
PHYSICAL REVIEW A VOLUME 9, NUMBER 2 F EBRUARY 1974

Mnltiyhoton excitation and iomn!tion of He atoms in an intense laser beam
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Transition amplitudes corresponding to bound-bound and bound-free multiphoton transitions for an He
atom in the presence of an intense laser beam have been evaluated. Results show that for multiphoton

excitation the transition amplitude for small values of N (the number of photons being absorbed)
decreases with increasing intensity. However, for higher values of N the amphtude continues to rise
with increasing intensity. A particular feature of the present method of calculating multiphoton
ionization is that the transition amplitude increases linearly for small values of the intensity, but for
higher values, the slope of the curve decreases, showing an important nonlinear effect.

INTRODUCTION

The theory of ordinary photoexcitation and photo-
ionization in helium is an, old problem in physics,
which was treated successfully in the early days
of quantum mechanics. Those calculations were
based on the first-order perturbation theory and
described the process of a bound electron absorb-
ing a photon, and thereby being excited or emitted
from the atom, depending upon the photon energy.
In the interaction of a laser beam with an atom,
however, the ordinary photoeffect is not possible.
This is because the energy of a single photon of
the laser beam is quite small as compared to the
energy difference of any two quantum levels of
the helium atom. In such a case only simultaneous
absorption of many photons can result in the exci-
tation or ionization of the atom. The problem of
multiphoton ionization of helium using perturbation
theory was done for the first time by Bebb and
GoM. ' At high intensity, however, perturbation
theory is not applicable, as the perturbation en-
ergy due to light waves becomes comparable to
the unperturbed Hamiltonian. In such cases the
method developed by Reiss' for bound quantum
systems is very useful. Essentially, Reiss's
method involves a unitary transformation, which
approximately removes the electromagnetic field
from the problem. Furthermore, the accuracy of
this technique increases with the increase in the
number of photons involved in any given process.

In this paper we have used the gneiss method
for the calculation of transition probabilities for
multiphoton excitation and multiphoton ionization
of an He atom in the presence of an intense laser
beam.

In Sec. I, we have calculated the transition prob-
ability for transition from the (1s') to the (ls, 2p)
state of an He atom by absorption of N photons of
an intense field of frequency (d and vector poten-
tial A. . The value of N is such that E& —F.&

=X~,

where E& and F& are the energies of the final and
initial state, respectively. (Throughout we have
used 5 =c =1.)

In Sec. II, we present our calculation for the
transition probability in the case of multiphoton
ionization of an He atom by absorption of N pho-
tons. The value of N is such that N~ = g, +p'/2m
is satisfied, where cI is the ionization energy of
the atom and the last term is the kinetic energy
of the emitted electron.

Our Eqs. (20) and (26) contain infinite sums for
this purpose and to obtain rapidly converging re-
sults we have made use of Euler's transformation
technique. ' The value of the transition probability
thus obtained is plotted against y (intensity param-
eter) for a particular value of N (N being the num-
ber of photons absorbed). An interesting point
worth mentioning here is that for the transition
(ls') to- (1s, 2P) the transition probability for small
values of N increases with intensity, attains a
maximum, and then decreases for higher values
of intensity. However, for higher values of N, the
transition probability increases with an increase
in the intensity, and shows no decreases, as for
low values of ¹ Finally, the transition prob-
ability for multiphoton ionization shows an im-
portant nonlinear effect at high intensity.

In Sec. III we discuss our results in direct
physical terms.

I. TRANSITION MATRIX ELEMENT FOR

MULTIPHOTON EXCITATION OF AN He ATOM

The hydrogen atom and the hydrogenic ion re-
semble each other in that they are both one-eLec-
tron systems that do not exhibit bvo-electron
processes such as double excitation, double ion-
ization, simultaneous ionization and excitation,
etc. Here we have taken the hydrogenic model
for the helium atom. The helium atom has two
electrons, one of which is effected by interaction
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with radiation, while the other xemains in the
1s orbit of the atom: The operator that governs
the interaction of radiation with the atom accord-
ing to Reiss's approximation will be e""'"~. Now,
as we cannot make any distinction between the two
electrons in an atom, it may happen that the first
electron remains in the 1s orbit while the other
electron makes the transition to the higher state.
In such a case, only the operator e'+'"~ will be
effected. To take account of the indistinguishabil. -
ity of the two electrons in the hydrogenic model
for the helium atom, the matrix element will be
the sum of the two parts, one containing the opera-
tor e""'"~ and the other containing the operator

feA ~ xp

Thus the matrix element" to be evaluated for
transition from He(1s') to He(1s, 2p) by absorption
of N photons of frequency + and vector potential
A is given by

2(~ &i((A x ~ ~ ) (5)

Substituting the values of (C(, and gz from (2) and

(3) into (5), we have

M (rW=( J, dr, r,. ( /r((, X(, (a/r, )

()(xo =[¹/(4wa',)'I'] [e 8-' l o S (r/a, ) e y -t,]

(4)

where N'=0. 568, P'=1.136, y'=0.464, and 5
=0.31V. These parameters were determined vari-
ationally, subject to the condition that the 2's
function should be orthogonal to the Hylleras
ground-state wave function (2).

