
PHYSICAL REVIE%' A VOLUME 9, NUMBER 5

Coupled equations for medium-energy scattering. I

Yukap Hahn~
Department of Physics, Nese Fork University, Ne~ Fork, Neav Fork 10003

and DePartment of Physics, University of Connecticut, Storrs, Connecticut 06268

(Received 16 November 1972; revised manuscript received 1 October 1973)

A simple set of coupled equations applicable for medium-energy scattering by composite
systems is derived. The scattering function is expanded in the basis functions such that the
average inelastic scattering channels simulate both adiabatic and impulse limits. Detailed
discussions are given on the construction of the basis functions by the sum-rule technique.
A procedure to solve the coupled set of equations by the t "reen's functions is presented, and
the evaluation of the amplitude using the angle-averaging method is outlined.

I. INTRODUCTION

The coupled-channel method (CCM) has been
used" widely in scattering problems of composite
systems, often yielding reliable amplitudes when-
ever a small number of channels dominate the
particular process. Sometimes, simple forms
of effective distortion potentials are also intro-
duced within the CCM scheme to simulate the
effect of those channels mhich are neglected. In
fact, some of the channels included in the CCM
need not correspond to any specific physical states,
and, among others, the pseudostate expansions' '
and effective-channel methods" have also been
considered. The CCM automatically takes into
account the nonlocal, energy-dependent, and ab-
sorptive characters of the process inherent in the
effective potentials' ' for the composite-system
scattering. Furthermore, iterative solutions of
the coupled equations describe the rescattering
effect in a very natural may.

Once a set of coupled equations is derived by
reducing the original multichannel, many-particle
scattering problem, the task of solving it is usually
a mell-defined and straightforward problem. How-
ever, such a reduction is by no means unique and
depends very much upon the may basis functions
are chosen. It is the purpose of this paper to de-
scribe an approach for the construction of a set
of equations mhich is reasonably simple to solve
and yet contains enough important features which
are needed to treat both lom- and high-energy col-
lisions. The essential part of the physics is put
in through careful choices of the basis functions,
mhile the relative importance of the various terms
will be decided optimally by the coupled equations
themselves.

For a scattering of incoming distinguishable
particles by a composite target, described by

H = T(R) +Hr(F) + V(F, R), (1.1)

the scattering function is often expanded in terms
of the undistorted target functions [g„(r)J and the
resulting series truncated, as

= g g„(F)u„(R),

Hr(F)g„(r) =Er„g„(F) .

4 = [g,(F) +y~, (r, R)]u,(R),
or its extensions

4 = [g,(F) + cy~, (r, R)]u,(R),
e = ii,(F)s,(R) +9,(F, R)~(R),

where y~&(F, R) is determined, e.g., from the
equation

(1.5)

(1 6)

[Hr(r) &r.] q i
= —QI'0.(F). —

In (1.7), we have used the projections

@=I-&, P= lq.(F))(i(.*(r')
I (1.8)

Incidentally, (1.5) and (1.6) give bounds on the re-
sulting amplitudes, while (1.4) does not, because
both c and u are to be varied OPtimallp for a given

In general, (I.I), which is the sum-rule
technique resulting from the second-order pertur-
bation theory, is a difficult equation to solve, and
various simpler versions are often used. In the
form (1.6), the ~ channel simulates all the Q-space
effect through a single function q~, The pseudo-
state method' ' is a direct generalization of (1.6),

%hen a large number of such states are involved
collectively, the truncated form (1.2) is not very
useful, and other approaches are needed. Thus,
at lorn energies, for example, the polarized-orbital
method'0 takes the form
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in which a set of basis functions jy„,j are pre-
determined (although this is not necessary at low
energies), from Hr or Hr+ V, and the scattering
function 4 is then expanded in the form

Noso+ Q 9'nt ~n ~ (1.9)
yf -1

Note that p„, in (1.9) need not necessarily cor-
respond to any physical channels. At low energies,
(1.9) has proven to be an extremely powerful way
of accurately solving many- particle scattering
problems. '"

As the scattering energy increases, other terms
in H become as important as H~, and the methods
described above are not very effective, as they
single out H~ or H~+ V as the dominant part of H
at low energies. In fact, , at extremely high en-
ergies, the operator T or T+ V plays a more
prominent role. For example, the Glauber ap-
proximation" on the scattering function

4 = e' o
'

g,(r)4 o = 4'o, (1.10)

where

s
4 ~

= exp —— V r, R' dZ ' A' = b'+ Z" ' '
(1.11)

has proven to be very effective in atomic" and
nuclear" problems. However, (1.10) has its draw-
backs; its validity breaks down either (a) at large
angles" (or momentum transfer), or (b) when the
effect of the target bindings becomes important.
As the scattering energy decreases, these dif-
ficulties become serious.

