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In the usual tomography of multipartite entangled quantum states one assumes that the measurement devices
used in the laboratory are under perfect control of the experimenter. In this paper, using the so-called SWAP

concept introduced recently, we show how one can remove this assumption in realistic experimental conditions
and nevertheless be able to characterize the produced multipartite state based only on observed statistics. Such
a black-box tomography of quantum states is termed self-testing. As a function of the magnitude of the Bell
violation, we are able to self-test emblematic multipartite quantum states such as the three-qubit W state, the
three- and four-qubit Greenberger-Horne-Zeilinger states, and the four-qubit linear cluster state.
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I. INTRODUCTION

Quantum entanglement [1] plays a prominent role in quan-
tum theory and particularly in quantum information. Indeed, a
big effort has been devoted recently to its characterization and
detection [2].

In usual tomography of entangled quantum states, one
has to rely on certain assumptions about the measurement
devices used in the experiment. These assumptions are usually
difficult to meet in practice. For instance, the characterization
of a quantum state cannot be considered conclusive if the
devices implementing the specific measurement operators are
not under precise control of the experimenter [3].

In the past years, the experimental preparation of complex
multipartite states has become a routine. State-of-the-art
photonic experiments can generate and characterize 6-qubit
entangled states [4,5]. More recently, 14 entangled qubits were
generated in ion-trap experiments [6,7]. Such is the range
of qubits, for which, in order to do a full tomography and
reconstruct completely the produced multipartite state, one
has to resort to additional information about the state. Such
additional knowledge has been exploited in the literature for
states of low rank [8], for a matrix product state [9], or for a
permutationally invariant (PI) state [5]. Although these extra
assumptions simplify the experiments considerably, they rely
on a trusted knowledge of the measurement devices involved.

In this paper, we follow a different approach based on
the so-called device-independent paradigm (see [10] for a
review), which regards the local systems as black boxes with
some inputs and outputs and is minimalist in the sense that it
requires only the no-signaling assumption and that inputs are
freely chosen. Device-independent applications are available,
for instance, in quantum key distribution [11], randomness
certification [12], and certification of entangled measurements
[13,17].

Tomography of quantum states in this device-independent
framework, where one characterizes multipartite states based
only on lists of statistical data coming from a Bell-type
experiment, was termed self-testing in the seminal work of
Mayers and Yao [14]. At that time the task of self-testing was
mostly applied in the ideal situation (see pioneering works
in Refs. [15] as well). Later, this limitation was removed
and since then a number of works [16] have demonstrated

self-testing robust to external noise. However, the noise to be
tolerated in these schemes was extremely small. A resolution
to this issue was given by Ref. [17], which could extend
self-testing of quantum states and measurement devices to
realistic experimental situations. As an illustration of the power
of the so-called SWAP method of [17], it has been proved in
the bipartite case that a Clauser-Horne-Shimony-Holt (CHSH)
[18] violation of 2.57 certifies a singlet fidelity of more than
70%.

In this paper, making use of the SWAP method, we move
from the bipartite to the multipartite domain by self-testing
famous multipartite states such as the W state [19], the
three- and four-qubit Greenberger-Horne-Zeilinger (GHZ)
states [20], and the four-qubit cluster state [21] (recall that
each of these states has been implemented in the laboratory in
photonic experiments about a decade ago [22–24]). Note that
in our task of self-testing we do not assume any knowledge
regarding the specific workings of the experimental devices
(such as the dimension of the underlying Hilbert spaces or
the type of measurements involved); however, we accept that
quantum theory holds exactly.

To this end, we introduce the framework of Bell nonlocality
tests. Consider three distant observers, Alice, Bob, and Cecil,
and allow each of them to choose freely between two
(i = 1,2) dichotomic observables, Ai = ±1, Bi = ±1, and
Ci = ±1, respectively. In a specific run of the experiment,
the correlations between the observations can be represented
by the product of the type AiBjCk . The correlation function is
then the average over many runs of the experiment 〈AiBjCk〉
for i,j,k = 0,1,2 (where we have chosen A0 = B0 = C0 = 1
to account for subcorrelation terms). In quantum mechanics,
the above mean value can be calculated as

〈AiBjCk〉 = tr(ρ · Âi ⊗ B̂j ⊗ Ĉk), (1)

where ρ denotes Alice, Bob, and Cecil’s tripartite state, and
we have set Â0 = B̂0 = Ĉ0 = 1.

Note that we never use the fact that the underlying black-box
state is pure. We should not, because, in that case, we just have
to show correlation in order to prove entanglement. We do
assume, however, that measurements are projective.

Remarkably, there exist situations in this setting where
the observed statistics {〈AiBjCk〉}i,j,k suffice to determine
the underlying state |ψ̄〉 and observables Āi,B̄j ,C̄k , up to
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local isometries and some additional (but irrelevant) degrees
of freedom. For instance, let us consider the famous set of
correlations

〈A1B1C1〉 = 1,

〈A1B2C2〉 = 〈A2B1C2〉 = 〈A2B2C1〉 = −1, (2)

exhibiting the so-called GHZ paradox [20,25]. It has been
shown recently that the only state compatible with these
correlations is the famous GHZ state (up to local isometries
and adding local ancillary systems to the state) [26]. However,
in realistic experimental conditions, we cannot hope that
the above averages attain ±1 exactly. In order to quantify
how close the actual state in the box ρ ∈ B(Hbox) is to our
mathematical guess |ψ̄〉 ∈ Cd , we must hence introduce a
figure of merit. A quite significant one is the fidelity modulo
local isometries, defined as

F = max
U

〈ψ̄ |trjunk(UρU †)|ψ̄〉. (3)

Here the “junk” system denotes extra degrees of freedom
which are not necessary—in first approximation—to capture
the physics of the experiment, and the maximization is
performed over all local isometries U : Hbox → Cd ⊗ Hjunk.

