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A coincidence measurement of the absolute cross section for electron-atomic-field brems-
strahlung, differential in photon energy, photon-emission angle, and electron scattering
angle, is reported. The incident electron energy was 140 keV and the scattering materials
were thin films of aluminum and gold. Measurements were made for the following cases of
electron scattering angle (8,&), photon-emission angle (8&,), and photon energy (&): 8,&

=15',
8&&

——270', and 4 =30 and 70 keV; 8
&
=30', 8&& =270', and 4 =20 and 70 keV; and 8; =30',

8&& =30', and 4=20, 30, 50, and 70 keV. The data are compared to the theoretical calcula-
tions of Elwert and Haug and of Bethe and Heitler. Both theories give generally satisfactory
agreement for aluminum. The Ebvert-Haug theory is somewhat more accurate for gold,
although neither theory agrees with the data at 8&,. =270' and k = 70 keV. A discrepancy be-
tween theory and experiment for both gold and aluminum also appears to exist for low photon
energies (4 =20 keV) for the case of both the electron and photon being emitted at 30'.

I. INTRODUCTION

One of the possible modes of interaction of an
electron with an atom is the inelastic scattering
process known as atomic-field bremsstrahlung
production. This fundamental process involves
the sudden acceleration of an electron by the elec-
tric field of an atom, accompanied by the simul-
taneous emission of a photon. Since the recoil
atom is massive compared to the electron, the
amount of energy it receives from the incoming
electron may be neglected. Thus, the sum of the
energy of the scattered e1ectron and the energy
of the photon must equal that of the incident elec-
tron. Since the recoil atom does have a non-negli-
gible amount of momentum, however, the photon
may be radiated in any direction, regardless of
the direction of the scattered electron. For a
large number of electrons impinging upon matter,
there wiQ be, in effect, a continuous distribution
of electromagnetic radiation emitted in all direc-
tions, ranging in energy from zero to the energy
of the incident electron.

The experiment reported here consisted of a
coincidence measurement of the absolute cross
section for the fundamental atomic-field brems-
strahlung process, including its dependence upon
the electron- and photon-emission angles and the
photon energy. This triply differential cross sec-
tion is denoted by d~o/dkdQ~dQ, , where o is the
cross section, 4 is the photon energy, and 0, and
Q, are the photon and electron solid angles, re-
spectively. (In this paper this quantity will be
called the fully differential cross section, although
it might be noted that the formulas and measure-
ments are summed or averaged over the direc-

tions of the electron spins and the photon polar-
ization, and thus that the quantity is not compiete-
iy differential in a technical sense. ) A schematic
of the definitions of the angles involved in the
bremsstrahlung process is shown in Fig. 1. The
results of the experiment are herein compared
with the two available fully differential cross-
section calculations. Such a comparison is useful
in general because it can serve as a test for the
applicability of various models and approximations
used in nonexact quantum-mechanical calculations.
For example, it affords a test of the accuracy of
various wave functions commonly used in theo-
retical work, such as, in the simplest case, the
use of a plane wave in the Born approximation.
Also, it can provide a test of the validity of the
various models used for making electron screen-
ing corrections, such as the form-factor approach
using the Thomas-Fermi model of the atom. And,
in cases where calculations are available, it can
serve as a test of the fundamental theory of quan-
tum electrodynamics itself.

A coincidence measurement of the fully differen-
tial cross section is preferable to a simple rnea-
surement of the doubly or singly differential cross
section in which the electron angle or photon en-
ergy or both have been integrated over for at least
two reasons. First, the coincidence measurement
does not suffer from the background subtraction
problem which has been a serious difficulty in the
measurement of continuous distributions such as
bremsstrahlung, since the background spectrum
has approximately the same shape as the spec-
trum being investigated. Second, the fully dif-
ferential cross section furnishes a sensitive check
of the theoretical work in its barest form, with
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no spatial or energy integrations to cover-up the
fundamental behavior of the process.

The disadvantages of a coincidence measurement
are lower counting rate and the general difficulty
of making coincidence measurements, especially
at low energies. Therefore, although a coinci-
dence measurement of the bremsstrahlung cross
section had been suggested as early as 1932,' none
had been performed at the time the preliminary
steps for the present work were undertaken in
1966.

