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Quantum properties of correlations have a key role in disparate fields of physics including quantum information
processing, quantum foundations, and strongly correlated systems. We tackle a specific aspect of the fundamental
quantum marginal problem: We address the issue of deducing the global properties of correlations of tripartite

quantum states based on the knowledge of their bipartite reductions, focusing on relating specific properties of
bipartite correlations to global correlation properties. We prove that strictly classical bipartite correlations may
still require global entanglement and that unentangled (albeit not strictly classical) reductions may require global
genuine multipartite entanglement rather than simple entanglement. On the other hand, for three qubits, the strict

classicality of the bipartite reductions rules out the need for genuine multipartite entanglement. Our work sheds
light on the relation between local and global properties of quantum states and on the interplay between classical

and quantum properties of correlations.
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I. INTRODUCTION

Quantum correlations have a central role in quantum infor-
mation processing, quantum foundations, and the physics of
strongly correlated systems [1-4]. On the one hand, quantum
correlations, in particular entanglement, are a resource that
allows one to go beyond what is classically possible in many
scenarios, from communication tasks to (measurement-based)
quantum computing to quantum cryptography. On the other
hand, the nonclassicality of quantum correlations, be it in
the form of nonlocality, steering, entanglement, or discord,
is one of the most distinctive traits of quantum mechanics
and challenges our understanding of quantum mechanics
itself. The interplay between local and global properties of
quantum states is a key aspect in the study of quantum
correlations, from both a fundamental perspective and an
applicative one. For example, we may want to certify the
presence of multipartite entanglement in large systems without
the (often inaccessible) knowledge of the global state, using
instead only the information that comes from reduced states.
On the other hand, in condensed-matter physics, because of the
typically local, e.g., two-body, interactions, relevant properties
are dictated by the interplay between the allowed reduced
states and global correlations, giving rise to phenomena such
as frustration [5]. The general study of the relations between
the properties of the reduced states and the properties of the
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global state is known as the quantum marginal problem, which
has seen a growing interest over the past decade also for the
reasons above [6—12].

In this work we study what can be inferred about the quality
of the correlations of the global state given information about
the two-body reduced states, aiming at answering the following
question: What correlations need to be present globally to
explain what we see locally? In [13] a characterization of
multipartite entanglement in terms of even just single-party
reduced states (actually, single-party spectra) was given, but
under the assumption of dealing with a pure or quasipure
global state. In [14—16] the possibility of dealing with global
mixed states is taken into account and examples are given
where two-qubit separable states are only compatible with
global entanglement, intended in the sense of a lack of total
separability (see Sec. II for definitions). In [16] examples are
also given where genuine multipartite entanglement, a much
stronger notion of global entanglement, can still be deduced
from the properties of the two-body reduced states, but
only when these reduced states exhibit bipartite entanglement
themselves.

In this work we present several results that complement
and generalize those of [14—16]. We offer a brief summary of
our findings in Table I. First, we provide examples of triples
of bipartite reduced states (in the simplest case, two-qubit
states) that, albeit separable, are only compatible with genuine
tripartite entanglement (lower right corner of Table I). This
gap between the entanglement properties of the marginals and
of the global state is wide. Second, we address the issue of
relating the general quantumness of correlations [2] of reduced
states to the quantum correlations of the global state. We find
that strictly classical reduced states may still be compatible
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TABLEI A v in acell means that there exist two-body marginal
states with the quality of correlations listed in the corresponding
row, which are only compatible with global states that have at least
the property of correlations listed in the corresponding column. A
X means that the inference is not possible: Specifically, there are
no fully classical two-qubit states that are only compatible with
genuine tripartite entanglement (refer to the main text for definitions).
Previous results are reported for completeness and comparison.

Global state

Reductions Entangled Genuinely multipartite entangled
Fully classical v X (qubits)
Separable v v

2References [14-16].

only with global entanglement (upper left corner of Table I).
Third, we find that, at least for qubits, the strict classicality
of the two-body correlations makes it impossible to certify
genuine tripartite entanglement based on the knowledge of
the reductions: Strictly classical two-qubit reduced states are
always compatible with a global state that is not genuinely
tripartite entangled (upper right corner of Table I).

The rest of the paper is organized as follows. In Sec. II
we define the relevant notions of correlations and classicality
and of compatibility of two-body reduced states in tripartite
systems. In Sec. III we study the relation between the
classicality of reductions and their compatibility. In Sec. IV
we prove that unentangled reduced states may only be
compatible with genuine multipartite entanglement at the level
of the global state. We summarize in Sec. V.

II. CORRELATIONS AND COMPATIBILITY

We begin by formally defining qualitatively different types
of correlations.

Definition 1. Any tripartite mixed state can be written
as a mixture of an ensemble of pure states as papc =
> Pilvi) (Wilapc. We say that papc is (a) fully separable
if we can take each [y;)apc to be fully factorized, e.g.,
lai)alBi)BlVi)c; (b) biseparable if we can take each |v;)apc
to be unentangled in at least one partition, e.g., ;) al®:) sc,
|BiYBl®)ac, o |Vi)c|d)ap; (c) genuinely multipartite entan-
gled if for any ensemble there is at least one |v;) with p; > 0
that is not factorized with respect to any bipartition, i.e., if pspc
is not biseparable; or (d) fully classical if we can take each
|¥i) apc to be of the form |a;)a|b;j) glck)c, with {|a;)}, {1b;)},
and {|cy)} orthonormal bases on H 4, H g, and H¢, respectively,
so that, overall, papc = Zijk pijk|aibjck)(aibjck|.

