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Empirical formula for over-barrier strong-field ionization
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A modified empirical ionization formula is proposed to extend Tong and Lin’s ionization formula [X. M. Tong
and C. D. Lin, J. Phys. B 38, 2593 (2005)] to a laser field up to 4.5 times barrier-suppression strength (E}) in
the over-barrier regime. The validity of the formula is checked by solving the Schrodinger equation within the
single-active-electron approximation with an excellent agreement. This modified empirical formula still keeps
its simplicity and can calculate ionization rates in the deep over-barrier regime.
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I. INTRODUCTION

In strong-field physics, the ionization stands out as a funda-
ment since it triggers the subsequent process. When the atomic
or molecular gas is exposed to an intense femtosecond laser,
an electron enters the continuum by ionization. Thereafter, the
ionized electron can be accelerated away, recolliding with the
ion either elastically or inelastically, with the interaction of an
oscillated laser field. Moreover, the second electron may be
triggered by the laser-driven recollision of the first electron
with its parent ion or liberated by subsequent field induced
ionization. These exciting phenomena are known as above
threshold ionization [1], high-order harmonic generation [2],
and nonsequential and sequential double ionization [3], and
a great number of experimental as well as theoretical studies
have been performed during the past decades.

To understand these phenomena, the first step is the accurate
evaluation of the ionization rates on the laser intensities. Even
though the quantum simulation based on the time-dependent
or -independent Schrodinger equation can give an accuracy
ionization rate, such a simulation is very time consuming
for some applications. For instance, the evaluation of the
phase matching of high harmonic generation (HHG) depends
critically on the ionization of the macroscopic medium, and
the calculations of ionization rates have to be carried out
for thousands of laser peak intensities in order to include
the nonuniform distribution inside a focused laser beam. At
present, itis still a big challenge to simulate the phase matching
of HHG by straightforwardly solving the Schrodinger equa-
tion. Actually an analytical ionization formula is highly desired
in strong-field investigations, especially in the analysis of the
experimental results, which will help us easily pick out the
essential physical problems. The calculation of the ionization
rate has been significantly simplified by introducing an ana-
lytical ionization formula with the Ammosov-Delone-Krainov
(ADK) model [4] or Perelomov-Popov-Terent’ev model [5]. In
the tunneling ionization regime, ADK theory agrees well with
the quantum simulation, and therefore this formula has become
a fundamental tool for strong-field physicists. Recently, O. 1.
Tolstikhin and coworkers further developed the ionization
formula at the quantitative lever toward the strong field and
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molecule, based on weak-field asymptotic theory (WFAT).
The region of applicability of WFAT has been extended to
the barrier-suppression strength by introducing higher-order
corrections and molecule by including the structure factor
[6-11]. The WFAT ionization formula works better than ADK
in the tunneling regime and has a nice physical interpretation
behind the correction terms. However, in the over-barrier
ionization regime, where the barrier of the Coulomb potential
becomes suppressed by the electric field, the above-mentioned
ionization formulas do not work. For example, it was clearly
shown that the ADK model overestimates the ionization rate
compared with the quantum simulation when E > Ej, [12].
Here E, = 13/4/ZC, with I, and Z. being the ionization
energy and charge of the ion under investigation, is defined
as the barrier-suppression strength. To overcome this problem,
Tong and Lin [13] proposed an empirical factor to draw up the
ADK rate to the quantum simulation one, while maintaining
the simplicity of the ADK formula. Even though the physical
meaning of Tong and Lin’s empirical factor is unknown, it
still works well when the laser field reaches 2E, and really
simplifies the calculation of the ionization rate. Therefore it
has been extensively employed in the analysis of experimental
data [14-17].

