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The present paper applies the method of high-intensity quantum electrodynamics developed
earlier to several problems of current experimental interest. In this paper the intensity-
dependent shifts and widths of atomic levels are calculated and applied to a given transition
near resonance. The technique is demonstrated with three examples: the multiphoton ion-
ization of atomic cesiumandhydrogen in atomic beams and third-harmonic production in an
atomic vapor. It is found that the multiphoton-ionization rate in a relatively weak laser beam
(of order 10 W'/cm ) is determined by the intensity-dependent level width (6f configuration)
as well as the interference of the fine-structure states, and that the rates for hydrogen, in a
much more intense beam (of order 10 N/cm ) are determined by both the intensity-depen-
dent widths and shifts as well as the wave-function renormalization constants. The agree-
ment of these two examples of calculations with the experiments done recently is satisfac-
tory. For third-harmonic production the role of two-photon resonance is emphasized, and
the dependence of the generated third-harmonic intensity on the intensity and frequency of
the fundamental is discussed. Near resonance, the ratio of third-harmonic intensity to
fundamental intensity saturates.

I. INTRODUCTION

Study of the interaction of high-intensity radia-
tion with matter is of interest for its own sake
and has possible applications in areas, such as
laser-induced fusion, of the greatest possible
practical importance. A complete understanding
of the fundamental processes which occur when
atoms are exposed to intense radiation at optical
frequencies is therefore essential ~ The present
paper giv'es an account of multiphoton ionization
of atoms under circumstances when resonances
can occur, and of the closely related topic of
resonant harmonic production, The method used
is based directly on established methods in quan-
tum electrodynamics.

The essential idea in high-intensity quantum
electrodynamics is to include the effect of forward
scattering in the electron propagator. ' This
amounts to renormalizing the propagator in a way
analogous to the renormalization produced by
virtual photons. -' but with two important differ-
ences. In high-intensity quantum electrodynamics
the renormalization is finite, being done to only
those modes present in the incident beam instead
of arising from all the modes of the vacuum.
Further, the distinction between "self-energy"
processes (forward scattering with no intervening
processes) and vertex parts becomes blurred. and
to avoid overcounting of diagrams, it is necessary
to renormalize the external electron lines al.so.

In Sec. II, four-photon resonant ionization of
Cs atom is treated. ' The asymmetry near reso-
nance is here found to be due to the interference

of the 4=-', and J =~2 of the 6f configuration.
Section III treats the six-photon ionization of the
hydrogen atom. ' Because of the high intensity
encountered here, the renormalization effect
causes the physical states to shift and to come
into resonance with the laser radiation„and a
large enhancement in the ionization probability is
found. The results of Sec. II and III are consistent
with the experimental reports. '" In Sec. IV, we
extend the analysis to the problem of optical
third-harmonic production in alkali-metal vapors.
Here we predict a large resonant enhancement of
third-harmonic intensity, if one of the atomic
states can be reached by two-photon absorption
from the ground state. Finally, in Sec. V, we
discuss the theoretical and experimental implica-
tions of the results.

II. FOUR —PHOTON RESONANT IONIZATION OF
CESIUM ATOM

The experimental work has been reported re-
cently, ' using a tunable Nd:glass laser. The wave-
length is about 1.06 pm. The half-width of the
radiation is y, = 0.36 cm '. The intensity I is
about 10' W!cm'. One of the experimental results
is the asymmetry of ionization probability near
resonance. which is found near the Cs 6f level.
The off-resonance behavior has been treated
earlier. ' The present section will be devoted to
the near-resonance situation.

To begin with, we write the s-photon absorption
renormalized amplitude assuming the atom to be
in a known initial state at time t =0 as
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At'~(t) = ~ d'ed'y ~ * d'r dt, dt 9(t )+(r)G(r, r, ; t —t, )te De't '~

x G(1 ~, r2,' t~ —to)le 88 2 2 ' ' ''4f ](r )e

where C(r, r', t —t ') is the renormalized electron
propagator taking into account the effect of for-
ward scattering, 8(t) is the unit step function,
N(V is the photon density, and e = e„y", e„being
the laser photon polarization. The renormalized
electron propagator has the form'

4 „(r)= Z '/'g„(r),

E„=E„+H„'„(E„),

BH„' „(E„)
8(-E„).

(4)

"(dQ//'2ni )e'"~' ' '
G(r, r', t —t') = g4'„(r) 4„(r')

n
„Q+E„+H„„-Q)

t

where

H„„(-Q)and H„' „(-Q) are the matrix elements of
the forward-scattering mass operator for the
resonant and nonresonant parts, respectively.

