. 4. (Color online) (a) and (b) Time evolution of the measure
of quantum entanglement between the optical and mechanical modes
for A =0.388 and 0.398, respectively. (¢) Maximum quantum
entanglement measure (maximum logarithmic negativity) versus A.
(d) Ilustration of quantum entanglement between different modes
in the two cavities, where, respectively, “M” and “C” stand for
mechanical and optical cavity modes, indices “1” and “2” denote
the mechanical modes from the left and the right subsystems, and “a”
and “b” represent the optical modes in the left and the right cavities.
The solid arrows mean there are quantum entanglement between the
two modes with colors corresponding to those in (a) and (b). The
dashed lines indicate lack of quantum entanglement.

value between any two modes is given by

EN;; = max[0, — In (2n;;)], ®)

where 17 = VX;; — [Z7 — 4[v;[177 /2 and Z;; = |I;] +
[1;] — 2|C;;|. Physically meaningful LN values fall in the unit
interval [0, 1], where zero means absence of any degree of en-
tanglement and the unity value indicates perfect entanglement.
Negative LN values may appear in the calculations, which
are physically meaningless. In this case, the actual values are
Zero.

Note that, in calculating the logarithmic negativity, the
quantum steady state for the fluctuations should be a zero-
mean, bipartite Gaussian process [31]. To validate this method,
we repeatedly solve Eq. (1) with noise terms by using the
second-order Heun method [32] and find that all fluctuations
about the steady oscillation exhibit a Gaussian distribution.

Figures 4(a) and 4(b) show the time evolution of the various
LN measures for A = 0.388 and 0.398, respectively. We see
that there is strong entanglement between the mechanical
and optical modes in the same cavity, and cross-cavity
entanglement occurs only between modes of the same nature.
That is, there is no entanglement between the mechanical
(optical) mode in the left cavity and the optical (mechanical)
mode in the right cavity. These results indicate that, in

053810-4



QUANTUM MANIFESTATION OF A SYNCHRONIZATION ...

general, entanglement is much stronger between modes in
the same cavity than those across the cavities. To provide
further support, we show in Fig. 4(c) the maximum LN values
associated with four different pairs of modes: la, 2b, 12, and
ab, as functions of the intercavity coupling parameter A about
the transition point, where the values associated with the pairs
la and 2b are identical due to symmetry.

The remarkable phenomenon is the occurrence of a “cusp”
type of behavior in all four functions at the transition point
where the derivatives of the functions are not continuous. This
is characteristic of second-order phase transition. Especially,
the situation considered is optical coupling between the two
cavities. Due to the intracavity coupling between the optical
and mechanical modes, there is a considerable amount of
quantum entanglement between the mechanical modes in
the two cavities. As the intercavity coupling is strengthened
towards the transition point in which the classical dynamics is
in-phase synchronization, the degree of entanglement between
the mechanical modes increases. But after the transition,
classical antiphase synchronization sets in, and this leads
to a decrease in the degree of entanglement between the
mechanical modes in the two subsystems.

Such a cusp type of catastrophe in quantum entanglement
between two identical subsystems is remarkably similar to
quantum phase transition (QPT) in the Dicke model [33],
where the Hamiltonian contains a nonlinear coupling between
the bosonic mode and an ensemble of two-level atoms. In
our optomechanical system the two identical subsystems are
linearly coupled. Despite the difference in the nature of the
coupling, QPT in the Dicke model can provide insights into the
cusp behavior in our system. In particular, in the Dicke model,
the divergent behavior in quantum entanglement is similar
to the quantum cusp catastrophe about the corresponding
bifurcation point and the Dicke Hamiltonian also has a
classical cusp singularity [20,33]. In our coupled system, in
the classical limit, the transition can be characterized as a
Hopf-like bifurcation, which is not singular. In the quantum
regime, the transition is associated with changes in the phonon
number and in the Wigner density due to the emergence
of self-induced oscillations [34]. In the whole parameter
range studied, there is a common background state driven
by the modulated laser, which induces quantum entanglement
between the two subsystems. As the coupling strength is
increased towards the critical point, a new state emerges,
leading to characteristic changes in the quantum entanglement
measure. As a result, a second-order, cusp type of phase
transition in quantum entanglement occurs.

The transition point can be modulated by changing the
amplitude E; of the driving laser for the optomechanical
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FIG. 5. (Color online) Effect of driving laser power on the
transition point: (a) Maximum LN values between the mechanical
modes for laser amplitude E, = EY,1.1E?,1.2E?,1.3E? (from lower
to upper curves), where EY /w,, = 1.351 x 10*. The gray dashed line
indicates a linear relation between the critical points A, and Ej.
(b) Maximum LN values between the optical modes in the two cavities
versus A for £, = 0.

subsystems, as shown in Fig. 5(a). As E| is increased, the
maximum values of LN also increase, signifying stronger
entanglement between the two cavities. For the special case of
E| = 0, before the transition the classical dynamics reaches
a steady state with little quantum entanglement, but the
antiphase synchronization state sets in at some critical point
of the intercavity coupling parameter. In this case, the degree
of intercavity entanglement between the optical modes tends
to increase after the onset of antiphase synchronization, as
shown in Fig. 5(b).

To summarize, we uncover a transition from in-phase to
antiphase synchronization in a system of two optically coupled
optomechanical cavities. The emergence of the antiphase
synchronization state is shown to be a result of a Hopf
bifurcation from an oscillatory state. Calculations of the
quantum-entanglement measures for various combinations
of the mechanical and optical modes reveal a second-order
phase transition type of change at the critical point. In a
more general context, our work addresses the fundamental
issue of quantum manifestations of transitions among dis-
tinct types of collective behaviors in classically complex
dynamical systems, an emerging area that deserves further
efforts.
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