For medium-energy scatterings of interest
here, neither the forms such as (1.6) nor (1.10)
is satisfactory. Thus, for example, a slightly
different approach was discussed by Mittleman"
recently, in which 4 is written as

4 = g,(r)u, (R)+y(r)&u(R), (1.12)

where u„y, and ~ are all unknown functions to be
determined by a set of three coupled equations.
However, the resulting equations satisfied by these
functions are extremely complicated and nonlinear,
so that it is probably a hopeless job to solve them
with any reasonable accuracy. In view of the dis-
cussions given above, we propose here an alter-
nate expansion of 4, which incorporates both fea-
tures of (1.6} and (1.10) but avoids the complica-
tion of (1.12).

fl. COUPLED EQUATIONS

For the medium-energy scattering of interest
here, the forms (1.6}, (1.10), and {1.12) are not
suitable by themselves, but we can certainly com-
bine them with proper coefficient functions and

optimize them by solving the resulting coupled
equations. Thus, we write

4'(r, R) = g,(r)s, (R) +(p, (r, R)(u(R) + )t(r)y, (R, r),

where the basis functions $0(r), y, , and y, are
assumed known, while u„~, and y are to be ob-
tained from a set of three coupled equations. As
in (1.6) and (1.10), y, will describe the adiabatic
component of 4' and y& is for the impulse part.
Presumably, at low energies, the cu "channel"'
will dominate while at high energies the y, "chan-
nel" will be more important. In fact, the form
(2.1) with y, =0 would be a significant improvement
over (1.10), especially at large angles, and de-
serves further study.

The basis functions may be obtained in a variety
of ways. Here, as with (1.7), we apply the per-
turbative sum-rule technique and write, for ex-
ample,

(a, -E„g,(r, R) = —qvy, (r) (2.2)

for the low-energy part of the contribution in 4,
and"

(~- &„')yt(R, r) = —(V-&V&R)e' "
for the high-energy part of 4 . In (2.3), we have
introduced

(V)R —= dR V(r, R}e'~', q =K, —Kf

where K, is the initial particle momentum and K&

the final state momentum. ISee Appendix A for
an alternative to (2.3).j In the extreme-high-en-
ergy limit, (2.3) is what one would obtain in the
impulse approximation of the Glauber type. " The
additional term in (2.3), which is proportional to
(V)„, is included to minimize the double counting
of the effect of V in the u, term. The property of
(2.2) and (2.3) will be discussed in more detail
in Sec. III, but we should stress the fact that they
are very convenient but not a unique choice. Ob-
viously, by construction, (2.1) will go over to the
forms appropriate at low- and at high-energy
limits, and thus it is reasonable to expect that the
medium-energy scattering may also be treated
effectively by (2.1), if and only if the coupled equa. —

tions a.re solved to determine the coefficient func-
tions.

Substitution of (2.1) into the scattering equations
and operating with

in the usual way, we obtain the following set of
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V ~= dr/* r){H-E, r, R)

dr,* r Vy, (r, R, (2.7b)

V„g= dr/* r (H-E y r y, (B, r (2.7c)

In (2.7b), we used the fact that y, is in the Q space
orthogonal to P„and V,„ in (2.7c) is essentially
an integral operator on the unknown function X.
(The function y could be obtained under the con-
straint that it is also in the Q space, orthogona. l
to q„ in a simpler case when y, is taken to be
independent of the r variable. But, we do not
consider this possibility here. )

The equation satisfied by e is similar to (2.6)
but more involved because of the R dependence
of p, (r, R). Although y, is uniquely given, e.g. ,

by (2,2) so that its normalization is not arbitrary,
the fact that y, is multiplied by an unknown coef-
ficient function co in (2.1}allows one to have

coupled equations for u„~, and g; noting the un-
usual variable change in the last integration, we
have firstly for eo,

(T +V„—E,')u, (R) = —Vo~&a) —V~ X,

where

V«= dr go'Vr, R -=V, .

(2.7a)
&o=&-&To

and, in the symbolic notation,

U = dR y, 'e ~V rR)/D, ,

cJ X:— g r) tgR e pg Hying

p-2 A

{v-,
,
xl' )day,'i;y, e "

i, =l

E„=E— dR e ~ (y,*Ty,)/D,

(2.11b)

First of all, in V«, the R dependence comes
both from y, and V, just as in the adiabatic formu-
lation of slow-collision processes. The J «
term also arises from the 8 dependence of y, and
may not be negligible in the medium- and high-
energy scattering, although it is generally negli-
gible at low energies. E'„depends on the R var-
iable, and, in the limit A -~, F.~ will approach
a constant avemge excitation energy of the target.
It is real for all 8 and approaches a value higher
than F. &o, since cp& is in the Q space. The V~„ is
an integral operator acting on X while y, is a
known function of both r and R variables.