Applying (1) with s =4 and recognizing that the
6f fine-structure levels are the three-photon
resonant states, we get

A(E, t) =e'I'QA~(Eiri6f, J) . e 'f(E+Q)(E„+4&u+Q) [E / z+&u+Q+H, /, ,/( Q —~)]]--

The nonresonant amplitudes have been omitted.
The sum over J includes all relevant fine-struc-
ture levels coming from the 6f configuration be-
cause of spin-orbit coupling; it is necessary to
include them individually because they are reso-
nant at different, but not very different, energies.
The intensity I equals Nu/V. Then

The dependence of y«on 4 can be neglected, be-
cause the splitting is small. For the experiment
of interest to us, we have

y6/i » 1, y,/» e'P/'iA~i .

The ionization probability is given by

tft, ft

x[(E —2u& —E~)(E„—w —E„)] '.
The quantity H«, ,& is obtained from the forward-
scattering process in which three photons are
emitted from

i 6f, J) leading to i6s) and these
three photons are absorbed returning to i 6f, J):

e'P iA,i'-H««(-9)=-

P(t) = dpp{E A,(2(E, t }+A7y, (F., t) . (12

With the approximations (11), we find the rate of
ionization

f( )
dP(t )

dt

3 [»'& ~( +I)1'+~6/
7/2 5/2 6f (»2 +y2 )[(» ~ 6)2 ~y& ]

(13}

The single-photon absorption from i 6f, J) to
continuum does not lead to singularity because
the integration over the states in the continuum
eliminates such a singularity. This behavior is
quite different from the resonant denominator
involving the transition between any two bound
states. The shifted energy F& ~ can be written
as

t
~6@,J' ~6f,J ~ ~of ~

where y,& is positive and comes from the imagi-
nary part of the single forward-scattering pro-
cess,

i 6f) +(u- iE) + i 6f) +(u:

-1.23. (14)

In calculating (14), it is necessary to use the
state in JISM) instead of inLSM, M, ); the latter
level scheme is not desired because of I:8
coupling. In (13), » and 6 are defined as

X = E6g, , f2
—F.6s

—3(u,

5 = Eoy 7(2 —E6~ 5(2
= 0.102 cm

For g -- j. .4x10' W//cm', y«j.s found to be a,pprox-
imatel. y 0.05 cm '. The maximum of (13) is
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found at x=-0.26. Thus the exponent of f(x) at
resonance is slightly less than 2. I et a, &-z.&=-e'P &&nlila)l*( ),

xp= =5 4&= zyra+1

where y, is the laser width; then

f(x.)/f(-~. ) = 240

(17)

(16)

4 ~, (E, -E, +&d)(E~ -E, +2&v)(E, -E, +&d)

This number agrees with the order of magnitude
of the reported observation. ' Thus, the asymme-
try near resonance is due to the interference
between the states d =~2 and J =-,' of the 6f con-
figuration. The variation of the exponent defined

by

s ln f(x)
8 lnI

as function of the laser frequency near resonance
can also be described. Here we note that x is a
function of laser intensity' . The resulting curve
is as given in an earlier publication, ' and will not
be repeated here.

The effect near resonance shown here demon-
strates the importance of the spin-orbit coupling
which determines the degree of asymmetry as
observed. This coupling has also an effect on
the polarization of the final electron ejected from
the atom, as was described by Lambropoulos. '

A simple analysis of hydrogen energy levels
indicates that 2s and 3p are of particular impor-
tance. Here we note that

r,p= ~e'I(p(E)
I «!r I3p&I'js=,„.. . {24)

~ (2s!r"In)(n!r" IE)'
(y„=me'I' p(E

E&& E2S ~ " s=s2 +2'

E,p-E„—5(d =0.37 eV,

F.„-E„—4' = 0.83 eV.

It is possible, when the laser intensity reaches
certain levels, that the renormalized 3P state
will be the five-photon resonant intermediate
state„and that the renormalized 2s state will be
the four-photon resonant intermediate state. The
corresponding ionization widths of 3P and 2s are,
respectively,

III. SIX -PHOTON IONIZATION OF THE
HYDROGEN ATOM

The method of Sec. II can be applied to the six-
photon ionization of hydrogen atoms. This has
been studied experimentally' using the second
harmonic of a Nd:glass laser with ~ =2.343 eV
at power levels approximately 10"W jcm'. At
these powers the atomic levels are shifted
appreciably, an effect not important in the Cs ex-
periments, and the resonance occurs between the
shifted levels. The resonance exists, therefore,
only for incident radiation of the propex range of
intensity, the intensity needed depending on the
incident frequency.

