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Ejection of innershell electrons induced by recollision in a laser-driven carbon atom
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Ejection of core electrons as a result of recollision in a laser-driven carbon atom is theoretically investigated
with a quasiclassical model. The model, called “fermionic molecular dynamics,” gives rise to a ground-state
carbon atom where the six electrons are paired in shells, with different binding energies. This feature renders
possible, on a classical level, the discussion of the ejection of electrons from different shells. By analyzing a
large number of trajectories of a carbon atom exposed to an intense, few-cycle laser pulse, we reveal a class
of recollision trajectories where the recolliding electron is recaptured into the atomic core after ejecting a core
electron. We also discuss the difference between quadruple ionization trajectories leading to a final C4+ ion where
the two bound electrons have opposite spin, and the trajectories where the bound electrons have equal spin.
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I. INTRODUCTION

Many-electron atoms exposed to intense laser light behave
in a complex way. Intense means here laser pulses of intensity
larger than 1014 W/cm2, and we have near-infrared (typically
800 nm) light in mind. Individual electrons can absorb
energy from the light field, and subsequently redistribute
this energy to other bound electrons through electron-electron
interaction. A prominent example is the nonsequential double
ionization (NSDI) process [1–6]. In NSDI, one electron is first
ejected by field ionization, and then accelerated by the driving
laser field so as to recollide [7,8] with the residual ionic core
at a kinetic energy sufficiently high to knock out also a second
electron.

Even more exciting is the possibility for more than one
electron to be simultaneously ejected by the recolliding
electron, creating a multiply charged ion in the final state.
Although there is ample experimental evidence for nonsequen-
tial multiple ionization (NSMI) [9–18], a detailed theoretical
understanding is lacking.

In general, the theoretical description of a laser-driven
many-electron atom can be considered to be an open
problem. Numerically exact solutions to the time-dependent
Schrödinger equation for laser-driven atoms have so far
been obtained only for helium [19]. Even though there exist
promising approximate approaches such as time-dependent
density functional theory [20–23], time-dependent multicon-
figuration methods [24–30], and R-matrix theory [31–33],
complete quantum mechanical calculations where more than
two electrons are actively driven by the laser field seem to be
beyond current capabilities.

An interesting alternative to quantum mechanical meth-
ods is to use classical mechanics. The coupled, classical
equations of motion can be easily solved, including both
the force exerted by the laser field on the electrons as
well as the interelectronic Coulomb force. This means that
within the classical approximation, electron correlation is
treated exactly. Arguably, the largest advantage of classical
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methods is that once a large number of trajectories have been
calculated, the analysis of the various physical mechanisms
involved is straightforward, and often leads to valuable
insight.

Classical trajectory methods applied to the NSDI process
can be broadly divided into two classes, depending on how
the initial conditions are treated. In the first class [34–50],
the initial momenta and positions for the bound electrons
are sampled from a microcanonical ensemble with fixed
total energy, as pioneered by Abrines and Percival [51]. In
this approach autoionization is avoided by a regularization
of the short-distance electron-nucleus interaction, usually
by employing a soft-core potential V (r) = −Ze2/

√
r2 + α2

instead of the Coulomb potential. Classical calculations in
this class have also provided a promising attack on the
nonsequential triple ionization problem [46,47,52–54]. A
second class of methods [55–58] derives the initial velocity
for the ejected electron from the probability distribution
that follows from quantum mechanical tunneling ionization
[59].

In this article, we employ another type of classical model,
termed “fermionic molecular dynamics” (FMD), to study
the response of a carbon atom exposed to an intense laser
pulse. In this model, originally suggested in [60,61], electrons
are treated as classical point particles, but in addition to
the Coulomb potential, the electron-nucleus interaction is
augmented by a momentum-dependent potential that prevents
the electron from visiting parts of the classical phase space
that would be forbidden in quantum mechanics. In addition, a
similar auxiliary repulsive potential acting between electrons
with equal spin is introduced, which makes it possible to
describe multielectron atoms. Since the interparticle potentials
depend on both the position and the momentum of the
particles, the FMD model is referred to as quasiclassical. The
FMD model has been shown to produce stable, quasiclas-
sical ground-state configurations for all atoms with charge
number Z � 94 [62,63], and has been applied extensively to
atomic and molecular collisions [64–72]. Beginning with the
application to laser-driven helium [73,74], it has also been
successfully used for the description of laser-atom interaction
[75–79], laser-molecule interaction [80–83], and laser-cluster
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interaction [84]. We mention that in [84], where the FMD
model was also used to simulate the laser-driven dynamics of
the six valence electrons in a single Xe atom, good qualitative
agreement with experimentally measured ionization yields was
found.