Finally, we consider the equation satisfied by
It is in the r variable, where r =(r, ' r„) is

the internal-target variable for A particles.
Since y, is not normalizable in the usual sense,
we could introduce a, convergent factor e " in
(2.5) for the dR integration and may let y-0 at
the end. Thus,

[Hr(r) + U„„(r)+Z, „—E,] y(r) = —U„,u, —U, ~~,

{2.10)

where

for all values of R. That is, the normalized y, is
the same as the earlier one, with a function of the
R variable multiplied. Then, we have

(T +Vqq+ Jqq —E„)(u(R) = —V~ouo —V~„ l{',

(2.83

U„,—={,I {Jd{{y,{H, {8

x(T+ V E,')u, (R)/D', ~-', (2.11d)

(2.9a}
U„~(u =- dR y,*(R, r)e «" (H —E)y,(r, R)~/D„'~',

(2.11e)

+q(p = d 1 pg T(R)(pg, (2.9b)
{{„{~{= J&H e ""ly, l*. (2.11f)

E~(B)=F. — dry H~rp, =-g-g (R},

Vvo= dr@~ Vko= Vo~

Vyy X = dr% {&—E)XX~ .

(2.9c)

{2.9d)

Again U„o and U, ~ are integra, l operators acting
on uo and x, respectively. This came about, as
with Vo„and V~, because of the variable switch
betv:een r and R in the last term of (2.1). The
J~ term is expected to be small at high energies,
as J« in the low-energy limit, but may not be
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negligible as the scattering energy decreases.
The equations (2.6), (2.8), and (2.10) are the

desired set of coupled equations. The analogy be-
tween the low- and high-energy parts is obvious.
The equations are linear in the three unknown

functions Qp (d and X so that their solution can
be obtained without the complexity and instability
arising from the nonlinearity. Instead of formally
solving this set of equations and uncoupling them
to obtain an effective interaction in the elastic
channel, for example, we briefly consider several
simpler cases of the present formalism.

(i} The expansion (2.1) is the most general form
involving three-term expansion. To simplify the
calculation, y, and y, may be replaced by y, (r)
and y, (R), respectively, so that the dependence
on the parametric variables is absent. This re-
duces (2.2) and (2.3) such that the inhomogeneous
terms have to be zero. The resulting expansion
of 4' is

S~ N

v= V(V)v()()+Pv (v) .()()+g v, ( )vv(H),

the target system, so that it is not reasonable to
ask for its exact solution. For A ~ 2, we are
forced again to introduce approximations. We
simply mention the possibility of solving the X

equation by a variationa/ procedure. In that case,
we have a variational iteration procedure, in
which up and ~ are treated as they are in (2.6}
and (2.8), but y is solved variationally in an itera-
tive way.

Secondly, we should also consider the case of in-
elastic, exchange and rearrangement collisions.
Unlike a formulation of the theory in which H is
modified in some approximate ways, we have
formulated the problem in terms of the wave-
function construction. Therefore, it is almost
trivial to modify (2.1) such that the above compli-
cations can be taken into account; i.e., we simply
include the proper symmetrization and additional
terms in 4, without changing the basic structure
of 42.1). The problems of overcompleteness and

nonorthogonality present no difficulties, "as they
have been fully discussed earlier.

(2.12}

where we have added more than one term of each
kind, resulting in N +%8+1 coupled equations,
and where y,„may be determined from Hr + U(r},
e.g. , and y, () by T+V(H). U and V are some rea-
sonably chosen distortion potentials. The form
(2.12} is a direct generalization of the pseudostate
expansion, in which the last sum is added.

(ii) We can mix in the features of (2.12}with
(2.1) and write, e.g. ,

Na

4 = ({),u, + y, (r, R)(u(R) + Q y (r)y, ()(R), (2.13a)

)1 =(}),uo+ Py«{r) ((R()}+y(r)y,(R, r). (2.13b)

III. BASIS FUNCTIONS

We return to (2.2) and (2.3), and consider in
more detail various approximations which may be
introduced to evaluate the basis functions cp, and

y, which appear in (2.1). As stressed earlier,
the forms (2.2) and (2.3) are not necessarily the
optimum choice, but are simple because the right-
hand sides are taken to be the known functions
obtained from the lowest-order perturbation theory.
%'e can illustrate the approximations involved by
studying the original effective potential in the
elastic channel. Following Feshbach, ' we have
the effective potential for the elastic scattering
given by

(3.1}

(2.14a)

(iii) Even simpler approaches are to directly
extend the low- or high-energy techniques toward
the medium-energy region using

4( = (}),u, + h(r, (R)u) (R)

G = [@ +Hi eH) Q] (3 2)

Obviously, for a simple form of G~, the elastic
amplitude can be calculated rather trivially. Thus,
the problem is to evaluate G~. %e will show that
(2.2} and (2.3) are in fact simple approximations
to G~ in the respective limits.