Our task is to estimate the minimal value of the fidelity F

compatible with the observed statistics {〈AiBjCk〉}i,j,k (note
that F = 1 with respect to some reference state |ψ̄〉 implies
perfect self-testing). For didactic purposes, in this work we do
not discuss self-testing criteria which require the knowledge
of the whole set of correlations. Rather, we investigate how
the fidelity F with respect to multipartite (three-qubit and
four-qubit) states varies as a function of the magnitude of
violation of specific Bell inequalities. This is possible thanks
to the recently developed SWAP method [17].

Let us mention some recent works in the spirit of our
paper, where information regarding the state produced could
be extracted from multipartite Bell experiments: In Ref. [27],
genuine multipartite entanglement could be detected from
Bell-type inequalities, which test was implemented experi-
mentally as well recently [28]. Another promising method
was proposed by Moroder et al. [29], which method provides
access to certain properties of a composite system via Bell
inequalities, such as negativity [30] and can be extended
to the multipartite realm (see also [31] for related results).
Finally, we would like to call the attention of the reader to the
very-much-related work of [32], where, also via the SWAP tool,
the authors manage to derive a new Bell inequality to self-test
the W state.

The paper is structured as follows. First, in Sec. II A,
we introduce our main tool, multipartite PI Bell inequalities,
i.e., those which do not change under exchanging parties. In
Sec. II B we sketch the idea of constructing PI Bell inequalities
which are maximally violated by PI states such as Dicke
states. In Sec. II C, for clarity of presentation, the method
is introduced through the example of the three-qubit W state
(one of the simplest Dicke states). In this way, we derive a
couple of candidate Bell inequalities for self-testing of W

states. Section III utilizes the SWAP method [17] to certify
minimal fidelity with respect to the W state as a function of
violation of our Bell inequalities. This is done in Sec. III A.
Using known Bell inequalities from the literature, we also

self-test the (three- and four-qubit) GHZ states in Sec. III B
and the four-qubit cluster state in Sec. III C. Section IV ends
with a conclusion, where we also pose some open questions.

II. TOOLS

A. Permutationally invariant Bell inequalities

Bell-type inequalities are the central tool of our investiga-
tions [33]. We focus on multipartite Bell polynomials which
are PI, that is, they are symmetric under any permutation of
the parties. Each observer can choose between two possible
measurements featuring binary outputs. We use the following
simplified notation to represent such a PI Bell inequality,

[α1 α2; α11 α12 α22] ≡ α1(A1 + B1) + α2(A2 + B2)

+ α11A1B1 + α12(A1B2 + A2B1)

+ α22A2B2, (4)

where Ai = ±1 denotes the outcome of Alice’s measurement
settings i = 1,2. Likewise for Bob’s settings. The extension
to more parties is straightforward. For instance, for N = 3
parties, the Mermin inequality [34], usually written as

M3 = A1B1C1 − A1B2C2 − A2B1C2 − A2B2C1 � 2, (5)

now reads

M3 = [0 0; 0 0 0; 1 0 − 1 0] � 2. (6)

Here the maximum algebraic sum of M3 = 4, corresponding
to the set of correlations (2), is attained with a three-qubit GHZ
state [20],

|GHZ3〉 = (|000〉 + |111〉)/
√

2, (7)

and Pauli X̂ and Ŷ measurements.
Let us turn to the case of four parties. The generalized

Mermin-Ardehali-Belinskii-Klyshko [35] (MABK) Bell in-
equality for N = 4 is given by

M4 = [0 0; 0 0 0; 0 0 0 0; 1 1 − 1 − 1 1] � 4. (8)

Here the quantum maximum reads 8
√

2, which can be obtained
by using X̂ and Ŷ Pauli measurements and a four-qubit GHZ
state [20]:

|GHZ4〉 = (|0000〉 + |1111〉)/
√

2. (9)

B. Basic idea of our method

Our aim is to create Bell inequalities which are maximally
violated by a given N -qubit PI state. The existence of such
Bell inequalities is a necessary condition for self-testing of PI
states. For simplicity, we focus on PI Bell inequalities with
two measurements per party [31,36]; moreover, we restrict
ourselves to orthogonal measurement settings lying in the X-Z
plane. These kind of settings are tailored to the SWAP method
[17], which is used in Sec. III for the purpose of self-testing.