As the ground-state and the final-state wave
functions (2) and (3) are symmetric with respect
to the interchange of coordinates r, and ~„ the
matrix element (1) becomes

(~ (&(eA x&+ &(eA ~ xx)y )

where g, and g& are the initial and final states of
the helium atom.

For the helium atom it is necessary to use an
approximate wave function. The simplest wave
function for the ground state is that obtained by
Hylleras' using a variatior~, l method, i.e.,

(6)

In obtaining (6) we have utilized the orthogonality
relation

Vfipy& 4xs & & dr=0 ~ (7

Performing the integration in the first part of (5),
we have

(), =y„(a/r, ) „4( ar/, ), (2)
dry*„(p/r) „()( a/)r=

5(aP)'~'
(8)

where z = 1.6875.
Furthermore, it has been shown by Eckart' that

a good approximation to the wave function of an
excited state of helium (other than the s state) is
obtained by taking a symmetrical combination of
the product of two wave functions, one represent-
ing the ground state of an electx'on in the field of
charge P =2, and the other the excited state of an
electron in the field of charge y =1. Thus, if we
write ((/„~ (Z/r) for the wave function of a single
electron in the nl state in the field of charge Z,
we may take as a sufficiently good approximation
for the wave function of an excited singlet state
of helium (other than the s state) the form

II= dr@ &ax y & &i eAt' Aj a r

Using the relations

It»(y/r) = (y/2ao)s ~ (yr/aov 3) e &"

R„(a/r) = (a/a, )s/'x 2e Nr g~

(»)

(Bb)

The relevant radial contribution from the second
part of (6) is given by

the two electrons being distinguished by the nu-
merals 1, 2. In E(I. (3), N, represents the nor-
malization constant.

For excited s states the wave functions used have
been based on the form (3) but with g„~ differing
some~hat from the hydrogenic form. Thus, for
2 's, Marriott and Seaton' take in (3)

in expression (9), we have

(
r )"g (-('

(sa)
'-'*"

y
'~' 2y a '~' I'(2k+I +4)

2a, 3a, a, (a/a, +y/2a, )"""

(10)
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Finally, utilizing the above and the orthogonality property of the spherical harmonics in the angular
part of (6), we have for the matrix element M the following:

p}3/2 3/4 (-)' eA ""' r (2k+5)
'( )' a' " "' " 2eA ~ k!I'(k+-,') 2 (u/a + /'2a )"" '

%e now use the dipole-approximation plane-wave
form for eA

therefore use

8A —8Qcost = zQP8,

where

(13} or

j=0+ z+-z'¹
P ~j (dt + 8 -j (2/t

The intensity-dependence term in (12) is then

From (15) it is also clear that

2k+1» j
1 1»k+z+ zN

(14)
or

k~-, (N —1) .
where b = 38QQO.

The factor P'"" in (14) can be expanded by the
binomial theorem as

zk+ j. 2pak+g ~ 2k + j( 2k+1 2j}~t=z. 8
j=0

In this process, as N photons are absorbed, we

Thus (15) takes the form

zk+1

(
ee

)
2k+ j.

1[3[,) k + 2(f)[+ 1)

Substituting (16) and (14) into (12), we have for
M

2k+1

64(3 ) 3 3/2, /4 1 „0( ) g 2k+1 35 (-) 1'(2k+5)
a+p}3 a3 i » ~

3 &&»» k+ 2(Ã+1) 4ao k!I (k+ 3) (o/a, +y/2a }23+3

If the index of summation in (17) is shifted so that the sum starts with zero index, we have then

64 (32) 3P 3/2 3/4 ( )(3[-3) /2j. 3b
((2+ [3)' (42+ 4&)' (2(2+ V)

"2(-)' ) [[ '(x —() ~ e]* ~ 3[ '*(& - () e] '3 ]e '""
k=o 2&+v

(17)

(16)

The T-matrix element for transition from the He(lsx) to the He(ls, 2][)} state can now be easily written as

(19)

where v is defined as the "reduced" transition amplitude depending on the intensity only. It is given by

v =e P (-)'e*' )[[-',( () . xe]* )[-',(x —1)+e]~ 3],2+ +y
(20)

1where b = —,'pQQ, = zy.