II. BACKGROUND

A. Theoretical
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FIG. 1. Definitions of angles involved in the brems-
strahlung process.

The status of electron-bremsstrahlung cross
sections as of 1959, both theoretical and experi-
mental, was summarized in a review paper by
Koch and Motz. ' From this paper it ean be seen
that, at that time, there existed several formulas
for the doubly differential and singly differential
cross sections but, for all practical purposes,
only two formulas for the fully differential case.
This situation remained unchanged until 1969; how-
ever, since that time, at least three more cal-
culations have been published, each at an increased
level of sophistication.

The earliest important theoretical bremsstrah-
lung calculation was a relativistic Born approxi-
rnation derived in varying form by Bethe and
Heitler, ' Sauter, ' and Racah. ' The result, now

known as the Bethe-Heitler formula, is usually
considered as being valid only for low atomic num-
ber of the scattering atom and for high energies.
The region of validity is commonly staced in a
rough form as o,Z/po«1 and aZ/p«1, where n
is the fine-structure constant, Z is the atomic
number of the scattering atom, and P, (P) is the
ratio of the velocity of the incident (scattered)
electron to that of light. The Bethe-Heitler re-
sult usually includes electron screening effects
by the use of a correction factor which is applied
at the end of the cross-section calculation. This
correction is obtained by the well-known method
of the form-factor approach based upon a Born
approximation. The most common method of

determining this form factor is through the use
of the Moliere potential function for the Thomas-
Fermi-model atom. '

A supposedly more-correct bremsstrahlung
cross-section derivation was done by Elwert, '
and later modified and numerically evaluated by
Haug. " The Elwert-Haug procedure used
Sornmerfeld-Maue' wave functions for the elec-
tron continuum. These are relativistic point Cou-
lomb wave functions, valid up to order zZ.
Therefore, the region of validity of the Elwert-
Haug result is approximately given by nZ«1,
indicating that the calculation is expected to be
valid for all energy ranges, but only for low atom-
ic number.

Deck, Moroi, and Ailing" have also derived
a formula for the fully differential bremsstrahlung
cross section using modified Sommerfeld-Maue
wave functions. The result is essentially equiva-
lent to a second Born approximation and leads
to a correction term of order nZ which is added
to the Bethe-Heitler formula. The region of va-
lidity is expected to be the same as that of the
Bethe -Heitler equation.

Simplified calculations using Sommerfeld-Maue
wave functions in the extreme relativistic region
(above 50 MeV) have been carried out by Olsen,
Maximon, and Wergeland. " The final form of
these calculations is simply that of the Bethe-
Heitler formula plus an additive correction.

An exact calculation using the method of partial
waves has been done by Tseng and Pratt. " Their
procedure made use of four different models for
the atomic potential (three screened potentials
and a point Coulomb potential without screening),
which allowed them to investigate the effect of
atomic electron screening. Their results have
been integrated over the outgoing electron angle,
and hence no comparison can be made with other
fully differential cross sections. However, their
results do indicate that, in general, where screen-
ing is significant, the form-factor approach is
not adequate. Since the screening is very sensi-
tive to the factor k/T, (where T, is the incident
electron energy), increasing as k/T, becomes
less, the type of work presented here could be of
help in checking the validity of their findings.

As suggested above, at the time the present
experiment was initiated in 1966, most of the
experimental and theoretical work that had been
published was for the cases of singly or doubly
differential cross sections. There existed, at
that time, severe discrepancies between theory
and experiment, particularly in three regions:
(1) large atomic number, (2) large values of the
ratio k/To, and (2) large photon scattering angle. '
Since that time, however, most of the disagree-
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ment seems to have been resolved by the more
sophisticated calculations, particularly those
of Tseng and Pratt. '2 For both Z= 13 and Z = V9

the modified Hartree-Pock-Slater screened po-
tential results of Tseng and Pratt appear to give
good agreement with the experimental data of
Aiginger, ""Rester and Dance, "and Rester" "
for the incident energy range 0.050-1 MeV, and
with Heroy" at 0.050 MeV. The agreement is
less good, however, with the older data of Motz"
and Motz and Placious" for the same energy
range. The only apparent discrepancies with the
above-mentioned data of Aiginger, Rester, and
Rester and Dance appear to be in a few cases at
small photon angles; hence, it can be concluded
that there is generally reasonable agreement be-
tween experiment and theory for the doubly dif-
ferential case.

