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Rigorous lower-bound p -wave positron-hydrogen phase shifts are calculated below the positronium
pick-up threshold. The wave function is expanded in terms of the two linearly independent D functions
each multiplied by an associated Hylleraas-type radial function with two nonlinear parameters.
Calculations have been done employing up to a total of 168 linear parameters, so that convergence can
be examined and extrapolations in most cases performed to N = oo, In addition, adiabatic and
nonadiabatic corrections have been included. Results are found to be larger than Armstead’s in all
cases, near the upper edge of his estimated uncertainty. The calculation confirms as a byproduct that
there are no p -wave Feshbach resonances in this energy range.

I. CALCULATION

This is the second part of a program to calcu-
late definitive positron-hydrogen scattering phase
shifts below the positronium pickup threshold.
The s-wave scattering was calculated in Paper L,!
and those results showed some differences with
the older calculation of Schwartz,? which differ-
ences have been confirmed in at least four sub-
sequent calculations.?® In the present paper we
shall be concerned with the p-wave calculation.
Here there has been only one previous precision
calculation. We shall find here that there are no
disagreements with Armstead’s results.? Rather
we shall find, because of greater rigor of our
formulation and more extensive nature of our
correlation function, greater precision in our
phase shifts, which are on the upper edge of
Armstead’s estimated range of likely final re-
sults.

The formulation starts with the e* + H p-wave
function

v =1i§rIL)- YlO(Ql)(po(rg) + Qq’(;]_, ‘1:2) y (1.1)

where u(7,) is the positron scattered orbital,
¢,(7;) is the ground state of the electron in the
target hydrogen atom, and ¢ is a correlation
function that can be written®

@ =f,cos(3 6,,)0* (F) +/, sin (36,.)0: (). (1.2)

The f; are taken of the Hylleraas type with two
nonlinear parameters:

fi=e~Giri* Yirz) Z Z Z ) rirryl,. (L3)
1=1 m=0 n=0
The f; are linearly independent because the posi-
tron (F,) and the electron (T,) are distinguishable,
thus the radial function contains a total of four

nonlinear parameters. The 3 are the symmetric
Euler angles and the D’s the rotational harmonics
that carry the total angular momentum (p-wave)
and parity (odd) dependence of the total wave func-
tion.®

The optical-potential formalism® is used to de-
rive an equation for u(r) (rydberg units are used
throughout):

@ 3
(d—rz_;i-vo,-v”-pk’)u(‘r):O, (1.4)

wherein v, is the Hartree potential
V= 2272 (1+77Y), (1.5)

and V,, is the optical potential which is a nonlocal
potential

2N
_ E (Y,,(1)9,(2)PHQ®,) (2)\QHPY)
.U"Pu =r = E - g)\ :

(1.6)

This potential is seen to depend on the projec-
tion operators P and @, which project onto open
and closed parts of the wave function

P=9yr,) (o), (1.7a)
Q=1-P, (1.70)

The ®, and &, are the eigenfunctions and eigen-
values of QHQ problem in the truncated space of
the trial correlation function specified by Eqgs.
(1.2) and (1.3). Specifically, each function f; is
taken to depend on N parameters, where N=N(w;)
is taken in the Perkeris fashion” to include all
terms such that (l +m +n) < w,.

