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Generation of entanglement in systems of intercoupled qubits
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We consider systems of two and three qubits, mutually coupled by Heisenberg-type exchange interaction and
interacting with external laser fields. We show that these systems allow one to create maximally entangled Bell
states, as well as three-qubit Greenberger-Horne-Zeilinger and W states. In particular, we point out that some
of the target states are the eigenstates of the initial bare system. Due to this, one can create entangled states by
means of pulse area and adiabatic techniques, when starting from a separable (nonentangled) ground state. On the
other hand, for target states, not present initially in the eigensystem of the model, we apply the robust stimulated
Raman adiabatic passage and π pulse techniques, that create desired coherent superpositions of nonentangled
eigenstates.
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I. INTRODUCTION

Quantum entanglement is one of the vital resources in most
applications of quantum information science. It is essential to
the implementation of various quantum protocols, including
quantum teleportation [1,2], quantum cryptography [3,4], and
dense coding [5,6], and is at the heart of quantum computation
[7].

Different methods for creating entangled states have been
proposed recently. In particular, techniques for generating
polarization-entangled photon pairs by means of radiative
decay of biexcitons of quantum dots [8,9], parametric down
conversion [10–12], or four-wave mixing processes [13] are
known. Furthermore, protocols involving entanglement gen-
eration in continuous-variable systems [14] and, particularly,
making use of quantum memories [15,16] are also widely used
for implementing various quantum communication schemes
[17–19]. In addition, schemes for creating atom-photon en-
tangled states [20], aimed, e.g., at construction of long-range
quantum networks [21,22], are under active investigation as
well. On the other hand, solid-state systems are considered as
natural entanglement resources on their own turn. Namely, the
exchange-type interaction that couples quantum spins, nested
at the sites of a solid’s lattice, may give rise to entangled ground
and thermal states [23–26] (the existence of the latter states
have been proven experimentally by means of heat capacity
and magnetic susceptibility measurements [27,28]). Addition-
ally, recent experimental observations show a possibility of
entangling macroscopic millimeter-sized diamonds at room
temperature [29].

In this paper we propose another method for generat-
ing maximally entangled two-qubit states and three-qubit
Greenberger-Horne-Zeilinger (GHZ) and W states, which are
an essential building block for quantum communication and
quantum information processing [30]. As is known, in the
two-qubit case, all maximally entangled states, known as
Bell states, are equivalent (up to local changes of basis).
Meanwhile, three-qubit entangled states can be created in
two fundamentally different ways, resulting in GHZ-type and
W -type states, that cannot be transformed into each other by

local operations and classical communication [31]. Within our
approach, the above entangled states are prepared in systems
of intercoupled qubits, interacting with incident laser fields.
The mutual interqubit interaction is chosen here to be of a
Heisenberg-type exchange character. The latter arises in many
systems, e.g., coupled semiconductor quantum dots [32] (as
well as in the biexciton system of a single semiconductor
quantum dot, that acts as a two-qubit register [33,34]),
superconducting phase and charge qubits [35–37], and atoms
(ions) trapped in a cavity (ion trap) within the dispersive limit
[38–40]. A few methods for creating entangled states, using,
in particular, qubit rotation and quantum logical operations in
similar three-qubit systems [41], as well as rapid adiabatic
passage (RAP) with chirped Gaussian pulses in two-qubit
systems [42], have been reported. Furthermore, protocols
for implementing high-speed and high-fidelity single-qubit
and controlled-NOT (CNOT) gates via microwave fields in
coupled superconducting qubits have been proposed [43].
On our part, we demonstrate schemes for generating all
four Bell states, GHZ and W states by means of adiabatic
[stimulated Raman adiabatic passage (STIRAP), fractional
STIRAP, and RAP] and pulse area techniques, each of which
have their own advantages [44]. We note that the STIRAP
method for generating a specific type of two-qubit entangled
states has been described in Refs. [45,46]. However the
interqubit coupling there was taken of a separable (diagonal)
character, which changes the eigenstate structure of the bare
qubit system drastically. On the other hand our method
allows one to manipulate the amount of entanglement in a
continuous way, fixing, e.g., the area of the incident laser
pulse (for quantifying entanglement we use the logarith-
mic negativity, a measure of entanglement for a bipartite
system [47,48]).