B. Experimenta1

In the period since 1966, there have appeared
several, results of measurements of fully differen-
tial bremsstrahlung cross sections, although none
have been very extensive. By the end of 196V,
two relative photon angular distribution measure-
ments for 300-keV electrons incident on Al and
Au with & = 130 keV (k/T, = 0.43) had been reported
by Nakel, " ~' and an electron re1ative angular
distribution for 300-keV electrons incident on
Al with 0 = 80 keV (k/T, = 0.27) had been reported
by Hub and Nakel. " For the most part, these
measurements agreed qualitatively with the cal-
culations of Elwert and Haug.

In 1969 two high-energy wide-angle absolute
cross-section points were reported, one at an
incident energy of 900 MeV by Bernardini eI; aL.,~4

and one at an incident electron energy of 2.5 to
9.5 GeV by Siemann et al .2' Both of these ex-
periments were designed to test the theory of
quantum electrodynamics in the extreme relativ-
istic region and for low Z, in which instance the
Bethe-Heitler formula is expected to be exact.
Both experiments gave satisfactory agreement
with theory with an experimental uncertainty of

about 10%%uo.

In the period 19VO-19V1 the first absolute mea-
surements of the fully differential cross section
at low energies were reported by &akel and co-
workers. "" There were two published reports,
one'6 of a measurement at a single kinematic point
for 300-keV electrons incident on Al with k'=100
keV (k/T, =0.33), and one" of a measurement re-
peated at the same kinematic point for Au. The
aluminum result was in excellent agreement with
the calculation of Elwert-Haug, while the gold
result was about 40%%uo higher (with a standard
deviation of 25%) than the Elwert-Hang prediction.
The gold result, however, gave even worse agree-
ment with the Deck-Moroi-Ailing calculation and
with what was denoted as the first Born approxi-
mation,

In 19V2 a more detailed investigation of the
absolute cross section was reported by Aehlig
and Scheer." They measured a photon distribu-
tion for 180-keV electrons incident on silver with
0 = 80 keV (4/T, = 0.44) and a forward electron
scattering angle of 30'. Their results„ in general,
were in agreement with Elwert-Haug within the
experimental uncertainties, in slight disagreement
with Bethe-Heitler, and in large disagreement with
Deck-Moroi-Ailing. (A summary of the kinematic
values for all the absolute measurements is given
in Table 1.)

Thus, the results given in this work for gold
and aluminum over a wide range of kinematic
points represent the most extensive investigation
of the fully differential cross section yet present-
ed." (See Table 1 for the exact points investi-
gated. ) Furthermore, these results represent
the lowest energy range investigated to date, not
only with respect to the incident energy To and
photon energy 4, but also with respect to the im-
portant quantity, &/T, .

III. EXPERIMENT

The cross section as measured in the present
experiment was determined from

TABLE I. Summary of the kinematic points for which absolute measurements of
d 30/dk dQ& dQ have been made.

2.5-9.5 GeV
900 MeV
300 keV
180 keV
140 keV

6
1

13, 79
47

13, 79

(deg)

-6.4
25.7, 26.5

0
30
15
30
30

e„.
(deg)

6.2
25.7, 26.5

13
-75 to 55

270
270

30

0.5
0.5
0.33
0.45

0.21, 0.5
0.14, 0.5
0,14, 0.5

Ref.

Siemann et ul. (1969)
Bernardini gt al. (1969)
Nakel et al. {1969, 1971)
Aehlig and Sheer (1972)
Present experiment
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d'0'

dk dA, dQ, N, ~k Tc,&Q, e, ~Q, '

where N, is the number of electron-photon coin-
cidences recorded, X, is the number of electrons
incident upon the target, 4k is the midth of'the
accepted photon energy windom, and 7 is the ef-
fective target thickness. The electron solid angle
is 40, and the combined electron-spectrometer-
detector efficiency is e„ likewise 4Q, is the pho-
ton-detector solid angle and ~„ is the photon-de-
tector efficiency.

