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Cyclotron dynamics of a Kondo singlet in a spin-orbit-coupled alkaline-earth-metal atomic gas
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We propose a scheme to investigate the interplay between the Kondo-exchange interaction and the quantum
spin Hall effect with ultracold fermionic alkaline-earth-metal atoms trapped in two-dimensional optical lattices
using ultracold collision and laser-assisted tunneling. In the strong Kondo-coupling regime, although the loop
trajectory of the mobile atom disappears, collective dynamics of an atom pair in two clock states can exhibit an
unexpected spin-dependent cyclotron orbit in a plaquette, realizing the quantum spin Hall effect of the Kondo
singlet. We demonstrate that the collective cyclotron dynamics of the spin-zero Kondo singlet is governed by an
effective Harper-Hofstadter model in addition to second-order diagonal tunneling.
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I. INTRODUCTION

In the milestone paper by Kondo, the resistance minimum at
nonzero temperature in a metal was explained by the scattering
of conduction electrons by localized magnetic impurities [1].
Since then, the Kondo effect has been considered as a
primary mechanism in heavy-fermion systems [2]. After the
description of this effect in the ground state of the Kondo
lattice model was formulated, the formation of the Kondo
singlet between a mobile electron and a localized spin was
found to perform a key function [3–6]. Thanks to the rapid
development of laser cooling and trapping techniques, neutral
atoms have been considered as an ideal platform for simulating
complicated phenomena in condensed-matter physics [7]. For
example, quantum mixtures of alkaline atoms are expected to
display the characteristics of a Kondo-correlated state [8] and a
multiorbital effect [9]. In particular, fermionic alkaline-earth-
metal atoms (AEMAs) in optical lattices possess unique prop-
erties for operating optical atomic clocks with unprecedented
precision [10,11] and provide novel insights into the physics of
strongly correlated transition-metal oxides and heavy-fermion
materials as quantum simulators [12–16] where the interorbital
spin-exchange interaction between 1S0 and 3P0 clock-state
atoms plays an essential role [17–19].

Active interest has recently been focused on operating
neutral atoms as charged particles by engineering artificial
gauge potentials [20–24]. As a significant breakthrough,
the spin Hall effect has been observed in a Bose-Einstein
condensate, leading to the realization of a cold-atom spin
transistor [25] where the internal and external states of
atoms are coupled by a two-photon Raman process. For
trapped atoms in optical lattices, tunable gauge potentials
have been implemented by periodic driving [26] and “Zeeman
lattice” [27] techniques. Furthermore, the Harper-Hofstadter
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Hamiltonian [28,29] has been experimentally realized with
ultracold atoms in optical lattices [30,31] using laser-assisted
tunneling (LAT) [32], leading to a spin-dependent magnetic
field and realizing the quantum spin Hall (QSH) effect [33,34].
Moreover, since the interplay between interaction and QSH
effect leads to compelling novel physics, both cyclotron motion
of repulsive bosons in optical lattices [35] and QSH insulators
with Kondo-exchange interaction [3,4] in graphene or quantum
wells [36–42] have been extensively discussed.

Motivated by these papers, we present a proposal to study
the interplay between the Kondo-exchange interaction and the
QSH effect with ultracold fermionic AEMAs trapped in two-
dimensional optical lattices using ultracold collision and LAT.
The underlying physics is probed by the cyclotron dynamics of
a mobile atom and a Kondo singlet in a plaquette. We find that
the cyclotron orbit of a mobile atom is damped with nonzero
Kondo coupling. More interestingly, at strong Kondo coupling,
we predict a striking and unexpected phenomenon that the
spin-zero Kondo singlet can behave as a spin-half particle
exposed to a perpendicular spin-dependent magnetic flux. We
demonstrate that the spin state of localized background atoms
and second-order diagonal tunneling have nontrivial effects on
the spin-dependent cyclotron dynamics of the Kondo singlet.

