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Theoretical x-ray transition probabilities for high-Z superheavy elements
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K and I x-ray transition probabilities have been calculated for several elements between
Z =92 and 170. The calculations include multipoles higher than E1, are relativistic, and
utilize Dirac-Hartree-Fock wave functions with finite-size nuclei. At these very high atomic
numbers many transition rates go through a maximum as a function of Z, and other transi-
tions show a maximum and a minimum, and then begin to increase again past Z =150.

I. INTRODUCTION

Qf late, considerable interest has developed in

the binding energies and x-ray transitions in ele-
ments of very high atomic number. Much of this
interest is in the region of Z=170, where the K-
shell binding energy drops into the positron con-
tinuum. Muller et a&. have suggested that at
around this atomic number, a E-shell vacancy
may decay by autoionizing a positron and that this
process may compete favorably with normal ra-
diative and Auger mechanisms of decay. ' Both
Greiner's group' and Popov' have made cal-
culations to show where the E-shell energy drops
into the positron continuum, and this work has
raised a number of questions as to what sort of
Hamiltonian and quantum-electrodynamic terms
are required at these very high fields in order to
accurately predict binding energies.

To answer these kinds of questions, x-ray ener-
gies and transition strengths are important. Un-
fortunately, even if synthesis of nuclei with atom-
ic number greater than 130 is achieved, these
nuclei will probably be so short-lived and in such
low yield that x rays cannot be observed in the
stationary atom. There is, however, the possi-
bility of observing united-atom x rays during a
collision between a high-energy heavy ion and a
neutral atom.

In this respect we mention work of Mokler,
Stein, and Armbruster4 and Qove, Jundt, and

Kubo, ' who claim to have observed Mx rays of
Z =132, 143, and 145 during a 10-60-MeV I bom-
bardment of Au, Th, and U targets. With new
heavier ion capabilities of several accelerators
throughout the world, there is the possibility of
carrying such experiments further to see evidence
of M-, ~-, or K-shell transitions up to united
atom total charge as high as 190. Therefore, it
seemed of value to us to carry out theoretical cal-

culations of radiative transition rates for very
high atomic numbers.

Previously, there have been almost no transi-
tion probabilities calculated for any element above
Z = S3, though a considerable number have been
made for elements below that atomic number. The
earliest relativistic calculations were done by
Payne and Levinger' and later Payne and Taylor, '
who employed analytical Dirac wave functions with
screening to calculate E transition rates in a num-
ber of elements up through lead. Babuskin' sim-
ilarly used analytical Dirac wave functions, but
in addition, he used a more sophisticated expres-
sion for the electric and magnetic multipolefields,
and even investigated the inclusion of finite nu-
clear size in his calculations. His work, while
being analytically more elegant than subsequent
work, has largely been superseded by approaches
which use computer-calculated Hartree-Pock
many-electron wave functions instead of one-elec-
tron Dirac functions.

Among these are the calculations of three groups,
Rosner and Bhalla, Scofield, ' and t.u, Malik, and
Garison. " We have followed their approach close-
ly herein and we discuss it below.

II. RELATIVISTIC FORMULATION OF
TRANSITION RATES

As usual for quantum mechanical transition
probabilities we begin with the Fermi Golden
Rule, writing the transition rate ro as

~=»&)&f(&, (i&('n(&,),
where S stands for the summation over final and
average over initial states, and we have taken
atomic units throughout (ji=m =e =1). H, in
this analysis will be taken as

H, =+Z, A,



586 R. ANHOLT AND J. O. RASMUSSEN

with 5=co., a being the usual Dirac matrix. For
the A field we take the sum over electric and mag-
netic multipolarities expressed as

1/2
II +1(~} L, ,1+1(~)~}

with j~ (ue } the sPherical Bessel functions of the
first kind and T~ ~ spherical tensors defined by
Rose."