Bipartite full classicality and separability are defined
similarly: psp is fully classical if psp = Zij pijlaibiXa;b]
for {|a;)} and {|b;)} orthonormal bases and separable if p4p =
Zi pilo; Bi X Bi|. A bipartite state is entangled if it is not
separable. The notions of full separability and biseparability
are redundant for bipartite states.

The set of fully classical states Sgc is a subset of the set
of fully separable states Sgs, which in turn is a subset of the
set of biseparable states Sgs; the set of genuinely multipartite
entangled states Sgmg is the complement of Spg in the space
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FIG. 1. (Color online) Hierarchy of correlation classes and some
possible compatibility sets. The set Sgc is denoted by the line. The
set Sgme of genuinely multipartite states is the complement of Sgg
in the space of all states S,. The reductions corresponding to the
compatibility set C; are only compatible with genuine multipartite
entanglement. The reductions of the states in compatibility set C,
are compatible with entangled biseparable states and genuinely
multipartite entangled states, but not separable states. The reductions
defining C; are compatible with a fully separable state as well as with
entangled states, but not fully classical states.

of all states Sy (see Fig. 1). All the mentioned sets apart from
Src and Sgyg are convex. A biseparable state may be either
separable or entangled in any bipartition, but it is by definition
the convex sum of three states that are each separable in one
of the bipartitions A : BC, B: AC,and C : AB.

We now move to define formally the notion of compatibility
for reduced states.

Definition 2. Given a triple of three two-party states £ =
(pag.pac,pBc), its compatibility set is defined as C(&) :=
{oasc € Sailoij = pij,ij = AB,AC,BC}. Any compatibility
setis a convex set [ 10] and the property of being part of a given
compatibility set defines an equivalence relation. We find it
useful to denote by C(papc) the compatibility set associated
with the reduced states of pspc, i1.e., the set of all states that
have the same reductions as p4gc. A triple of two-party states
£ is said to be compatible (so that we refer to the triple as triple
of reductions) if C(€) # @, i.e., if there is at least one global
state with those reductions.

The following definition links the compatibility of reduced
states to the correlation properties of global states.

Definition 3. We say that the reductions £ are incompatible
with a set S (or with the defining correlation property of S) if
C(E) NS = (. We say that (a compatible) £ is only compatible
with genuine multipartite entanglement if it is incompatible
with Sgs.

Figure 1 illustrates the problem of deciding whether certain
bipartite reductions necessarily require the presence of global
correlations of a certain kind. We can always expand a generic
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tripartite state as

1¢
PABC =PA ® P ® pPc + XABCXAB ® T
c

1p 14 i

+XAC®dB+XBC®dA, (1)
where p; is the reduced states of party k& and 1;/d; is
the normalized identity operator on the Hilbert space Hy.
The bipartite correlation matrices xi; can be defined via
Pjk = p; @ pr + xjk and satisfy Tri[xx] = Tr[xu] = 0. It
is worth noting that when a bipartite marginal state pj; is
fully classical, then [p; ® px, xjx] = 0and x jx is also diagonal
in the same product basis as pj;. The tripartite correlation
matrix xapgc, which for a fixed pspc can be defined via (1),
satisfies Try[xapc] = O for all k € {A, B,C}. For compatible
reductions €& = (pap,pac,Psc), the compatibility set C(E) is
spanned by choosing the tripartite correlation matrix x4pc
so that the resulting operator in (1) is a physical state, i.e.,
positive semidefinite. On the other hand, to determine whether
a triple of bipartite states is compatible, we first check the
basic necessary condition that the single-party marginals be
the same, i.e., Tr;[p;;] = Trx[pi] for all {i, j,k} € {A,B,C}.
Next we have to search for a tripartite correlation matrix yapc
such that Eq. (1) is physical. If no such x4pc exists, the given
states are not compatible.

III. CLASSICALITY OF REDUCTIONS AND GLOBAL
ENTANGLEMENT

Consider the marginals from the well-known Greenberger-
Horne-Zeilinger (GHZ) state |Sguz) = (]000) 4 |111))/\/§:
PAB = PBC = PAC = %(|00)(00| + [11)11]). These are fully
classical marginals coming from a genuinely tripartite entan-
gled state. However, these marginals are also compatible with
%(|OOO)(OOO| + [111)111]), which is fully classical.

In this section we will provide an example where fully
classical two-body reduced states are not compatible with a
global fully classical state and actually require the presence
of entanglement. On the other hand, we will prove that, in the
case of three qubits, the fully classical two-body reductions
are always compatible with a global states that is not genuine
multipartite entangled.

A. Two-body classical states may require global
quantumness of correlations

We will now derive conditions to ensure that some fully
classical marginals cannot be compatible with any global fully
classical state. We start with the following lemma.

Lemma 1. Suppose three states pap, pac, and ppc are fully
classical. Consider the commutators A;; i« = [xij ® Ii, xix ®
1;1=1[pij ® I, pix ® 1;], where the second equality is due
to the assumed classicality, i.e., [0; ® o, xjx] = 0. Then we
have the following.

(i) All commutators A;; ;x vanish if and only if there are
orthonormal bases {|a;)}, {|b;)}, and {|c;)} such that psp =
> Pijlaibj)aibil, ppc = D _;; gijlbi.cj)bi,c;l,and pac =
> ijlai.cjfaic;l.