II. MODEL

We consider fermionic AEMAs in 1S0 (g) and 3P0 (e)
clock states independently trapped in two-dimensional optical
lattices of the same periodicity [43] as sketched in Fig. 1,
where |↑/↓〉 denotes nuclear spin states |I, ± mI 〉 [12–14].
The |↑/↓〉 g atom (conduction electron) receives opposite
frequency detuning δω = ±(ω2 − ω1) = ±� and momentum
transfer δ�k = ±(�k2 − �k1) from two far-detuned Raman beams,
and tunnels spin dependently in the optical lattice tilted by a
magnetic-field gradient � along x [33]. In addition, the Mott
insulator background of e atoms (localized spins) interacts
with the g atom via the on-site interorbital spin-exchange
interaction Vex ∝ (a−

eg − a+
eg)

∫
d3r w2

g(r)w2
e (r), where a±

eg are
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FIG. 1. (Color online) (a) Laser-assisted tunneling and Kondo
coupling for |↑〉 (top) and |↓〉 (bottom) g atoms. Although normal
tunneling in the x direction is suppressed by a magnetic-field
gradient � for two g-atom spin states, two Raman beams with
frequency detuning δω = ω2 − ω1 = � and momentum transfer
δ�k = �k2 − �k1 restore the resonant tunneling with a spin-dependent
complex amplitude Ke±iφm,n . (b) Schematic of effective magnetic
flux in a plaquette with four sites A, B, C, and D where the
cyclotron orbits of the g atom that realize the spin-dependent effective
magnetic flux ±� are coupled to a plaquette of localized e spins via
the on-site interorbital spin-exchange interaction (Kondo coupling)
Vex. HT denotes the Harper Hamiltonian.

the scattering lengths for two atoms in |±〉 = 1√
2
(|ge〉 ±

|eg〉) and wg(e)(r) denotes the wave function for the g (e)
atom [12,19,31]. By averaging out rapidly oscillating terms
in a rotating frame [30,31], we obtain the time-independent
Harper-Kondo Hamiltonian (see Appendix A)

H = HT + HK

= −
∑
m,n,α

(
Ke−iφm,n,α c

†
m+1,n,αcm,n,α + Jc

†
m,n+1,αcm,n,α

+ H.c.
) + Vex

∑
m,n

sc
m,n · Sf

m,n, (1)

where sc
m,n = 1

2

∑
α,β c

†
m,n,α �σαβcm,n,β and Sf

m,n =
1
2

∑
α,β f

†
m,n,α �σαβfm,n,β denote the spin operators of the

g and e atoms at (m,n) (α,β ∈ {↑,↓}, and �σ is the vector of
Pauli matrices). c

†
m,n,α (f †

m,n,α) creates a g (e) atom in the spin
state |α〉 at (m,n). Ke−iφm,n,α is the spin-dependent complex
tunneling amplitude of the mobile atom in the x direction
induced by LAT, whereas J is the real tunneling amplitude of
the mobile atom in the y direction. The first term in Eq. (1),
i.e., the Harper Hamiltonian HT [28,29], describes the g atom
in a spin-dependent magnetic field arising from the spatially
varying phase φm,n,↑/↓ = ±φm,n = ±π/2(m + n), realizing
an effective magnetic flux of � = ±π/2 for the |↑/↓〉 g atom
and leading to spin-orbit coupling and the QSH effect [33].
The last term is the Kondo-exchange interaction HK , which
includes the spin-flip process that scatters the g atom from
|↑/↓〉 to |↓/↑〉 by exchanging the spin with the |↓/↑〉 e atom
at the same site.

III. DAMPED ORBITAL DYNAMICS
OF THE MOBILE ATOM

We revisit the cyclotron dynamics of the single noninter-
acting |↓〉 mobile atom in Ref. [30] when Kondo-exchange
interaction couples the mobile atom to a plaquette of polarized
|↑〉 e atoms. The motion of the mobile atom here can
be derived in the Hilbert space with the quantum num-
ber Stot = Sz

tot = 3
2 from state |�(t)〉 = ∑

m,n[γm,n(t)c†m,n,↓ +∑
m′,n′ γ m′,n′

m,n (t)c†m,n,↑S
f −
m′,n′ ]|FM〉, where |FM〉 denotes the

polarized |↑〉 e atoms at four sites A, B, C, and D as-
sociated with the g-atom vacuum [44–49] and S

f −
m,n =

f
†
m,n,↓fm,n,↑. γm,n is the probability amplitude of the |↓〉 g

atom, and γ m′,n′
m,n that is relevant to the spin-flip process between

the |↓〉 g atom and the |↑〉 e atom is the probability amplitude
of the |↓〉 e spin defect in a background of |↑〉 e atoms. We
consider the time evolution of the system initially prepared in
|�0〉 = 1√