+ = y,u, + yc,r)y, {R,r) . (2.14b)
A. Adiabatic function y, {r;R)

For medium energy, slow collisions, ps in the
ion-atom scattering, (2.14a) should still be a rea-
sonable form, while (2.14b) should be better for
lighter-particle scattering such as in the electron-
atom collision.

%'e add two remarks concerning the coupled
equations formulated above. Firstly, we note
that the X equation is still an A-body problem of

Explicitly, (2.2) is

(Hr —Er,)y, (r, R) = —(V-(V) ,}({,(r}, -

(v); fd )v, (*v(,=)()=-v„.

Equation (3.3) may be formally solved as

(3.3)
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Cp«,', -0,

with

G: =[@E,.-H, )ej-'.
On the other hand, from (3.1), we see that the
adiabatic expansion"

G'= Gc+ Ge(T+ V -E,')Go+ ~ ~ ~ (3.5)

(3.6)

provides (3.4) as the lowest-order term in which
the motion of the projectile is neglected. The sum-
rule technique then asserts that, to evaluate y, ,
we do not use Gro in (3.4) but simply solve (3.3)
directly for q, .

Equation (3.3) is still an A-body problem in the
external field provided by the stationary particle
at 8, and is a difficult equation to solve. In low-
energy applications, the partial-wave expansion
of q, is usually made, owing to the importance of
the long-rangd forces coming from the few low
partial waves, and then a few low-angular-mo-
mentum states are evaluated. " Such a procedure
may not be effective at higher energies, and we
consider here two simple alternatives. The first
possibility is to use the closure approximation and
set

Gr» = Q IQP»g[(Q&»„',
4gy 81

&(Ero Hr)-@4»8') '] ()(A»sl.

Incidentally, it is also of interest to point out that
one can obtain a finite set of y«(r, 8) by diagonal-
izing the matrix formed with H~+ V and trial func-
tions, which generates a set of molecular pseudo-
states. "

8. Impulse function y,

%bile the y, term takes care of the adiabatic
part of the collision, y, is specifically designed to
represent the high-energy component in 4 . Thus,
it is reasonable to solve (2.3) in the high-energy
impact-parameter representation. As in (2.2),
the term (V)g in the right-hand side of (2.3) is in-
cluded to minimize the double counting of the ef-
fect of Vinuo, although this problem will be elim-
inated automatically when the coupled equations
for u„~, and X are solved. In the high-energy
limit, the projectile assumes nearly straight-line
trajectory and we may rewrite (2.3) in the cylin-
drical coordinates, with K along the 2 direction.
Then, with E,=E, =)f'K2/2M, we have

where the average energy Ez may be calculable
by studying the target system alone. Equation
(3.'I) may be a reasonable approximation if many

Q states contribute collectively.
Note that in the approximation (3.'7), the factor

(Er, —Zr) ' may be dropped since such a factor,
and the normalization of q, at each fixed 8, can
always be absorbed into an u~own function ~.
Therefore, the form (3.7) has the additional fea-
ture that q, is obtained very trivially without un-
known parameters such as Z~. In fact, the form'

where P4 satlsfes P(H —E)P%' = 0» was used
earlier in the estimate of Z~ itself.

The second and more ambitious approach on y,
is to set up a variational calculation using a func-
tional

[4] =- 2(Q(()„V(t),)+(Qrp, (Hr -Er,)gy, ), (3.8)

where [J] is negative definite. Note that (3.8) is
slightly different from a variational estimate on

G~, as

g.(g R') =(E'+f~ -T)-'=- - - e'ra~~-7'~
4v R-R'

or
2Mb(b -6');K,i, , i,g, (3.10)

g e(») — (~/ff )e(KO '(R-R') 8(gj gj») 8(+ +»)

The convergence factor e ~" is included in (3.9)
(with y-0 at the end of the integrations). As ex-
pected, ' the (V)j( term in (3.9}subtracts out from
g, that part of the state which is proportional to
e'Kx', as (2.4) shows that (V}R is in general mo-
mentum-transfer dependent. %'ith the eikonal ap-
proximation (3.10), however, we may set q =0 in
(V}y. (For scatterings at large angles, with q g0,
the original exact g, may be kept without the
straight-line approximation. )