By employing the FMD model, we show that an increased
understanding of NSMI in a laser-driven carbon atom can
be obtained. We are particularly interested in the ejection of
tightly bound core electrons by a recolliding electron. One
of the most interesting findings of the current investigation
is a class of trajectories where the recolliding electron is
recaptured into a core hole formed by a previously ejected
core electron. This illustrates the main strength of the classical
trajectory approach: the ability to find qualitatively new
paths contributing to a physical process. However, due to
the rather drastic approximations involved in describing a
complex quantum object such as a many-electron atom with a
quasiclassical model, we do not expect the model to be able
to produce results that agree quantitatively with experimental
measurements.

We organize the paper as follows. In Sec. II, we introduce
the FMD model. The properties of the ground state of a C atom
as described by the FMD model are investigated in Sec. II B.
Our results of the Monte Carlo simulations are presented and
discussed in Sec. III, with special emphasis being put on the
trajectories leading to quadruple ionization (Secs. III B and
III C). Section IV concludes the paper.

II. THEORETICAL MODEL

A. Basic equations

The FMD model is based on the Hamiltonian formulation
of classical dynamics. The total, laser-field-free Hamiltonian
H for N electrons bound to a nucleus with charge number Z

is defined by [61,66]

H = P2

2M
+

N∑
i=1

[
p2

i

2
− Z

ρi

+ f (Qi,ρi,ξ0)

μρ2
i

]

+ 1

2

N∑
i,j = 1
i �= j

[
1

rij

+ δσiσj

2f (qij ,rij ,η0)

r2
ij

]
, (1)

where the position, momentum, and spin of electron i are
denoted by ri , pi , and σi , respectively, R is the position
of the nucleus, P is the momentum of the nucleus, M

is the nuclear mass, μ = M/(M + 1), and we have used
the abbreviations Qi = |P − Mpi |/(M + 1), ρi = |ri − R|,
qij = |pi − pj |/2, and rij = |ri − rj |. Atomic units (a.u.) are
used, as throughout this paper, unless otherwise stated. In the
calculations below, we restrict our attention to the carbon atom,
and fix Z = N = 6, and M = 12 × 1836 = 22 032 a.u. The
spin σi ∈ {α,β} is fixed for each electron, and only electrons
with the same spin (α or β) interact via the last term in Eq. (1).
The auxiliary function f , used to implement the classical
phase-space constraints, is defined as [61,66]

f (q,r,ξ ) = ξ 2

16
exp{4[1 − (qr/ξ )4]}. (2)

We follow [61] and put ξ0 = 1/
√

1 + 1/8 ≈ 0.94 and η0 =
2.767/

√
1 + 1/8 ≈ 2.61 for the constants ξ0 and η0 in Eq. (1).

The equations of motion governing the dynamics follow
from the Hamiltonian H as

dri

dt
= ∂H

∂pi

,
dpi

dt
= −∂H

∂ri

− E(t,ri) − dri

dt
× B(t,ri)

c
,

dR
dt

= ∂H

∂P
,

dP
dt

= −∂H

∂R
+ Z

[
E(t,R) + dR

dt
× B(t,R)

c

]
,

(3)

where c is the speed of light, and where we have introduced
the electric field E(t,r) and the magnetic field B(t,r) of
the laser pulse. The explicit form adopted for the laser
field is

E(t,r) = x̂E0
(t − z/c), B(t,r) = ẑ × E(t,r),
(4)


(τ ) =
{

cos(ω0τ + ϕ0) sin2
(

πτ
T0

)
if 0 � τ � T0,

0 otherwise.

The laser field is characterized by the peak field strength E0,
the angular frequency ω0, the carrier-envelope phase (CEP) ϕ0,
and the pulse length T0 = 2πnc/ω0, where nc is the number of
optical cycles. The magnetic field of the laser pulse is included
since the (dr/dt) × B force was shown in [49] to have a non-
negligible effect on the recollision process already at laser
intensities of 1015 W/cm2.

Reviews of the FMD model can be found in [85,86],
and we limit ourselves to a few brief comments about the
Hamiltonian H (1) and the resulting equations of motion
(3). Since the potential depends on the momentum of the
particles, we have in general dri/dt �= pi . However, due to
the exponential character of the function f [see Eq. (2)],
this inequality holds only for small interparticle separations
or small relative momenta. At large distances or momenta
we recover the usual situation where dri/dt = pi . It is worth
pointing out that in the absence of a laser field, Eq. (3) implies
that both energy and momentum are conserved: dH (t)/dt = 0
and (d/dt)[

∑
i pi(t) + P(t)] = 0. For a nonvanishing laser

field, due to the property
∫ T0

0 
(τ )dτ = 0, we still have
momentum conservation in the x direction after the laser pulse,
x̂ · [

∑
i pi(−∞) + P(−∞)] = x̂ · [

∑
i pi(∞) + P(∞)]. In the

z direction (the propagation direction of the laser pulse)
there can be a net gain of momentum in general; this
corresponds to the absorption of photon momentum. In fact, we
have dH/dt = −∑

i(dri/dt) · E(t,ri) + (dR/dt) · E(t,R) =
cẑ · (

∑
i dpi/dt + dP/dt), so that H (∞) − H (−∞) = cẑ ·

[
∑

i pi(∞) + P(∞)] (assuming vanishing total momentum at
t = −∞).