(ii) If some commutator A;; ;x does not vanish, then (a) at
least one p; is degenerate (i.e., at least two eigenvalues of some
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p; are the same) and (b) there does not exist a tripartite fully
classical state that is compatible with pap, ppc, and pac.

Proof. (i) The “if” part is trivial. Let us prove the “only if”
part. By hypothesis we may assume

PAB :Zpijlaisbjxaivbjl
ij
=> " pje; @ bj)dbjl =Y pllaifail ® i, (2)
J i

pac =Y _rijlaj.c;)a}.c;l
ij
= ria; ®ciejl =Y _rlafal @ vi,  (3)
J

l

PBC =th'j|b,{,c})(b,{,c}|
ij
=Y " qiB; ®Ii)Xcil = g/ Xb @ v/, (4
J i

with the orthonormal bases {|a;)} and {|a/)} on Ha, {|b;)}
and {|b})} on Hp, and {|¢;)} and {|c])} on Hc¢ and «; =
Y i pijlaifail/pj, with p; =", p;; (similarly for ;, etc.).
Then A;j ;x = 0 implies

[xij @ Lk, xix ® 1]
= [(pij — i ® ;) ® Li,(pixk — pi ® 1) @ 1]
= [pij @ L, pix ® 1] =0, @)

with i,j.k € {A,B,C}. By setting i = A in (5), we have
[og, 0] = OVs,t. Thus the states og,c; are simultaneously
diagonalizable in the orthonormal basis {|a;’)}. So we may
replace the bases {|g;)} and {|a})} in (2) and (3) by {|a])}. This
replacement may result in the change of p!, 8; and r/,y;. Since
there is no confusion, we still use them in (2) and (3).

Next, by setting i = B in (5), we have [8,8/] = 0Vs,t.
Thus the states f,, 8, are simultaneously diagonalizable in the
orthonormal basis {|b})}. So we may replace the bases {|b;)}
and {|b})} in (2) and (4) by {|b])}. This replacement may result
in the change of ¢/,y/. Since there is no confusion, we still
use them in (4). Then we seti = C in (5) and repeat the above
argument to show that the bases {|c;)} and {|c})} in (3) and
(4) can be replaced by the orthonormal basis {|c/)}. So the
assertion follows.

(i1) Suppose either condition (a) or (b) is violated. We
have that either p4, pp, and pc are all nondegenerate in
the orthonormal bases {|a;)}, {|b;)}, and {|c;)}, respectively
[violation of (a)], or that there exists a tripartite fully classical
state Zi’j’k fijrlai,bj,ciXa;,bj,ci| that is compatible with
0AB»> PaC, and pac [violation of (b)]. In either case we have
pap = Y Pijlai,biXai,bjl, pac = _;; rijlai.cjfai,c;l, and
pec = Y;; qijlbi,c;)bi,c;|. So (i) implies that all commuta-
tors A;;j ; vanish and we have a contradiction. |

An immediate consequence of Lemma 1 is the following.

Theorem 1. Let pap, ppc, and pac be three compatible
bipartite fully classical states such that (i) they all commute
(all commutators A;j; of Lemma 1 vanish) or (ii) all three
one-body reduced states p4, pp, and pc are nondegenerate.
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Then pap, ppc, and pac are compatible with a fully
classical tripartite state.

Proof. The fact that all three single-system reductions are
not degenerate implies, by Lemma 1, condition (ii), result
(a), that all the commutators A;;;; defined in Lemma 1
vanish. By Lemma 1, condition (i) we have that p,, pp, and
pc are diagonal in the orthonormal bases {|a;)}, {|b;)}, and
{|ck)}, respectively, in which pag, ppc, and pac are explicitly
classical. Most importantly, we have

pxy = Y 1% y0xiy il pxy Xy Xxiy;l, 6)
ij
with x,y € {a,b,c} and X,Y € {A,B,C}. Let pypc be any
tripartite state with which the three two-body reductions are
compatible. Then also the fully classical tripartite state

OABC = Z laibjciXaibjcilpaclaibjcifaibjck]  (7)
ijk
has bipartite reduced density matrices pap, pgc, and pac. B
Given Theorem 1, in order to construct an example where
0AB> Pac, and ppc are all fully classical but not compatible
with any fully classical state, we first have to construct an
example where pap, pac, and ppc are classical but do not
commute with each other. For this, we will need the following
lemma. We recall that for a bipartite state p acting on the
Hilbert space H4 ® Hp, the partial transpose computed in
the standard orthonormal basis {|i)} of system A is defined by
pl = Zii |i)i]| ® (i|p|j). One can similarly define the partial
transpose I'p on the system B.
Lemma 2. Consider three classical-classical two-qubit
states

pag = p(|00)X00] + [T1X11])

+(1/2 = p)(J01)01] + [10)X10)), 8
pac = q(|bo,0)bo,0| + [b1,1)Xb1,1])
+(1/2 — q)(|bo, 1){bo, 1| + |b1,0)%b1,0]), )

pac = r(lag,coXao,col + lai,ci)Xar,cil)
+(1/2 —r)(lag,c1)ao,c1] + lai,coXar,col),

where p,q,r € (0,1/4) and any one of {|a;)}, {|b;)}, or {|c;)}
is a real and orthonormal basis in C2. Let

(10)

1
PABC = — ZﬂA ®1z®1c

b ons ® C 4 pac ® 2 4 ppe @
PAB B PAC ) PBC 7

Then we have the following.