The paper is organized as follows: in Sec. II we introduce
the model of intercoupled qubits interacting with incident laser
fields and derive its main properties for the case of two and
three qubits. In Sec. III we present schemes for generating
Bell states and three-qubit GHZ and W states by means of
pulse area and adiabatic techniques. We draw our conclusions
in Sec. IV.
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II. MODEL

We consider a collection of qubits, coupled to one another
by means of exchange-type interaction, and also coupled to
external laser fields, leading to the Hamiltonian (in units such
that � = 1):

H = Hqq + Hql,

Hqq = λ
∑
i �=j

S+
i S−

j + 1

2

N∑
i=1

ωi
0S

z
i , (1)

Hql = −
N∑

i=1

di

n∑
j=1

Ej (t).

Here, Hqq is the Hamiltonian of the intercoupled qubits, with
S+

i = |1i〉〈0i |, S−
i = |0i〉〈1i | and Sz

i = |1i〉〈1i | − |0i〉〈0i | (|0i〉
and |1i〉 are the ground and excited states respectively, of the
ith qubit); λ is the strength of interqubit coupling; and ωi

0
is the level splitting of the ith qubit. The Hamiltonian Hql

represents the interaction of N qubits and n laser fields of
the electric field Ej (t) = εj (t)e−iω

j

l t + ε∗
j (t)eiω

j

l t , where εj (t)

and ω
j

l are, respectively, the slowly varying envelope and the
frequency of the laser (j = 1,2, . . . ,n). Finally, the dipole
moment of the ith qubit is defined as an operator of the form
di = di

10|1i〉〈0i | + di
01|0i〉〈1i | with the corresponding matrix

elements di
kl = 〈k|di |l〉. Hereafter we additionally assume

the qubits to have equal level splitting, i.e., ωi
0 ≡ ω0 for

i = 1,2, . . . ,N .

A. Two intercoupled qubits

We start with the case of two qubits, coupled to four incident
laser fields (N = 2 and n = 4). The eigenvectors of Hqq are
the following well-known states:

|ψ00〉 = |00〉,
|ψ−〉 = 1√

2
(|10〉 − |01〉),

(2)

|ψ+〉 = 1√
2

(|10〉 + |01〉),

|ψ11〉 = |11〉,

with corresponding eigenenergies: E00 = −ω0, E± = ±λ, and
E11 = ω0. As already mentioned in the Introduction, a similar
system was studied in Ref. [45], where the interqubit coupling,
however, was taken of a diagonal character, i.e., involving only
Sz

1S
z
2 + Sz

2S
z
1 terms. Within this type of interaction the bare

system possesses only separable states {|00〉,|10〉,|01〉,|11〉}.
Expanding the total wave function |�〉 of the system

in the basis, given by Eq. (2), and substituting the cor-
responding expression into the time-dependant Schrödinger
equation id|�〉/dt = H|�〉, we obtain a set of equations for
the amplitudes {a00(t),a−(t),a+(t),a11(t)}, which, within the
rotating-wave approximation (RWA), reads (see Fig 1 for the

FIG. 1. (Color online) The effective level scheme for two inter-
coupled qubits, interacting with four incident laser fields.

definition of detunings)

i
d

dt

⎛
⎜⎝

a00(t)
a−(t)
a+(t)
a11(t)

⎞
⎟⎠

=

⎛
⎜⎝

−�2 −	∗
1(t) −	∗

2(t) 0
−	1(t) �1 − �2 0 −	∗

3(t)
−	2(t) 0 0 −	∗

4(t)
0 −	3(t) −	4(t) �4

⎞
⎟⎠ ·

×

⎛
⎜⎝

a00(t)
a−(t)
a+(t)
a11(t)

⎞
⎟⎠ . (3)

In the above expression we have introduced effective Rabi
frequencies, corresponding to transitions between the states,
given by expression (2):

	1(t) = ε1(t)
(
d1

10 − d2
10

)
√

2
,

	2(t) = ε2(t)
(
d1

10 + d2
10

)
√

2
,

(4)

	3(t) = −ε3(t)
(
d1

10 − d2
10

)
√

2
,

	4(t) = ε4(t)
(
d1

10 + d2
10

)
√

2
.