Another important observation is that H is invariant under
separate rotations of all position vectors and all momentum
vectors [61,62]. This means that

H (r1, . . . ,rN,R,p1, . . . ,pN,P)

= H (�1r1, . . . ,�1rN,�1R,�2p1, . . . ,�2pN,�2P), (5)

where �1 and �2 are two different rotation matrices. This fact
is used in the simulation to generate random initial conditions
which share the same total energy.
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B. Ground state

The ground state of the model C atom is defined as
the particle configuration which minimizes the value of the
Hamiltonian H . In the stationary ground-state configuration,
the particles do not move, dr(g)

i /dt = 0, but in general the
momentum is nonzero, p(g)

i �= 0. By employing the minimiza-
tion algorithm described in [87] (see also the implementation
in [88]), we have found that the minimum energy of H

is given by a configuration where the six electrons have
alternating spin (three α and three β electrons), and where
the electrons are located in a plane, pairwise arranged around
the C nucleus. The ground-state configuration is illustrated in
Fig. 1(a). The energy of the ground state was found to be
E0 = −43.3762 a.u. This value, and the positions and momenta
of the electrons in the ground state, are consistent with the
results presented in [62,63]. For comparison, the energy of a
higher spin state, where four electrons have α spin, and two β

spin, was calculated to be E0 = −43.0707 a.u.
We have also calculated the lowest-energy configurations

of the ions Cn+, n = 1,2, . . . ,5, using the Hamiltonian (1) with
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FIG. 1. (Color online) Coordinates r(g)
i of the electrons in the

FMD ground state of (a) neutral C, (b) C+, (c) C2+, (d) C3+, (e) C4+,
and (f) C5+. In all panels, all electrons are located in the xy plane. α

spin electrons are shown with red, solid circles, β electrons are shown
with open circles, and the C nucleus is shown as a slightly smaller,
black solid circle. The arrows indicate the direction and magnitude
of the momenta p(g)

i (all lying in the xy plane) in the ground state; the
scale for the momentum vectors is set by the value |p(g)

core| ≈ 5.95 a.u.
for neutral C [the longest momentum vectors in (a)]. Not shown is
the momentum P(g) of the C nucleus, which is P(g) ≈ (0,9.63,0) a.u.
for neutral C, and similar for the other charge states.

N = 6 − n. The results are shown in Figs. 1(b)–1(f). The ionic
ground-state configurations are all similar to the case of neutral
C. In particular, all ground-state configurations were found
to be planar. The even-electron ions (C, C2+, and C4+) are
symmetric, while the odd-electron ions (C+, C3+, and C5+) are
slightly asymmetric. We have confirmed that all ground-state
configurations are stable by running simulations (without the
laser field) starting from the momenta and positions as shown
in Figs. 1(a)–1(f), and checking that autoionization does not
occur.

An interesting feature of the quasiclassical ground state
of atoms in the FMD model is that the electrons form
“shells” [62], in the sense that some electrons are located
close to the nucleus, with high value of the momentum, while
others (“valence electrons”) are situated farther away, and
have smaller momentum. The shell structure for the C atom
considered in the current investigation can be clearly seen in
Fig. 1. Another way of quantifying how deeply bound the
different electrons are is to define a single-electron energy
εi as

εi = ε
(kin)
i + ε

(pot)
i + ε

(aux)
i + 1

2
ε

(2e)
i ,

ε
(kin)
i = p2

i

2
, ε

(pot)
i = − Z

ρi

, ε
(aux)
i = f (Qi,ρi,ξ0)

μρ2
i

, (6)

ε
(2e)
i =

N∑
j = 1
j �= i

[
1

rij

+ δσiσj

2f (qij ,rij ,η0)

r2
ij

]
,

which satisfies
∑6

i=1 εi = H − P2/2M . For the ground-state
configuration of neutral C shown in Fig. 1(a), we have εval ≈
−2.01 a.u. for the two valence electrons farthest away from the
nucleus, εival ≈ −5.83 a.u. for the next pair of inner valence
electrons, and εcore ≈ −13.84 a.u. for the two core electrons.
The single-electron energy εi as defined in Eq. (6) is the
appropriate one if all electrons are actively responding to the
laser field [62,75]. In the limiting case where only one electron
is active, it is more suitable to define the single-electron
energy as

ε̃i = ε
(kin)
i + ε

(pot)
i + ε

(aux)
i + ε

(2e)
i , (7)

i.e., without the factor of 1/2 in front of the two-electron
terms [62,75]. The alternative single-electron energy ε̃i cor-
responds to an approximate ionization energy, comparable
to Koopmans’ theorem [89] in quantum chemistry: −ε̃i is
the energy required to remove electron i to infinity when all
other electrons are frozen. In the analysis of the laser-driven
dynamics presented in Sec. III, we will use the single-electron
energy (6).