Let us now give a short description of our linear
programming-based method focusing on the W state (but
we believe that the procedure can be generalized to any PI
state, such as Dicke states [37]). Given our desired W state
and orthogonal measurement settings, we construct the Bell
operator (with yet unknown coefficients) and derive conditions

042340-2



DEVICE-INDEPENDENT TOMOGRAPHY OF MULTIPARTITE . . . PHYSICAL REVIEW A 90, 042340 (2014)

for the Bell coefficients to guarantee that the W state is an
eigenstate of this Bell operator. By our specific measurement
angles in the X-Z plane, we next derive further conditions
which ensure that the Bell value (i.e., the mean value of the
Bell operator with the W state) does not change in first order on
small variations around these measurement angles. Finally, we
enforce (linear) constraints to bound the local value of the Bell
expression, and maximize the quantum value. The problem to
be solved is one of linear programming. We can further put
extra constraints in this linear program to find Bell inequalities
which have a special structure (e.g., which have no single-party
marginal terms). Let us stress that the conditions we impose
are not necessarily sufficient to guarantee the optimality of
the W state for getting maximal Bell violation. However, in
practice, it works well. In the next section, we give a detailed
description of this method.

C. Illustration of the method via the W state

In the case of PI Bell inequalities with two binary settings
per party, there are nine independent Bell coefficients and we
can write the Bell inequality in the notation of Sec. II A as

B = [b1 b2; b3 b4 b5; b6 b7 b8 b9] � L, (10)

where L is the local maximum.
Our aim is to construct a Bell inequality which is maximally

violated by the three-qubit W state [19] given as

|W 〉 ≡ 1√
3

(|001〉 + |010〉 + |100〉). (11)

The operators of the measurements we have taken are the same
for each party, that is, Â1 = B̂1 = Ĉ1 ≡ M̂1 and Â2 = B̂2 =
Ĉ2 ≡ M̂2. With this choice, the Bell operator may be written
as

B̂ =
9∑

i=1

biĜi, (12)

where

Ĝ1 ≡ M̂111 + 1M̂11 + 11M̂1,

Ĝ2 ≡ M̂211 + 1M̂21 + 11M̂2,

Ĝ3 ≡ M̂1M̂11 + M̂11M̂1 + 1M̂1M̂1,

Ĝ4 ≡ M̂1M̂21 + M̂2M̂11 + M̂11M̂2 + M̂21M̂1

+ 1M̂1M̂2 + 1M̂2M̂1, (13)

Ĝ5 ≡ M̂2M̂21 + M̂21M̂2 + 1M̂2M̂2

Ĝ6 ≡ M̂1M̂1M̂1,

Ĝ7 ≡ M̂1M̂1M̂2 + M̂1M̂2M̂1 + M̂2M̂1M̂1,

Ĝ8 ≡ M̂1M̂2M̂2 + M̂2M̂1M̂2 + M̂2M̂2M̂1,

Ĝ9 ≡ M̂2M̂2M̂2.

Note that above we used the shorthand M̂iM̂j M̂k for denoting
the tensor product M̂i ⊗ M̂j ⊗ M̂k . If there are only two binary
measurements per party, the maximum violation can always be
achieved with measurements performed on qubits in the X-Z

plane (real qubits). The corresponding measurement operators
are linear combinations of the Pauli operators X̂ and Ẑ:

M̂1 = cos ϕ1Ẑ + sin ϕ1X̂,
(14)

M̂2 = cos ϕ2Ẑ + sin ϕ2X̂.

Then it follows from Eqs. (12)–(14) that the Bell operator may
also be expressed as

B̂ =
9∑

i=1

ηiĤi, (15)

where

Ĥ1 ≡ Ẑ11 + 1Ẑ1 + 11Ẑ,

Ĥ2 ≡ X̂11 + 1X̂1 + 11X̂,

Ĥ3 ≡ ẐẐ1 + Ẑ1Ẑ + 1ẐẐ,

Ĥ4 ≡ ẐX̂1 + X̂Ẑ1 + Ẑ1X̂ + X̂1Ẑ + 1ẐX̂ + 1X̂Ẑ,

Ĥ5 ≡ X̂X̂1 + X̂1X̂ + 1X̂X̂, (16)

Ĥ6 ≡ ẐẐẐ,

Ĥ7 ≡ ẐẐX̂ + ẐX̂Ẑ + X̂ẐẐ,

Ĥ8 ≡ ẐX̂X̂ + X̂ẐX̂ + X̂X̂Ẑ,

Ĥ9 ≡ X̂X̂X̂.

The ηi coefficients will depend on the choice of the measure-
ment operators, that is the choice of the measurement angles
ϕ1 and ϕ2. The state giving the maximum quantum violation is
the eigenstate belonging to the largest eigenvalue of the Bell
operator with the measurements chosen optimally. Therefore,
we must make sure that the W state is an eigenstate of the Bell
operator, that is 〈ψ |B̂|W 〉 = 0 for all states |ψ〉 orthogonal to
|W 〉. From Ẑ|0〉 = |0〉, Ẑ|1〉 = −|1〉, X̂|0〉 = |1〉, and X̂|1〉 =
|0〉 it is not difficult to derive

Ĥ1|W 〉 = |W 〉, Ĥ2|W 〉 = 2|W̄ 〉 +
√

3|000〉,
Ĥ3|W 〉 = −|W 〉, Ĥ4|W 〉 = 2

√
3|000〉,

Ĥ5|W 〉 = 2|W 〉 +
√

3|111〉, Ĥ6|W 〉 = −|W 〉, (17)

Ĥ7|W 〉 = −2|W̄ 〉 +
√

3|000〉,
Ĥ8|W 〉 = 2|W 〉 −

√
3|111〉, Ĥ9|W 〉 = |W̄ 〉,

where

|W̄ 〉 ≡ ∣∣D2
3

〉 = 1√
3

(|011〉 + |101〉 + |110〉). (18)

From Eqs. (15) and (17) it follows that |W 〉 is an eigenstate of
B̂ if

2η2 − 2η7 + η9 = 0,

η2 + 2η4 + η7 = 0, (19)

η5 − η8 = 0.