(1) If papc = 0 then pypc is separable with respect to to
the partition A : BC, B : AC,and C : AB.

(i1) Here pap, ppc, and psc are compatible if and only if
they are compatible with the biseparable state pspc in (11).

(iii) Suppose pap, psc, and psc are compatible. They are
compatible with a fully separable state if and only if p4pc is
fully separable.

Proof. (i) One may directly verify that the state is invariant
under partial transposition with respect to any system, i.e.,
p'* =p for X = A,B,C. Since papc > 0, the assertion
follows from Theorem 2 in [17].

Y
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(i) The “if” part is trivial; let us prove the “only if”
part. Suppose the bipartite marginals pap, ppc, and pac are
compatible with a tripartite state p’, ;. Since pap, ppc, and
pac are real, they are also compatible with the real state
(Ohpe + PApc)/2, so we can assume that o/, - is real without
loss of generality. By Eq. (1), there is a Hermitian matrix xpc
such that

Pipc = PABC + XaBC-

Since in our case both p and p’ are real, also y is real. It
follows from Egs. (8)-(10) and the fact that {|a;)}, {|b:)},
and {|c;)} are real and orthonormal bases that p4g, ppc, and
pac are invariant under the local unitary o, ® o,. So they are
compatible with the state

5[Phpc + (0, ® 0y ® 0))p)pc(0y ® 0y ® 0,)]
= %[pABC + (O'y Roy® (Ty),OAgc(O'y Roy® (Ty)]
+3lxa8c + (0, ® 0, ® 0))Xapc(0y ® 0y ® 0,)]

= papc + %[XABC + (0y ® 0y ® 0y)xaBC

x (0, ® 0y ® 0y)], (12)
where we have used that, from (11),
(0y ® 0y ® 0y)papc(oy ® 0y ® 0y) = PaBC-
We will now argue that, for a real yx,
Xapc + (0, ® 0y ® 0))xapc(oy ® oy, ®oy) =0, (13)

so (12) proves that, for a physical state p’, p is also physical,
as it corresponds to the convex combination of physical states.
The starting point in proving (13) is to observe that every
three-qubit correlations matrix x is by definition the linear
combination of traceless Pauli matrices, i.e.,

3
X = Z Xijk0i ® 0; & 0O%. (14)
i k=1

Since x is Hermitian, all coefficients y;;; are real. Moreover,
for a real (and hence symmetric) x only terms with an even
number of o, = o, are present in the expansion, because
(02)T = —07, while o) = 0, and 03 = o, are symmetric. On
the other hand, 00,00 = —0,, form = 1,3, while, obviously,
0,020, = 0,. Since each nonzero term in the expansion (14)
of x contains an even number of o, s, it will change sign after
conjugation by 0, ® 07 ® 07, i.e.,

(oy ® 0y ® 0y)xasc(oy ® 0y @ 0y)
3
Z Xijk(oy ® 0y ® 0y)0; ® 0 ® ok(0y ® 0y ® Ty)
ij k=1

3

> Xijk(0y0i0y) ® (0,0,0y) ® (0,040,)
i, jk=1

3
=- Z Xijk0i ® 0} & O

i,j.k=1

—XABC-
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As argued, this implies p4pc > 0, with biseparability follow-
ing from (i).

(iii) The “if” part follows from (ii); let us prove the “only
if” part. Suppose pag, ppc, and psc are compatible with a
fully separable state o/, 5. From (12), p4pc is the convex sum
of a few fully separable states. So the assertion follows. This
completes the proof. ]

We are now ready to present our example where pp, pac,
and ppc are all fully classical but not compatible with any
fully classical state.

Example 1. Consider the three-qubit state

pasc(q) = 314 ® 13 @ 1c +qls ® 01 R 0y

+q0®1p®0r+qo3 ®03 R 1¢), (15)

where o;, withi = 1,2,3, are the Pauli matrices and ;—% <g <

%ﬁ [for g outside of this interval the matrix papc(q) is not
pdsitive semidefinite], ¢ # 0. It is not hard to see that each of
the bipartite marginals states is fully classical but with respect
to different bases. A quick method to verify this assertion is
using Theorem 1 in [18]. Moreover, the reductions of papc(q)
do not commute with each other. Part (ii) of Lemma 1 implies
that there is no tripartite fully classical state that is compatible
with these bipartite marginals: C(papc(gq)) N Sps = @. Sur-
prisingly, we can find a value of ¢ for which the fully classical
marginals in fact require some global entanglement. Consider
the state wapc = papc(q = 1/«/5). The range of w4 p¢c does
not contain any fully factorized pure state, hence it cannot
be fully separable. Now, up to a local unitary, the classical
bipartite marginals w4 p, wac, and wpc and the entangled state
wapc can be written as in (8)—(11), respectively. It follows
from Lemma 2, condition (iii) that ws g, wac, and wpgc cannot
be compatible with any fully separable state.

In Appendix A, which focuses on the uniqueness of global
states with fixed two-body reductions, we provide also an
example of classical reductions compatible with a unique
global state that is not fully classical, although fully separable.

B. Classical two-qubit states do not require genuine
tripartite entanglement

Although, as we have just seen, compatible classical
marginals may require global quantum correlations or even
entanglement, it turns out that for the case of three qubits they
will never require the global state to be genuinely multipartite
entangled.

To see this, will need an additional lemma.