We note that the symmetry (5) implies that the total angular
momentum L = ∑

i ri × pi + R × P is not fixed for a given
ground-state configuration. For example, even though the
particle configuration in Fig. 1(a) is plotted with momentum
vectors such that L = 0, equivalent configurations with the
same total energy, but a nonzero |L|, can be constructed by
simultaneous rotation of all momentum vectors.

As a further characterization of the C atom as described by
the FMD model, we have calculated the ionization potentials

043415-3
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TABLE I. Comparison of IPs obtained experimentally (Expt.), by
Hartree-Fock calculations (HF), and by the FMD model. The column
labeled by the Roman numeral n indicates the energy in a.u., rounded
to two decimal places, required to ionize C(n−1)+ → Cn+. The HF
values were calculated with GAMESS [90], using the 6-311G basis set.
Experimental values are taken from [91]. For comparison, also the
value −ε̃v [see Eq. (7)] of the outermost valence electron v of C(n−1)+

is included in the table.

I II III IV V VI

Expt. 0.41 0.90 1.76 2.37 14.41 18.01
HF 0.40 0.88 1.68 2.36 14.37 17.99
FMD 0.55 1.02 3.95 4.79 15.06 18.00
−ε̃v 0.63 1.12 4.14 5.14 15.10 18.00

(IPs) of the neutral C atom as well as of its ions. The results
are shown in Table I. The IP of the ion Cn+ is calculated by
the difference in ground-state energy between C(n+1)+ and
Cn+. The values of the IPs obtained by the FMD model
are quantitatively different compared to the corresponding
experimental values, but do reproduce the qualitative trend
with increasing charge.

III. RESULTS

In this section we describe the results of the model
C atom exposed to an intense, long-wavelength, few-cycle
laser pulse. Throughout this section, we use ω0 = 0.057 a.u.
(corresponding to a wavelength of 800 nm), ϕ0 = 0, and nc =
3 (corresponding to a total pulse width T0 of approximately
331 a.u. = 7.9 fs) for the parameters of the laser pulse. The
simulations are conducted by the Monte Carlo method: a
large number of trajectories with different initial conditions
are simulated by numerically solving the equations of motion
(3) using a fifth-order, adaptive Runge-Kutta solver. The
simulation covers the interval 0 � t � ttot, with ttot = 1.5T0.
The initial values for the particle positions and momenta are
taken as

ri(0) = �1r(g)
i , pi(0) = �2p(g)

i , P(0) = �2P(g), (8)

and R(0) = 0, where �1,2 are two different random rotation
matrices (different for each run), and r(g)

i , p(g)
i , and P(g)

refer to the ground-state configuration shown in Fig. 1(a).
After running many trajectories, ionization probabilities Pn

are calculated as Pn = kn/ktot, where kn is the number of
ionization events with final charge state n and ktot is the total
number of trajectories simulated. An electron i is assumed to
be ejected if εi > 0 [see Eq. (6) for definition] at the end of
the simulation.

We note that since the present model treats the electrons as
classical point particles, wave-packet spreading of a single
ejected electron is not taken into account. However, since
we simulate many trajectories with different initial conditions
(positions and momenta), the total ensemble of trajectories of
the ejected electron does exhibit phase-space spreading.
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FIG. 2. (Color online) Total probability Pn to ionize to different
final charge states, as indicated in the legend (the line labeled by n+
indicates that n electrons were ejected), as a function of the laser
intensity. Statistical error bars ±√

kn/ktot (± one standard deviation)
are shown when their length exceeds the size of the curve symbols.

A. Total probabilities for all ionization channels

In Fig. 2 we show the total ionization probability as a
function of the laser intensity, for intensities I � 1014 W/cm2.
Intensity is related to the field strength in a.u. by the
formula I [W cm−2] = 3.51 × 1016E2

0 [a.u.]. About ktot =
3 × 105 trajectories were run at each value of the intensity.
For intensities below 1015 W/cm2, the dominating channel
is single ionization, while the majority of events above
1015 W/cm2 are double ionization. At the intensity of about
4 × 1014 W/cm2, there is a slight kink in the double-ionization
curve (red curve with � symbols), hinting at the occurrence of
NSDI [4–8,34–50]. We have checked that at 4 × 1014 W/cm2,
the events where two electrons are ejected are indeed caused
by recollision.