The QHQ problem is the variational eigenvalue
problem defined by

0(PQHQP) /(2QP) =0. (1.8)
For @ of Hylleraas form, the projection problem
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TABLE 1. Sample of nonlinear parameter search to maximize 1 for #=0.2 and £=0.7.
k=0.2 k=0.7
2N W 71 6y Y 6, n Y1 &4 Y2 6, n
8 2 0.51 0.84 0.75 0.52 0.021 946 0.675 0.75 0.675 0.75 0.089 36
0.357 0.84 0.75  0.312 0.027782  0.4725  0.90 0.81 0.75 0.10341
20 3 0.357 0.84 0.75  0.312 0.030317  0.4725  0.90 0.81 0.75 0.15161
0.4641 0.84 0.75  0.3744 0.030638  0.52 0.825 0.81 0.825 0.15296
40 4 0.46 0.8 0.75  0.37 0.031698  0.52 0.825 0.81 0.825 0.170453
0.506 0.8 0.75 0.37 0.031726 0.468 0.825 0.81 0.825 0.170 276
0.506 0.8 0.75  0.407 0.031843  0.559 0.825 0.81 0.825 0.170 459
0.552 0.8 0.75  0.444 0.031951  0.559 0.9075  0.81 0.825 0.170 147
0.598 0.8 0.75  0.444 0.031945  0.559 0.7425  0.81 0.825 0.170 508
0.506 0.8 0.75  0.444 0.031949  0.559 0.7425  0.81 0.9075  0.169 840
0.552 0.8 0.75  0.481 0.031968 0,559 0.7425  0.81 0.7425  0.170818
70 5  0.552 0.8 0.75  0.481 0.032296  0.559 0.7425  0.81 0.7425  0.17491
0.552 0.8 0.75  0.54 0.032332  0.60 0.7425  0.81 0.7425  0.17482
0.552 0.8 0.75  0.58 0.032311  0.65 0.7425 0.81 0.7425  0.17466
0.506 0.8 0.75 0.481 0.032 291 0.559 0.65 0.81 0.65 0.17505
0.506 0.8 0.75  0.444 0.032292  0.559 0.7425 0,70 0.7425  0,17487
112 6  0.552 0.8 0.75  0.54 0.032391  0.559 0.65 0.81 0.65 0.176 81
168 7  0.552 0.8 0.75  0.54 0.032 51 0.559 0.65 0.81 0.65 0.17772
has been solved previously,® and when these eigen- out in a manner completely parallel to Ref. 1. Re-
solutions are used in U,, the phase shifts 7 coming sults are given in Sec. II.
from the asymptotic form of «,
lim u(r,) =sin(kr, - (1) +7) (1.9) Il RESULTS
e Calculations were done first to find whether any
are guaranteed to be lower bounds,® providing the &, lay below the positronium pickup threshold at
total E, E=-0.5 Ry. No such eigenvalues were found,
Eeelsl? 1.10) which indicates, as in the s-wave case,! that no
=TAEE (L. p-wave Feshbach resonances exist below the pick-
is less than the lowest possible &, eigenvalue of up threshold.
Eq. (1.8). Thereafter, we solved the scattering equation
Calculations of Eqs. (1.8) and (1.4) were carried (iteratively as in Ref. 1) as a function of the non-
TABLE II. Optimized n and extrapolation.
Phase shifts Extrapolation?
K/2N(w) 8(2) 20(3) 40(4) 70(5) 112(6) 168(7) w=5 w=6 w="17 Armstead®
0.1 0.00761 0.00804 0.00826 0.00859 0.00876 0.0078  0.00902 0.008
0.0076  0.00891 0.009(1)
0.2 0.02778 0.03064 0.03197 0.03233 0.03239 0.03251 0.03256 0.03241 0.032
0.03247 0.03240 0.033(1)
0.3 0.05256  0.06135 0.06403 0.06474 0.06531 0.06556 0.06518 0.07084 0.06585 0.064
0.06500 0.06752 0.06576 0.065(1)
0.4 0.07437 0.09227 0.09751 0.09883 0.09961 0.10005 0.09957 0.10177 0.10104 0.099
0.09927 0.10075 0.10065 0.102(1)
0.5 0.08984 0.11799 0.12731 0.12921 0.13010 0.13027 0.13002 0.13145 0.13033 0.130
0.12969 0.13092 0.13031 0.132(1)
0.6 0.09875 0.13695 0.14981 0.15294 0.15357 0.15410 0.15464 0.15382 0.153
0.15395 0.15373 0.156(2)
0.7 0.10341 0.15296 0.17082 0.17505 0.17681 0.17772 0.17725 0.17883 0.17923 0.175

0.17636 0.17807 0.17868 0.178(3)

2Upper entry based on (2.1a) and lower on (2.1b).
bUpper entry is his actual results and lower entry his estimate of converged result with uncertainty in last figure
given in parenthesis (Ref. 4).



linear parameters to maximize the phase shifts.