A. General procedure

Electrons with energy of 140 keV from a linear
accelerator mere directed upon thin targets of
aluminum and gold mounted in a 2-in. -diam alu-
minum scattering chamber. The electron-beam
diameter at the target was & in. The number of
electron-bremsstrahtung events, N„was then
measured by detecting the scattered electron and
bremsstrahlung photon in coincidence. A fast-
slow coincidence system was used to provide both
timing and energy analysis. All measurements
were made in the scattering plane, i.e., p =0',
where P is the angle between the plane defined
by the incident beam and the outgoing photon, and
the plane defined by the incident beam and the
outgoing scattered electron, A diagram of the
experimental setup is shown in Fig. 2.

8. Electron detector

The scattered electrons mere detected by a sur-
face-barrier silicon detector mounted in a mag-

Top View

netic electron spectrometer which was positioned
at an angle of either 15' or 30' with respect to the
incident beam. The purpose of the spectrometer
was to separate the inelastically scattered elec-
trons resulting from the bremsstrahlung process
from the elastically scattered electrons. This
was necessary since the latter outnumbered the
former by several orders of magnitude. The elec-
tron detector had an energy resolution of 15 keV
full width at half-maximum (FWHM) at 70 keV,
while the resolution of the electron spectrometer
mas about 18 keV FW'HM at 70 keV. The colli-
mating aperture for the electron spectrometer
was circular with a total angular width of about
5'. The spectrometer-detector combination sub-
tended an effective solid angle of about 0.003 sr.

C. Photon detector

The bremsstrahlung photons were detected by
a liquid-nitrogen-cooled Ge(Li) detector with an
energy resolution of 1.4 keV FTHM at 60 keV.
The photon detector mas positioned either at the
same angle as the electron spectrometer, or at
270', but was located outside the vacuum system.
%'hen both detectors were at the same angle
(e„=eT& =20', which is the case shown in Fig. 2)
a Mylar window in the rear of the magnetic spec-
trometer allowed photons to pass through the spec-
trometer and into the photon detector, with very
little attenuation. Otherwise, when the photon
detector mas at 270', a Mylar windom in the side
of the scattering chamber mas used. The photon-
collimating aperture was circular with an angular
acceptance of about 5' or less and a solid angle
of approximately 0.0004 sr at the 30' position and
about 0.02 sr at the 270' position.

BEAM TUBE

~ Ge(Li)
PHOTON QKTECTOR

IC SPEC TROIKETER

SCATTKRlNG
CHAMBER

Side View

Si SURFACE-BARRKR
El ECTROM OETECTOM

COL LIMA%OR

NI

POLK

PKcK
MYLAR

%INGOT

FIG. 2. Schematic view of the experimental layout.

D. Electronics

The pulses from both detector preamps were
routed to a fast-slow coincidence system with
a timing resolution of 2V nsec HVHM. A block
diagram of the system is shown in Fig. 3. The
fast coincidence circuit consisted of two timing
filter amplifiers, two constant fraction discrim-
inators, a gate and delay generator (which merely
served as a variable delay), and time-to-ampli-
tude converter. The pulses from the time-to-
amplitude converter were fed to a 1024-channel
pulse-height analyzer. The slow coincidence
circuit consisted of two linear amplifiers, two
timing single-channel analyzers, and a diode slow
coincidence unit. The output from the slow co-
incidence unit was used to gate the pulse-height
analyzer, thus providing the energy-analysis part
of the experiment.
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FIG. 3. Block dia-
gram of the electron-
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E. Determination of number of coincidences

The data-accumulation time for a single run
ranged from about 5 to 36 h. Each measurement
at a particular kinematic point was performed at
least twice to check for consistency. To lower the
statistical uncertainty, measurements at some
points were repeated up to five times. A typical
timing peak (partially computer plotted) is shown
in Fig. 4 for a 31-h run on a 32.5-p, g/cm' goid
target. The number of actual. coincidences, N, ,
was determined by using a simple computer pro-
gram to integrate the timing peak and to subtract
the flat background of random coincidences that
lie beneath the peak.