The most interesting channels are triple, quadruple, and
quintuple ionization. For the events where all six electrons
were ejected, the statistics are not good enough to make
any conclusive statement. The three curves in Fig. 2 where
3, 4, or 5 electrons are ejected display a plateau, i.e., an
intensity interval where the probability for ionization is almost
constant. By analyzing the trajectories, we have confirmed
that the majority of events for final charge states � 3+
in the intensity region 3 × 1015 � I/[W cm−2] � 3 × 1016

result from electron recollision. For the trajectories involving
the ejection of three electrons (C3+ in the final state, cyan line
with × symbols in Fig. 2), the two valence electrons are ejected
at one of the first local maxima of the electric field. One of the
two ejected electrons later returns to the atomic core to knock
out one of the inner valence electrons, resulting in a triply
charged carbon ion. More interesting is the case when four
electrons are ejected (C4+ in the final state, magenta line with
∗ symbols in Fig. 2). In this case, one of the ejected valence
electrons comes back and knocks out two bound electrons,
which results in a total of four free electrons after the laser
pulse has passed.

Experimental evidence for recollision ionization in C was
presented by Palaniyappan et al. in [92], where methane (CH4)
was exposed to intense laser light (800 nm, 35 fs). It was
found that the ionization yield-vs-intensity curves for C4+ and
C5+ exhibit clear plateau structures, indicative of a recollision
mechanism. The laser intensity Iplat where the plateau starts
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(Iplat ≈ 1015 W/cm2 for C4+ and Iplat ≈ 1016 W/cm2 for C5+)
[92] approximately agrees with our results in Fig. 2.

B. Quadruple ionization

For a detailed analysis of the trajectories leading to
quadruple ionization, we fix the laser intensity to I = 4 ×
1015 W/cm2 in the following. At this particular intensity,
we increase the total number of simulated trajectories to
ktot = 8 × 106, in order to improve the statistics. A total
number of k4 = 2702 quadruple ionization trajectories were
found.

As an aid to the analysis, we define the total en-
ergy εion of the final C4+ ion (C nucleus + two bound
electrons) as

εion = P2

2M
+

∑
b

εb. (9)

In Eq. (9), εb is the single-particle energy defined in Eq. (6),
and the summation index b runs over the two electrons
that are bound to the carbon nucleus in the final state.
We furthermore define the total momentum of the ejected
electrons as

� =
∑

�

p�, (10)

where the sum runs over the four ejected electrons � which
have ε� > 0 at the end of the simulation.

In Fig. 3(a), we show the distribution of the final values for
εion and the x component �x = x̂ · � of the total momentum,
for trajectories leading to quadruple ionization. We recall that
the electric field of the laser points in the x direction. Due to
momentum conservation in the laser polarization direction, the
final C4+ ion has momentum −�x . We note that usually it is
the ion momentum, and not the total electron momentum, that
is experimentally measured [9,11]. The distribution shown in
Fig. 3(a) peaks at �x ≈ −12 a.u., which is consistent with
experimental results on other atoms [18]. The ponderomotive
potential is Up ≈ 9 a.u. for our laser parameters, and

√
Up ≈

3 a.u. The reason why only one peak at negative total
momentum is observed is due to the short pulse used, so that
recollision take place only once per laser pulse. For longer
pulses, a momentum distribution symmetric around �x = 0 is
expected. Furthermore, the position of the peak is expected to
vary with the CEP ϕ0. For example, since a CEP of ϕ0 = π

is equivalent to the case of ϕ0 = 0 and x → −x, a calculation
with ϕ0 = π would lead to a distribution identical to that
shown in Fig. 3(a), but with a peak at a positive value of the
momentum.

As a function of εion, the distribution in Fig. 3 has two peaks:
one at εion ≈ −32 a.u., and one at εion ≈ −24 a.u. Moreover,
the events belonging to the two peaks are correlated with the
�x value in the sense that trajectories with εion ≈ −32 a.u.
have a smaller magnitude |�x | of the momentum compared
to the trajectories belonging to the peak at εion ≈ −24 a.u.
To understand the two peaks in the distribution along εion, we
show Fig. 3(b). In this panel, we plot the distribution in Fig. 3(a)
summed over the �x direction [green, solid line in Fig. 3(b)].
The position of the two peaks around εion ≈ −32 a.u. and −24
a.u. can be understood by comparing with the vertical lines
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FIG. 3. (Color online) (a) Distribution of final bound-state ener-
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scales. (b) Distribution of final bound-state energies εion, divided into
two groups: with and without core-electron ejection. The error bars on
the total distribution show the estimated statistical error (one standard
deviation). The vertical lines indicate the minimum energy of a C4+

ion with one α and one β electron (solid line), and a C4+ ion with two
α electrons (dashed line). In both (a) and (b), the laser frequency is
ω0 = 0.057 a.u., ϕ0 = 0, and the intensity is I = 4 × 1015 W/cm2.

