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The significance of retardation effects in photon emissions and absorptions is emphasized in
the calculation of self-energy. It is explicitly demonstrated that inclusion of such effects
leads to a finite answer for the shifts of atomic energy levels in a nonrelativistic theory with-
out cutoff. Ambiguities that exist in the mass renormalization in the nonrelativistic approach
are pointed out. Such ambiguities vanish from the relativistic theory. Explicit calculation is
carried out in the case of hydrogen by utilizing the Coulomb Green’s function. The advantage
of the present approach in calculating self-energy shift in high-Z hydrogenic ions is suggested.

I. INTRODUCTION

It is well known that Bethe’s original calculation
of the Lamb shift,! which introduces a photon ener-
gy cutoff at the electron mass, gives surprisingly
close agreement with the experimental value. With-
out the cutoff, Bethe's result would be logarith-
mically divergent. In addition to being nonrela-
tivistic, Bethe’s calculation neglects retardation
in the photon emission and absorption, an approx-
imation which has been argued to be accurate.?
While a correct treatment of electromagnetic ra-
diative correction must be based on a relativistic
formalism, it is interesting to note that finite val-
ue for the Lamb shift can be obtained from a non-
relativistic calculation without an ultraviolet pho-
ton cutoff, but including all multipole interactions.?
In such a calculation, there exist ambiguities in
the correct mass renormalization counterterm,
which can only be properly treated by considering
the nonrelativistic model as a suitable limit of a
relativistic theory, where such ambiguities are
absent. However, the ambiguities do not affect the
convergence of the result.

ent case, the crossed forward scattering ampli-
tude can be calculated exactly, and the necessary
integral over photon momentum can easily be car-
ried out numerically. In Sec. II we present and
derive the relevant formula for energy shift and
the Compton amplitude. In Sec. III we discuss the
reason for the convergence of the Lamb shift, the
renormalization prescription, and the ambiguities
thereof. In Sec. IV we give some numerical re-
sults for hydrogen. These results are not espe-
cially useful for hydrogen, where very accurate
results from a relativistic theory including re-
tardation are available. However, our technique
may be more useful for hydrogenic ions of high Z,
where retardation corrections may be substantial,
and there are not equally accurate calculations
available.

II. FORMULATION

In this section we derive the relation between
the self-energy shift and the on-skell Compton
amplitude. The unrenormalized energy shift is
well known to be given by*

In this paper, we carry out a nonrelativistic cal- AE'™ =ReAM , (2.1)
culation including retardation, and show how and 2
why it leads to a finite Lamb shift. Our technique AM =2 f K, k)8, vy 2.2)
involves the relation between energy shift and a (2m)* 21 -ie€
part of the forward Compton scattering amplitude,
a relation known in particle physics.” In the pres- where
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and €,¢,T,, is the forward Compton scattering
amplitude for the scattering of a virtual photon
with three-momentum % and energy k,, and polar-
ization vector €, from an atom in state n. Using
ju(t) =e*a*j (0)e™*#a*, where H, is the atomic Ham-
iltonian

f dz:f dt a(t)
0 -0

-0

" - + o
Tk k) =5 3 |
m

Let us now examine the poles in &, in the integrand
in Eq. (2.2). The poles coming from the photon
propagator are determined by the Feynman pre-
scription (Fig. 1). The poles in the first term in
(2.4) are all below the real axis and those in the
second term are all above. Hence in each case,
we close the k, contour accordingly, as in Figs.

2 and 3, and pick up only the contribution from the
photon pole. Therefore, only Compton amplitude
of on mass-shell photons enters. These two terms
give equal contribution, and correspond to the
crossed Born term in the on-shell forward Comp-
ton amplitude. The (u - v) term also gives a fac-
tor of 2. Hence, after doing the k, integration, we
obtain

- -1 guu 3. 73 lk(y -
AM—-—-—(Zﬂ)af 2| k| Zj.d xd% e

(n]]u(x)lmMmlJu(Y)l”), (2.5)
E,-E,+|k|-ic

which is exactly what one gets from second-order
geg_turbation theory, according to the interaction
j*A.