2
(c†A,↓ + c

†
D,↓)|FM〉 with K = 2π × 0.27 kHz and

J = 2π × 0.53 kHz in a period of T0 = 2.3 ms as in Ref. [30],
and during T0, the |↓〉 g atom without Kondo coupling can
reproduce the loop trajectory in Ref. [30]. By solving the
Schrödinger equation with Eq. (1), we obtain the mean
position of the g atom along x and y, 〈X〉 = (NB + NC −
NA − ND)d/2 and 〈Y 〉 = (NC + ND − NA − NB)d/2 with
the on-site population of the g atom Nm,n [(m,n) ∈ A,B,C,D]
and lattice constant d. The trajectories of the mobile atom for
different strengths of the Kondo coupling Vex are shown in
Fig. 2(a). At weak Kondo coupling or around the quantum
critical point (Vex = K/4,K), the cyclotron orbit gradually
shrinks; but at strong Kondo coupling (Vex = 10K), the loop
trajectory is totally destroyed, and the atom moves irregularly.
Different from cyclotron motion damping induced by repulsive
interaction in Ref. [35], the damping of the cyclotron orbit
of the g atom is attributed to the spin-flip process induced
by Kondo-exchange interaction. As a consequence of spin
flips, the |↓〉 g atom evolves into a superposition of |↑〉 and
|↓〉, and since the |↑〉 and |↓〉 g atoms manifest opposite
chiralities of motion in the spin-dependent magnetic field,
the cyclotron orbit will be evidently damped [30]. Because
the spin exchange between the |↓〉 g atom and the |↑〉 e atom
creates a |↓〉 spin defect in polarized |↑〉 e atoms, the time
evolution of the spin-defect population

∑
m,n,m′,n′ |γ m′,n′

m,n (t)|2
in Fig. 2(b) monitors the spin-flip event during the motion
of the g atom. At nontrivial Kondo coupling, the fractional
spin-defect population confirms the occurrence of spin flips
and the superposition of |↑〉 and |↓〉 g atoms; from Vex = K/4
to K , the spin-defect population remarkably increases in
the same period as a result of strengthening the spin-flip
process; and the intriguing oscillation at Vex = 10K can
be considered as a signature of the spin-current vortex in
Ref. [36], which is related to the formation of composite
objects under strong spin flips [2,49]. Furthermore, we
define the time-averaged interaction-induced deviation from
the cyclotron orbit of a noninteracting |↓〉 mobile atom in
the period of T0 as �
 = 1

T0

∫ T0

0 dt
√

[�X(t)]2 + [�Y (t)]2,
where �X(t) = 〈X(t)〉Vex − 〈X(t)〉0 and �Y (t) = 〈Y (t)〉Vex −
〈Y (t)〉0. 〈X(t)〉Vex and 〈Y (t)〉Vex are the mean positions of the g

atom along x and y at time t and Kondo-coupling strength Vex.
And a more systematic study of the effect of Kondo coupling
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FIG. 2. (Color online) The cyclotron trajectory of (a) the g atom
and (b) the corresponding time evolution of the spin-defect population∑

m,n,m′,n′ |γ m′,n′
m,n (t)|2 at different Kondo-coupling strengths Vex = 0

(blue solid line), K/4 (red dashed line), K (green dotted line), and
10K (purple dashed-dotted line) in the period of T0.

on the cyclotron orbit is launched by monitoring �
 as a
function of Vex in Fig. 3. At weak Kondo coupling or around
the quantum critical point, the deviation �
 increases with the
strength of the Kondo-exchange interaction, indicating that the
cyclotron orbit is being further damped, which is consistent
with the trajectories derived in the same parameter regime
in Fig. 2(a). The damped cyclotron orbit of the mobile atom
begins to collapse when the Kondo coupling Vex overwhelms
the kinetic energy of the noninteracting mobile atom in the
plaquette J + K (red star) where the collapsed trajectory
manifests itself by the constant deviation �
 with varying
Vex at strong Kondo coupling.

IV. COLLECTIVE CYCLOTRON DYNAMICS
OF THE KONDO SINGLET

The damping of the cyclotron orbit above shows that the
QSH effect of the g atom [30,33] is not robust to Kondo-

Damped
Collapsed

10
log exV

FIG. 3. (Color online) Time-averaged interaction-induced devi-
ation �
 from the cyclotron orbit of a noninteracting mobile atom
in the period of T0 as a function of Kondo coupling Vex. And the
transition from the damped cyclotron orbit to the collapsed trajectory
happens at Vex = J + K , which is marked by the red star.

exchange interaction [38,39]. At strong Kondo coupling, since
the g and e atoms at the same site tend to form a Kondo
singlet [2,49], we naturally investigate the behavior of a com-
posite object in the synthetic magnetic field. First we define
the creation operators in a background of |↑〉 e atoms for the
Kondo singlet s