The first, second, and third lines follow from the requirements
that 〈W̄ |B̂|W 〉 = 0, 〈000|B̂|W 〉 = 0, and 〈111|B̂|W 〉 = 0,
respectively. The expectation value of B̂ is

q ≡ 〈W |B̂|W 〉 = η1 − η3 + 2η5 − η6 + 2η8. (20)

042340-3
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Another requirement to be ensured is that the measurement
operators chosen are optimal. For that it is necessary that
the maximum eigenvalue of B̂ remains unchanged due to
infinitesimal variations of ϕ1 and ϕ2. If |W 〉 is the appropriate
eigenvector, the derivatives of 〈W |B̂|W 〉 in terms of these
angles have to be zero (the change of the eigenvector due to the
variations of the angles gives only second-order contributions).
Let us specify the measurements to be orthogonal to each other,
that is ϕ1 = ϕ and ϕ2 = ϕ − π/2. In the Appendix we show
that the following new extra condition arises in this way,

sc(−η1 + 2η3+4η5 + 3η6+2η8) + 4(c2 − s2)(η4 + η7) = 0,

(21)

where c = cos ϕ and s = sin ϕ. Hence, altogether we have
four linear conditions for the nine ηi coefficients coming
from Eqs. (19) and (21). With these four conditions, it is
easy to see that the following linear program provides the
maximum quantum per local value for our W state along with
the measurement angles ϕ1 = ϕ and ϕ2 = ϕ − π/2:

Q ≡ max q

subject to
9∑

i=1

Eλ,ibi � L ∀ λ,

9∑

i=1

Rjibi − ηj = 0 (j = 1, . . . ,9),

9∑

i=1

Tkiηi = 0 (k = 1, . . . ,4),

(22)

where q is the quantum value (20) to be maximized, bi and ηi

are the variables to be determined, whereas R is a 9 × 9 matrix
of coefficients coming from relations in Eq. (A6) and T is a
4 × 9 matrix of coefficients coming from the four conditions
(19) and (21). We can fix L = 1 without loss of generality and
Eλ,i are the symmetrized components of the local deterministic
strategy λ,

Eλ,1 = A1 + B1 + C1,

Eλ,2 = A2 + B2 + C2,

Eλ,3 = A1B1 + A1C1 + B1C1,

Eλ,4 = A1B2 + A1C2 + B1C2 + A2B1 + A2C1 + B2C1,

Eλ,5 = A2B2 + A2C2 + B2C2, (23)

Eλ,6 = A1B1C1,

Eλ,7 = A1B1C2 + A1B2C1 + A2B1C1,

Eλ,8 = A2B2C1 + A2B1C2 + A1B2C2,

Eλ,9 = A2B2C2,

where each Ai,Bi,Ci , i = 1,2 may take the values of ±1,
and each strategy λ is characterized by a particular choice for
these values. In our particular case, this amounts to 28 = 64
strategies. However, due to permutational symmetry of the
Bell polynomial B some of the deterministic strategies give
the same value. In fact, it is enough to take (4 × 5 × 6)/(1 ×
2 × 3) = 20 different strategies.

0 0.05 0.1 0.15 0.2 0.25ϕ/π
1

1.1

1.2

1.3

1.4

1.5
Q/L

FIG. 1. Dependence of the largest quantum/local value on mea-
surement angle ϕ for a Bell inequality violated maximally by the W

state.

We solved the above LP (22) by scanning through the
interval ϕ = 0, . . . ,π/4. Figure 1 shows the resulting Q/L

value as a function of ϕ. Notice that according to the figure
there is no appropriate solution at ϕ = 0. Incidentally, this
implies that the W state with Ẑ and X̂ measurements cannot be
self-tested: The set of correlations arising from this particular
state and measurements is not unique.

We have chosen three particular Bell inequalities (denoted
by B1, B2, and B3) according to the relative measurement
angle ϕ. The coefficients of the respective Bell inequalities
bi

1,2,3 (i = 1, . . . ,9) are given in Table I. (i) B1: the angle
ϕ = 0.092 756 44π which corresponds to the largest Q/L

ratio of 1.491 772 84. For this inequality the local bound
is L = 1. (ii) B2: the angle ϕ = π/4, in which case the
Bell coefficients become symmetric under the exchange of
the two measurements M̂1 and M̂2. The classical limit is
L = 872 − 48

√
2, while the quantum maximum is Q = 964,

giving the ratio of Q/L ≈ 1.198 83. (iii)B3: the angle ϕ = π/4
and we restrict ourselves to Bell inequalities without marginals
(that is b1 = b2 = η1 = η2 = 0), in which case we get a
solution with the not much smaller Q/L = 7/6 with somewhat
nicer looking coefficients presented in Table I. In that case,

TABLE I. Coefficients of the three Bell inequalities, B1, B2, B3,
maximally violated by the W state (corresponding to coefficients
bi