For simplicity reasons we assume below the Rabi frequencies
to be real. Additionally, we have imposed the following
condition on the detunings:

�1 + �3 = �2 + �4. (5)

Note that the system of two intercoupled qubits effectively
corresponds to a four level scheme, which, however possesses
some additional properties. Namely, the states |ψ00〉 and |ψ11〉
are decoupled from one another, as the states |ψ+〉 and |ψ−〉
are. This is due to the fact that the corresponding effective
transition dipole moments are equal to zero: 〈ψ00|(d1 +
d2)|ψ11〉 = 〈ψ−|(d1 + d2)|ψ+〉 = 0. Additionally, as can be
seen from Eq. (4), for the case of identical qubits, or for ones
with equal dipole moments, the state |ψ−〉 is decoupled from
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all the others. The obtained level diagram can be considered
as a Pythagorean coupling scheme with nearest-neighbor
transitions, which was analyzed from a geometrical point of
view in Ref. [49]. The scheme is also known as a double-

system [46].

B. Three intercoupled qubits

The eigenvectors of a system of three qubits, coupled by
means of exchange-type interaction, given by Hqq , are the
following eight states [25,40,50]:

|ψ000〉 = |000〉,
∣∣ψW

1

〉 = 1√
3

(|001〉 + |010〉 + |100〉),
∣∣ψq

1

〉 = 1√
3

(q|001〉 + q2|010〉 + |100〉),
∣∣ψq2

1

〉 = 1√
3

(q2|001〉 + q|010〉 + |100〉),
(6)∣∣ψW

2

〉 = 1√
3

(|110〉 + |101〉 + |011〉),
∣∣ψq

2

〉 = 1√
3

(q|110〉 + q2|101〉 + |011〉),
∣∣ψq2

2

〉 = 1√
3

(q2|110〉 + q|101〉 + |011〉),

|ψ111〉 = |111〉,
with eigenenergies given as

E000 = −3ω0

2
, EW

1 = 2λ − ω0

2
,

E
q

1 = E
q2

1 = −λ − ω0

2
, EW

2 = 2λ + ω0

2
, (7)

E
q

2 = E
q2

2 = −λ + ω0

2
, E111 = 3ω0

2
.

We have chosen the eigenvectors in the degenerate subspace
such that they are simultaneously eigenstates of the cyclic shift
operator with eigenvalues q and q2 (thus the notations |ψq

1,2〉
and |ψq2

1,2〉), with q = ei2π/3.
As we intend to generate W and GHZ states, our aim

here is to reduce the system of three intercoupled qubits to
an effective four level system, interacting with three incident
laser fields and involving only the states |ψW

1 〉, |ψW
2 〉, |ψ000〉,

and |ψ111〉 (see Fig. 2). For achieving this, one has to
support a large enough energy gap between the states |ψW

1 〉
and |ψq

1 〉 (|ψq2

1 〉) on the one hand and between |ψW
2 〉 and

|ψq

2 〉 (|ψq2

2 〉) on the other hand. As EW
1 − E

q

1 = EW
1 − E

q2

1 =
EW

2 − E
q

2 = EW
2 − E

q2

2 = 3λ, the condition of a laser pulse
to be resonant to the transition |ψ000〉 ↔ |ψW

1 〉 (|ψ111〉 ↔
|ψW

2 〉) but off resonant to the transition |ψ000〉 ↔ |ψq

1 〉,|ψq2

1 〉
(|ψ111〉 ↔ |ψq

2 〉,|ψq2

2 〉) reads λ ∼ ω0. In other words, the
scheme depicted in Fig. 2 holds true, if one works in the strong
(qubit-qubit) intercoupling regime. In this case, the time evo-
lution of amplitudes {a000(t),aW

1 (t),aW
2 (t),a111(t)} is governed

FIG. 2. (Color online) The effective level scheme for three in-
tercoupled qubits, interacting with three incident laser fields, in the
strong qubit-qubit coupling regime.

by means of the following set of equations:

i
d

dt

⎛
⎜⎜⎝

a000(t)
aW

1
aW

2
a111(t)

⎞
⎟⎟⎠

=

⎛
⎜⎝

0 −	∗
1(t) 0 0

−	1(t) �1 −	∗
2(t) 0

0 −	2(t) �1 + �2 −	∗
3(t)