Lemma 3. Let {|a;)} and {|b;)} be orthonormal bases on H 4
and Hp, respectively. Suppose the bipartite marginals p4p,
pac, and ppc are compatible. They are compatible with a
nongenuinely entangled tripartite state when one of the follow-
ing conditions is satisfied: (i) pap = )Y, pilaiXai| ® p; and
pac = _;qjlaifail ® o; or (ii) pap = ), rilai.b;)ai.bi.

Proof. Suppose pap, pac, and ppc are compatible with
papc- If hypothesis (i) is satisfied, then they are also com-
patible with the state ) _; |a;}ai|a ® 1pcpapclai)aila ® 1pc,
which is biseparable. On the other hand, if hypothesis (ii) is
satisfied, then it follows from [19] that there is a quantum
channel A on H¢ such that page = A(|Y)y|) for |¢) =
> i /Tilai,bi,i). Soweobtain pac = A(Q; rila;,iXa;,i]) and
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psc = N, rilbi,iXbi,i|). Then pap, pac,and ppc are com-
patible with the fully separable state A(}_; r;|a;,b;,iXa;,b; i)
This completes the proof. |

Now we are ready to give the proof of the following.

Theorem 2. Any three compatible classical-classical two-
qubit states pap, ppc, and pac are compatible with a tripartite
biseparable state.

Proof. Suppose some fully classical bipartite marginals
oaB, PBc, and psc are only compatible with genuinely
entangled states pspc. Then the one-party reduced density
operators p4, pg, and pc have to be the maximally mixed states
1/2. Indeed, if, without loss of generality in the argument,
04 is nondegenerate, the two-party reduced states would also
be compatible with a global state given by the locally (on
A) dephased version of pspc, which would be separable in
A : BC, leading to a contradiction. Thus, up to local unitaries,
we may assume pap = p|00)00| + x|01X01| + y|10)X10] +
z|11)11|, where p +x 4+ y+z=1and 0 < p < 1/4. Since
pa=pp=pc=1/2, we have p+x=p+y=y+z=
1/2. So we obtain x =y and p = z € [0,1/4]. Since papc
is genuinely entangled, the cases p =1/4 and p =0 are
excluded by Lemma 3, hypotheses (i) and (ii), respectively.
So we obtain psp as in Eq. (8). By similar arguments and
performing suitable diagonal local unitary gates on systems A
and B, the classical-classical two-qubit states ppc and p4¢ can
be simplified to the forms (9) and (10), respectively. Meantime,
pap 1s unchanged. Since p4p, ppc, and psc are compatible, it
follows from Lemma 2, hypothesis (ii) that they are compatible
with a biseparable state. This gives us a contradiction. So there
are no compatible bipartite marginals that are only compatible
with genuine entangled states. This completes the proof. W

IV. SEPARABLE REDUCTIONS CAN IMPLY GENUINE
MULTIPARTITE ENTANGLEMENT

We have seen that the condition of classicality of marginals
is strong enough to exclude the need for global genuine
multipartite entanglement. We will now construct nonclassical
separable marginals that are only compatible with global gen-
uine multipartite entanglement, but first we need to establish
some more definitions and notation.

We set dy = dimH,, dg = dimHp, and dc = dim H.
We denote by (M) and R(M) the rank and range of any
square matrix M, respectively. A quantum state is a positive
semidefinite linear operator p : H — H with Trp = 1. We
say that pspc is an m x n x [ state, which means that the
reduced density operators satisfy r(p4) = m, r(pg) = n, and
r(pc) = 1. The ranks of the reduced density operators of
papc are invariant when we perform an invertible local
operator (ILO) on pspc. That is, let A = ®i3:1 A; € GL :=
GLg4, (C) x GL4,(C) x GL4.(C) such that o = ApA'. Then
r(px) =r(ox), r(pxy) =r(oxy), and r(p) =r(o), where
X,Y = A,B,C. We also denote by |a*) the vector whose
components are the complex conjugates of those of |a). So
|a) is real when |a) = |a™*).

Evidently r(p") = r(p"#), where T', we recall, denotes
partial transposition. We call the integer pair (r(p),7(p")) the
birank of p and the two integers may be different. For such
examples of two-qubit and qubit-qutrit separable states, we
refer the readers to Tables I and II in [20]. Furthermore, we
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say that p is a positive under partial transposition (PPT) (non-
positive under partial transposition (NPT)) state if pT > 0 (o
has at least one negative eigenvalue). Evidently, a separable
state must be PPT. The converse is true only if mn < 6[21,22].

We say a bipartite state psp is A finite when for any
subspace H C Hy4, dim H > 1, and any state |x) € Hp it
holds that H ® |x) ¢ R(pap). In other words, pap is not
A finite when R(p4p) contains a two-dimensional subspace
spanned by |a;,x),|az,x) with some linearly independent states
lai),laz). Soif pap is not A finite, there must be infinitely many
product states in R(pap).

Besides these notions and notation, we will need also the
following lemma.

Lemma 4. Suppose the bipartite marginals pap, ppc, and
pac are compatible with p4pc and p4p is A finite and B finite.
Then papc is either separable with respect to the partition
AB : C or genuinely multipartite entangled.

Proof. Suppose papc is biseparable so that pspc =
paa.sc +qBp.ac + (1 — p — q)yc.ap, With a4 pc separable
in the A : BC partition (similarly for Sg.4c and yc.ap). We
argue that a4.pc is fully separable and a similar argument
will apply to Bp.ac. Letaa.gc = D _; pilaifaila ® |ViXvilsc.
Since pap is B finite and |a;) ® R(Trc |¥; Xv:|) C R(pap),
any |y;) must be a product state. So a4.p¢ is fully separable.
Similarly, one can show that Bp.4¢ is also fully separable, so
papc 1s separable with respect to AB : C. ]

We are now in the position to prove the following.