1, bi
2, bi

3, respectively): B1 gives the largest quantum per local
value Q/L = 1.491 772 84 by angle ϕ = 0.092 756 44π ; B2 and
B3 belong to the angle ϕ = π/4, providing the respective ratios
Q/L = 964/(872 − 48

√
2) ≈ 1.198 83 and Q/L = 1.166 66.

i bi
1 bi

2 bi
3

1 −0.281 554 01 336 − 160
√

2 0
2 0.039 861 04 336 − 160

√
2 0

3 −0.182 525 67 −132 − 6
√

2 −1
4 −0.182 525 67 −304 + 30

√
2 −2

5 0.150 807 67 −132 − 6
√

2 −1
6 −0.470 038 82 30 + 89

√
2 3/(2

√
2)

7 −0.287 513 15 102 − 83
√

2 −1/(2
√

2)
8 0.176 566 53 102 − 83

√
2 −1/(2

√
2)

9 −0.042 044 95 30 + 89
√

2 3/(2
√

2)
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η3 = −3, η5 = η8 = 1, and all other ηi are zero, in which case
L = 6 and Q = 7. Note the values given at ϕ = π/4 are exact.
This can be checked by making use of the dual formulation of
the LP (22).

Let us stress that the constraints we have derived are only
necessary conditions for the W state to be the one which
violates the Bell inequality maximally. For the right solution
the W state must be the eigenstate belonging to the maximum
eigenvalue, and there must not exist another state with some
different measurement operators giving the same or larger
violation. This extra condition, for instance, is not guaranteed
by our procedure.

We used a see-saw method [38] in two-dimensional
component Hilbert spaces to test our conjecture. Let us note
that since the number of inputs and outputs of our inequalities is
2, it is enough to verify the conjecture for d = 2 [39]. Any other
higher-dimensional state can be decomposed as a direct sum
of N -qubit states. If all such states are unitarily equivalent to
the W state (and all measurement operators equal to X̂ and Ẑ),
we know that we can self-test W with that high-dimensional
state.

Running the see-saw from independent random seeds many
times, we could recover the W state as the optimal state corre-
sponding to the reported maximal violations of the inequalities
in Table I. This supports that the Bell inequalities are good
candidates for self-testing of the W state. The drawback of
the see-saw method, however, is that it is a heuristic method
and therefore it is not guaranteed to find the solution (i.e., the
specific state and measurements) corresponding to a maximal
quantum violation. This limitation can be circumvented by
applying the Navascues-Pironio-Acin (NPA) method [40],
which algorithmic process characterizes the quantum set from
outside without imposing dimensionality constraints. Using
NPA hierarchy on level 3 we find that our solution of W

state along with orthogonal measurements indeed saturates
the upper bound provided by the NPA method up to high
numerical accuracy. However, in order to prove conclusively
that the maximal Bell violations of Table I are attained only
by W states we make use of the SWAP method [17], which
gives us a powerful numerical tool to estimate the distance
of a produced state from the W state in the function of a
Bell violation. Incidentally, this method originates in the NPA
hierarchy.

III. SWAP METHOD AND RESULTS

Here we just give the basic idea of the SWAP method and in
the further subsections we then give the results for self-testing
of different multipartite states. For a detailed explanation of
the method, we refer the reader to Ref. [17], which discusses
thoroughly the bipartite case but the generalization to more
parties is straightforward.

Suppose that we want to show that a multipartite state
produced in a Bell experiment is close to a desired state,
which we denote by ¯|ψ〉. The only information to which we
have access is the experimental violation Q of a given Bell
inequality B. The SWAP method [17] combines (i) the idea of
swapping black boxes with trusted systems [14] with (ii) the
semidefinite characterization of quantum correlations à la NPA
[40].

(i) Let ρABC be the black-box system and let the trusted
auxiliary qubits A′,B ′,C ′ be prepared in the state |0〉. Then
some local unitaries UAA′ , UBB ′ , UCC ′ are applied between the
trusted systems and their respective boxes, which operations
leave the trusted system in the state

ρSWAP = TrABC(UρABC ⊗ |000〉〈000|A′B ′C ′U †), (24)

where U = UAA′ ⊗ UBB ′ ⊗ UCC ′ . We want to choose U such
that the fidelity

F = 〈ψ̄ |ρSWAP|ψ̄〉 (25)

is as large as possible.
However, the virtual operation U must be evaluated only

from the mere knowledge of statistical data (e.g., from the
amount of a Bell violation). At this point the NPA method
comes to our help.