The wave functions in this analysis can be ex-
pressed as

G/~ x"„'""= Ei. x.

and

A( m)
L, M

4m~ '/'
[-j,(~)T,",, (8,4}],

where ~ is the usual relativistic quantum number
(e = / for e & 0, z = -1- 1 for z & 0). Performing the
necessary algebra, we then have for the magnetic
and electric transition rates between final and
initial states labeled with and without a prime,
respectively:

u„„,(ML) = 2u(a+le') {(2/'+1)(2/+1)(2j'+1)/L(L+1)} ' C'(ll'L; 000)W'(j lj '/; 2 L)

OQ 2

x (G„E„,+E„G„,)j~(ur)dr
0

(5a)

~„„i(EL}=2&v[(2/'+1)(2l+1)(2j'+1)/(2L+1)2]C2(/l'L; 000)W2(j lj'l'; 2I )

I.+1 [(z'-~)(G„E„+E„G,)+L(G„E„—E„G;)]jz,(&ur)d~

2/2 2

[(a'-z)(G„E„,+E„G„,) —(L+1)(G„E„, E„G„,)]j-~„((ur)d&I+1 0
(5b)

where n is the fine-structure constant, &u = a(E&
-E, ) in atomic units, and /', in the notation in-
troduced by Rose, "is taken as -~' for a'' & 0 or
K'-1 for x' & 0.

%e mention at this point that the choice of the
field here is arbitrary and we could just as well,
following Scofield, have taken for the electric
field

4gcu '/'
A~'„' = [I.(L+1)] '~'vI&Kj~(~)&z„(&)LN

in which case we would obtain for the transition
rate

~„„(EL)= 2&v[(2l'+ 1)(2/ + 1)(2j'+ 1)/L(L + 1)]

x C~(//'L; 000)W'(j lj'l', 2L, )

x dr j~, ~ ~'- j{,t",. +Q„E„.

—L(E„G„.—G„E„.)]

2

+ L(G„G„+E„E„)j~(err)/

The details of the relativistic Hartree-Fock-
Slater (RHFS) calculations used by Bhalla, by
Scofield, and by Lu, Malik, and Garison do not
differ by very much. They all employ the usual
Slater approximation to the exchange term,

V =—[3n'p(r)]'I'3Q
2n

and with the exception of Scofield's calculation,
they take account of finite nuclear size (though in
various different ways). For our calculations, we
have used wave functions from Mann at the Los
Alamos Scientific Laboratory. These wave func-
tions are based on a Dirac-Hartree-Fock (DHF)
code" which calculates the many two-electron
exchange integrals exactly. The finite nuclear
size is taken as a two parameter Fermi distribu-
tion with 8=1.0VA' fm a=1.0393x10 ' a.u. ,
and A = 3Z —46. More-sophisticated extrapolations
for A yieMed results which were not too much dif-
ferent from those used in this calculation. "

For the matrix elements necessary to calculate
transition probabilities, we integrated along the
same exponential radial grid as was used to calcu-
late the self-consistent field. ln such a grid each
r, is given as r, =roe"' with r0=5x10 ' a.u. and A is
selected to give a maximum radius of 40 a.u. at
i=421. %e found that interpolating the wave func-
tions at linear intervals of 0.001, 0.01, and

0.00001 a.u. when the exponential grid was wider
than this did not change the value of the matrix
elements by more than 0.5%.

For the x-ray transition energy, we have taken
the difference between Mann's eigenvalues. Lu,
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TABLE I. Comparison of K-shell radiative transition rates for Z =92 and 126.