0 0 −	3(t) �1 + �2 + �3

⎞
⎟⎠ ·

×

⎛
⎜⎜⎝

a000(t)
aW

1
aW

2
a111(t)

⎞
⎟⎟⎠ , (8)

with corresponding effective Rabi frequencies:

	1(t) = ε1(t)
(
d1

10 + d2
10 + d3

10

)
√

3
,

(9)

	2(t) = 2ε2(t)
(
d1

10 + d2
10 + d3

10

)
√

3
,

	3(t) = ε3(t)
(
d1

10 + d2
10 + d3

10

)
√

3
,

where εi(t) and di
kl = 〈k|di |l〉 have the same meaning as in

Eq. (4). This effective scheme can be also considered as a four
level ladder system [51]. We note, however, that in a general
case (arbitrary strength of interqubit exchange interaction)
coupling with laser fields is possible only for transitions, where
the number of excited qubits changes for ±1.

III. GENERATION OF ENTANGLED STATES

In the present section we propose a method for generating
three classes of entangled states. Namely, we present schemes
for creating Bell, W, and GHZ states in the above-described
systems of mutually coupled two and three qubits, interacting
with incident laser fields. For that we use the pulse area and
adiabatic passage techniques.
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A. Bell states

As is known, Bell states form a basis of maximally
entangled states in a two-qubit Hilbert space and are widely
used in various aspects of quantum information science.
Below we present methods for generation of these states from
factorable (nonentangled) states |00〉 (or |11〉). More precisely,
starting from a state where qubits, intercoupled by means of
exchange-type interaction given by Hqq [Eq. (1)], are in their
ground state |ψ00〉 (the parameters can be always chosen such
that |ψ00〉 is the ground state), we aim at creating the following
maximally entangled states:

|ϕ±〉 = 1√
2

(|00〉 ± |11〉),

|ψ±〉 = 1√
2

(|10〉 ± |01〉).
(10)

Note that two of the above states, namely, |ψ+〉 and |ψ−〉,
are eigenstates of the initial system of mutually coupled qubits
[see Eq. (2)]. Thus, it is possible to obtain these two states from
the ground state |ψ00〉 = |00〉 by means of only one laser pulse
(e.g., with a constant amplitude and of an appropriate duration
T ), resonant to the transition |ψ00〉 ↔ |ψ+〉 (for generating
|ψ+〉) or to the transition |ψ00〉 ↔ |ψ−〉 (for generating |ψ−〉).
However, in order to support only one of these resonances, we
have to impose a large enough energy gap between the states
|ψ+〉 and |ψ−〉. Since E+ − E− = 2λ, this can be achieved
in the strong mutual coupling regime (λ ∼ ω0). When this
condition is satisfied, only two amplitudes are involved in the
time evolution, depending on what transition the laser pulse is
resonant to:

i
d

dt

(
a00(t)
a−(t)

)
=

(
0 −	1(t)
−	1(t) �1

)
·
(

a00(t)
a−(t)

)
(11)

for a resonant |ψ00〉 ↔ |ψ−〉 transition and

i
d

dt

(
a00(t)
a+(t)

)
=

(−�2 −	2(t)
−	2(t) 0

)
·
(

a00(t)
a+(t)

)
(12)

for a resonant transition |ψ00〉 ↔ |ψ+〉. Preparing initially two
qubits in their ground states, we can obtain Rabi oscillation
between |ψ00〉 and |ψ−〉 on the one hand [Eq. (11)] and
between |ψ00〉 and |ψ+〉 on the other hand [Eq. (12)]. Thus,
choosing the pulse area of the laser to be π/2, and working
at exact resonance (�1 = �2 = 0), we perform a complete
population transfer from a nonentangled ground state |ψ00〉 to
a maximally entangled Bell state |ψ−〉 (|ψ+〉). We also note
that the required population transfer in systems defined by
Eqs. (11) and (12) can be also achieved by means of the RAP
(rapid adiabatic passage) technique, when the detuning �1 (or
�2) is time dependent and is changed adiabatically in such a
way that �i(±∞)/	i(±∞) = ±∞ (i = 1,2). This method,
unlike Rabi oscillations, is robust against the laser intensity,
detuning, and interaction time variations.