(thick gray lines) in Fig. 3(b). The two vertical lines are drawn
at E0(S = 0) = −33.062 a.u. and E0(S = 1) = −25.265 a.u.
Here E0(S = 0) is the minimum energy of a C4+ ion (as
described by the FMD model), where the two electrons have
different spin (α and β), and the ion can be said to be in a state
of total spin S = 0. E0(S = 1) is the lowest possible energy
for a C4+ ion with two electrons having the same spin (αα),
and therefore S = 1. For reference, we mention that the ex-
perimentally measured ground-state singlet-triplet difference
in a real C4+ ion is E(3S) − E(1S) = 10.99 a.u. [93,94], to
be compared with the FMD model E0(S = 1) − E0(S = 0) =
7.80 a.u.

The peak at εion ≈ −32 a.u. thus corresponds to a final
C4+ ion in the S = 0 state, while the peak at εion ≈ −24 a.u.
corresponds to trajectories with a final C4+ ion in the S = 1
state. We remark that since the FMD model is classical,
there exists a continuous range of excited states above the
ground state. For this reason, after the ejection of four
electrons, the final C4+ ion never ends up in the exact
ground state of minimum energy, but rather close, as can be
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seen in Fig. 3(b). We also note that the ion kinetic-energy
contribution P2/(2M) to εion is negligible due to the large value
of M .

Two further curves (solid circles and solid squares) are
plotted in Fig. 3(b). These distributions are obtained by sorting
the trajectories leading to quadruple ionization according to
whether one core electron is ejected or not. A core electron is
defined as one of the two electrons i that has the smallest value
of εi ≈ −13.8 a.u. in the ground state [one of the electrons
situated closest to the nucleus in Fig. 1(a)]. Since we keep
track of the positions and momenta of all electrons during
the calculation of a trajectory, it is straightforward to check
for core-electron ejection at the end of each calculation by the
criterion εi > 0 for either one of the core electrons. Trajectories
where two core electrons are ejected were not found. The
discussion about “core-electron ejection trajectories” below
therefore refers to the situation where one core electron is
ejected. In Fig. 3(b), we make two observations. The first is that
core-electron ejection is not a rare event. Even at small final
ion energies εion ≈ −32 a.u., core-electron ejection trajectories
make up about 5% of the total number of the quadruple
ionization trajectories. For final energies εion above the S = 1
threshold of −25 a.u., a majority of the trajectories involve
the ejection of one core electron. The second observation
is that the peak at εion ≈ −24 a.u. in Fig. 3(b) contains
mostly core ejection trajectories, which suggests that the
final S = 1 states are formed by core-electron ejection. We
have confirmed that all final states with S = 1 (two bound
α electrons) are indeed the result of one core electron being
ejected.

C. Examples of trajectories

In this section, we show examples of trajectories leading
to quadruple ionization. The main focus is put on trajecto-
ries involving core-electron ejection, but a comparison with
trajectories without core-electron ejection is also made. The
core-electron ejection trajectories can be loosely divided into
three categories, described in Table II.

TABLE II. Enumeration of the types of quadruple ionization
trajectories involving core-electron ejection. In all three cases, the
two valence electrons are first ejected at a field maximum by direct
field ionization.

Category Description

1 One inner valence electron and one core electron
are ejected by a recolliding valence electron. The
remaining inner valence electron then fills the
vacant core hole.

2 Two inner valence electrons and one core electron
are ejected by a recolliding valence electron. The
vacant core hole is then filled by the recolliding
valence electron, so that the initially ejected
valence electron becomes recaptured.

3 One inner valence electron and one core electron
having the same spin (both α or both β) are ejected
by a recolliding valence electron, resulting in a final
C4+ ion in a S = 1 state.
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FIG. 4. (Color online) Recollision trajectories with core-electron
ejection in category 1 (see Table II). The single-electron energies εi ,
i = 1,2, . . . ,6, are shown as a function of time t . Spin α electrons
are shown with solid lines and spin β electrons with broken lines.
Red (gray) curves: valence electrons; green (light gray) curves: inner
valence electrons; blue (black) curves: core electrons. For reference,
solid, horizontal lines are drawn at εi = 0 and εi = 3Up ≈ 26 a.u.
The laser field x̂ · E(t,0) = E0
(t) is shown (on an arbitrary scale)
in the background with a thick line. The laser parameters are
ω0 = 0.057 a.u. and I = 4 × 1015 W/cm2 (same as in Fig. 3). The
trajectory displayed in (a) has final bound energy εion = −33.0 a.u.,
the trajectory in (b) has εion = −28.1 a.u., and (c) has εion =
−19.5 a.u.