However, in tane present work, we only evaluate
the scattering amplitude in (2.5) nonrelativistically
where a closed form exists and show how it leads
to a finite Lamb shift with mass renormalization.
Ambiguities that exist in the mass renormaliza-
tion counter term in nonrelativistic calculations

X >

X

FIG. 1. Equivalent pole distribution in the photon
propagator according to the Feynman contour.
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fmdt=f_:dt 6(-t),

and

e(z)_lf e

2m ) w-—ie€

Eq. (2.3) can be reduced to

1 1
E,—E,-Fky—i€ E,—E,+ky—ic

)etumo

(2.4)

r

are discussed in Sec. III.

In the nonrelat1v1st1c limit, g,,j,j, in Eq. (2.5)
is replaced by 7, ereMe/mPpp;, which just
comes from the interaction —(e/m)p* A taken to
second order. However, it is also well known that
in the nonrelativistic interaction Hamiltonian,
there is also the ¢?4%/2m term. This term gives
rise to the process in Fig. 4, whose matrix ele-
ment (n|(e?A%?/2m)|n) is independent of the wave
function of the particle. This graph is present in
both cases of bound and free electrons. The net
result is that it does not contribute to the energy
shift after mass renormalization. Thus in sub-
sequent discussions, we shall ignore this term.
Also, to bring out the dependence on the state in
question, we shall write W, in place of AM in Eq.
(2.5), and we have

1 -
W, =g [ ik Ldozm 0,k ), (2.6)

where X is the polarization mode, w =|k| is the
on-shell photon energy, and M, is the crossed for-
ward-Compton-scattering amplitude in the given
state n. M, can be written

M, (A, K, w) = (e2/m?)(n| €*+ § ™ GE*+ Pe~** | n),
(2.7)

where the dipole approximation is not used. In Eq.

X

XXX XX XX

FIG. 2. kj contour for first integrand in Eq. (2.4).
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(2.7, G=(E -H +i€)™! is the Coulomb Green’s function; it can be written, in the momentum representation

according to Schwinger,®

Glbas B ) = s X* () [ 077 75 U101 = /) X7, =B + (B4 XN 22+ X)L -0 /40] o

s 2 sinnT

where
T=\/X, (2.92)
X?=-2mQ,, (2.9Dp)
X=aZm, (2.9¢)
a=éfhic=e*=%, h=c=1, (2.94d)
Q,=E,+w+ie for the direct Born graph,
(2.9e)

Q,=E, - w+i€ for the crossed Born graph.
(2.91)

Note that the Q% in (2.6) is the solid angle. The i€
is inserted to prevent divergence at resonances.
A similar calculation of the Lamb shift using sim-
ilar techniques but without the inclusion of retarda-
tion has been carried out by Lieber.®

Since the photon momentum vector is to be aver-
aged over angles in the calculation of the Lamb

mas

(2.8)

r

shift, we are allowed to replace tensor terms such
as €;€; and k;k; in the scattering amplitude by

3¢+ €6;; and 3%5;; and for forward scattering €« €
=1. Thus, the summation over polarization modes
reduces to a factor of 2 after the above modifica-
tions are made; W, in Eq. (2.6) then becomes

2 -
W, =;f kdk (k) , (2.10)

where 97, is the scattering amplitude 9, with the
above modifications. The problem thus reduces

in part to the calculation of M,. Calculations utiliz-
ing Coulomb Green’s functions for Compton scat-
tering amplitudes have been carried out by Gavrila’
in the dipole approximation for the 1s hydrogenic
state, by Gavrila and Costescu,® with retardation,
on the same state, and also by Klarsfeld® in the
dipole approximation for general s states in hydro-
genic atoms. We have used techniques similar to
those used by Gavrila and Costescu to obtain 37123
and 9M,,. We find

=(X+B)2 +B2\ [(X +BP +F2)?

and

. -%a2a (4[(X2--Bz)+1’:e2]2 F(3;—-1—T,5—T;u)+lF(1;—2—T,4—T;u)
4-7)3-7)2-7) 2

37 > (2.11)

- -¥afa VuF(1;-1-7,3-7;u) 2[@+X*+k] F(1;-1-7,4-7;u) 5F(1;-2-7,4-7;u)

Mar =X+ P =2 |3 @1 “3 (X PP+ 2] G-1 6 Bon
. 16 K232 F(3;-1—T,5—T;u)+_l_F(1;—T,4—T,‘u) 1 F(;-2-7,2-7;u)|
(X +BF+F]Z 4-1)B-1)2~7) 12 BG-1) 12 a-n (
(2.12)
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FIG. 3. kj contour for second integrand in Eq. (2.4).