(ii) The crucial observation [40] is that, for an arbitrary
state |ψ〉 and set of operators {M̂i}, the matrix 	 with entries
	ij = Tr(|ψ〉〈ψ |M̂†

i M̂j ) is positive semidefinite.
How does this help? For illustration, consider a three-

party situation, and let S be a set of products of the fol-
lowing operators Ax,By,Cz: S = {(1,A1,A2,A1A2,A2A1) ×
(1,B1,B2,B1B2,B2B1) × (1,C1,C2,C1C2,C2C1). This set has
N = 5 × 5 × 5 = 125 components, which we denote by
Mi , i = 1, . . . ,N . According to the above remark, the N -
dimensional 	 matrix built up out of these operators must be
positive semidefinite. Moreover, some of the matrix elements
are equal or satisfy other constraints (for instance, all diagonal
entries have to be 1). Such constraints we collectively denote
by Tr(αi	) = δi , i = 1, . . . ,K , where K is the number of
constraints, and matrices αi and scalars δi are associated with
the constraints. Finally, noting that both the fidelity expression
(25) and the Bell value are linear combinations of certain
entries of the 	 matrix, we obtain the following semidefinite
programming (SDP) [41] relaxation of the original problem,

f = min Tr(F̃	)

subject to 	 � 0,

Tr(αi	) = δi (i = 1, . . . ,K),

Tr(B̃	) = Q,

(26)

where B̃ is the matrix which contains our Bell inequality
in question and F̃ is the matrix encompassing the device-
independent fidelity expression. Matrices αi contain linear
constraints. By solving this program, which can be done using
standard SDP packages, we obtain a lower bound f on the
true fidelity of the quantum state ρSWAP to a given reference
state |ψ̄〉.

Let us next summarize the computational resources used
in solving the SDP problem (26) above. In all studied cases
we used the MATLAB modeling language YALMIP [42]. For the
three-qubit computations, the size of the 	 matrix is 125 ×
125 and the number of constraints is K = 8604. In this case,
we also increased the size of the 	 matrix by including in
sequence S the following third-order terms A1A2A1, B1B2B1,
C1C2C1 (with the 	 matrix having dimension 63 = 216, and
K = 24 436). However, to our surprise, we did not get any
improvement over the previous results (the difference in all
values were in the range of 10−8, which is roughly the precision
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FIG. 2. (Color online) Robust self-testing of the W state. Mini-
mal fidelity with respect to the ideal W state as a function of Bell
violations B1, B2, and B3.

of our SDP solver). In both cases, we used SEDUMI [43] as
a solver and solving the SDP for a single instance of Bell
violation took about 1 h and 1 day, respectively, on a standard
desktop PC.

As for the four-qubit computations, the size of the 	 matrix
is 625 × 625 and the number of constraints is K = 202 186. In
this case, we had to use the SDPNAL solver [44], which, in spite
of the large number of constraints, solved the SDP problem
(for one instance of Bell violation) within half an hour.

A. Self-testing of the W state

We give below the details for the self-testing of the W state
via the SWAP method using the three Bell expressions B1,2,3 in
Table I. The lower bound results for the fidelity F are shown in
Fig. 2. These curves can be directly used in Bell experiments
to certify how close a black-box state is to a three-qubit W

state. Noting that by replacing the SWAPs in (24) by identity
operators acting on trusted qubits which are initialized in some
product state guarantees that a fidelity of 4/9 can be achieved
with respect to the W state (which value is independent of
the Bell violation). Hence, we expect that the curves provide
useful information only above this threshold (whose value of
4/9 is designated by a solid black line).

Also note that, for the SWAP method to work, the optimal
measurement settings have to be the Pauli Z and X, instead
of our rotated measurements, in which case we have to rotate
our W state correspondingly. Hence, the state we actually
self-test is |W̃ 〉 = U ⊗ U ⊗ U |W 〉 and the corresponding
measurements are A1 = B1 = C1 = Ẑ and A2 = B2 = C2 =
X̂, where U = cos(π/4 − ϕ/2)1 − i sin(π/4 − ϕ/2)Ŷ . Since
this kind of local isometry is part of the definition of self-
testing, we can still identify this state with the W state. Similar
rotation tricks have been applied to the GHZ and cluster states
in the next sections.

B. Self-testing of GHZ states

We perform robust self-testing for the (i) three-qubit GHZ
state (7) using the Mermin-Bell expression (6) and for the (ii)
four-qubit GHZ state (9) using the MABK-Bell expression (8).
In both cases, the fidelity of 1/2 can be attained with the |000〉
product state; hence, the figure gives useful information only
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FIG. 3. (Color online) Robust self-testing of GHZ states. Mini-
mal fidelity with respect to the ideal GHZ states as a function of Bell
violation (Mermin and MABK inequalities).

above this threshold value (presented with a black solid line).
Please see Fig. 3.

In a recent experiment, DiCarlo et al. [45] use supercon-
ducting circuits to implement the three-qubit GHZ state with
a fidelity of 87% ± 1%, as assessed via full-state tomography.
DiCarlo et al. also evaluate the Mermin sum (6), obtaining
the value Q = 3.4 ± 0.1, or, equivalently, Q/L = (3.4 ±
0.1)/2 = 1.7 ± 0.05. For such a Bell violation, the certified
fidelity value is F = 57%, as can be read off from the solid
curve in Fig. 3. This nicely demonstrates the power of the
device-independent approach. While our certified fidelity is
(obviously) below the one reported in Ref. [45], it has the
advantage that it does not depend on any details of the
measurement devices used in the experiment.