†
m,n = 1√

2
(c†m,n,↑f

†
m,n,↓ − c

†
m,n,↓f

†
m,n,↑)fm,n,↑

and triplets t
0†
m,n = 1√

2
(c†m,n,↑f

†
m,n,↓ + c

†
m,n,↓f

†
m,n,↑)fm,n,↑ and

t
1†
m,n = S

f −
m′,n′c

†
m,n,↑f

†
m,n,↑fm,n,↑, where S

f −
m′,n′ with m′,n′ �= m,n

is a restriction by the requirement of Stot = Sz
tot = 3

2 in the
Hilbert space. The physical interpretation of this definition
is that the creation of a composite object is accompanied by
the annihilation of the e atom at the same site. Then, in the
singlet-triplet representation, the Harper-Kondo Hamiltonian
can be partitioned as [50]

H =
(
PsHT Ps − 3Vex

4 PsHT Pt

PtHTPs PtHTPt + Vex
4

)
. (2)

Ps,t are the projectors onto the subspaces {|s〉m,n = s
†
m,n|FM〉}

and {|t0,1〉m,n = t
0,1†
m,n |FM〉} whose Kondo-exchange energies

are − 3Vex
4 and Vex

4 , respectively. Considering that the coupling
between {|s〉m,n} and {|t0,1〉m,n} is almost energetically forbid-
den by the large Kondo-exchange energy gap Vex � J,K , the
behavior of the Kondo singlet and triplet can be considered
to be approximately independent. And the orientation of the
magnetic field can be inferred from ±φm,n of the nearest-
neighbor tunneling matrix element −K

2 e±iφm,n in {|s〉m,n}
and {|t0,1〉m,n} [33]. In the high-energy triplet subspace,
opposite magnetic fields simultaneously work during the
tunneling of the triplets: |t0,1〉m,n → |t0,1〉m+1,n with φm,n

and |t0,1〉m,n → |t1,0〉m+1,n with −φm,n. Consequently, the
triplets’ movement neither realizes effective magnetic flux
nor manifests chirality [30]. However, in the low-energy
singlet subspace, the Kondo singlet in a background of |↑〉 e

atoms experiences a unidirectional magnetic field arising
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from φm,n = π/2(m + n). The effective Hamiltonian in the
low-energy subspace {|s〉m,n} is explicitly given by [50] (see
Appendix B for more details)

Heff = PsHTPs + PsHT

1

Pt

[− 3
4Vex − (HT + HK )

]
Pt

HTPs

= −
∑
m,n

(
K

2
eiφm,n s

†
m+1,nsm,n + J

2
s
†
m,n+1sm,n + H.c.

)

−
∑
m,n

{Jd [ei(φm,n+φm+1,n) + ei(φm,n+φm,n+1)]

× s
†
m+1,n+1sm,n + H.c.}

= H
(s)
T + H

(s)
d , (3)

where Jd = JK
4Vex

and trivial constants are neglected. The first

term in Eq. (3) reconstructs the Harper Hamiltonian H
(s)
T of the

Kondo singlet, and the factor 1/2 originates from the fact that
the effective mass of the Kondo singlet is twice the mass of
the g atom [49]. The last term H

(s)
d describes the second-order

diagonal tunneling of the Kondo singlet from A to C or D to
B. Then, ei(φm,n+φm+1,n) + ei(φm,n+φm,n+1) reflects the interference
between two second-order hopping paths, which reduces to
1 + ei(π/2) for the paths A → B → C and A → D → C.
Following the procedure above, the time-reversal counterpart
of Eq. (3) with φm,n → −φm,n can also be obtained in a
background of |↓〉 e atoms. This means that the Kondo singlet
experiences an e-spin-dependent magnetic field as a spin-half
particle, and the opposite chiralities of the Kondo singlet’s
cyclotron orbit will be locked to polarized |↑〉 and |↓〉 e

atoms, respectively [30,33], thus realizing the QSH effect
of the Kondo singlet as a result. From the aforementioned
demonstrations where the QSH effect of the g atom is
destroyed at strong Kondo coupling and the spin-dependent
magnetic field on the Kondo singlet is irrelevant to the spin
state of the g atom, one can realize that the QSH effect of the
Kondo singlet revealed in our scheme is nontrivial.