Theorem 3. Suppose the triple £ = (pap,08c,Pac) is cOM-
patible. Then C(€) N Sgs = ¥ if all the following conditions
are met: (i) For any i, j € {A,B,C} the state p;; is i finite and
j finite, (ii) ppc has birank (#(pp) + 1,7(pp) + 1), and (iii)
pap has birank (r,s), r # s.

Proof. Suppose pap, ppc, and psc are compatible with
a biseparable state p,pc. By hypothesis (i) and Lemma 4,
we obtain that p4pc is separable with respect to the partition
AB : C.Let pagc = Y12, pipi ® |ci)cil, where p; > 0 and
the |c;) on H¢ are pairwise linearly independent. Note that
the product subspace R((p;)g) ® |c;) C R(ppc)Vi. This fact
and (i) imply that r((p;)p) = 1Vi. By similar arguments
we have r((p;)4) = 1. We may assume p; = |a;,b;Xa;,b;|.
Hence papc = 27;01 pilai,b;,ci)a;,b;,ci|. By (ii) we have
n>d+ 1, where d =r(pg). Without loss of generality,
we may assume that the states |b;), i =0,...,d — 1, span
R(pp). We choose a suitable ILO V such that V|b;) o [i)
i=0,....d—1),V|b) «|fi) (i =d),and|fy) is real. By
performing V on the state papc, we have

oasc =1 @V @ Npapc(IQV R I)f
d—1 n—1

= Z%Wui,cz‘)(ai,i,cﬂ + Z%|ai,fi»cixai»ﬁaci|

i=0 i=d

and ¢; > 0 for any i. Since the operation V does not change
the rank of quantum states, it follows from (ii) that op¢ has
birank (d + 1,d + 1). Recall that the |c;) are pairwise linearly
independent. Since (i) is not changed under ILOs, it follows
from (i) that | f;) is not parallel to any state |i); otherwise
ppc would not be B finite. Since | f;) is real, the two (d + 1)-
dimensional subspaces R(opc) and R(a,gc) are equal and
spanned by |i,c;),i =0,...,d — 1 and | f;,c4). So the states
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| fi.ci),| fi7,ci) € R(opc) for any i > d. Then (i) implies that
these | f;) are real up to an overall phase. So o453 = o) . This
implies r(pap) = r(pXB), which is a contradiction with (iii).
Therefore pap, ppc, and pac are not compatible with any
nongenuinely entangled state. This completes the proof. W

We will now make use of Theorem 3 and offer an example of
separable marginals only compatible with genuinely entangled
tripartite states.

Example 2. Consider the family of rank-(d + 1)
states on C9*! @ C4*+! @ C4*! given by papc = pi1oasc +
Zi:z D |lmmm)mmm|, with

oasc = SIENE| + FI111)Y111], (16)
&) = 1]010) + 1[100) + %|001>, p1 >0, and p,, > 0.Itis

easy to see that the only biseparable pure state in R(capc) is
[111). The bipartite reduced density operators of o4pc are

oap = HO®TH(@F| + 1100)00] + L[11)11], (17)
oac = 312)(¢] + $00X00] + $[11)X11], (18)

with |®T) = f(|01>+|10 ) and [¢) flOl +[|10
The three two-qubit marginals 045, 0pc, and o4¢ are PPT,
so they are separable [22]. Hence, pap, ppc, and pac are
separable too; they also evidently satisfy condition (i) of
Theorem 3. Furthermore, ppc has birank (d + 2,d + 2), while
r(pg) =d + 1, and psp has birank (d + 2,d + 3). So also
conditions (ii) and (iii) of Theorem 3 are satisfied and we
conclude that p4p, ppc, and pac are only compatible with
genuinely tripartite entangled states.

The example shows that for any fixed local dimension
d, there exist triples of two-qudit separable states that are
only compatible with genuine multipartite entanglement. The
core of our construction is the genuine multipartite entangled
three-qubit state o4p¢c of Eq. (16). It turns out that o4pc is
actually the only state compatible with its reductions. The
proof of this is given in the Appendix. It is worth comparing
this with the results of [23]. There it was proven that for almost
all pure entangled states of three qubits | ), C(|n)Xn]) = {|n)}n|}
holds, with the exception of states of the generalized GHZ form
lgouz) = 4/P1000) + /1 — p|111) (up to local unitary trans-
formations), which satisfy, e.g., {|geuz)Xgcuz|, p|000)000| +
(1 = p)|111Y111]} € C(lgcuz ) gcuz|). Interestingly, the only
three-qubit pure states that have separable reduction are of the
generalized GHZ form [24]. This implies that any three-qubit
state p such that (i) its reductions are separable and (ii)
C(p) N Sgs = ¥ must be mixed. Since the state o,pc has
rank 2, we can think of it as the simplest possible example
that satisfies (i) and (ii), with the additional property of being
uniquely determined by its reductions. We generalize Example
2 in several ways, all presented in the Appendix.

oBc

Genuine multipartite entanglement from separable
reductions is a robust feature

While we showed that there exist genuine multipartite states
whose compatibility set contains only genuine multipartite
states, it is natural to ask how common this phenomenon is,
i.e., whether such states have finite volume in the set of all
states. This is important also from the point of view of the
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potential realization of such states in the laboratory, which can
never be perfect. We answer this question in the affirmative.