F. Determination of energy window

G, Determination of incident charge

The incident electron intensity was measured
by moving a carbon Faraday cup into the path of
the beam. The Faraday cup was connected to a
current integrator that was capable of accurately
measuring currents as low as 10 "A. The total
number of electrons incident on the target, N„
was measured by integrating throughout the run
the charge accumulated on a carbon shield which
lined most of the scattering chamber. At the start
or end of a data-accumulation run the carbon
Faraday cup was moved into the path of the beam
and a value found for the ratio of the actual beam

Au 32.5 iug/cm~

Accumulation Time .-3I hour s

The energy window, &k, was established by the
photon single-channel analyzer. The photon chan-
nel was selected for this purpose because of the
better energy resolution of the photon detector.
Radioactive sources of Co", Cd'0', and Am'4'

were used for the energy calibration, providing
calibration points at 14.4, 22.6, 59.5, and 88.0
keV. The window, 4k, was adjusted to have a
width of approximately 10 keV and was accurately
measured for each run. Depending upon the kine-
matic point being measured, the center of the
window was set for either 20, 30, 50, or VO keV.
The energy window in the electron single-channel
analyzer was set much wider than the window in
the photon side, thus ensuring that the photon en-
ergy window was the determining one for the 4k
needed for the calculations.

O
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pl ~ etooooeo
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FIG. 4. A typical timing spectrum showing the coinci-
dence peak.
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intensity to the beam intensity as measured by the
carbon shield. The carbon shield also served a
secondary purpose by reducing the production of
high-energy bremsstrahlung in the aluminum walls
of the scattering chamber.

H. Fabrication of targets

The thin targets were made by vapor deposition
of the metal upon glass slides coated with a dilute
soap solution. The thin layers were then floated
upon water and picked up on aluminum target
frames. The go)d targets were deposited on thin
carbon backings, while the aluminum targets were
self-supporting. The thickness of the targets was
measured by a weighing technique which gave about
5% accuracy. This target preparation and weighing
technique has been described in more Qetail by
Heroy. " The targets were mounted in the scat-
tering chamber either perpendicular to the inci-
dent beam or at an angle of 30 from the perpen-
dicular position. The target frame holder con-
tained two targets plus the Faraday cup and could
be moved vertically while the scattering chamber
was evacuated. Thus, the targets could be changed
(i.e., a gold target moved out of the beam path
and an aluminum target moved in) without bringing
the chamber up to atmospheric pressure.

I. Determination of target thickness and

electron-detector efficiency-solid angle

To lessen the inaccuracies that would arise in
trying to independently determine target thick-
ness, electron-detector solid angle, and electron-
detector and magnetic spectrometer efficiency,
the product of these quantities was measured.
This was accomplished by performing a measure-
ment of the number of electrons elastically scat-
tered at the energy of interest (120, 110, 90, or
70 keV) for a measured incident charge, and then
calculating the above-mentioned factor r&Q, ~,
through the use of theoretical differential cross
sections for the elastic scattering of electrons.
Because of the variation of the transmission of
the magnetic spectrometer with electron energy,
the target-thickness-electron solid-angle factor
was evaluated for both the center and for the end
points of the effective electron energy region (es-
tablished by the photon energy window) and the
average of the factor over this energy region
determined. For example, if the energy region of
25 to 35 keV was established by the photon win-
dow, then the average of the target-thickness-
electron solid-angle factor was found over the
electron energy region of 105 to 115 keV.

The electron elastic scattering calculations of
Moore and Fink' "were used for gold, and those
of Doggett and Spencer" were used for aluminum.
Therefore, all the results presented in this paper
have, in effect, been normalized to the results
of Moore and Fink or Doggett and Spencer. The
calculations for gold of Moore and Fink were
chosen because they agree with the accurate ex-
perimental results of Kessler and%eichert" to
within 2%. The calculations for aluminum are
also expected to be accurate since, because of
the low atomic number, the results are only
slightly different from those predicted by Ruther-
ford scattering and screening may be neglected.