On the other hand, for preparing the states |ϕ±〉 one has
to consider the full system of two qubits interacting with
four laser fields, since the states |ϕ±〉 are not eigenvectors
of the Hamiltonian Hqq . In other words, our target here
is to generate a coherent superposition of the states |ψ00〉
and |ψ11〉. We additionally assume that 	1(t) = 	2(t) ≡
	1(t) and 	3(t) = 	4(t) ≡ 	3(t). Note that in this case the

Hamiltonian that governs the evolution of the amplitudes
{a00(t),a−(t),a+(t),a11(t)} possesses one dark state among the
following two:

∣∣ψD
1

〉 = sin θ (t)|00〉 − cos θ (t)|11〉,
(13)∣∣ψD

2

〉 = 1√
2

(|ψ+〉 − |ψ−〉) = |10〉.

The first state can be realized in the two-photon resonance case
�1 + �3 = 0 and �2 + �4 = 0 [tan θ (t) = 	3(t)/	1(t)],
while the second one is found at �1 = �2 and �3 = �4, i.e.,
when the field dressed states |ψ+〉 and |ψ−〉 are degenerate.
As is seen from Eq. (13), the state |ψD

1 〉 allows one to
perform population transfer from the state |00〉 to the state
|11〉 within the STIRAP technique. Meanwhile, if atoms are
initially prepared in the state |10〉, the realization of |ψD

2 〉 (for
�1 = �2 and �3 = �4) forces the system to remain trapped
there, even in the presence of adiabatically evolving fields.

Furthermore, one can use the fractional STIRAP method,
for generating |ϕ−〉 from the initial ground state |00〉. The
mixing angle θ (t) should evolve here in such a way that
θ (−∞) = 0 and θ (+∞) = π/4. This is achieved by the ap-
plication of a laser pulse 	1(t) = 	m1e

−(t−τ1)2/T 2
1 , overlapping
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FIG. 3. (Color online) (a) Time sequence of the pulses 	1(t) (full
red curve) and 	3(t) (dot-dashed green curve) aimed at creating the
state |ϕ−〉 in a system of two intercoupled qubits governed by the
Hamiltonian Hqq [Eq. (1)]. Here 	m1T3 = 	m3T3 = 7.5, τ1/T3 =
6, τ3/T3 = 4, and �1 = �2 = �3 = �4 = 0. (b) Time evolution
of eigenstate populations (full red curve, |ψ00〉; dot-dashed green
curve, |ψ+〉 and |ψ−〉; dotted blue curve, |ψ11〉) and the logarithmic
negativity Ne(ρ) (dashed cyan curve).

042324-4



GENERATION OF ENTANGLEMENT IN SYSTEMS OF . . . PHYSICAL REVIEW A 90, 042324 (2014)

with 	3(t), defined as (see Fig. 3)

	3(t) =
⎧⎨
⎩

	m3e
−(t−τ3)2/T 2

3 , if t < τ3

	m3 , if τ3 < t < τ1

	m3e
−(t−τ1)2/T 2

3 , if t > τ1

. (14)

These two Gaussian laser pulses perform a partial atomic
population transfer from the state |00〉 to the state |11〉,
eventually resulting in |ϕ−〉. For quantifying the amount of
entanglement during time evolution of the system, we have
used the logarithmic negativity Ne(ρ), which is defined as

Ne(ρ) = log2 ||ρTA ||, (15)

where ||ρTA || is the trace norm of the partial transposed ρTA of
a bipartite density matrix ρ = |�〉〈�|.

Similarly, the state |ϕ+〉 can be also constructed by
the fractional STIRAP method: imposing conditions for
the realization of the dark state |ψD

1 〉 (i.e., working in the
regime of a two-photon resonance), and starting from the
ground state |00〉, one can obtain the entangled state |ϕ+〉,
if the fields 	1(t) and 	3(t) have a relative π phase shift.