We introduce a parameter of compatibility of a tripar-
tite state papc With & = (045,08c,04c) as D(papcl|E) =
loas — oasl3 + llosc — oscll3 + llpac — oacll3. where we
have used the Hilbert-Schmidt norm ||X|, = /Tr(XTX).!
We further define Dgs(€) := min,es,s D(papclE). We have
Dgs(€) > 0 for any triple £ such that C(€) N Sgs =0,
even if the triple of reduced states is compatible, as
in Example 2. Finally, given a tripartite state o4pc,
we define D(papcloapc) := D(papcl(0ap,0pc.0ac)) and
Dgs(0apc) := min,es,s D(papcloasc).

Now consider a genuinely entangled multipartite state 54 3¢
with separable reductions such that Dgs(G4pc) > 0 and the
convex combination of G4p¢ with an arbitrary fully sep-
arable state p™: 7,(Gapc,p"™) := (1 — p)oapc + pp™ for
0 < p < 1. Since the set of biseparable states is closed, there
exists p > O such that 7,(Gapc,p"™) is genuinely multipartite
entangled for all p™ and all 0 < p < p. Since p™ is fully
separable, so are the two-party reduced states of 7,(&agc, p™).
Furthermore, since D is continuous, there exists pp > 0 such
that Dps(t,(Gapc,p™)) > 0 forall p™ and all 0 < p < pp.

For any local finite dimensions, the set of fully separable
states has nonzero volume among all states, because there
exists a ball of fully separable states around the maximally
mixed state [25]. Thus, the argument above proves that also the
set of tripartite states whose two-party marginals are separable
but only compatible with genuine multipartite entanglement
has nonzero volume.

V. CONCLUSION

We analyzed the relation between the character of correla-
tions of tripartite states and the ones exhibited by their bipartite
reductions, i.e., a version of the quantum marginal problem
that focuses on the compatibility of bipartite reductions with
certain global properties. We constructed examples where
separable reductions are only compatible with genuine multi-
partite entanglement. This separation between the character of
correlations of bipartite reductions and what can be inferred
about the quality of correlations of the global state, based only
on the knowledge of the reductions, is large. On the other
hand, at least for qubits we were able to prove that compatible
reductions that are fully classical can always originate from
a biseparable global state. Nonetheless, bipartite reductions
that are fully classical may still require the presence of some
entanglement in the global state. Our results show that the
relation between global and local correlations is far from
trivial. Notably, the notion of fully classical correlations is
strong enough to overcome the need for genuine multipartite
entanglement, but not the potential need for global entan-
glement altogether. An interesting open question is whether
compatible classical-classical marginals in high dimension are
always compatible with a biseparable tripartite state. Another

"We make this choice for the sake of concreteness, but our argument
is only based on continuity of D in its arguments and the fact that
D(papcl|€) is positive and vanishes if an only if pypc € C(E).
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question is how to quantitatively bound the certifiable genuine
multipartite entanglement in terms of the nonclassicality of
the two-body reductions, at least in the three-qubit case. The
latter problem is reminiscent of the case of entanglement
distribution, where the nonclassicality of correlations, rather
than the entanglement, present between a quantum carrier and
distant laboratories constitutes a bound on the entanglement
that can be generated between the laboratories by exchanging
the carrier [26,27].
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APPENDIX A: UNIQUENESS OF GLOBAL STATES
COMPATIBLE WITH GIVEN REDUCTIONS

We first prove that o4 ¢ in Eq. (16) in the paper is the only
state compatible with its reductions, a fact of interest in its
own.

Proposition 1. For oapc in Eq. (16) C(oapc) = {oapc}
holds.

Proof. Suppose p = papc has the same reductions as o4 ¢,
i.e., p € C(oapc). We can always write its spectral decom-
position as p = -1y pi YN, where [¥) = /gil0,0) +
V1 —qill, @), with |a;),|¢;) € Hp @ HcVi. We have op¢c =
> pilailei)eil + (1 = g)lgi)XeiD). 1t follows from Eg. (5)
that r(opc) = 3. So any four states of |o;),i =0,...,7 are
linearly dependent. Using the freedom in the choice of the
pure-state ensemble representation of a mixed states [28],
we can choose a suitable linear combination of |¢;), i =
0,1,2,3, such that it is equal to |1)4]¢})sc. So the state can
be written as p = Y0 ri[W/NW/| + Y_y pilvi )il where
[¥5) = 1) 4l9}) pc. By applying this procedure to another four
states |yg), |v1),[¥5), ;) with j = 4,5,6,7, respectively, we
can realize |;) = |1)A|<P})Bc-

By relabeling the states, we can write p=
Yoi_o PVl + PN ® o with po on Hp ® He.
We have R(|1)X1] ® (po)p) C R(oap) and [11) € R(oap) by
Eq. (17). Since o4 is X finite for X = A, B, we have (pg)p =
[1)(1]. By a similar argument we can show (pp)c = |1)(1]. So
we have p = Y7 pj|vi )| + p4l 111111,

Let [vi) = "} 4 1—o Cim|jkl), where i =0,1,2 and m =
4j +2k +1. By Eq. (17) we have c¢j» = cia and c¢;3 = ¢;s.
By Eq. (18) we have ¢j» = cil/«/i and cjg = Ci5/\/§. These
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equations imply, for i = 0,1,2, that

1 1
[V¥i) = ¢i0|000) + ciy <|001) + _2|010> + —2|100)>

V2 V2

1

+ci3<|011) + [101) + —|110)> + c;i7|111). (A1)
V2

The coefficients of |11)(11] in both o4p and oac are 1/3,

S0 co3 = c13 = 23 = 0. By replacing |¢;), i =0,1,2, by a

suitable linear combination of them, we may assume c;; =

c21 = 30 = 0. So the tripartite state can be rewritten as p =

> PNl where

[W0) = ¢)y|000) + cp, <|001) + %mm) + %uom)

+ ¢y I111),
[¥1) = ¢]0/000) + ¢}111), (A2)
¥2) = [111).