On the other hand, the development of a femtosecond laser
with higher intensity spanning from near infrared to midin-
frared [18-23] has simulated the strong-field investigations on
abroader set of problems; for example, a close-to-circular laser
field with intensity reaching several petawatts has been used for
timing the release for the double ionized electrons [14,24-26].
In these investigations, the applied laser intensity reaches 5 x
105 W/cm?, which corresponds to a field strength of 4.5 E}, for
Ar. For this reason, it is necessary to evaluate the performance
of Tong and Lin’s formula in a higher intensity regime. Does
the accuracy depend on the laser intensity? If yes, what is the
working range of this formula? Moreover, if a single-active-
electron (SAE) potential is employed in [ 13], does the accuracy
of Tong and Lin’s formula depend on different SAE potentials?
In this paper, Tong and Lin’s formula is checked against the
ionization rate obtained from the Schrodinger equation with
different SAE potentials, and it is found that the ionization
rate is underestimated by using Tong and Lin’s formula if
E > 2E,. Finally a modified empirical analytical formula is
proposed to correct this deviation, and it shows the formula
works very well in the deep over-barrier regime.
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TABLE I. Parameters of the SAE potential model adopted by
Tong and Lin.

Target ZC ag a as ay as (273

H 1.0 0.000 0.000 0.000 0.000 0.000 0.000
He 1.0 1231 0.662 —1.325 1.236 —0.231 0.480
Ne 1.0 8.069 2.148 —3.570 1.986 0.931 0.602
Ar 1.0 16.039 2.007 —25.543 4.525 0.961 0.443
Xe 1.0 51.356 2.112 —-99.927 3.737 1.644 0.431
Ne* 2.0 8.043 2715 0.506 0.982 —0.043 0.401
Art 2.0 14989 2217 —-23.606 4.585 1.011 0.551

TABLE II. Parameters of the GSZ potential model.

Target Z Z. H d

He 2.0 1.0 0.674 0.381
Ne 10.0 1.0 2.219 0.751
Ar 18.0 1.0 3.469 0.997
Kr 36.0 1.0 5.507 1.055
Xe 54.0 1.0 6.805 1.175
Ne* 10.0 2.0 1.426 0.485
Art 18.0 2.0 3.098 0.835

TABLE III. Parameters of the Muller potential model.

Target VA Z. A B C

He 2.0 1.0 0.00 0.000 2.134
Ne 10.0 1.0 2.74 1.082 3.400
Ar 18.0 1.0 5.40 1.000 3.682
Art 18.0 2.0 4.00 1.000 3.682

TABLE IV. Eigenenergies of several bound states of He.

State GSZ Muller Tong-Lin NIST

Ls —0.91724 —0.903 37 —0.903 82 —0.903 95
2s —0.15833 —0.15736 —0.16001 —0.17529
2p —0.127 34 —0.12798 —0.12999 —0.12387
3s —0.064 64 —0.061 83 —0.06233 —0.061 29
3d —-0.05557 —0.05399 —0.054 38 —0.055 64

TABLE V. Eigenenergies of several bound states of Ne.

State GSZ Muller Tong-Lin NIST

2p —0.794 66 —0.798 92 —0.793 31 —0.792 81
3s —0.18082 —0.190 84 —0.196 54 —0.17343
3p —0.107 63 —0.11108 —0.11735 —0.11702
4s —0.069 51 —0.07123 —0.07051 —0.069 87

TABLE VI. Eigenenergies of several bound states of Ar.
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TABLE VII. Eigenenergies of several bound states of Ne*.

State GSz Muller Tong-Lin NIST

2p —1.53671 —1.50522 —1.50641
3s —0.48811 —0.504 83 —0.507 14
3p —0.360 17 —0.37185 —0.37049
4s —0.214 54 -0.21961 —0.214 54
3d —0.228 54 —0.236 16 —0.221 84

II. THEORETICAL MODEL AND RESULTS
A. SAE potential models

According to the ADK ionization theory, the ionization rate
is expressed as (atomic units are used)

C} @1+ D+ |m))!
2l m|! 2 — |m])!