Author K-L( E-L2 K-L 3 E-M2 K-M3 K'-M4 K-M, K-X, K-X, K-X4 K-W,

Bhalla ~

Scofield b

LMCc
This work

0.0043
O. 0O38
0.0038
O. 0037

1.056
1.01
1.01
1.005

1.681
1.622
1.62
1.602

0.194
0.187
0.187
0.186

0.381
0.366
0.366
0.362

0.006 97
0.0065
0.0065
0.006 44

Z =126

0.0079 0.049
0.0075 0.047
0.0074 0.047
0.0073 0.046

0.099
0.095
0.095
0.093

0.0021
0.0019
0.0019
0.0019

0.0024
0.0022
0.0022
0.0022

LMCc
This w'ork d

0.189 3.71 4.66
0.19 3.6 4.6

0.495 1.23 0.037
0.485 1.22 0.037

0.030 0.124 0.373 0.0133 0.0116
0 031 0 12 0 37 0 0133 0 0115

'Results are for Z=93, so they are consistently higher than others, Ref. 9.
"Reference 10.
c Reference 11.
d Interpolated.

Malik, and Carlson"'" examined the error asso-
ciated with this approximation for Z=92 and 126.
They used experimental data extrapolating a curve
that goes approximately as Z'up to Z=126, to
find the correction due to quantum electrodynamic
and other terms. When this correction was ap-
plied to the differences between eigenvalues, and
the x-ray transition probabilities were recalcula-
ted, the difference in the rates was on the order
of 0.1%. The difference between the energies was
around 0.5%, and we note from extrapolating the
curves even further, that this does not become much
greater as one approaches Z= 200.

We mention one other source of error, which

I 0.0,
8.0—

6.0—

I I I I I t I I I

is in not taking the initial and final wave functions
with a hole in the appropriate shells. The wave
functions we have taken are for the neutral atoms.
Lu, Malik, and Carlson have examined this source
of error for 8=92 and 126 K x-ray transition-rate
calculations. They found the difference in the
transition rates to be on the order of 1 or 2%, the
hole wave-function rates giving consistently high-
er rates. Again, however, these do not become
drastically larger than 1 or 2% as one goes to

TABLE II. Comparison of intensity ratios with exper-
iment for Z =92.

40 K-L
K-L ~

Ratio Experiment ~ This work Scofield
2.0

K0.2/Kn &

KPq/KP)
{Kp)+Kpp)/Kof(
KPf /Kei
Kp2'/Ko

&

KP/Ko.

LV, /LP,
L q, /LP,
L q/LPg
L y(/LP)

L n2/L eg
LP,/LP,

0.624
0.548
0.354
0.363
0.123
0.299

1.10
0.438
0.402
0.0280
0.240
0.275
0.110
0.0185

0.627
0.513
0.342
0.351
0.0861 "
0.272 b

1.15
0.310
0.308
0.0286
0.226
0.233
0.114
0.0175

0.623
0.510
0.341
0.350
0.087
0.270

1.15
0,310
0.313
0.0284
0.226
0.233
0.114
0.0174

' Experimental data taken from a recent compilation
by Salem and Schultz {Ref. 19) and Nelson, Saunders,
and Schultz {Ref. 20). X-ray notation used here is ex-
plained therein. The estimated experimental

uncertaint-

iess ranged from 3 to 10%.
"Included in EP2' and XP are transitions from higher

levels that were not calculated theoretically.

o l.0
0.8

0.6
C 04-

Dirac wove functions

R HFS
——DHF

K-Lp

0.2—

O. l

80
I I i I I I I I I

I OO I 20 l 40 l 60 l 80

FIG. 1.. K-L3 and K-L2 transition rates vs Z. Calcu-
lations made by Lu, Malik, and Carlson (Ref. 11) using
RHFS wave functions, and by ourselves, using hydro-
genic Dirac wave functions and Mann's many-electron
Dirac-Hartree-Fock wave functions.