Another method for generating the state |ϕ−〉 (as well as
|ϕ+〉) is the pulse area method. Assuming that the system
is initially in its nonentangled ground state, i.e., {a00(0) =
1,a−(0) = 0,a+(0) = 0,a11(0) = 0} and that 	1(t) = 	2(t) ≡
	1(0), 	3(t) = 	4(t) ≡ 	3(0), the solution of Eq. (3) takes the
following form (�1 = �2 = �3 = �4 = 0):

a00 = cos
(√

2
(
	2

10
+ 	2

30

)
t
) 	2

10

	2
10

+ 	2
30

+ 	2
30

	2
10

+ 	2
30

,

a+,− = i sin
(√

2
(
	2

10
+ 	2

30

)
t
) 	10√

2
(
	2

10
+ 	2

30

) , (16)

a11 = cos
(√

2
(
	2

10
+ 	2

30

)
t
) 	10	30

	2
10

+ 	2
30

− 	10	30

	2
10

+ 	2
30

.

The above set of equations shows that pulses of a duration√
2(	2

10
+ 	2

30
)T = π generate the state |ϕ±〉, if the Rabi

frequencies satisfy the condition 	10T = ±(1 − √
2	30 )T .

Corresponding Rabi oscillations are shown in Fig. 4.
We note that the proposed technique allows one to generate

not only Bell states, when starting from a separable ground
state, but also states with a different amount of entanglement.
Figure 5 shows the time evolution of the logarithmic negativity,
for different relations between 	10 and 	30 .

Furthermore, one can manipulate the amount of entan-
glement of the system in a continuous way, by choosing a
corresponding pulse area.

Although the above-discussed adiabatic and pulse area
methods for generating the states |ϕ−〉 and |ϕ+〉 do not involve
explicitly the condition of a strong interqubit coupling, it
is worth noting that a small energy gap between the states
|ψ+〉 and |ψ−〉 may result in bichromatic effects, where the
standard RWA cannot be applied [52]. In particular, distinct
laser fields could not be assigned to a unique transition, which
brings about the so-called ambiguous coupling [53]. Thus for
the implementation of the above schemes one still requires a
relatively strong qubit-qubit coupling. However, the ambiguity
can be removed if only one laser is coupled to the system.
Although this would result in nonvanishing detunings (if the

0 2 4 6 8 10
0.0

0.2
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t 30
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pu
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on
, N

e
ρ

FIG. 4. (Color online) Time evolution of the eigenstate popu-
lations (full red curve, |ψ00〉; dot-dashed green curve, |ψ+〉 and
|ψ−〉; dotted blue curve, |ψ11〉) and the logarithmic negativity
Ne(ρ) (dashed cyan curve) of a system of two intercoupled
qubits governed by the Hamiltonian Hqq [Eq. (1)], interacting
with four laser pulses having constant amplitudes 	i0 = 	i(0)
(i = 1,2,3,4). Here 	10/	30 = 	20/	30 = 1 − √

2, 	40/	30 = 1,
and �1 = �2 = �3 = �4 = 0.

pulse is resonant to the transition |ψ00〉 ↔ |ψ−〉, it is not
resonant to |ψ00〉 ↔ |ψ+〉 anymore), the adiabatic methods
still remain operational due to their robustness.

B. W and GHZ states

Equation (6) shows that a system of three coupled qubits
interacting by means of exchange-type interaction possesses
the W state (|ψW

1 〉) as an eigenstate. Thus, starting from a
separable ground state |000〉 and making use of the pulse area
technique with only one laser pulse, resonant to the transition
|ψ000〉 ↔ |ψW

1 〉, we can perform a complete population trans-
fer to the state |ψW

1 〉 (�1 = 0). As in the previous subsection
we work here in the strong qubit-qubit coupling regime, i.e.,
λ ∼ ω0. In this case only the populations of the states |ψ000〉
and |ψW

1 〉 change in time, while the other states remain empty.
Thus, a π/2 pulse performs a complete population transfer

0 1 2 3 4
0.0

0.2

0.4

0.6

0.8

1.0

t 30

N
e
ρ

FIG. 5. (Color online) Time evolution of the logarithmic neg-
ativity Ne(ρ) of a system of two intercoupled qubits gov-
erned by the Hamiltonian Hqq [Eq. (1)], interacting with four
laser pulses having constant amplitudes 	i0 = 	i(0) (i = 1,2,3,4).
Here 	40/	30 = 1 and 	10/	30 = 	20/	30 = 2 (full red curve),
	10/	30 = 	20/	30 = 1 (dot-dashed green curve), 	10/	30 =
	20/	30 = 1/2 (dotted blue curve), and �1 = �2 = �3 = �4 = 0.
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from |ψ000〉 to |ψW
1 〉, as discussed previously. Additionally,

this population transfer can be also performed by means of a
more robust method, the rapid adiabatic passage (RAP), which
involves a time-dependent detuning �1(t). It is also worth
noting that the state |ψW

2 〉, being another W state, present in
our model, can be readily obtained from the separable ground
state |ψ000〉 by means of the conventional STIRAP method,
within a counterintuitive sequence of the pulses 	1(t) and
	2(t).