FIG. 4. Feynman diagram for process arising from

the e?42/2m term in the nonrelativistic interaction
Hamiltonian. The dashed line represents the photon.
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where
a =Bohr radius, (2.13)
B=ir, (2.14)
u=[(X - By +#*]/[(X +B +#*], (2.15)

and F(a;B,y;2) is the Gauss type of hypergeomet-
ric function.’®

The energy variable is contained exclusively in
the factors 7 and X. The k?* terms come strictly
from the higher multipoles. We therefore recover
the dipole form of the scattering amplitude by put-
ting #* equal to zero. However, by retaining the
k* term, we see that the integrand in (2.6) is now
less divergent, in fact, only logarithmically di-
vergent. More interesting is that the 2s and 2p
state have the same logarithmic divergence. We
shall see in the next section that by including re-
tardation, the leading divergence in the mass re-
normalization counter-term has identical logarith-
mic behavior.

IIIl. CONVERGENCE AND RENORMALIZATION

It is both interesting and instructive to see why
the nonrelativistic' Lamb shift including retarda-
tion is convergent. While this fact follows from
the asymptotic behavior of the integrands 5712, and
‘ﬁlz,, it can be seen more readily from Eq. (2.7).
We can write the Coulomb Green’s function as an
operator

G=(E-PP/2m-V-k)™. (3.1)
By a well-known identity
e ®XGe KX S [E oV k-G -KP/2m]| . (3.2)

The physical content of this is just that the inclu-
sion of retardation in the photon emission and ab-
sorption imposes momentum conservation be-
tween the photon and the electron, changing the
intermediate electron momentum to p - k. _From
the identity, we can see that for large k, M, be-
haves as 2m /k?, compared to the 1/k behavior of
the nonretarded integral. This is sufficient to
make the unrenormalized energy shift of each
state, such as 2s, only logarithmically divergent.
Furthermore, for degenerate states such as 2s
and 2p, the coefficient of the logarithmic diver-
gence are equal, as shown below, so that the
Lamb shift is convergent without renormalization.
However, the energy shift of an individual bound
state such as 1s, 2s, or 2p, which is logarith-
mically divergent, does require mass renormal-
ization to be finite. We consider how to carry out
that renormalization below.

It is worth noting that the extra convergence does
not appear to occur in a relativistic calculation in

which
G~E-a'p-Bfpm-V-k)!

and

e K XGe KX~ (E—q-P-pm-V-a-k-k)7!,
which still goes as 1/k for large k. The finiteness
of the relativistic Lamb shift occurs for other rea-
sons which we do not consider here.

In the relativistic theory of bound state energy
shift, mass renormalization is accomplished by
introducing a counter term dmyy into the Hamil-
tonian, and evaluating this term, together with the
usual second order shift, between the bound states
in question. The effect of the mass counter term
is to cause the propagator of a dressed particle
near the mass shell to differ by only a multiplica-
tive constant from that of a bare free particle.!
This can be accomplished in the relativistic theory
because the electron propagator depends only on
the Lorentz invariant combination #, and there-
fore once the electron is on the mass shell (#=m),
the propagator has no further dependence on the
momentum.

On the other hand, in the model we have been
using, in which the electron is treated nonrela-
tivistically and the photon relativistically, the
dressed propagator depends both on the energy E
and three-momentum squared p? of the particle.
Therefore, even when the particle is put on the
mass shell (E =p?/2m), the propagator retains a
complicated dependence on p. As a result, it is
impossible by a simple mass renormalization, to
make the propagator of a dressed particle agree
with that of a bare particle, for all momenta on
the mass shell.

It is possible, by a simple mass renormaliza-
tion as first carried out by Bethe,' to make the
dressed and bare propagator agree at small p.
When this is done in the model neglecting retarda-
tion, the dressed propagator still has a pole at
E =t*/2m, for all value of p>. On the other hand
when retardation is included, the pole of the
dressed propagator occurs at E =f ($?) where f(?)
is a complicated function which reduces to p?/2m
only for small p?. In order to make the dressed
propagator have a simple pole at E =p?/2m, when
retardation is included, it would be necessary to
add a counter-term with complicated dependence
on p*. This is equivalent to requiring that the self-
energy of a free particle should vanish identically,
and is not obviously justified. A more convincing
way to solve this problem would be to treat the
nonrelativistic model as a suitable limit of the
relativistic theory where the normalization pre-
scription is unambiguous. This we have not yet
done. What we do here is to adopt the simple
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mass renormalization prescription of Bethe, with
the mass renormalization parameter dm evaluated
so as to make the propagator, including the effect
of retardation, agree at small p?. It is not diffi-
cult to see that the result of this is to give dm by