J. Determination of photon-detector efficiency

and solid angle

The photon-detector solid angle and efficiency
were measured as a single factor by placing accu-
rately calibrated radioactive sources at the posi-
tion in the scattering chamber where the electron
beam normally struck the target. This procedure
eliminated the necessity for accurately deter-
mining the photon-detector solid angle, and in
addition, bypassed any geometric effects that
might alter the effective photon -detector efficien-
cy. These geometric effects are caused by non-
uniformity of the semiconductor wafer with respect
to photon detection efficiency; i.e., the detection
efficiency varies according to the particular area
of the wafer exposed to the photon source. These
variations were eliminated by measuring the ef-
ficiency in the exact experimental setup. The
radionuclides used in the measurement were Cd'",
which provided K x-rays at 22.6 keV and y rays
at 88.0 keV, and Am'~', which emitted y rays at
59,5 keV. The Cd' 9 source was supplied with its
activity measured in terms of emission of the
88.0-keV y ray. A K x-ray-to-y-ray intensity
ratio of 25.9 (Refs. 34 and 35) was used to obtain
the intensity of the K x-ray emission. The Am"'
radioactive source was calibrated in disintegra-
tions per second and an intensity value of 0.353
(Ref. 36) was used for the 59.5-keV y ray. Pho-
ton efficiencies for the energies of interest in
the experiment were then obtained by interpola-
tion. This process was aided by knowledge of the
approximate general shape of the efficiency curve
for the Ge(Li) detector. This had previously been
determined by the use of a wide assortment of
accurately calibrated radioactive sources with
photon emission in the 6-166-keV range. The
details of this efficiency curve determination have
been discussed by Davis" and by Faulk and
Quar les.
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K. Experimental checks

Correlated noise pulses

As a check for coincidences due to correlated
noise pulses, measurements were also made with
the photon window detuned, i.e. , set for an ener-
gy region that was kinematically incorrect with
respect to the electron energy region established
by the electron spectrometer. No real coinci-
dences were observed.

2. Magnetic field effects

To prevent the magnetic field of the spectrome-
ter from distorting the paths of the electrons,
several layers of magnetic shielding were placed
around the scattering chamber. To check for mag-
netic field effects, cross-section measurements
were made with the spectrometer rotated 30 about
the axis defined by the incoming electrons. The
measurement was then repeated with the spec-
trometer rotated 30' to the other side. In both
cases no large effects outside the statistical un-
certainty were noticed. The magnetic field inside
the scattering chamber was also measured direct-
ly using a gaussmeter and the paths of the elec-
trons determined by ray tracing. This procedure
suggested that the residual magnetic field had
negligible effect on the electron paths and, thus,
on the cross-section measurements.

3. Multiple scattering effects

To investigate the effect of target thickness upon
the cross section measurements (as a check for

possible multiple scattering), cross-section mea-
surements were made for gold targets of approxi-
mate thicknesses of 33.5, 60, and 84 pg/cm'. No
difference outside tbe statistical uncertainty was
noted between the 32.5- and 60-p. g/cm' targets;
however, the 84-p, g/cm' measurement seemed to
be slightly disturbed by multiple scattering. These
results are in rough agreement with those of
Kreuzer and Nakel. " Measurements were also
made using 60- and 84-p, g/cm' targets of alumi-
num. No noticeable difference was observed in
this case.

IV. RESULTS

The results of the present investigation are
shown in Figs. 5 through 10. The experimental
cross-section measurements are plotted as a
function of photon energy, with the photon emis-
sion angle, the electron scattering angle, and the
atomic number of the scattering material used as
parameters. Also shown are the theoretical pre-
dictions of tbe Bethe-Heitler' and Elwert-Haug'
formulas. The Bethe-Heitler cross-section for-
mula was computed on a programable desk cal.-
culator, while the Elwert-Haug formula was eval-
uated on an IBM 1&00 computer. The screening
form-factor correction applied to the Bethe-Heit-
ler and Elwert-Haug calculations was computed
using the Moliere potential function for the
Thomas-Fermi-model atom. The potential func-
tion and the values for the constants contained

To = l4Q keV

8e; =30', 8y, =270
Z = I3

E-H

To = 14Q keV

8ei =I5 8yI =27

Z = I3
————8-H

IO
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-l~
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FIG. 5. The differential cross section for aluminum
for 8« =30' and 8&,

——270 vs photon energy and 4/To.
The curves are the evaluations of the Bethe-Heitler and
the Elwert-Haug formulas.