The connection between g, and Go in (3.1) can be
seen from the series

G' =Qg.Q+gA(Hr+ V-Er.)Qg, +" . (3»)
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Thus, y, of (2.3) completely neglects the target
structure, but includes the interaction V to first
order, with the target particles fixed at r = (r„r„
. . . , r„). This is precisely the scattering picture
represented by the Glauber approximation, "espe-
ciaOy when g', is inserted in y, for g, . Presum-
ably, (3.9) should give an improved amplitude at
large angles as g, contains the outgoing waves in
all directions. On the other hand, the role of

(V}R in (3.9) is yet to be clarified by more detailed
analyses. Somewhat different forms for the basis
function y, are studied in Appendix A. The pre-
vailing theme in the construction of the basis func-
tions is that, although they essentially determine
the goodness of the resulting amplitudes, their
form should be simple and compact. The form
(3.7) for ((i, is preferable in this respect and we
have for y,

tested explicitly, but we give in Appendix 8 the
leading correction to the Glauber amplitude com-
ing from the target-structure contribution.

IV. ELASTIC SCATTERING AMPLITUDE

g, (R, R') =(Eo+ie —T —V„) ', (4.2)

The elastic scattering amplitude is constructed
using the solution of the coupled equations derived
in Sec. II. We consider here several ways of
treating this problem, and, for definiteness,
choose the set generated by (2.14a), i.e.,

(T + V„-E,') u, (R) = —V,„(R)(u(R), (4.1a)

(T + V~~+J -E')(u(R) = —V, (R)u, (R) . (4.1b)

The formal solution is obtained in terms of the
Green's functions defined by

(V (V)» }ei Ko (( —
y (3.12) g (R, R') =(E +ie —T —V) ', (4.3)

as given in (A6), where the unknown parameter
which results from the closure approximation is
absorbed in the function X.

We have seen above that the basis functions y,
and y, are designed to represent the two extreme
physical pictures of the composite-system scat-
tering, and they assume the complementary role
in the wave function (2.1); the relative importance
of the two terms is determined automatically
through their coefficient functions ~ and X, when
the coupled equations are solved. In this way, the
main difficulty of formulating the medium-energy
scattering problem ean be treated without the prior
knowledge of the effectiveness of either term.

The above discussion does not preclude the pos-
sibility of employing the less ambitious forms
(2.14), which are simpler, but naturally less ef-
fective, than (2.1). Nevertheless, the resulting
amplitudes may be a significant improvement over
the form such as that given by (1.10}. The form
(2.14a), for example, gives rise to a formulation
which is very closely related to the effective-chan-
nel theory of Refs. 6 and 7 for the high-energy
nuclear reactions. As mentioned earlier, the ap-
proach with (2.14a) has the advantage that the theo-
ry is well-defined once the function y, is chosen.
The exchange effect, which is known to be negli-
gible at high energies„' may become important at
lower energies, and a simple symmetrization of
(2.14a) as

where

E„=-lim (E -E ),

and the homogeneous solution

(T + V„-E,) u~0 (R) = 0 .

We then have

and

(F)e+iKi ~ R —
q u(0}

—
~ (r )&+(Ky i( —

~ u(o}

Ki =—K

+,- =4, +~4,

iio =uO +go Va~(d,

u=g V u,
with the total wave function given by

4, = g, (r )u, (R)+(}},(r; R)(d(R),

where

((, =(V- V )(t,(r)/D", ,

Dy =&v'&; —(v}';
The exact elastic amplitude is

w, i = (c~, V4, )

=(c,, vc, )+(c,, vGvc, ),
where

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

C' =[()o(r ) u, (r,) +(p, (r, ra) ~(ro)]+ Q e, (Fo- r, )[. ] Note that the full Green's function Q can be writ-
ten" as

(3.13)
will be sufficient.

The effectiveness of (2.14b) has not yet been with

G=—(E+fe -H) '=G„~+Gpo+Go~+Goo, (4.12}
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G~e =[P(E +ie -H —VGoV)PJ ',
C~~ = t"~Z V@Cq~,

c~~ = c,~q vpc,~~,

Goo =[Q(E +is H -—VG V)Q] ',

(4.13)

(4.23)

The form (4.20) is simpler than the corresponding
eikonal (WKB-type) form and was shown to be
quite reliable. '0 Further simplification may be
made by defining the new variables

2- li2
s, = ~z -z'~, t, = b'+

G'=[P(E+ie -H)P]-'.
and set

ge (2v)-15(b bx}eixx (i~)xxg/ (4.24)

For the total wave function of the form (4.7), we
have

V'„= (4/, V()}),u, + i/), ~)}

= (u/&'), V„u, )+ (u~,'), V,„g,V„u'to))

+el ++el (4.14)

In (4.14), we have dropped all terms which involve
more than one go or g . This may be viewed as
an approximation in (4.9) for G of the type

GJJ, -PgoPe Goo= QgqQe Gi, o= Gee= 0.