R. ANHQ LT AND J. O. RASMUSSEN

QO t
I I

Ch~ CFi
CD 00

Cg

O O

CO

I

O

CD

I

C)

LQ

I

Cg
QO

O

I

CD
Cb

O

I

Qb
LQ

O

I I

O ZO
O O

I I

00
t 05t-

CO

O O

I

Cb
QO
Cb

O

LA

I I

Cb CD
CD CO
co ~
O O

P3
I

O
Cb

O

I I

00 00
O

O O

I I

Ch l
00 Cb

O O

I

CO

Cb
CA

O

00

CD

O
QO

CQ

I

IXI
QO

O

I

Cb
00
LO

O

I

LQ
Cb
00
CO

I

LO

l

00
Cb

O

I

00

~o

I

00

O

CO

O

Cb
LO
00

O

O
LQ

00

CD

I

CO

I

CD

Z
O
O

I I

CO
QO

O O

I

00
e

I

Lh

CJh

O

I

O

I

00

O

O
Cb

O

I

00
CO
00
00

LA

O

I

QO
Cg

O

I

O
00

I

00
CO

O

I

00
CD

O

I

O

Z
le
Cb
LQ

O

I

l

O

I

00
00

LQ

O

O

O

LO

O

CV

00
O

I

CO
00

O

CO
LQ

O

Cb
Cb
t

O

I

CD

Cb

O

I

O

O

tQ

C)

O

I

CO

00
O

I

00

M
I

X

I

QO

CO

I

O

I

Ch

O

I I

QO
O t
LO 00

CO

O O

I I

Ct0
t

«D

I I

~ K
l

00
00

O O

I I

Z 00
00 Cb

LO

O

I I

O Z
CO

O

I I

00 O

Cg
I I

t Ol 00

O O

Z
O
O O

O O

I I

LO

QO

O O

I

ea t-
QO

O O

I I

CO C5
CO

O O

I

O

O O

Cg

O
Cg

O

I I

00

00

00

O O

O O

O 00

O

O
CO

O O

t Cb
LD 00

O

O 00
CO

O O

I I

lQ

N O
W ev
O O

O

O

O

00

O
Cb
Cb

O

CO
LQ

O

t
LO

Cb

I I

CO 00
Cb O
CO

00
O O

C»
I I

00 CD
LC W
Cq
LO

O

CD LQ

I I

QD
Cb

O O

C9
I I

QO

00

O O

I I

Cg

O N
00

O

O O
Cb
00

O

O O

I I

Ch

t
t
O

CD

I I

O
LQ

O 00
LQ t
O O

I I

00
00

O O

O

I

LQ
00
LA
00
O

I

t
CO

Cg
I

Cg

O

I

Cb

00
LQ

O

Cg
I

Ch

00
CO
LQ

O

O

C
CO
CO

O

I

00
CO
M
CQ

O

I

QO
QO

I

Cb

M

I

CD

I I

O O

QO

O

I

M
Cb

Cg

I

LO
LQ

O

Cg
I

Cb

I

O

I I

O Cb
CO n
M

O O
M t
00

O O

I

Cb
CO
CO

CD

O

I I

00
LQ

O

I I

QO
t
Cb
CD

O O

I I

O H
Cb

LO

o Qx

I

CO
Cg

O

I

CFi

O

I

00
CD

O

I

CG
Cb

00
O

I

O

I

LQ

O

I

LQ

QO

I

CQ

LA

00
00
l

I

LQ

l&
I

O
C

I

O

O

I

Ch
t
00
CD

O

00
00
QO

O

I

QO

O

I I

LA

00

O O

I I

t
CO Cb

O O

I

CC)

QO

O

I

00

O

I I

L Cg
CA 00

O O

I

00 l

O O

I

CD
CO
QO

O

I

Cgt
00

I

CD
Cb

O

O
CQ

Cb Cb
CO 00
O O

I

CD
CD
00
Cg

O

I

LQ

LC

I

CD

LQ

O

O

O

I

t

I

Cb

O
Cb
00

LQ

I I I

LC
Ch 00

O O

I

aQ Ch
C4

O

O
0»

I I

CO
CD C5

O

I

00
LPI

I

O
LQ

l

O
O C

O O

I

Cb

CO

O

I

Cb

C5

I

00
LQ

O
O

I I

Ã
00

O O

Cg
I

O



THEORE TI CA L X-RAY TRANSITION PROBABILITIES FOR. . .