II. TRANSITION MATRIX ELEMENT FOR
MULTIPHOTON IONIZATION OF AN He ATOM

The matrix element to be evaluated for the tran-
sition of one of the electrons from the ground

state of the He atom to the continuum state is given
by the same expression as (1), i.e.,

ieA ~ x & + eieA ~ x 2) ~
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where g, and gf are the initial and final states
of the helium atom, and further we have assumed
a hydrogenic model for the He atom. For the
initial state, we use the same Hylleras, ' one-
parameter variational wave function, i.e.,

where

R', (y'/k/r) Nf (y')(2k/r)'/e ' /'

x E(f/+1+ fy' I 2l/+2 I 2ik/r),

4 = 0.(o'/~|} 0|.(o/ym)

where 0, =1.6875. As the electron is finally emit-
ted from the atom, therefore, we use for the final
state the symmetrical combination of the product
of the two wave functions, one representing the
ground-state wave function of the He' ion with
charge P =2, and the other the wave function for
the free state of an electron, i.e.,

~. (, )
Ii'(Ig+I —/y') I,„/.

(21/+ 1) I

/

Aaf 0

q, =argi'(I/+I —fy'),

(21)

where g„(p/r) with p = 2 is the ground-state wave
function of the He' ion and gr(r) is the wave func-
tion of the free state. The free-state wave func-
tion is given by

lf
Or(r}=4s P 2 (f)"e'"'/&i/(y'/k, r)

if~0 &f~~jf

T= g (-)'/e '~i, y, /(e„y, )/I, ,
f

(23}

while k/ and (8r, Qr) stand for the wave vector and
azimuthal angles of the emitted electron.

Now using the same argument as in Sec. I we get
the T-matrix element for the multiphoton ionization
of He from the ground state, as

"XFf (6, //) Pf~(8x~ 4r) (22) where

s/s pP/2

0

1V+ 2k 1
4 ~, 4 k I'[2(N I/) + k/-+ I] I'[2(X+ I/ }+-,'+ k/]

(~ fey )
1-Rk I-ly'+r' -(o ~ fu k )-I/ -I i)'-y~ l I ~ g

I I'(fr+1 —fy') I
0 f

Here 4E is the energy difference between initial and final states.
Therefore,

ITI'= 2 2 (-)'/e '"'/( )'/e'"'/x'gyI(6-x 4x)sf'(//x 4r»f &i, ~

s0 lf =0f f

Since we are interested in the total ionization
rate, we integrate (24) over all angles assumed by
k/, i.e., over dO» Using the or.thogonality re-
lation for the spherical harmonics, ' we have

the "reduced" transition amplitude against Y for
a particular value of N, where v, contains only
the intensity-dependent term of A, and is given
by

I dfI&l TI'=+ I&, I'.
g ~0

(26)
IAi, i (o. +p)'

(«) 16''(~/n, )"'Xp/(4, A~) (~p}'"

In the accompanying graphs we have plotted ~, (26)
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III. DISCUSSION

We have presented our numerical results in
Figs. 1 and 2 as the variation of the "reduced"
transition amplitude against the parameter y.
Our aim is to examine the behavior of the tran-
sition amplitude with intensity and to look for
possible deviation from the perturbation theory,
which predicts the latter to be a function of Nth
power of the intensity for the Nth-order process.
In the expression for the transition amplitude in
Eqs. (19) and (23), intensity-dependent factors
have been separated out and renamed as "reduced"
transition amplitude. The photointensity term
here appears as y and is related to the conven-
tional form by the expression

y' = (I/f. ) (4/& g),

where I is the flux of the photon in W/cm', I,
is 1.4014x 10"W/cm', and E~ is the energy of
the photon in atomic units. The condition for the
validity of the perturbation theory is that

y~1, i.e., I ~ I, —,'8'„,
which, in our case, is 10"W/cm'. If we examine
Fig. 1 for small values of X, we find the increase
of log v with increasing y to be straight line, but
the nature of the curve changes in the neighborhood
of y = 1 and the transition amplitude decreases
with the increase of y. For large values of N, on
the other hand, the transition amplitude increases
and finally becomes constant and resembles the
ionization curve. This happens because of the
influence of the intense external field on the multi-
photon process in the atom.""Arytyunyant
et al .9 and Vornov et a/. ' have estimated the
decrease of ionization potential owing to external
field and have thus concluded that at high intensity
there is smearing of the upper energy levels of
the atom, leading to overlapping and merging of
the levels into a quasicontinuum spectrum. For
example, to reduce the ionization potential by 1
eV or to reduce the needed number of quanta for

transition by one, i.e., ~I=h~ -—1 eV, the ex-
ternal field required is E -10' V/cm. Therefore,
for the intensities that are under consideration,
the 2p state of the He atom acts as a quasicontin-
upm state and causes the transition amplitude
to increase with intensity. However, if we evalu-
ate the transition amplitude for the transition
He(ls') to He(ls, 2s), we will not get the same
behavior as described above; here the amplitude
will decrease with the intensity, because the 2s
state of the He atom is quite far off from the con-
tinuum, as compared with 2p state, and does not
overlap with the continuum for the high intensity
under consideration.