C. Self-testing of the cluster state

The four-qubit linear cluster state [21] to be used in our
robust self-testing is

|Cl〉 = 1
2 (|0000〉 + |0011〉 + |1100〉 − |1111〉). (27)

Note that this state is not PI.
We consider the Bell inequality that results when adding

up the inequalities defined by Eqs. (26) and (27) in Tóth et al.
[46]:

I ≡ A1C1D2 + A2B1C2D2 + A1C2D1 − A2B1C1D1

+ B2C1D2 + A2B1C2D2 + B2C2D1

− A2B1C1D1 � 4. (28)

The Tóth et al. Bell expression above can attain the
algebraic maximum of 8 with a cluster state. The respective
settings are Ẑ and X̂ up to local rotations. Hence, this
inequality is a good candidate for self-testing. The minimal
certified fidelity in the function of the Bell violation (28) is
shown in Fig. 4. We recall that the fidelity of 1/4 can be attained
with a product state; hence, the figure gives useful information
only above this threshold value (drawn in a black solid line).

The four-qubit cluster state (27) has been implemented with
photons [24] and recently in a system of trapped ions [7] as
well. In the first case, the two-setting Scarani et al. inequality
[47] was used in a Bell experiment, for which the cluster
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FIG. 4. (Color online) Robust self-testing of the cluster state.
Minimal fidelity with respect to the ideal cluster state as a function
of a Bell violation [Tóth et al. inequality (28)].

state is not a unique eigenstate of the Bell operator giving
maximal violation. Hence, it is not suitable for self-testing. In
the second case, the three-setting Gühne et al. inequality [48]
was used in the Bell test, in which case the cluster state is a
unique eigenstate of the Bell operator, hence suitable for self-
testing. Unfortunately, the computational resources required
to implement the SWAP method in the four-party/three-setting
Bell scenario are too demanding for a normal desktop.

IV. CONCLUSION

In this paper, we have presented an efficient algorithm
based on linear programming to generate multipartite Bell
inequalities which are good candidates for self-testing of PI
states. In combination with the SWAP method [17], the new
inequalities and other famous Bell functionals have allowed
us to self-test the W state and other notable multipartite states,
such as the GHZ and cluster states. Our main findings are
summarized in Figs. 2, 3, and 4, which show how far the
black-box state is (in terms of the fidelity measure) from a
reference state for a given Bell violation. The presented lower
bounds for the fidelity are promising from an experimental
point of view, and, as we showed, some of them actually apply
to recent experiments.

We have some open questions. The computational effort
of the SWAP method for generic Bell inequalities scales badly
with the number of parties. Let us recall that for four parties
the number of SDP constraints are ∼2 × 105. However, PI
Bell inequalities carry lots of additional symmetries over
generic Bell inequalities which might be exploited to reduce
the complexity of the SDP problem to be solved. This
simplification may allow the SWAP method to be applied
beyond four-qubit systems.

Self-testing of higher-dimensional systems has already
been demonstrated through the example of the bipartite three-
outcome CGLMP inequality [17,49]. It would be challenging
to self-test three-party higher-dimensional states as well,
such as the fully antisymmetric state (also called Aharonov
state used in the Byzantine agreement problem [50]) or the
generalized three-qudit GHZ state |ψ〉 = ∑d−1

i=0 |i〉|i〉|i〉/√d

for d � 3.

Four-qubit (or even more complex) entangled states are
routinely generated and characterized in various types of sys-
tems, including photons [51], ions [6,52], and superconducting
qubits [45]. Due to the experimentally friendly nature of the
device-independent approach, we find it intriguing to perform
nonlocality experiments based on our Bell expressions in
Table I and extract certified fidelity values from our respective
curves in Fig. 2.

As shown in Ref. [17], the SWAP method is also useful
to self-test measurement devices in the bipartite scenario. It
would be interesting to generalize our results concerning self-
testing of multipartite quantum states to the realm of self-
testing measurements in the multipartite scenario.
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APPENDIX: DERIVING AN EXTRA CONDITION

Here it is shown that the mean value 〈W |B̂|W 〉 does
not change in first order on small variations around the
measurement angles ϕ1 and ϕ2. Let us take ϕ1 = ϕ + δ1

and ϕ2 = ϕ − π/2 + δ2. Then, neglecting second-order terms,
from Eq. (14) it follows that

M̂1 = (c − sδ1)Ẑ + (s + cδ1)X̂,
(A1)

M̂2 = (s + cδ2)Ẑ − (c − sδ2)X̂,

where c ≡ cos ϕ and s ≡ sin ϕ. By substituting these expres-
sions into Eq. (13) we get through straightforward calculation

Ĝ1 = (c − sδ1)Ĥ1 + (s + cδ1)Ĥ2,

Ĝ2 = (s + cδ2)Ĥ1 − (c − sδ2)Ĥ2,

Ĝ3 = (c2 − 2scδ1)Ĥ3 + [sc + (c2 − s2)δ1]Ĥ4

+ (s2 + 2scδ1)Ĥ5,

Ĝ4 = 2(sc − s2δ1 + c2δ2)Ĥ3 + [s2 − c2 + 2sc(δ1 + δ2)]Ĥ4

− 2(sc + c2δ1 − s2δ2)Ĥ5,

Ĝ5 = (s2 + 2scδ2)Ĥ3 − [sc + (c2 − s2)δ2]Ĥ4

+ (c2 − 2scδ2)Ĥ5,

Ĝ6 = c2(c − 3sδ1)Ĥ6 + c[sc + (c2 − 2s2)δ1]Ĥ7

+ s[sc + (2c2 − s2)δ1]Ĥ8 + s2(s + 3cδ1)Ĥ9,

Ĝ7 = 3c(sc − 2s2δ1 + c2δ2)Ĥ6

+ [c(2s2 − c2) + 3sc2δ2 + 2s(2c2 − s2)δ1]Ĥ7

+ [s(s2 − 2c2) + 3s2cδ2 + 2c(2s2 − c2)δ1]Ĥ8

− 3s(sc + 2c2δ1 − s2δ2)Ĥ9,
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Ĝ8 = 3s(sc − s2δ1 + 2c2δ2)Ĥ6