(4.25}

where

OF

)i~ = [2E' -2V(t}]'/'=real

g = -(2w) '5(b-b' )e'" " '~/s

(4.26)

(4.27)

Thus, &„becomes

where the e axis is yet to be chosen. (Perhaps,
S =K, below. )

The amplitude Iz is the leading correction to
&„and may be evaluated using g~ of the form

(2)i) xeiK (t)xx /s ~geeQ

(4.15)

It is clear how the amplitude (4.14) could be im-
proved further if necessary.

We evaluate ufo in &g by two different ways.
Firstly, the usual eikonal approximation with the
straight-line trajectory gives"

dS ejq ' t jK)2'3~sc g t)

with

K, =
~ (Ki +K/) .

x Voq, (t -q s)Vxxo(t+2s}, (4.28)

(4.29}

, = e'"" eeXx —— V„fg'ld '),
j ~No

A slightly simpler procedure than that involved
in (4.28) is to go back to (4.1b) and consider a
modified form of the equation

and thus

r', = 2viX, 5 de (qh)(e'"&') -1)
0

where

x'xe)=-«' I x-xxx')e*',

q = Kj —K~.

(4.17)

(4.18}

(T+ V —E'„)ix)= -V~u~").

If we set

(d(H) =—e' '
e i)x/&$(H)

with K' = (2E' )'/ ' and

Vg' d'

(4.30)

(4.32)

The amplitude ~~i may also be evaluated using
the Green's function g, by first writing it in the
foFm

(4.19)

then 3(R) satisfies

[ T iK ~ VR+t(V/-E )K ~ &R+ T]s(H}

V ei(K)-):)'&ee(i/tr)x (4 33)$0

where
The simplest form for g, is given in the semiclas-
sical approximation"

&+jxl&' ye-jx/'7s (4.34)

g (R, R)= -(2)i) 'e'" &'&'/s (4.20) Neglecting the terms T, T, and V/TC', we obtain

where

8=H-R', 7=-, (H+R') (4.21)

g

d&e V ei(Ki-K) R'eix(s')/r
K'

and thus

(4.35)

(4.22) (4.36)
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where

egg. 'R' y &ix'It

ft (R) el qy RV el x/K
(4.31)

q( Kj Ki qf Kf K (q$ qf q) (4.38)

where g„ is given, for example, by the sum of
(4.17) and (4.36). A partial justification for (4.17),
rather than (4.20), may be that many soft colli-
sions do not require the transitions to the Q space,
while the Q-space effect requires double hard col-
lisions through Vp~ and V~.

Obviously, both (4.19), with (4.20), for W~ and
(4.28) for 7„each involve six-dimensional inte-
grations corresponding to ds and dt. However,
the integrations will also be greatly simplified if
we adopt the angle-averaging procedure developed
recently. " It involves essentially a replacement
of the angle-dependent term t ~ s in V~(R) V00(R')
and in V, ~(R)V~(R') by

t ~ s-e, ts, (4.40)

where

a, =l/v3 or o, =(I/v3 )(1 —q/2E) .
This procedure works for all. forms of' the poten-
tials and has been shown recently" to work quite
well for the range of q values much larger than
that for the Cflauber approximation. Except for a
Gaussian form of the potential, an approximation
such as (4.40) is unavoidable for the evaluation of
the amplitude integrals. We will follow this in
our applications.

Finally, we note that the separation of the elastic
scattering amplitude into three parts, as we have
done in (4. 14) and (4.19), would be very convenient
in determining the role of V~ and the y channel
separately. Apparently, this is not possible with
the Glauber approximation as outlined in Appendix
8, for example.

The differential elastic scattering cross section
is

(4.39)

particle, multichannel scattering problem to a
form manageable in practice. Important physical
effects known at both low- and high-energy scat-
terings are incorporated into the theory without
regard to their relative importance. The form
(2.1) should readily cover the entire range of
scattering energies, therefore.

The effect of exchanges and particle transfers
may be non-negligible at medium energies, and

(2.1) may be immediately generalized to such
cases." More detailed forms of qr, and y, , and
additional simplifications of the coupled equations
satisfied by leap

(d and & are more profitably dis-
cussed in connection with specific physical appli-
cations. A detailed application of the present
formalism in the form (4.1), (4.19), and (4.28) to
the medium-energy scattering of e and e' by
atomic hydrogen has been carried out and the re-
sult will be reported on as a sequel to this paper.
Preliminary studies are under way to apply the
formalism to the e He and p'H systems.