For generating a three-qubit GHZ state we use a combi-
nation of the fractional STIRAP and the π pulse techniques.
More precisely, we choose pulses of Gaussian shape 	1(t) =
	m1e

−(t−τ1)2/T 2
1 , 	3(t) = 	m3e

−(t−τ3)2/T 2
3 , and

	2(t) =
⎧⎨
⎩

	m2e
−(t−τ2)2/T 2

3 , if t < τ2

	m2 , if τ3 < t < τ1

	m2e
−(t−τ1)2/T 2

3 , if t > τ1

(17)

and apply them in the sequence depicted in Fig. 6(a). This
sequence drives a part of the atomic population out of |ψ000〉 to
the state |ψW

2 〉, which is afterwards directed to |ψ111〉 by means
of a π pulse. As a result, we generate the state a|000〉 + b|111〉,
with a ≈ b ≈ 1/

√
2. For having a ≈ b, one has also to provide
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FIG. 6. (Color online) (a) Time sequence of the pulses 	1(t) (full
red curve), 	2(t) (dot-dashed green curve), and 	3(t) (dotted blue
curve) aimed at creating a three-qubit GHZ state in a system of
three intercoupled qubits in the strong mutual coupling regime. Here
	m1T1 = 	m2T1 = 15 	m3T1 = 1.1535, T2/T1 = 1, T3/T1 ≈ 0.77,
τ1/T1 = 6, τ2/T1 = 4, τ3/T1 = 10, and �1 = �2 = �3 = 0. (b)
Time evolution of eigenstate populations (full red curve, |ψ000〉;
double dot-dashed black curve, |ψW

1 〉; dot-dashed green curve, |ψW
2 〉;

dotted blue curve, |ψ111〉) and the logarithmic negativity Ne(ρ)
(dashed cyan curve).
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FIG. 7. (Color online) (a) Time sequence of the pulses 	1(t) (full
red curve), 	2(t) (dot-dashed green curve), and 	3(t) (dotted blue
curve) aimed at creating a three-qubit GHZ state in a system of
three intercoupled qubits in the strong mutual coupling regime. Here
	m1T1 = 	m3T1 = 7.5 	m2T2 = 48.615, T2/T1 ≈ 4.67, T3/T1 = 1,
τ1/T1 ≈ 10.67, τ2/T1 ≈ 8.67, τ3/T1 ≈ 6.67, and �1 = �2 = �3 =
0. (b) Time evolution of eigenstate populations (full red curve, |ψ000〉;
double dot-dashed black curve, |ψW

1 〉; dot-dashed green curve, |ψW
2 〉;

dot blue curve, |ψ111〉) and the logarithmic negativity Ne(ρ) (dashed
cyan curve).

a large enough time delay τ3 of the π pulse, that additionally
assures maximal coherence of atomic populations [51]. Note
that for quantifying the amount of entanglement during this
process by means of the logarithmic negativity one has to
perform a partial trace out operation over one of the qubits.
However, the index number of the traced out qubit can be
chosen arbitrarily here, as the system possesses a translational
symmetry.

Finally, the desired superposition of |ψ000〉 and |ψ111〉
can be also obtained without the application of a π pulse.
The idea is to perform a fractional STIRAP from |ψ000〉
to |ψ111〉 by means of 	1(t) = 	m1e

−(t−τ1)2/T 2
1 and 	3(t),

which has the same definition as in Eq. (14), with a laser
pulse 	2(t) = 	m2e

−(t−τ2)2/T 2
2 switched on in the intermediate

transition |ψW
1 〉 ↔ |ψW

2 〉 during the whole interaction time.
The efficiency of the technique is shown in Fig. 7.