FIG. 6. The differential cross section for aluminum
for ~~&

= &5' and 6I&, =270' vs photon energy and k/&0.
The curves are the evaluation of the Bethe-Heitler and
the Elwert-Haug formulas.
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therein were taken from the review paper of Koch
and Motz. ~

A. Uncertainties

The error bars on the experimental data points
represent the random uncertainties associated
with the individual points. At an estimated level
of one standard deviation, they were typically as
follows: coincidence counts, 11%; current inte-
gration, 1%, photon window, 2%, electron solid-
angle-target-thickness factor, 5 j~, and relative
photon efficiency, 2%. The resultant total random
uncertainty was obtained by combining the above
quantities in quadrature.

The error bars shown at the bottom of the fig-
ures represent the estimated total systematic un-
certainty at about the one standard-deviation level. .
"Systematic" in this case implies that the uncer-
tainty does not vary either from run to run or with
photon energy. In other words, for any one par-
ticular graph this uncertainty remains constant
for all the data points contained thereon. The
total systematic uncertainty was observed by
combining in quadrature the individual systematic
uncertainties, which were typically as follows:
current integration, 1P&,

. electron solid-angle-tar-
get-thickness factor, 4 to 16%; and photon effi-
ciency-solid angle, 8%.

The large systematic uncertainty for the elec-
tron solid-angle-target-thickness factor derives
from an absolute uncertainty of + 1' in the angular
position of the electron spectrometer. For ex-

ample, at 8„=15' this uncertainty in the angle
leads to a large possible error in the value of
the elastic scattering cross section [due to the
approximately sin'(8/2) dependence of the cross
section] used in calculation of the electron solid-
angle-target thickness factor, which, in turn,
leads to a large possible error in the factor it-
self. At 8„=30' the effect was much less.

No corrections were made to the theoretical
bremsstrahlung cross sections for the finite solid
angles and energy windows used in the experiment.
The average value of the Bethe-Heitler cross sec-
tion over these finite angular and energy widths
was checked for different kinematic points and
the resultant found to be within 1% of the theoreti-
cal value at the central point. Some correction
in the experimental data had to be made, however,
for 8,&

=15' because of the finite width of the elec-
tron-spectrometer aperture. This correction was
again due to the strong angular dependence of the
elastic scattering cross section which affected
the resultant value determined for the electron
solid-angle-target-thickness factor. No correc-
tion due to finite widths was needed for 8„=30'.

B. Discussion of results for Z=13

The results of the experimental measurements
for aluminum are shown in Figs. 5-7. For the
backward-photon-angle case of 8« =30' and I9&&

=270', as shown in Fig. 5, the theoretical cal-
culations are too close in agreement for any type
of distinction to be made. Taking the total uncer-
tainty into account, the experimental points lie
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FIG. 7. The differential cross section for aluminum
for Oe; =

8&&
——30' vs photon energy and k/To. The curves

are the evaluation of the Bethe-Heitler and the Elwert-
Haug formulas.

FIG. 8. The differential cross section for gold for
0,&

=30' and 8&, =270 vs photon energy and k/To. The
curves are the evaluation of the Bethe-Heitler and El-
bert-Haug formulas.
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barely below one standard deviation from both
calcu1.ations. The results for 8„=15'and 8

&

= 270' are shown in Fig. 6. As can be seen, there
is relatively good agreement with both theories.
Again the theoretical values are too close to really
distinguish between the two. The xesults for the
forward-photon-angle case of 8„=8,=30 are
shown in Fig. 8. Here, there appears to be some
disagreement with the theoretical curves. The
data at 50-keV photon energy appear high and the
data at 20 keV appear low. %'bile this could in-
dicate a disagreement with the shape of the theo-
retical curve over the entire energy range, the
more likely explanation, considering the systema-
tic error, seems to be that the datum point at low
photon energy is unusually low. This discrepancy
at low photon energy is also observed for gold and
will be discussed further.

C. Discussion of results for Z=79

The results for gold are shown in Figs. 8-10.
For the backward-angle case of 8« =30' and 8„&
=270' the results are mixed. The 20-keV point
agrees with both theories (there again being very
little difference between the numerical values of
the two calculations at this point) and the N-keV
point lies about midway between the two theories,
in disagreement with both. Clearly, this would be
a good point for which to evaluate the exact cal-
culation of Tseng and Pratt for comparison; and
it is hoped that such an evaluation mill be avail-
able at some future date. For the other backward-

angle case of 8,&
=15 and 8„,=270', as shown in

Fig. 9, the results favor the Ebvert-Haug theory,
particularly at 30 keV.