Examples of trajectories in category 1 with various values
of the final bound energy εion are shown in Fig. 4. In Fig. 4(a)
we display a trajectory where there is a delay of about
100 a.u. (0.9 laser cycles) before the inner valence electron
is ejected. This mechanism, where the recolliding electron
excites a bound electron, which is later ejected is generally
referred to as recollision excitation with subsequent ionization
(RESI) [5,6,95–99]. We have checked that the ejection of the
transiently bound electron is caused by field ionization, and
not by autoionization. The trajectory calculation was repeated,
without the laser field, starting from a point in time after the
recollision, but before the ejection of the excited electron,
e.g., from t = 200 a.u. in the case of the trajectory shown
in Fig. 4(a). We confirmed that, in absence of the laser field,
the excited electron was not ejected, but stayed bound. The
final bound energy εion of the trajectory in Fig. 4(a) is close to
the ground-state energy E0(S = 0) = −33.062 a.u. of the C4+
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FIG. 5. (Color online) Contributions to the single-electron en-
ergy εi = ε

(kin)
i + ε

(pot)
i + ε

(aux)
i + 1

2 ε
(2e)
i [see Eq. (6) for definition]

for the two valence electrons [valence electron 1: red (gray) curves;
valence electron 2: black curves]. For both electrons, ε(aux)

i < 0.04 a.u.
for all t , and ε

(aux)
i is therefore not shown. The laser parameters and

the initial conditions are the same as in Fig. 4(a). The laser field 
(t)
is shown (in arbitrary units) as a thick line in the background.

ion. The trajectories shown in Figs. 4(b) and 4(c) demonstrate
that a range of final bound energies εion are possible for the
final C4+ ion. In Fig. 4(c), the two bound electrons are in
a highly excited state, with the bound electrons repeatedly
exchanging energy and switching roles of being the inner
and outer electron. Note that, in Fig. 4(c), the final bound
electrons have different spin. The highly excited C4+ ions
formed in this way are stable, in the sense that they will not
autoionize.

Before proceeding to the trajectories in category 2, we
briefly discuss the ejection mechanism of the two valence
electrons which are emitted close to a field maximum at
t ≈ 100 a.u. (see Fig. 4). Since quantum tunneling is not
included in the FMD model, field ionization proceeds by
absorption of enough energy from the laser field to overcome
the threshold εi = 0. In general, as has been pointed out in
[100], the electron is excited to a bound, excited state before
being emitted. We illustrate this statement in Fig. 5, where
the different contributions to the single-electron energy are
shown for the two valence electrons during the early part of
the laser pulse. We can see that the two valence electrons
absorb energy during the first laser cycle, while still being
bound, and escape the binding potential at the end of the first
cycle.

Figure 6 contains an example of trajectories from category
2, where the recolliding electron is trapped and becomes bound
again after the recollision. To the best of our knowledge, the
existence of this kind of trajectories has not been pointed
out before in the context of NSMI. They are similar to a
type of RESI trajectory found in the classical simulation
of nonsequential double ionization in two-electron systems
[40,49,101]: After knocking out a bound electron, the returning
electron is trapped temporarily in an excited state before finally
being emitted. Our simulations suggest that trajectories where
the recolliding electron is trapped are not rare, at the intensity
4 × 1015 W/cm2 considered in this section; about 11% of
all quadruple ionization trajectories involve recapture of the
recolliding electron. We also find that all trajectories where

−10

0

10

20

i
[a

.u
.]

(a)

−10

0

10

20

30

40

i
[a

.u
.]

(b)

0 100 200 300 400

−10

0

10

20

30

i
[a

.u
.]

(c)

t [a.u.]

FIG. 6. (Color online) Recollision trajectories with core-electron
ejection in category 2 (see Table II), recapture of the recolliding
electron. The line styles and color coding of the curves are the same
as in Fig. 4. The laser parameters are ω0 = 0.057 a.u. and I = 4 ×
1015 W/cm2. The trajectory shown in (a) has final bound energy
εion = −32.5 a.u., the trajectory in (b) has εion = −30.3 a.u., and (c)
has εion = −22.6 a.u.

the recolliding electron is recaptured also involve core-electron
ejection. Apart from the recapture feature, the trajectories in
Fig. 6 show similarities to those in Fig. 4 (category 1): there are
trajectories where the last electron is ejected after some delay
[Fig. 6(a); compare Fig. 4(a)], trajectories with a moderately
excited final ion [Fig. 6(b); compare Fig. 4(b)], and trajectories
with a highly excited C4+ ion in the final state [Fig. 6(c);
compare Fig. 4(c)].