The Harper Hamiltonian and diagonal tunneling for the
Kondo singlet in the background of |↑〉 e atoms are illustrated
in Fig. 4(a). We consider the cyclotron motion of the Kondo
singlet in the initial state 1√

2
(|s〉A + |s〉D) during the period

of 2T0 at Vex = 20K . In Fig. 4(b), different trajectories of the
Kondo singlet are calculated by H, Heff , and H

(s)
T . Clearly,

the effective Hamiltonian Heff at strong Kondo coupling
resembles the cyclotron dynamics obtained by solving the
Schrödinger equation with the Harper-Kondo Hamiltonian H

and accurately describes the cyclotron orbit of the Kondo
singlet in the plaquette. Furthermore, comparing the cyclotron
trajectories obtained by Heff and H

(s)
T , we find an essential

role of H
(s)
d in the movement of the Kondo singlet. The singlet

travels a longer distance under Heff than that predicted by
H

(s)
T because H

(s)
d speeds the singlet up around the plaquette.

Moreover, the QSH effect of the Kondo singlet is not robust
to interactions that destroy the parallel alignment of the e

spins. To verify this statement, we flip one arbitrary spin
of the polarized e atoms in the initial state, for example,
S

f −
B

1√
2
(|s〉A + |s〉D) and find that the cyclotron orbital motion

of the Kondo singlet disappears. The result indicates the

20exV K=

Singlet

 e

(a)

(b)

A B

CD

X d

Y
d

FIG. 4. (Color online) (a) Schematic of the effective magnetic
field and diagonal tunneling for the Kondo singlet in polarized |↑〉 e

atoms. (b) The cyclotron trajectories of the Kondo singlet in the
period of 2T0 are obtained from H (blue solid line), Heff (red dashed
line), and H

(s)
T (green dotted line). If e spins become nonparallel,

for example, by flipping the e spin at B, the cyclotron trajectory
disappears (purple dashed-dotted line).

competition between the QSH effect of the Kondo singlet and
the interaction-induced nonparallel state of the e spins [42].

V. EXPERIMENTAL CONSIDERATIONS

Now we address practical considerations of observing
the cyclotron trajectory of the Kondo singlet. Here we only
consider ultracold 171Yb atoms in the optical lattice. The
Raman lasers have to be detuned from the resonant frequency
of 399 nm of the 1S0 − 1P 1 transition. For 1S0 atoms trapped
in a lattice (λ = 532 nm) with the depth V0 = 15ER , we have
the tunneling rate tx = 31 Hz and the band gap ω = 26 kHz.
Given the Landé factor gI = 5.4×10−4 and magnetic-field
gradient B ′ ∼ 2×103 mG/μm, energy tilting between nearest-
neighbor sites is estimated to be � ≈ 200 Hz. Therefore, the
requirement of tx � � � ω can be satisfied [51]. The spin-
exchange strength Vex on the order of tens of kilohertz [17–19]
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can be tuned by adjusting the lattice depth which changes
the overlap of local atomic wave functions. Although the
3P 0 atoms can also feel the magnetic-field gradient, their
wave functions are only slightly affected because of the large
lattice depth. The atom distribution can be detected by a
band-mapping technique in optical superlattices [30]. Key
ingredients in our scheme can be realized by state-of-the-art
techniques [17–19,30,31,34].

VI. CONCLUSION

To summarize, we have studied the cyclotron dynamics
of the mobile atom and the Kondo singlet in the plaquette
with interorbital spin-exchange interaction and predicted a
QSH effect of the spin-zero Kondo singlet in a background of
polarized spins, demonstrating that the interplay between the
Kondo-exchange interaction and the QSH effect constitutes
more than competition [36–42] for a composite object. We
show that the strong Kondo-exchange interaction destroys
the loop trajectory of the mobile atom but instead generates
the cyclotron orbital motion for a composite object (Kondo
singlet). For spin-orbit-coupled heavy fermions in optical
square lattices, our paper suggests the competition between
the QSH effect of the Kondo singlet and the Ruderman-
Kittel-Kasuya-Yosida-induced Néel state [42,52], which pro-
vides opportunities for novel quantum phases and critical
points [42,53,54]. As such, we hope our paper may pave
the way for experiments on spin-orbit-coupled heavy-fermion
systems with AEMAs in the future.
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APPENDIX A: HARPER-KONDO HAMILTONIAN
WITH LASER-ASSISTED TUNNELING