I

Z= I sp

~3
~ IO
0

~ 10

~ 10—

Lg
Lp

I
I

I

t I

I

I I
I I

I
I

I

I

I
I

Iit
I

I

I

I

I

I

I

I
I
I I

Kap f IQQ
Kot E (keg )

til~
Ng

I
lt
It

I

II
IN5

I )A
I

Mt) tt II

I

I

I
II 'll
I) ) tt

I

) tt
I I I J I

I IO~, ~, 120
KpI K@2

lp

I

lPO -I
ILI

lpo
I

I

0 2 I

I

I

o
I

lp
I
I

lp
I
I'

lp
240

L~

I

I

I
I
I

( keV)

Mp

I

I

t

I IN
M4 it%

M II IIN5
N

»I
I

tt
tl
It
I

t

I

I

I

M~

I

I

I

I

I

I

I I

I I

I I

I

I

280 500

O'IG. 2. Transition rate vs E histogram for Z =92.
Magnetic contribution to transition rate is drawn as solid
line; the remaining contribution is drawn as dashed line.
Multipoles calculated are given in Table III.

higher Z. Furthermore, it is not to be expected
that ionization of shells outside the shells involved
in the transition mill much affect the rate. As the
work of Watson and Rasmussen'7 showed, the E
x-ray energies were hardly affected by extensive
ionization in fission fragments, and by the same
token removal of outer-shell electrons will not
much affect inner-shell wave functions.

III. NUMERICAL RESULTS

Table I gives a comparison between transition
rates for 8= 92 and 126 calculated by Bhalla, by

Z= ll2

FIG. 4. Same as Fig. 2 for Z =130.

Scofield, by Lu, Malik, and Carlson, and by our-
selves. The units used throughout are atomic
rate units (1 a.u. =4.132X10"sec '). In all cases,
these four agree within a few percent.

One mould like to compare these calculated
transition rates with experimental quantities. Of
course, this is at present impossible with the
superheavy elements. However, it is possible to
make comparisons with experimental data for the
lighter elements. Scofield has compared the total
E emission rates with experimental quantities for
10 elements between Z= j.6 and 79, and the agree-
ment appeared to be within the experimental un-
certainties. Dittner and Bemis' have compared
the relative intensities of some K x rays with Lu,
Malik, and Carlson's calculations for Z=96-99,
and there too, the results agreed with theory.
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Ratios between various line intensities may also
be compared, as is done for various Rand J tran-
sitions in Table II. Even here, the agreement is
fairly good, though some of the L ratios are off
by as much as 20%.

Figure 1 is a plot of the transition rate versus
Z for K-L, and K L, (i.e-. , Ka, and Ka, ) transi-
tions and compares our calculations with Lu,
Malik, and Carlson's (the two curves cannot be
resolved on the plot}. Also plotted are our calcu-
lations made using analytical one-electron Dirac
wave functions found in Ref. 12 [assuming a point
nucleus, no screening, and using Eq. (5)j. Note
the sharply decreasing behavior of the transition
rates calculated with analytical Dirac wave func-
tions as Zapproaches 137, and those calculated
with DHF wave functions as Zapproaches 170.
(Mann reports that the K binding energy falls into
the positron sea at Z =172.") This behavior can
be explained in the foll(+ring way: As one approaches
a stronger central field, the 1swave function is pulted
in closer and closer toward the nuclear center, while
the J and M shell wave functions are not pulled in
as fast. This means that the overlap between the
E and outer-shell wave functions will begin to de-
crease, as will the integral over the overlap and
spherical Bessel function, and hence the transi-
tion rate. [This was suggested to us by B. Miiller,
Universitgt Frankfurt/M (private communication). ]
Indeed, if one examines the integrals over the ap-
propriate spherical Bessel functions in Eq. (5}, it
is evident that this is exactly what is happening.