Trajectories from category 3 are demonstrated in Fig. 7.
Here both electrons bound to the final C4+ ion have
the same spin. Because of the spin-spin potential term
2δσiσj

f (qij ,rij ,η0)r−2
ij in the Hamiltonian (1), the bound

electrons are forced to keep a certain distance between them;
they cannot both be bound closely to the core. This can be
clearly seen in Fig. 7(a). The probability for the production
of S = 1 ions is high: for quadruple ionization trajectories
with ion energies εion above the S = 1 threshold E0(S = 1) ≈
−25.3 a.u., 59% of all trajectories end up with a C4+ ion in
the S = 1 state.

We conclude this section by showing in Fig. 8 two
trajectories which do not involve core-electron ejection. The
trajectory in Fig. 8(a) is similar to the trajectory shown in
Fig. 4(a), with a delayed electron emission after recollision
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FIG. 7. (Color online) Recollision trajectories with core-electron
ejection in category 3 (see Table II), where the bound electrons in
the final state have equal spin. The line styles and color coding of
the curves are the same as in Fig. 4, and the laser parameters are
ω0 = 0.057 a.u. and I = 4 × 1015 W/cm2. The trajectory in (a) has
final bound energy εion = −24.5 a.u. and the trajectory in (b) has
εion = −19.7 a.u.

and a final C4+ ion energy close to the ground-state energy.
The trajectory shown in Fig. 8(b) resembles the trajectory in
Fig. 6(c), with a highly excited final C4+ ion.
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FIG. 8. (Color online) Recollision trajectories without core-
electron ejection, where both core electrons stay bound. The line
styles and color coding of the curves are the same as in Fig. 4, and
the laser parameters are ω0 = 0.057 a.u. and I = 4 × 1015 W/cm2.
The trajectory in (a) has final bound energy εion = −32.6 a.u. and the
trajectory in (b) has εion = −19.8 a.u.

IV. DISCUSSION AND SUMMARY

We have shown that the many-electron response of a
carbon atom to an intense, few-cycle laser pulse can be
described in a self-consistent way using the quasiclassical
FMD model. Self-consistent means in this context that the
complete time-dependent dynamics of the atom, from the
unperturbed ground state to the laser-driven dynamics leading
to recollision and a final, excited C4+ ion, can be simulated
within one theoretical model. One of the main differences
between the FMD model and other commonly employed,
purely classical models [34–50,52–54] is that the FMD model
gives rise to a shell structure of the neutral atom [62], meaning
in a classical context that the minimum energy is accomplished
by a configuration where the electrons are situated in pairs
at different radial distances. This feature of the FMD model
is exploited in the current paper to study the ejection of core
electrons as a result of laser-induced recollisions.

The advantage of using a classical trajectory model is that
new, unnoticed processes may be revealed by the analysis of
a large number of trajectories. In the course of the current
investigation, we found that recollision trajectories where
the recolliding electron is trapped in a bound state after
the recollision (see Fig. 6) are rather common, something
which deserves further attention. Quantum mechanically, it
is of course not possible to distinguish between a trajectory
where the recolliding electron is trapped and a trajectory
where the recolliding electron scatters inelastically, provided
the electrons in the final states have the same momentum
and energy [compare, for example, Figs. 4(a) and 6(a)
or Figs. 4(b) and 6(b)]. However, our results suggest that
Feynman diagrams representing such recapture trajectories
may have to be included in S-matrix calculations of the
nonsequential multiple-ionization process [5,6,102].

For experimental signatures of innershell ejection or core
excitation, we note that fluorescence from a 3s innershell
vacancy in Ar was measured in [103], and evidence for x-ray
fluorescence arising from recollision-excited core electrons
in Ne was observed in [104]. We suggest that, also in
the present case of C atoms, excited C4+ ions could be
experimentally verified by measuring the incoherent radiation
due to the core relaxation. Representative decay rates in C4+
are � ≈ 3 × 105 s−1 (2 1S0 → 1 1S0, two-photon decay) [105],
� ≈ 9 × 1011 s−1 (2 1P1 → 1 1S0) [105], and � ≈ 5 × 101 s−1

(2 3S1 → 1 1S0) [105,106].
For few-cycle laser pulses, it is known that the recollision

process is highly sensitive to the CEP of the laser pulse
[107,108]. For this reason we expect the degree of core-
electron ejection and the creation of excited core-hole states to
vary as a function of the CEP. This could open up interesting
possibilities where core-electron dynamics are controlled by
the CEP of the laser pulse. As an experimental observable, one
could measure the dependence on the CEP of the fluorescence
from recollision-excited core-hole states.
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