Notes addedin proof It has .been shown recently"
that the present formulation, in particular Eq.
(4.1) with (3.'I), is closely related to the optical
potential approach of Feshbach and Hufner' and
also to the multiple diffraction theory of Glauber. "
Simple procedures to systematically obtain cor-
rections to the amplitudes calculated by these
latter approaches have been developed. "
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APPENDIX A

= &p&p+XY) (Al)

We have emphasized in Secs. II and III that the
Eqs. (2.3) and (3.9) for y, are by no means unique.
For high-energy seatterings, other possibilities
are available, and we consider a simple case here.
If we write the total scattering function as

V. DISCUSSION

The approach to medium-energy-scattering
by composite target has been discussed here as
a two-step procedure. Firstly, the basis functions

y, and y, are obtained along the line discussed in
Sec. III, or in some approximations of (2.2) and

(2.3). Then, the second step is to construct a set
of coupled equations and obtain its solution.

We have thus reduced the complicated many-

then, using the expansion (3.11), we have

where

g() QVP4'~ gp QVP4, ,

(r)eiKp R

(A2)

(A2) is certainly consistent with the first-order
perturbation theory and closely related to the
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low-energy analogy of (2.2) and (3.5). Writing
(A2) out explicitly as

rections; firstly, it was assumed that

(81)

qe= g, R, a') V- y-, 3y, r)e'" 'd ", A3)

and comparing with (Al}, we may identify im-
mediately

y(R, r)X= Q4 . (A4)

Thus we expect that y will be close to g, . The
main difference between (A4) and (3.9) is in the
subtraction terms„(V); and (V)(„respectively.
The resulting g and g, in the two cases will differ
markedly. From a physical point of view, (A4)
clearly separates out the incoherent part of the
scattering and thus gives a more direct connection
to the effective-potential treatments such as that
given in Refs. 6 and 7. On the other hand, (3.9)
follows more readily from the Glauber-type ap-
proximation in which the coherent and incoherent
components are mixed in 4, but the impulse pic-
ture stands out.

We also note that (AS) is closely related to the
form of rp, &u of (3.7) obtained in the closure ap-
proximation. This suggests that the simple form
(2.14a), combined with (S.V), may be quite ef-
fective in describing the medium-energy scatter-
ing, inspite of the fact that q, is essentially a
low-energy component of the total wave function.
In a similar way, we can approximate (AS} further
by introducing the closure approximation as

Q4 = j((R, r))t(r),

where

Br=Hr —Eo= Q(H—r —Eo)Q.

The subscript i denotes the initial state of the
system. The homogeneous solution of (82) with
the quasielastic boundary conditions and (81) is
given precisely by 4~, as"

—
y (r )ei Ko'a@ (84)

which becomes the more important source of
error at large momentum transfer. Certainly,
this problem can be treated by an improved method
of solution of the coupled equations of Sec. G,
taking into account the double and higher multiple
hmd collisions. A simple procedure using the
Green's functions in the semiclassical approxima-
tion has been considered recently. The second
correction to 4 c has to do with the way (1.10) in-
corporates the virtual excitation effect, i.e. , the
Q-space effect. It is clear that 4~ contains a
large portion of the ~ through the use of the
unprojected potential V(r, R), just as with (3.7)
and (A3), but the precise amount included has
never been estimated. In the following, we pre-
sent a simple discussion of 4 ~ and derive a leading
correction to the Qlauber amplitude, still assuming
(81).

From (1.1) and (2.7a), we have

(T + V-Eo)4', = -8r4(i,

y(R, r) = (V —(V);)e'Ko' ~ . (A6) (f' + V -Eo)4 c, =—0 . (85)

In (A5), the average energy involved has already
been absorbed in X(r), which is yet to be deter-
mined from the coupled equations. Obviously, the
form (A6) is simpler and more closely related to
(3.7) than (A3). On the other hand, (AS) with go~i~

suggests another form for y, as

Formally„we can then write the solution

4, =4'~, +GB~4'g),

G = (E+i~ -H)-'.

(86}

(87)

y e 0 expiKO' R

Ko
(v-v..(e }-( . (~v(

The elastic amplitude is given by the two-potential
formula as

f;i = (4(~, V4 ci ) + (4' cy, 8 r4 )

APPENMX 8

The coupled-equation approach to medium-en-
ergy scattering, as formulated in Secs. II and

III, is designed to improve on the simple Glauber
theory for the high-energy small-angle scatterings.
%e consider here an alternate perturbative pro-
cedure, which also clarifies the contents of the
Qlauber approximation. Thus, possible improve-
ments on the approximate wave function 4 ~ given
by (1.10) requires essentially two types of cor-

where

= (4I, V4(e;) +(4c~, Br4vc;)