Table I gives a sample of such results. For the
lower w a full search in the nonlinear parameter
space was made, However, this was much too
time consuming for larger w and a selective
search was continued thereafter, in which those
parameters that seemed to have the least effect
on the phase shifts were frozen.

The lowest results for all 2 as a function of N
are given in Table II. On the right of the table
we give the extrapolated values using the two ex-
trapolation formulas derived from 1,-7,-, =cw™®
and n,-7,-,=C¢a®, respectively:

1=t _ Loy ?
T’exlrap=nu+c(p_1) '™ -z cw

+HCcw PTo(w™PT2), (2.1a)
Nextrap =M=y +C'a”(1 —a)™t. (2.1b)

When the differences do not get smaller or get
smaller slowly, one cannot make sensible extrap-
olations. Such cases have been omitted in the
extrapolation part of the table. Of those that re-
main, the agreement between the various results,
associated with the largest w that was included in
Eq. (2.1), is not always good. This indicates that
the w =5 results are certainly insufficient for ex-
trapolation purposes.

Another source of difficulty in the extrapolation
process is the fact that the long-range polariza-
tion effects are not well included in a Hylleraas-
type correlation function. As in Ref. 1 these can
be added in an approximate way by seeing where
the phase shift as a function of , for large 7, no
longer augments itself as it should, due to these
long-range potentials. In the present case, we
have included both the dipole adiabatic'® (a =% is
the polarizability of H)

ang=2 f {ler L4, (ker) cosn(r,) = m, (fer) sinn(r )]} 2

ar
o rt
(2.2)
and the quadrupole adiabatic plus nonadiabatic terms*!
an, -89/
k
x‘[ﬂ { #er [, (k) cosn(ry) -:,(k"‘) sinn(rp)]}? o
7 ’
0
(2.3)
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TABLE III. Final results (p-wave phase shifts in
radians).

k nextxapa Ay ang Ny
0.1  0.009 vee 0.0094°
0.2 0.0325 0.0013  —0.13x10"%  0.0338
0.3 0.0659 0.00070 —0.56x10"°  0.0665
0.4 0.1010 0.00061 —0.59x10"°  0.1016
0.5 0.1303 0.00059 —0.66x10"°  0.1309
0.6  0.1541  0.00061 —0.72x10"°  0.1547
0.7 0.1792  0.00073 —0.11x10"% 01799

2Confer, text for the manner in which these were ob-
tained for different k.
bComputed from formula (2.5).

where R has been extended to a large enough value
so that the integrals converge. 7, then is the value
of » where the phase shift coming directly from
the solution of (1.4) as a function of 7 no longer
augments itself as the sum of (2.2) and (2.3). In
practice we found 7,~ 15 for most of the values of
k, and R was taken to be 100 in all cases.

Final results are given in Table III. As in Ref.
1 we add the long-range corrections to the extrap-
olated values from Table II,

(2.4)

We have used the larger of the w="7 extrapolated
values from Table II in those cases where it is
given (£=0.3,0.4,0.5,0.7). For £=0.2,0.6 we

use the unextrapolated w="17 results For £=0.1
the polarization is so dominant that our results
are not more reliable (but consistent with) the
long-range-polarization formula of Spruch et al.'?

T =N extrap +An; +4A7,.

Tak?
-+ DERI+3) |-, .

tann, = (2.5)

The major uncertainty comes from the differ-
ences in extrapolated values, where they can be
made, or from the lack of reasonable extrapola-
tions elsewhere. In all cases these uncertainties
appear to us to be bounded by 0.0005 rad. Com-
pared to this, the uncertainties in An, and An,
are negligible., Thus we estimate our 7, to be
correct to this uncertainty (5x10 ™ rad) with a
slightly greater probability that our values lie on
the low side.
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