The gold results for the forward-photon-angle
case of 8,& =8&, =30' are shown in Fig. 10. Over
all, it can be said that the experimental data gen-
erally agree with both calculations. However,
there does appear to be a disagreement with both
theories at the lowest photon energy of 20 keV
(&/T, =0.14). This is similar to the situation ob-
served for aluminum at this angular position. As
a check on this rather surprising result, this
point was remeasured for gold using a liquid-
nitrogen-cooled Si(Li) photon detector in place of
the Ge(Li) detector. The two results agree with
each other when the systematic uncertainty is
included, but both disagree (as measured by arith-
metical addition of the systematic and random un-
certainties) with the theoretical calculations. This
disagreement might be taken to be due to inade-
quate theoretical treatment of screening effects,
except that the same result occurs for aluminum,
for which screening should be relatively unim-
portant. The deviation might be due to some over-
looked photon-energy-dependent error in the ex-
periment; however, after much checking none was
found. Further, there was good agreement for
gold at the backward photon angle of 270' for the
20-keV point. Perhaps the random uncertainties
have been underestimated, but we do not believe
this to be the case, Certainly it would also be
interesting to have an evaluation of the exact cal-
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FIG. 9. The differential cross section for gold for
6)„.= 15' and 6)&& = 270' vs photon energy and 4jTO. The
curves are evaluations of the Bethe-Heitler and the
screened and unscreened Elbert-Haug formulas.
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FIG. 10. The differential cross section for gold for
(9„= 8&, =30 vs photon energy and k/To. The datum
point at k = 70 keV, sho~ by the open circle, was taken
with a Si(Li) detector. The curves are the evaluation
of the Bethe-Heitler and the Elbert-Haug formulas.



COINCIDENCE MEASUREME NT OF THE FULLY DIF FERE NTIA L. . . 741

culation of Tseng and Pratt for this low-photon-
energy point. However, due to the excessive num-
ber of partial waves which would have to be in-
cluded and the consequent computer time, such an
evaluation does not appear feasible.

V. CONCLUSIONS

In conclusion, for low atomic number (Z = I2)
both the Bethe-Heitler and the Elwert-Haug cal-
culations agree reasonably well with the experi-
mental results over the photon energy range ex-
cept for the forward-angle low-photon-energy case
discussed above. This agreement is not sur-
prising for the Elwert-Haug formula, since its
region of validity is for low Z and is not dependent
upon the energy. However, the agreement may
be somewhat unexpected for the Bethe-Heitler
formula whose accuracy does depend upon the
energy. Qf course, in this case both formulas
agree well with each other, so we can conclude
that the Bethe-Heitler formula is still accurate
at low Z for an incident energy of 140 keV and
for scattered electron energy as low as 70 keV.

For high atomic number (Z = IQ), where neither
cross-section calculation is really expected to be
valid, both calculations seem to agree with ex-
periment at the forward photon angle (except for
the 20-keV point, as already discussed), while
the Elwert Haug calculation seems to be favored
at the backward photon angle, particularly for
8,] =15'. However, even this calculation fails
noticeably at the high-photon-energy backward-
angle point, especially for 8„=30'. Also, it
might be pointed out that the two theoretical cal-

culations differ only slightly at high electron (i.e.,
low photon) energies and agree reasonably well
with experiment at these points (again, except for
the 20-keV forward-angle point). This indicates
that the Bethe-Heitler and the Elwert-Haug cal-
culations are accurate to a significant degree,
even for high Z, when the incident and scattered
electrons have energies of about 100 keV.

Kith respect to screening, it should be noted
that the experiment will have to be improved be-
fore any definite results can be obtained in this
area. To illustrate this point, the unscreened
Elwert-Haug result has been shown in Fig. 9.
According to the Thomas-Fermi-Moliere screen-
ing calculation, it is in this kinematic region (out
of those investigated in the present experiment)
that atomic electron screening has its largest
effect. The small relative difference between
the screened and unscreened cases illustrates
the difficulty in making a significant test of how
well screening is really accounted for by current
theoretical methods.
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