+(4' Br~Br4ci»

g (r)e( Ky'a

(88)

The first term in (88) is the usual Glauber ampli-

tudee

C,', = (e„V4„.),
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while the leading correction term is given by the
second term

+e) (@cf) r+6)) ' (810)

In (810), )I a~ satisfies the same equation (85) for
4«, and assumes the form similar to (84). This
is the desired result. Note that the operator B~
in (810) acts essentially like a potential, because
of the property (83). Thus, (Hr —F.,)4 «decays
for large g like the potential V, so that the inte-
grals involved in (810) are finite. In the case of
Coulomb interactions, as in the electron-atom
collisions, V is singular at r, =5, and H r acting
on 4 ~ may introduce unphysical singularities in
(810). However, we expect that the dominant
physical contribution to (810) should come from

the region of large r, and small 8, Thus, such
singularities are not important in so far as the
estimate of C~«~ is concerned; me may avoid such
singularities by, for example, introducing a cut-
off in V which appears in 4 ~, as

Z~g 8y C

+ Q - — (a&0).ft+a, ir, -It
i

+a

(811)

Other ways of dealing with this problem are also
possible. " The modifications such as (811) may
sometimes also be required for &p of (3.7}and y
of (A6}.

~Supported in part by the U. S. Army Research Office,
Durham, Grant No. DA-ARO-D-31-124-72-G92 and by
the Office of Naval Research, Grant No. N00014-67-A-
0467-0007, and by the National Science Foundation,
Grant No. GU-3186.

P. G. 8 k dK. S ith, R . Mod. Phy . 34, 464
(1962).

2G. R. Satchler, I ectures in Theoretical, Physics (Uni-
versity of Colorado Press, Boulder, Colo. , 1966),
Vol. 8C.

3J. F. Perkins, Phys. Rev. 173, 164 (1968).
4P. G. Burke, D. F. Gallaher, and S. Geltm~n, J. Phys.

B 2, 1142 (1969).
~Y. Hahn, Phys. Rev. A 5, 309 (1972).
H. Feshbach and J. Hufner, Ann. Phys. (N. Y.) 56, 268
{1970);H. Feshbach, A. Gal, and J. Hufner, Qe*d. 66,
20 (1971).

TY. Hahn and D. Rule (to be published).
H. Feshbach, Ann. Phys. (N. Y.) 5, 357 (1958); 19, 287
(1962).

9K. M. Watson, in CoI/ision Theory, edited by M. L.
Goldberger and K. M. Watson (Wiley, New York, 1964},
Chap. 11.

«OA. Temkin, Phys. Rev. 107, 1004 (1957); R. J. Drach-
man, Phys. Rev. 173, 190 {1968).
We note that the variational-bounds formulation utilizes
the trial function exactly of the type {1.9), but the
theory was originally formulated in a slightly different
way. See Y. Hahn and L. Spruch, Phys, Rev. 153, 1159
{1967).

R. J. Glauber, I.ectures in Theoretica/ Physics {Inter-
science, New York, 1959), Vol. 1, p. 315~

See, for example, H. Tai, R. H. Bassel, E. Gerjuoy,
and V. Franco, Phys. Rev. A 1, 1819 (1970)„C.J.
Joachain and M. H. Mittleman, Phys. Rev. A 4, 1492
(1971); J. C, Y. Chen, C. J. Joachain, and K. M. Wat-
son, ibid. A 5, 2460 (1972).

«4Applications to nuclear problems usually employ the
form in which two-body amplitudes appear in the total
amplitude, rather than two-body potentials. See, for
example, %. Czyz, in Advances in Nuclear Physics,
edited by M. Baranger and E. Vogt (Plenum, New York,
1971), Vol. 4.

«~Y. Hahn, Phys. Rev. 184, 1022 {1969};Phys. Rev. C 2,
775 (1970); Nucl. Phys. A 132, 353 (1969); Phys. Rev.
C 8, 1672 (1973).

«6M. H. Mittleman, Phys. Rev. A 6, 879 (1972).
'~Y. Hahn, Phys. Lett. 308, 595 (1969); Phys. Rev. C 3,

1432 (1971).
SC. J. Kleinman, Y. Hahn, and L. Spruch, Phys. Rev,
165, 53 {1968).

'9Y. Hahn and K. M. Watson (unpublished).
20Y. Hahn and K. M. Watson, Phys. Lett. 8 45, 304

(1973).
'Y. Hahn (unpublished}.
The present derivation does not require the explicit
use of the closure approximation, as has been done,
for example, in L. L. Foldy and J. D. Walecka, Ann.
Phys, {N.Y.) 54, 447 (1969).

23J. F.Reading, Phys. Rev. A 1, 1642 (1970).