We extend the scheme of realizing an Abelian gauge field
with spin-dependent laser-assisted tunneling [33] to the system
considered in the main text as follows: Although normal
tunneling in the x direction is suppressed by a magnetic-field
gradient � for g atoms with opposite magnetic moments, a
driven Raman process with driving frequency ω and two-
photon Rabi frequency � restores resonant tunneling. We
average out rapidly oscillating terms in a rotating frame and
obtain the time-independent Harper Hamiltonian of the g

atom,

HT = −
∑
m,n,α

(Ke−iφm,n,α c
†
m+1,n,αcm,n,α

+ Jc
†
m,n+1,αcm,n,α + H.c.), (A1)

where φm,n,↑/↓ = ±φm,n. Subsequently, we generalize the
unitary operator in Ref. [51] to the spin degree of freedom,

U =
∑
m,n,α

exp

{
− i

[
mωt + �

ω
cos(ωt − φm,n,α)

]}

× c†m,n,αcm,n,α, (A2)

and derive the expression of the Kondo-exchange interaction
in the above rotating frame at resonant tunneling,

HK = Vex

∑
m,n

1

T

∫ T/2

−T/2
dtU †

[
sc,z
m,nS

f,z
m,n

+ 1

2

(
sc+
m,nS

f −
m,n + sc−

m,nS
f +
m,n

)]
U

= Vex

∑
m,n

sc,z
m,nS

f,z
m,n +

[
1

2T

∫ T/2

−(T/2)
eiνωtdt

×
∑

ν

Jν

(
2�

ω
sin φm,n

)
sc+
m,nS

f −
m,n + H.c.

]

= Vex

∑
m,n

sc,z
m,nS

f,z
m,n + 1

2
J0

(
2�

�
sin φm,n

)

× (
sc+
m,nS

f −
m,n + sc−

m,nS
f +
m,n

)
, (A3)

where Jν(x) are the Bessel functions of the first kind.
The anisotropy of the term J0( 2�

�
sin φm,n) can often be

relaxed. When 2�
�

< 1
4 because J0( 2�

�
sin φm,n) > 0.985, the

anisotropy for an arbitrary phase φm,n can be reasonably ig-
nored. Thus, in future experiments, by choosing a proper ratio
between the two-photon Rabi frequency and the magnetic-field
gradient, the isotropic Kondo-exchange interaction can always
be reached in the driven optical lattice,

HK � Vex

∑
m,n

sc
m,n · Sf

m,n. (A4)

APPENDIX B: PROJECTION TO DERIVE THE
EFFECTIVE HAMILTONIAN [EQ. (3) IN THE MAIN TEXT]

In the main text, we obtain the effective Hamiltonian in the
strong Kondo-coupling regime by the projection,

Heff =PsHTPs + PsHT

1

Pt

[− 3
4Vex − (HT + HK )

]
Pt

HTPs .

Here, we divide Heff into two parts H1 = PsHTPs and
H2 = Heff − H1, and the matrix elements of H1,2 are explicitly
given in the low-energy singlet subspace {|s〉m,n}, where (m,n)
represents plaquette sites A, B, C, and D. H1 includes only
the nearest-neighbor tunneling term,

|s〉A |s〉B |s〉C |s〉D

m′,n′ 〈s|H1|s〉m,n =

⎛
⎜⎜⎝

0 −K
2 0 − J

2−K
2 0 − J

2 0
0 − J

2 0 −K
2 eiπ/2

− J
2 0 −K

2 e−iπ/2 0

⎞
⎟⎟⎠ ,

(B1)
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which gives H
(s)
T in the main text. H2 includes the on-site inter-

action as well as the nearest-neighbor and diagonal tunneling
terms. First, the on-site interaction term only contributes the
trivial constant,

m,n〈s|H2|s〉m,n = −3

4

K2 + J 2

Vex
. (B2)

Second, the nearest-neighbor tunneling term can be safely
neglected because

m+1,n〈s|H2|s〉m,n = m,n+1〈s|H2|s〉m,n = O
(

K

Vex

)
� 0.

(B3)

Third and last, we obtain the second-order diagonal tunneling
as

m+1,n+1〈s|H2|s〉m,n = − KJ

4Vex
(1 + eiπ/2), (B4)

where 1 + eiπ/2 originates from the interference between
possible paths of diagonal tunneling from A to C or D to
B. For example, a Kondo singlet initially at site A can pass
through B or D to arrive at diagonal site C. In the tunneling
path A → B → C, the singlet carries a zero phase because
φA = 0 and φB = 0. However, in the other path A → D → C,
the accumulated phase changes to φA + φD = 0 + π

2 = π
2 . As

a result, the interference between two different tunneling paths
contributes ei0 + ei(π/2) = 1 + ei(π/2). Finally, H2 gives H

(s)
d in

the main text.
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