IV. CONCLUSION AND DISCUSSION

We have presented several schemes for generating three
types of entangled (Bell, GHZ, and W ) states by means of
adiabatic and pulse area methods in systems of intercoupled
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qubits. We show that in the strong qubit-qubit coupling
regime, within the Rabi oscillation or rapid adiabatic passage
techniques, two of the Bell states, namely, the triplet and the
singlet states (being the eigenstates of the bare system of two
intercoupled qubits), can be obtained from a separable ground
state by making use of only one laser pulse. On the other
hand, generation of the remaining two Bell states in the full
system requires the strong intercoupling strength for avoiding
bichromatic effects and can be performed within the pulse
area and fractional STIRAP methods. Additionally, one can
manipulate the amount of the entanglement of a system in a
continuous way here, by choosing an appropriate area of laser
pulses.

Furthermore, we point out that a system of three strongly
coupled qubits is effectively equivalent to a four level ladder
system, possessing two W and two separable states. This
allows one to obtain W states from a nonentangled ground
state, as well as to create a GHZ state by means of a
combination of the fractional STIRAP and π pulse techniques.
It is worth noting that a system of N qubits, interacting
through the aforementioned exchange interaction, possesses
two N -qubit W states, analogous to the above-described
|ψW

1 〉 and |ψW
2 〉. Corresponding eigenenergies are given

as EW
1 = (N − 1)λ − (n − 2)ω0/2 and EW

2 = (N − 1)λ +
(n − 2)ω0/2. On the other hand, N − 1 times degenerate

N -qubit generalizations of the states |ψq

1,2〉 and |ψq2

1,2〉, which

we denote as |ψqk

1,2〉 (q = ei2π/N and k = 1, . . . ,N − 1),
are also present in the system. The energy gap between
these and corresponding W states is Nλ, which makes the
above-imposed strong qubit-qubit coupling condition less
strict. However, existence of additional eigenstates may result
in undesirable resonances, making the bare system more
complicated. We will address this question, as well as the
possibility of generalization of the presented schemes for an
arbitrary number of qubits, in our future works.

Meanwhile, the interqubit exchange-type coupling can
be implemented in a number of systems, as, e.g., coupled
semiconductor quantum dots, superconducting phase qubits,
and atoms interacting with a cavity in the dispersive limit.
The latter realization does not allow one to have a strong
qubit-qubit coupling regime. Nevertheless, since the condition
of a strong interaction becomes less strict with the increase of
the number of qubits, the system can be still used for creating
entangled states, with a further macroscopic separation of
two parties. This can be achieved by making nonexcited
atoms travel through a cavity with transverse laser beams

and by controlling the interaction time (and therefore the
atomic velocity). The procedure results in a macroscopically
separated output of aforementioned entangled states (see, e.g.,
Refs. [54,55]).

Finally, the effects of quantum decoherence, appearing,
e.g., due to the environmental coupling with a large number
of uncontrolled degrees of freedom, should be also considered
here, for a thorough understanding of how the above techniques
behave under realistic experimental conditions: an important
issue that we will address in our future works. Nevertheless,
we note that several experiments proved the possibility of
implementing Rabi oscillations, relevant to our scheme, in
a biexciton, confined in single GaAs and InGaAs/GaAs
quantum dots [33,56] (with dephasing times up to nanoseconds
[57]). Although these systems are not scalable beyond two
qubits, they demonstrate the potential for coherent optical
control in scalable architectures based on multidot systems.
Another platform for the implementation of more-than-two-
qubit entangling protocols appears to be systems of coupled
superconducting qubits. The origin of decoherence here is, for
instance, the fluctuation of external control parameters (such
as gate voltages and magnetic fluxes), that can be minimized
when operating upon the so-called optimal point, where
the first-order noise cancels [58]. Specifically, three-qubit
entangled states of coupled Josephson-junction qubits have
been implemented recently by making use of quantum CNOT

and iSWAP gates [41]. The relaxation and spin-echo dephasing
times were shown to be of a few hundred nanoseconds here,
that, along with substantially shorter gate operation times,
allowed the construction of the target states with a rather high
fidelity.
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[55] M. Amniat-Talab, S. Guérin, and H.-R. Jauslin, Phys. Rev. A

72, 012339 (2005); M. Amniat-Talab, S. Guérin, N. Sangouard,
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