Wapk(E) =

1 ) 3\ 2Zc/k—|m|—1
X 2z <7> exp(—21>/3/E),
(1)

where / and m (m =0 in our calculation) are the angular
momentum and magnetic quantum numbers of the valence
electrons, C; is the coefficient that describes the electron wave
function in the asymptotic region and its expression can be
found in [27], and k¥ = \/m . For the electric field £ — 0
the theory of tunneling ionization can be summarized by an
asymptotic expansion of the form

Wwear = cEV exp™“E(1 + AEInRE + BE+..)), (2

where the coefficients a, b, c, etc., do not depend on E and can
be found in [9]. The dots indicate the existence of higher-order
terms. This expansion applies in the interval E < Ej,. Equation
(1) is a special case of Eq. (2) with correction terms neglected.

To extend the ionization formula to the above barrier
ionization regime, Tong and Lin proposed to modify the ADK
formula using an empirical fitting factor o:

WrL(E) = exp [ — a(ZZ/1,)(E /k®)]Wapk(E).  (3)

To check the performance of the above formula, the static
ionization rate is simulated by solving the Schrodinger
equation with the complex scaling method. The Hamiltonian
is

VZ
H= [—7 + V(r)—i—zE] )
By multiplying the coordinates with a complex factor exp(i6),

the Hamiltonian becomes a non-Hermitian matrix which leads
to complex eigenvalues. The real part of the eigenvalue stands

TABLE VIII. Eigenenergies of several bound states of Ar.

State GSZ Muller Tong-Lin NIST State GSZ Muller Tong-Lin NIST

3p —0.57830 —0.58052 —0.57858 —0.57940 3p —1.02093 —1.01212 —1.01494 —1.01583
4s —0.15129 —0.15355 —0.164 59 —0.154 83 4p —0.293 47 —0.297 82 —0.304 15 —0.293 64
4p —0.096 10 —0.096 99 —0.104 56 —0.09107 4s —0.39062 —0.39727 —0.403 06 —0.397 69
3d —0.063 44 —0.062 87 —0.07011 —0.068 24 3d —0.34185 —0.32915 —0.35221 —0.36348
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TABLE IX. Half static ionization rate of Ar.

Field amplitude (intensity) I'/2: GSZ I'/2: Muller I'/2: Tong-Lin
0.05329 (1.000 x 10') 8.7871 x 1076 8.2616 x 107° 1.0464 x 1073
0.09399 (3.111 x 10') 2.6916 x 1073 2.6573 x 1073 3.3095 x 1073
0.12177 (5.222 x 10'%) 0.01110 0.013229 0.01110
0.14430 (7.333 x 10') 0.021 66 0.021782 0.02503
0.16376 (9.444 x 10'4) 0.03208 0.032306 0.036 06
0.181 14 (1.156 x 10'5) 0.04143 0.041 682 0.04543
0.19699 (1.367 x 10%) 0.04941 0.049612 0.053 05
0.21166 (1.578 x 10%) 0.05607 0.056 152 0.05917
0.22537 (1.789 x 10%) 0.06158 0.061511 0.064 11
0.23830 (2.000 x 10%) 0.066 17 0.065925 0.068 16
0.24993 (2.200 x 10%) 0.069 84 0.069433 0.07137
0.26776 (2.525 x 10%) 0.07476 0.074113 0.07568
0.284 47 (2.850 x 10%) 0.078 80 0.077925 0.07924
0.30025 (3.175 x 10%) 0.08220 0.081178 0.08230
0.31524 (3.500 x 10%) 0.08523 0.084 068 0.08505

for the resonant energy and the imaginary part gives one-
half of the ionization rate. In principle, the solution should
be independent of the angle & and we must find this special
point where the resonant energy of the system will not change
with it. By plotting the 6 dependent eigenvalues in a complex
plane [28], the stationary point is determined to be around 6 =
0.4, indicating that this is a reasonable angle for convergence
studies. V(r) in Eq. (4) denotes the SAE potential. Tong and
Lin adopted the SAE potential model as shown below [13]:

Z.+aie™® +azre” ™ + ase” %"
V(r)y=— &)

r

and then the parameters are shown in Table I for different
atoms.