Another interesting feature revealed by Fig. 1
is the dominance of a large number of photon tran-
sitions over the smaller one. The existence of
such a type of anomaly has been confirmed by
Koval'skaya eI, a/. "from their experiment on
photocurrent instability and multiphoton processes
in CdsnP, using a Q-switched glass laser. They
found that the probability of three-photon absorp-
tion in semiconductors with complicated band
structure can exceed the probability of the two-
photon process. Similar types of anomalies were
also observed recently in gallium phosphide by
Pyshkin et al.'

In Fig. 2, where the reduced transition ampli-
tude for ionization has been plotted against y,
the deviation from perturbation theory is not so
radical. Though the behavior here is not exactly
a straight line, the deviation is small. If we take
x=~y=(-,'eaa, )2, then it is found that

3-

QO 2.0 6Qy~
—1&

0.5 1.Q 2.Q 30 40 6.Q

FIG. 1. "Reduced" transition amplitude for the transi-
tion He{ls2) He{la,2p), as a function of the intensity para-
meter for various photon multiplicities.

FIG. 2. "Reduced" transition amplitude corresponding
to the multiphoton ionization, as a function of the inten-
sity parameter for N =14; photons are being absorbed.
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sin(s)'
8 lnx

where 4 depends on N and y and increases with
an increase of y. Thus the nonlinear effect at
high intensity appears to be due to a deviation
of the power-law dependence of transition prob-
ability on intensity of something less than the
lowest order of transition. Furthermore, it is
likely that other processes (e.g. , saturation of
multiquantum transitions, saturating intermediate
resonances, spatial and temporal structure of the
laser beam, etc.) than the one considered here,
might show stronger deviations from the per-
turbation behavior. Much work has also been done
in the field of multiquantum process on the ex-
perimental side. Bystora et al."and Agostine
et al. '4 have observed the multiphoton ionization
effect in alkali-metal vapors and noble gases.
Three-photon ionization of a helium atom in the
excited 2s state has been studied by Bakos et al."
In their experiment, He atoms of a discharge
afterglow plasma in the excited metastable states
2's and 2's were exposed to focused radiation of
a Q-switched ruby laser. The ions produced in
the radiation were registered with a probe. Since
the ion signal is directly connected with the cross
section, the plot of the probe signal with the in-
tensity gives directly the variation of the multi-
photon ionization cross section with intensity.
It is found that the variation of amplitude signal
with intensity is a linear one for the fieM interval
(1-3)X10'V/cm. This behavior is also the same
as is expected theoretically at low intensity. Re-
cently an experiment on the light intensity depen-
dence of the multiphoton-ionization probability in
the resonance case for a high-intensity laser beam
has been done by Ha@os, Kiss, Szabo, and
Tendler. " They have measured the general in-
tensity dependence of the five-photon ionization

of a triplet metastable helium atom, by the meth-
od of Langmuire probe using radiation of a Q-
switched Nd glass laser with frequency tuning. It
was found that at high intensity, the probe signal
varies nonlinearly with intensity, as expected,
and as also described earlier. This type of non-
linear effect has also been observed by various
other authors. 9

Finally, the study of multiphoton transitions in
the optical band using laser radiation is of great
interest from two points of view. It is possible
to use this method, first, to investigate the tran-
sition between states having identical parity, i.e.,
transition that is forbidden in the single-photon
process. For example, this property is utilized
by Burell and Kunze" in their experiment on two-
photon absorption and stimulated Raman scattering
on an excited helium atom, which is useful for
the possible measurement of high-frequency elec-
tric field in the plasma.

Second, if the structure of the levels and the
matrix element of the transitions in investigations
are known, then the investigation of multiphoton
processes can yield additional information on the
statistical properties of laser emission, ""e.g. ,
the detection of singly stimulated two-photon
emission from metastable deuterium atoms by
Braundich and Lambropoulos, "who have provided
the experimental tool for the study of the effects
of the coherence properties of radiation on two-
photon process. Furthermore, the effect of in-
tense external field on an atom, which results in
lowering of the ionization potential, and hence
the reduction of the needed number of quanta,
is of practical interest for photon ionization of ex-
cited atoms, atoms on surface media and in the
process of dissociation, for in these cases the
work function is several times smaller than the
ionization energy of atoms. '
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