4a  kdk

om =5 o R+RE/2m’

which is logarithmically rather than linearly di-
vergent. The counter term that must be added to
the Hamiltonian to give the proper mass renormal-
ization is

(0m/m)p?/2m

so that the correct energy shift is given by adding
this to W, given by Eq. (2.10). Now the asymptotic
behavior of the integral (k) in Eq. (2.6) can be
seen to be

- Z¢a’m
M, — ————
Zsk_»m 6k2
and
- Z%a®m
M, — - ———
™

from the properties of the Gaussian hypergeomet-
ric functions.® Thus,

-a’mZ? dk
W f 3n &

for 2s and 2p, where only the asymptotic contribu-
tion is written, i.e., the divergent contributions
are equal. On the other hand, the quantities

(6m /m)p?/2m for these states are also equal by
the virial theorem

(p?/2m), =-E,=s2*®m

for each state, and 6m/m is a number. The re-
normalized energy shift of either state, given by

O = a® _, (" kdk
W _;,[) kdkm“*'é?z ,fo k+R/2m
is now clearly finite because the asymptotic form
of the terms with 9N is equal but with opposite sign
to the 6m term.

Another consequence of these considerations is
that if we are interested only in the energy differ-
ence of the 2s and 2p states, it is unnecessary to
perform any mass renormalization, because this
will cancel between the two states anyway. This
is also true in the absence of retardation, but then
the energy difference is still logarithmically di-
vergent, while here it is finite.

If we instead adopt the prescription of adding a
momentum dependent contribution to the Hamil-
tonian in order to make AE =0 for a free particle,
we still obtain a finite result for W, but this re-
sult differs somewhat from the result with the sim-

TABLE I. Numerical integration for W,y — Wyj'.

Retarded calculation

Nonretarded calculation

k Integrand Lamb shift Integrand Lamb shift
0.1 -0.923 02(-2) -0.582 86(0) —0.92302(=2) —0.582 86(0)
0.5 0.97261(~1) 0.12149(1) 0.972 63(—1) 0.12152(1)
1.0 0.30352(-1) 0.406 99(2) 0.30354(-1) 0.40700(2)
5.0 0.814 63(-2) 0.13092(3) 0.814 87(-2) 0.13094(3)
1.0(1) 0.474 09(-2) 0.18079(3) 0.47440(-2) 0.18083(3)
5.0(1) 0.122 93(=2) 0.324 70(3) 0.12339(=2) 0.32500(3)
1.0(2) 0.66066(=3) 0.396 99(3) 0.66568(-3) 0.39768(3)

b 1.4(2) 0.484 92(-3) 0.433 82(3) 0.49013(=3) 0.434 85(3)
2.0(2) 0.34746(-3) 0.473 85(3) 0.352 86(~3) 0.47539(3)
5.0(2) 0.143 53(-3) 0.579 95(3) 0.14926(-3) 0.58424(3)
1.0(3) 0.710 92(—4) 0.661 06(3) 0.76907(—4) 0.67008(3)
5.0(3) 0.10979(—4) 0.832 38(3) 0.16051(—4) 0.87719(3)
1.04) 0.39447(-5) 0.88624(3) 0.81116(—5) 0.96857(3)

c 1.9(4) 0.122 41(-5) 0.91910(3) 0.43002(-5) 0.10539(4)
5.0(4) 0.11915(~6) 0.94050(3) 0.164 63(=5) 0.11836(4)
1.0(5) 0.13920(=7) 0.94419(3) 0.826 08(—6) 0.12770(4)
2.0(5) 0.106 84(—8) 0.944 93(3) 0.41411(—6) 0.13707(4)

d = s 0.9503(3)

3k is given in units of a/a. Integrand is k (M, — 1\712,) in units such that a/a=1. Lamb
shift is given in MHz. Numbers in parentheses indicate powers of 10 to be multiplied.

> Where ka ~1, i.e., where retardation starts to be significant.

¢ Where Bethe introduces his cutoff. Note that we recover the 1053.9 MHz in our nonre-

tarded calculation.

dEstimated by assuming integrand scales as 1/k?.
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ple mass renormalization. The details are given
in the Appendix. Numerical results are given in
Sec. IV.