Other SAE potential models are also extensively used in
strong-field physics [9,29]. One is proposed by Green, Sellin,
and Zachor (GSZ) [30], which is expressed by

(Z-Z.)
HEed—1+1 + Zc
V(r) = —Aeobe e (6)

r

The other one is proposed by Muller [31], which has the form

Zo4+ Ae B 4+ (Z — Z, — A)e= "

r

V() =—

)

The corresponding parameters are shown in Tables II and III,
respectively.

B. Comparison of the SAE potential models: eigenenergy
of the bound states

First the eigenenergies of several bound states are calculated
to compare the performance of these SAE potential models.
The results are shown in Tables IV-VIII. We can see that
the eigenenergies of the bound states obtained with these
three models are consistent and also agree reasonably well
with the values estimated from the atomic spectra given by
NIST [32].

TABLE X. Half static ionization rate of Ar™.

Field amplitude (intensity) I'/2: GSZ I'/2: Muller I'/2: Tong-Lin
0.07536 (2.000 x 10') 6.0344 x 1078 7.2791 x 1078 6.6251 x 1078
0.12306 (5.333 x 10') 2.8655 x 107* 3.8221 x 107* 3.7933 x 10~
0.156 87 (8.667 x 10'4) 3.5719 x 1073 4.4861 x 1073 4.5811 x 1073
0.18459 (1.200 x 10%) 0.01136 0.01377 0.014 13
0.208 65 (1.533 x 10") 0.021 80 0.025 84 0.026 46
0.23022 (1.867 x 10%) 0.03291 0.03828 0.03905
0.24993 (2.200 x 10%) 0.04338 0.049 56 0.05034
0.26820 (2.533 x 10") 0.052 54 0.058 96 0.059 69
0.28530 (2.867 x 10%) 0.06022 0.066 45 0.067 10
0.30143 (3.200 x 10%) 0.06651 0.07231 0.07290
0.31524 (3.500 x 10") 0.07117 0.076 50 0.07705
0.33701 (4.000 x 10%) 0.07733 0.08192 0.08242
0.357 45 (4.500 x 10%) 0.08209 0.08607 0.086 54
0.37678 (5.000 x 10") 0.085 94 0.089 50 0.08991
0.39517 (5.500 x 10%) 0.08923 0.09253 0.09287
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FIG. 1. (Color online) The ratio between the ionization rates
obtained with the Schrodinger equation and ADK formula in
logarithmic scale (square) and the linear and parabolic fitting using
Eq. (8) (dashed and solid line).

C. Comparison of the SAE models: static ionization rate

Next the static ionization rate was calculated with the above
GSZ, Muller, and Tong-Lin SAE models, respectively. We
assume that a dc electric field is applied and Ar is considered.
The amplitude of the electric field varies from 0.053 to
0.32 a.u., which corresponds to intensities from 1.0 x 10
to 3.5 x 10> W/cm?. The half static ionization rates (I'/2)
are shown in Table IX.

One can see that the ionization rates obtained with GSZ
and Muller SAE models are very close. The ionization rate
obtained with Tong and Lin’s SAE model is slightly higher,
but the relative deviation is very small. When the intensity
is lower than 1 x 10" W/cm?, the relative deviation is about
10%. It gradually decreases to 5% at 2 x 10> W/cm? and
finally decreases to 1% at 3 x 10" W /cm?.

We also checked the static ionization rates of Ar™, which
are shown in Table X. In this case, Tong and Lin’s and
Muller’s models give very close results. The GSZ model
slightly underestimates the ionization rate compared with Tong
and Lin’s and Muller’s models, but the difference is also small.
One can say that the above three SAE models agree well with
each other. He, Ne, and other atoms are also tested, and similar
results are obtained. It is noted that the multielectron effects
beyond the SAE approximation on ionization have not been
included in our calculation. At relative high-field strength, the
amplitude of population of the ionic state is disturbed by the
external laser field [33], which is responsible for the influence
of the multielectron on ionization. On the other hand, the
electron-electron and electron-ion interactions play a more
important role at low-field strength [34] due to the relatively
strong Coulomb interaction.