Many other transition rates show this same max-
imal behavior. Table III gives a summary of our
calculated radiative rates for filling vacancies in
the K,L „L„and J-, shells, and from this table,

Figs. 2-7 were drawn to illustrate the predicted
K x-ray spectra of these superheavy elements.
The two lowest multipolarities are taken into ac-
count, for at high Zthe electric dipole rates are
no longer predominant over other multipoles. We
have noted the occurrence of a maximum in the
E-L, and E-L, rates, but other transition rates
show an even more surprising behavior. For in-
stance, the M, to A transition reaches a maximum
at 130, decreases by two orders of magnitude,
then starts to rise again and keeps rising up to
Z=170. The N, to K transition does the same, as
do the M -L„N,-L,„M,-L,„N,-I. , and M, -L tran-
sitions.

IV. DISCUSSION

What is the explanation for this extreme varia-
tion of rates with ZP We can see that the rate
minima never occur for transitions for which the
major component of both the upper and lower
state lacks a radial node. Let us examine the de-
tails of contributions to the M, to K transition.
We have ascertained three particular aspects:
(a) that the entire quantity inside the large square
brackets in Eq. (5b) changes sign between Z=130
and Z= 150; (b) that if one computes the moments
of r, i.e. fG„G„r dr and fF„F,r dr, these two al-
so change signs between Z=130 and 150; finally,
(c) all of the results the unaffected if one uses
Eq. (6) instead of Eq. (5b). The difference in the
calculated transition rates are only a few tenths
of a percent at most, and reflects an instability
in the numerical integration more than anything
else.

The significance of (b) is that it is the integral
fG„G„.r dr that must be calculated to determine
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the dipole matrix element for the transition "non-
relativistically" i.e. , by taking the nonrelativistic
wave functions approximately as the major com-
ponent G„. Figure 8 shows a plot of 63@ ( G K vs

1/2r and indicates why this change of sign occurs. The
product has one node, a,nd as the 1s wave function
is pulled in closer and cl.oser to the nucleus at
higher Z, the area. under the positive lobe de-
creases with respect to that under the negative
lobe. The wave function G» has a, node as does'~3ya
the 3P,&, wave function, so it is fair to ask why
this same behavior does not occur there also.
Figure 9 shows why. The node occurs at a larger
value of r, where the G„wave function is much
smaller; hence, the negative lobe of the product
function is not as large as in the SP,&, case.

With these observations, it is not hard to see
why the entire quantity inside the large square
brackets in Eq. (5b) changes signs also, as one
goes from 8=130 to 150.

Lastly, it is interesting to speculate on the ex-
perimental observability of these transition rates
at high Z. It is unfortunate that the kinds of united
atom collisional radiation experiments that we
mentioned earlier do not yield discrete peaks in

x-ray spectra. Instead, one can only hope to ob-
serve a continuum extending from the x-ray peak
of the heavier atom do~vn to an end point which
would correspond to the KP,' transition energy"
of the united atom (UA). Previous experiments
have not been able to unfold radiative lifetimes

I'IG. 9. Same as Fig. 8 for the 3p3g& (M3) wave func-
tion.

out of UA x-ray yields, due mostly to the com-
plicated nature of the electron promotion processes
going on inside their targets, and a myriad of
other factors.

Vfe would hope ultimately that the peaking in the
total K transition rate might be reflected in the
yield and spectral shape curves as united atom K
x-ray studies are pushed from the present limit
of Z« = 70 of Meyerhof e~ 4."on up to Z« -140.

Qf course much more research is needed on rel-
ativistic two-center molecular orbitals and other
aspects of united atom x-ray production. It is
hoped that this paper will stimulate these kinds of
research.
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