Since r(opc) =3, we have ¢, # 0. By Eq. (17) we have
€01C00 = €o1¢07 = 0. So ¢gy = ¢ = 0. By Eq. (17) again we
have pj = 2, |, | = \/%, and ¢}, = 0. Now we see p = gapc
in Eq. (16). This completes the proof. |

We further derive (and later use in Appendix B) the
following lemma.

Lemma 5. Suppose pag, ppc, and pac are only compatible
with a tripartite state pspc and oap, opc, and ouc are
compatible with another tripartite state oapc. If R(capc) S
R(papc), then o4pc¢ is the only state with which 045, opc,
and o4¢ are compatible.

Proof. Suppose o4p, 0pc, and o4¢ are compatible with
another state 0y 5 # oapc. Since R(oasc) € R(pasc), we
may find a small enough p > 0 and a tripartite state @4pc
such that papc = poapc + (1 — p)aapc. So the bipartite
reductions pap, pPpc, and psc are compatible with the state
po,pc + (1 — p)aapc, which is different from ppc. This
gives us a contradiction. ]

We conclude this section by presenting separable marginals
that are only compatible with a unique quantum correlated
(unentangled) state.

Proposition 2. The separable states psp = ppc = pac =
p100X00] + (1 — plla,a)a,al, where |a) = ﬁ(l()) + 1)),
are only compatible with the separable state pspc =
p|000X000| + (1 — p)l|a,a,a)a,a,a|.

Proof. We will use the following observation in the proof
and it is easy to verify. For any X,Y € {A,B,C} there are
only two product states |00),|a,a) € R(pxy), which also span
the space R(pxy). That is, any state in R(pxy) is the linear
combination of |00) and |a,a).

It is clear that pap,ppc,pac are compatible with papc.
Suppose they are compatible with another three-qubit state
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oagc = y_; Pil¥iXV¥il. By applying the observation to the
system B,C we have ;) = f;|o;,00) 4+ g;|8;,a,a) with some
complex numbers f;,g;. By applying the observation to system
A,B we have g;|6;) « |a) and hence f;|o;) o< |0). So we
may assume |y;) = f/|000) + g/la,a,a). As a result, the
range of the state oapc is spanned by the product states
|000),|a,a,a). By simple algebra one can see that the only
feasible o4 gc compatible with p4 g, ppc,and pc is the convex
sum of |000)000]| and |a,a,a)a,a,a|. By using the condition
Pxy = Oxy Wwe obtain o4pc = papc. This completes the
proof. ]

APPENDIX B: GENERALIZATIONS OF EXAMPLE 2

We provide here some further examples of states with
separable reductions that are only compatible with genuine
multipartite entanglement, also making use of Proposition 1
and Lemma 5.

Note that |[111) € R(oapc) for oapc in Eq. (16). It
follows from Lemma 5 that for any p € (0,1), the separable
states poap + (1 — p)|11)11]|, poac + (1 — p)|11)11], and
popc + (1 — p)|11)11]are uniquely compatible with the state
poapc + (1 — p)|111)111]. So we have generated a family of
separable bipartite marginals that are uniquely compatible with
a genuinely entangled state, extending Example 2.

We now generalize Example 2 to a different family of states
that satisfy the conditions in Theorem 3. Let o45¢ be as in
Eq. (16) and the product state |a,b) € R(opc) N R(ogc). Such
a product state always exists because r(ogc) = r(agc) =3
and there is a product state in any two-dimensional two-qubit
subspace. For example, we can choose |a,b) = (\%,\%) ®

(\/g ,\/g). We have the following corollary now.

Corollary 1. Let p=(p1,....pn)s 2 i Pi=1, p1 >
0, p; > 0. For i > 1 suppose the product states |a;,b;) €
R(UBC)DR(J};C), where |a;) is real and opgc is the re-
duced density operator of the state o4pc in Eq. (16). The
three reduced density operators of the three-qubit state
05 = p1oasc + Y i, pilai,a;,b;)a;,a;,b;| are only compat-
ible with genuinely entangled states.

Proof. Tt is sufficient to show that the three reduced
density operators (03)ap, (05)ac, and (o5)pc satisfy the
three conditions (i), (ii), and (iii) in Theorem 3. Recall that
oapc satisfies these conditions. Since |a;,a;) € R(o4p) and
la;,b;) € R(opc) = R(oac), we have R((o5)xy) = R(oxy)
for any X,Y € {A,B,C}. So condition (i) is satisfied. Next,
the same argument shows that (63) 4 has birank (3,4), which
is exactly condition (iii). Third, the hypothesis |a;,b;) €
R(opc) NR(ope) and |a;) is real imply that the birank of
(03)Bc 1s (3,3). So condition (ii) is also satisfied. |
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