PHYSICAL REVIEW A 90, 043410 (2014)
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FIG. 2. (Color online) Same as Fig. 1, but the target is Ar™.

D. Comparison of the ionization rate: ADK, WFAT, Tong-Lin,
and Schrodinger simulation

Since the ADK and WFAT ionization formulas work
only in the tunneling regime, we therefore first check the
performance of Tong and Lin’s ionization formula in the
over-barrier regime. We define the logarithmic ratio between
the quantum simulation results and ADK ionization rates, i.e.,
R =logo(I"/ Wapk). In Fig. 1, R is plotted as a function of
laser field strength for Ar in units of Ej. One can clearly see
that R decreases almost linearly with the laser amplitude when
E/E;, < 2. However, in the region of E/E}, > 2, R deceases
more slowly and gradually departs from its linear fitting
(see the dashed line in Fig. 1). That is why Tong and Lin’s
formula fails in the deep over-barrier region. In this situation,
a parabolic fitting is required, which is termed a modified
empirical formula. The ionization rate can be corrected by

2

E
Wu(E) = exp |:— (alE_i + azE—h + ds)} Wapk(E). (8)

Using the fitting parameters shown in Table XI, the parabolic
ionization curve (see the solid line in Fig. 1) is consistent with
the quantum result. For other atoms and ions, such as Ar" (see
Fig. 2), He, Ne, Kr, and Xe, a good agreement with the exact
result is also achieved, and the required fitting parameters are
summarized in Table XI.

To get a deep insight into the ADK [Wapk, Eq. (1)],
WFAT [WWFAT, Eq (2)], TOIlg-LIIl [WTL, Eq (3)], and
modified empirical ionization formulas [Wy, Eq. (8)] in
the over-barrier regime, we compared these formulas with
the quantum simulation results by solving the Schrodinger
equation (denoted as I''). Since the SAE potentials in Secs. I[I B
and IIC are consistent for quantum simulation, only the

TABLE XI. Parameters for the modified empirical formula.

Parameter H He Ne Ar Kr Xe Art

a 0.117 14 0.13550 0.10061 0.16178 0.146 40 0.21080 0.30441
a —0.909 33 —0.862 10 —1.048 32 —1.50441 —1.36533 —1.88482 —2.70461
as —0.060 34 0.021 562 —0.07542 0.32127 0.02055 0.574 281 1.408 21
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FIG. 3. (Color online) The ionization rates obtained with the
Schrodinger equation, ADK [Eq. (1)] formula, WFAT [Eq. (2)]
formula, Tong and Lin’s formula [Eq. (3)], and modified empirical
formula [Eq. (8)] in (a) logarithmic scale and (b) linear scale.
The upper axis shows the corresponding laser intensity in units of
1 x 10" W/cm?.

Tong-Lin SAE potentials are used for He, Ne, Ar, Xe, and
Art and the GSZ potential is used for Kr.

Figures 3(a) and 3(b) show the ionization rates calculated
with the ADK (dash-dotted line) formula, first-order WFAT
(thick solid line), Tong and Lin’s (dashed line) formula,
the modified empirical formula (thin solid line), and the
Schrodinger equation (circles) in logarithmic scale and linear
scale for Ar, respectively. Compared with the quantum sim-
ulation result, the ADK formula significantly overestimates
the ionization rate from the deep tunneling to over-barrier
regime. Using the first-order WFAT, the calculated ionization
rate agrees quite well with the quantum one when E <
E,. Tong and Lin’s formula further extends the region of
applicability of ionization calculation to a field strength up
to 2E,. However,Tong and Lin’s formula underestimates the
ionization rate in the deep over-barrier region with a laser
field strength higher than 2FE,. For the modified empirical
formula, the obtained ionization rate is consistent with the
exact quantum result in the whole region from E/E, = 0.5
to 4.5.