+ [s(s2 − 2c2) + 3s2cδ1 + 2c(2s2 − c2)δ2]Ĥ7

+ [c(c2 − 2s2) − 3sc2δ1 + 2s(s2 − 2c2)δ2]Ĥ8

+ 3c(sc + c2δ1 − 2s2δ2)Ĥ9,

Ĝ9 = s2(s + 3cδ2)Ĥ6 − s[sc + (2c2 − s2)δ2]Ĥ7

+ c[sc + (c2 − 2s2)δ2]Ĥ8 − c2(c − 3sδ2)Ĥ9. (A2)

By substituting these expressions into Eq. (12) and comparing
the result to Eq. (15), one can express the ηi coefficients with
bi , and the angles characterizing the measurement operators.
Then by using Eq. (15) one gets for the expectation value of
the Bell operator:

〈W |B̂|W 〉 = {(c − sδ1)b1 + (s + cδ2)b2}
− {(c2 − 2scδ1)b3 + 2(sc − s2δ1 + c2δ2)b4

+ (s2 + 2scδ2)b5}
+ 2{(s2 + 2scδ1)b3 − 2(sc + c2δ1 − s2δ2)b4

+ (c2 − 2scδ2)b5}
− {c2(c − 3sδ1)b6 + 3c(sc − 2s2δ1 + c2δ2)b7

+ 3s(sc − s2δ1 + 2c2δ2)b8 + s2(s + 3cδ2)b9}
+ 2{s[sc + (2c2 − s2)δ1]b6

+ [s(s2 − 2c2) + 3s2cδ2 + 2c(2s2 − c2)δ1]b7

+ [c(c2 − 2s2) − 3sc2δ1 + 2s(s2 − 2c2)δ2]b8

+ c[sc + (c2 − 2s2)δ2]b9}. (A3)

We must choose the coefficients such that the derivatives of
the expression above in terms of δ1 and δ2 are zero, that is,

− sb1 + 6scb3 + 2(s2 − 2c2)b4 + s(7c2 − 2s2)b6

+ 2c(7s2 − 2c2)b7 + 3s(s2 − 2c2)b8 = 0, (A4)

− cb2 − 6scb5 + 2(2s2 − c2)b4 + c(2c2 − 7s2)b9

+ 2s(2s2 − 7c2)b8 + 3c(2s2 − c2)b7 = 0. (A5)

These are necessary conditions for ϕ and ϕ − π/2 to be the
optimal measurement angles. They can also be expressed with
the ηi coefficients with this choice of angles. We can get those
by substituting Eqs. (A2) at δ1 = δ2 = 0 into Eq. (12) and
comparing the result to Eq. (15),

η1 = cb1 + sb2, η2 = sb1 − cb2,

η3 = c2b3 + 2scb4 + s2b5,

η4 = scb3 − (c2 − s2)b4 − scb5,

η5 = s2b3 − 2scb4 + c2b5, (A6)

η6 = c3b6 + 3sc2b7 + 3s2cb8 + s3b9,

η7 = sc2b6 − c(c2 − 2s2)b7 + s(s2 − 2c2)b8 − s2cb9,

η8 = s2cb6 + s(s2 − 2c2)b7 + c(c2 − 2s2)b8 + sc2b9,

η9 = s3b6 − 3s2cb7 + 3sc2b8 − c3b9,

which can be written formally as ηi = ∑
j Rij bj , i = 1, . . . ,9.

It is easy to see from Eq. (A1) that if δ1 = δ2 = 0, the
(M̂1,M̂2) pair may be expressed with (Ẑ,X̂) the same way
as the (Ẑ,X̂) pair with (M̂1,M̂2). Therefore, Eqs. (A6) and
the inverse relationships have the same coefficients, i.e., bi =∑

j Rijηj , i = 1, . . . ,9.
Now let us add Eq. (A4) to Eq. (A5). Comparing the result

to Eqs. (A6), it is fairly easy to see that the result is

−η2 + 6η4 + 7η7 − 2η9 = 0. (A7)

However, if the |W 〉 is an eigenstate of the Bell operator, this
relationship is automatically fulfilled as the equation follows
from Eqs. (19). If we multiply Eq. (A4) by c2 and Eq. (A5)
by s2, subtract them from each other, and use c2 + s2 = 1
several times, a somewhat lengthier calculation does lead to
an independent, fairly simple equation:

sc(−η1+2η3+4η5 + 3η6 + 2η8) + 4(c2 − s2)(η4 + η7) = 0.

(A8)

This is the condition appearing in Eq. (21) in the main text. We
note that the derivation of Eq. (A8) and the spurious Eq. (A7)
is not a crucial step. Instead of Eq. (21), we could have taken
both Eq. (A4) and Eq. (A5) directly as constraints for the linear
program.

[1] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki,
Rev. Mod. Phys. 81, 865 (2009).
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