IV. NUMERICAL RESULTS

In this section we present numerical results for
Wid and Wi - W2, where in the latter case, the
mass renormalization terms cancel because of
the virial theorem as shown in Sec. III. In order
to illustrate the effect of the inclusion of retarda-
tion, we give in Table I the value of the integrand
in Wie - W3 (apart from constant factors) as a
function of k as well as the would be value of
Wie =W in MHz, had there been an ultraviolet
photon cutoff at 2, under the column “Lamb shift,”
for both cases with and without retardation. The
numerical integration is done by trapezoidal rule
up to a cutoff about ten times the electron mass.
The contribution from frequencies higher than
this is estimated by assuming that the integrand
scales simply as 1/k%. The table illustrates where
retardation becomes significant and where contri-
bution to the energy shift is maximum, facts which
help explain why Bethe’s answer is so surprisingly
close to the actual value, as will be discussed in
the conclusion of this paper.

We note that with a cutoff at the electron mass
we do obtain in our nonretarded calculation W7
=1056.7 MHz, and W3 - W' =1053.9 MHz, which
is in close agreement with Bethe.! In the retarded
calculation, we obtain

W =931.1 MHz, Wi -Wg"=950.3 MHz .

In the Appendix, we discuss an alternative ap-
proach to treat the mass renormalization term.
There we obtain

Wir=1330 MHz, WiT-Wi'=996.6 MHz .

V. CONCLUSION

We have shown that the inclusion of higher multi-
pole effects in the calculation of the nonrelativistic
Lamb shift produces a finite answer for the energy
shift of the hydrogen bound states, without the in-
troduction of an ultraviolet cutoff as in the calcula-
tion of Bethe. The modification that is introduced
in the integrand of the integral over photon energy
by higher multipole effects become significant in
the range Zam < k<m, whereas the dominant con-
tribution of the nonrelativistic calculation to the
Lamb shift (the InZa term) comes from k&~ (Za)?m.
Therefore, it may be argued that the surprisingly
accurate agreement of Bethe’s answer with exper-
iment is a consequence of two facts. In the region
of maximum contribution, the integrand with and
without cutoff do not sensibly differ, and in the re-

gion where Bethe introduces a cutoff, the retarda-
tion effects produces an effective cutoff anyway.

Apart from whatever light our calculation may
shed on this point, we wish to emphasize that re-
tardation effects evidently play a sizable role in
the numerical value of the Lamb shift even in hy-
drogen, and would contribute much more signifi-
cantly in heavy hydrogenic ions, where Za~(Za)?
~1. In view of experimental interest in such ions,™
it would appear worthwhile to examine the contri-
bution of retardation effects there in details. Of
course, this must be done within a relativistic
theory, since (v/c)?~(Za)? also. It may, however,
be feasible to use the technique of the Coulomb
Green’s function in that case also,™ or at least to
carry out the low-frequency part of the calculation
in that way. We hope to return to that question
elsewhere.
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APPENDIX: ALTERNATIVE APPROACH
FOR MASS RENORMALIZATION

As discussed in Sec. III, a second alternative
for the mass renormalization counter term is mo-
mentum dependent and makes AE =0 for a free
particle. In such cases, the counterterm would
be given by

£ 2a PP f kdkd cos
" 737 2m2) B2/2m +k - pkcosb/m

(A1)

as compared to (p*/2m)dém /m, where

4o (~  kdk

om =3y ), kire/em

as given in Sec. III. The difference between these
two forms of counter-terms is equal to (p?/2m?)
x F(p), where

kdkd cosb
k2 /2m +k — pkd cos6/m

Bt

v b\, 2] tam?
—(l+m>ln<1+m>+m]- 31p G(p).

Za"’ kdk

Fipr= by KB/2m +k

(A2)

This would give an additional contribution to the

energy shift
AE,=(n|LF(p)/m)(£?/2m)|n) =(n| 2a/3m)pG(p)|n) .

(A3)
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In particular, for the 2s and 2p states in hydrogen,
we have

AE,,=399 MHz, (A4)

AE;, =352 MHz. (A5)
Thus,

AE, ~AE,, =47 MHz ; (A6)

SO

W =W . AE,, =1330 MHz (A7)
and
W Wi =996.6 MHz (A8)

in such an approach.
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