The same calculation procedure has been performed for
other ions and atoms. Figure 4 shows one example of Art. A
similar trend can be observed: Tong and Lin’s formula works
very well if E/E, < 2 but underestimates the ionization rate
in the deep over-barrier regime. Therefore, we suggest the
modified empirical formula [Eq. (8)] instead of Tong and Lin’s
formula [Eq. (3)].
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FIG. 4. (Color online) Same as Fig. 3, but the target is Ar*.

To check the performances of Egs. (3) and (8), we introduce
the relative error defined by

wW-—-T
Error = .

(€))

Figure 5 shows the relative error between the ionization rate
calculated with the Schrodinger equation and those calculated
with Eqgs. (3) and (8) for different atoms. The ionization rates
calculated with the modified empirical formula [Eq. (8)] agree
very well with the quantum simulation results from E/E;, =
0.5 to 4.5. The relative errors are less than 0.2 for He, Ne, Ar,
Kr, and Xe atoms. For the Ar™ ion, the relative errors are less
than 0.15 if 0.7 < E/E;, < 4.5, but slight larger if E/E;, <
0.7. These results give evidence that the modified empirical
formula has enough accuracy for calculating ionization rates,
especially in the deep over-barrier regime. On the other hand,
Tong and Lin’s formula [Eq. (3)] is also valid with laser field
strength up to E/E, = 2 while it has large relative errors in
the deep over-barrier regime due to the rapid increase with the
laser intensity. For the He atom, the relative error is 0.02 at
E/E;, = 1.5, but increases to 0.29 at E/E, = 2.5 and 0.74 at
E/E, =45.

In practice, the ionization rate with the survival probability
becomes important when the electric-field strength is high
enough. Since the use of few-cycle laser pulses can avoid
significant ionization of the atom by the leading edge of the
pulse, we therefore evaluate the total ionization probability of
the Ar atom in a 2-fs pulsed laser with varying peak intensities.
The 2-fs laser pulse can be experimentally achieved by
synthesizing a 1.5-octave three-channel optical field spanning
the infrared, visible, and ultraviolet frequency regimes [35].
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FIG. 5. (Color online) Relative error between the ionization rates calculated with the Schrodinger equation and those calculated with
Egs. (3) and (8). The targets are He, Ne, Ar, Kr, Xe, and Ar™", respectively.

By using the ionization rates shown in Egs. (3) and (8), the
ionization probabilities at the end of the pulse are calculated
as

P=1- expff;° WIE®lr 10)

2 1t

E

8

S 0.98}

o

[

S 0.96}

N ---TL

5 0.94, Our work
2.5 3 3.5 4 4.5
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FIG. 6. (Color online) Ionization probabilities of the Ar atom in
the 2-fs laser pulses with varying peak intensities.

From Fig. 6, it is clear that the probability curve calculated
using Tong and Lin’s rate deviates from the one obtained
with our modified empirical ionization rate. The probability
calculated from the Tong-Lin model predicts larger ionization
probability at higher intensities. Based on the two curves in
Fig. 6 the saturation field strength calculated from the Tong-
Lin model is 3.47E, (2.98 x 10" W/cmz) while from the
modified empirical model it is 4.06E;, (4.08x10'> W/cm?).
Here, the saturation field strength is defined when the total
ionization probability is 99%.

III. SUMMARY

In summary, a modified empirical formula for over-barrier
ionization is proposed. By solving the Schrodinger equation,
the validity of this modified empirical formula has been
confirmed for a field strength covering the tunneling to deep
over-barrier regime, and the upper limit of applicable field
strength for this formula is determined to be 4.5 E;,. We believe
that the upper limit of 4.5 E, for this formula is strong enough
for most experiments in strong-field physics. For instance,
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4.5E,, corresponds to the laser intensities of 5 x 10" W/cm?
for Ar and most investigations on Ar using laser intensities
lower than these values. Moreover, the relative error of the
modified empirical formula rapidly increases if £ > 4.5E,
and in that case even more complicated parameters may be
required for fitting the quantum simulation results.
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