From (3) and {5), we have

E,' =E, ++A„( E,)I", -
rt = l

in complete analogy with (11).
A numerical calculation using the tables of

Bethe and Salpeter' shows that

and

6, =E,'~ —E„—5(v = 0, I =5 && 10"W/'cm', (26)

b~ =E2, —E»-4&d =0, I = 2&&10' W/cm . (27)

(Ionization prob. using physical states)
(Ionization prob. using bare states)

The situation is therefore similar to the resonant
ionization described in Sec. II. %'e thus compute
the ionization amplitude of (1) with s =6, and
compare the result with the simple perturbation
calculations using the bare states. For this pur-
pose, we introduce the following quantity

where L,' is assumed to be real,

Z, =Z.'+~y,

as in (10). The first two terms in (20) are

The subscript j indicates the number of photons
absorbed that will cause resonance in an inter-
mediate physical state; j =5 or 4 when (26) or (27)
is satisfied, respectively.

At the intensity levels given in (26) and (27),
one can verify the analogous conditions (11) are
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satisfied in the present case as well. Thus, it
is not hard to derive that

for the intensity near that given in (26}, and

for the intensity near that given in (27). In the
low-intensity limit, one gets R4=R, =1, of course.
The wave-function renormalization constants
Z3~ and Z» are computed in accordance with (20).

A rough quantitative estimate of (29) and (30)
can be made using the tables of Bethe and Sal-
peter. ' When (26) is used, we find roughly y»
—100 cm, Z3p= 3, and

when two photons are absorbed. The situation
where resonances occur either at one- or at
three-photon absorption is less interesting from
a practical point of view, because there exists
a strong spatial attenuation as the radiation prop-
agate s.

Let the ground state be ~g&; it is an s state
for alkali atoms. We denote the atomic position
vector by 8, . The transition amplitude for the
third-harmonic production corresponds to the
elementary process where three photons each
having energy-momentum (~, k) have been succes-
sively absorbed and then a photon {~„k,) is emit-
ted. The initial and final state of the atom are
the same ground state ~g&. Applying a formula
similar to (1), we have the following amplitude:

3/'2 ~ Ij2
C(3)(g ) +4

2V 2V

On the other hand, if (27) is applicable, we have

y„=30 cm ', Z„=4, and

x g(3(u)F(f) exp[i(3k —k ) R,.], (33)

R, = 2500. (32)

The result (32) indeed agrees with the experimen-
tal order-of-magnitude report for the intensity
level shown in (27). The two-order-of-magnitude
increase of (31) at lower intensity can easily be
tested experimentally.

The calculations demonstrated here result from
the dynamical effect based on the principle of
quantum electrodynamics. It is different from the
6! increase due to the "thermal" nature of laser
radiation as has been suggested. ' whether the
experimental results here considered are a dy-
namical effect or statistical effect of the laser
can be easily determined by experiments of this
kind without ambiquity. It is clear that the sta-
tistical consideration of a 6 f increase at I
=3&10"%',/cm' will also result in the same 6f
increase at I =5 &10"%//cm', instead of the
number given in (31). In my opinion, the dynam-
ical effect that causes a large increase of the
observed ionization probability at the indicated
intensities, seems to be more important.

F(t) clot.2ri '
x((Q+e, —3~+8 —i0)[E +Q+H (-Q)]

x[E~+Q — 2+~H, ,(- Q+&u2)]} '.

H, ,(- Q) = e'P
~ ) (&u) ~'/(-E, +Q —2u&),

H, ,(- Q) = —e'f2]g (cu)['/(E, +Q +2') . (37)

For simplicity, we assume that the ionization
energy of the atom is greater than 3~ but is less
than 4(d. Further we may assume, for the sake of
argument„ that the four-photon ionization rate v

satisfies the condition

~I& is the resonant two-photon atomic intermediate
state, which may be an S or D state depending on
the polarization of the laser radiation. Here

Kt&&1 . (38)
IV. OPTICAL THIRD - HARMONIC PRODUCTION

IN ALKALI - METAL VAPORS

The resonant effect considered in Secs. II and
III can also be applied to the case of harmonic
production. Some suggestion of phase matching
has been made recently. " However, harmonic
production near resonance with an atomic inter-
mediate state has not been explicitly carried out.
In the following, we wish to calculate the third-
harmonic intensity where the resonance occurs

E~ —Eq +syq,

where

(39)

r~n n~E ''
En EI ~ -] 8= Eg+2~

For the result to be established below, (38} is al-
ways satisfied. Thus E™~is real and E~ can be put
into a form similar to (9) or {21)above,
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is the two-photon ionization width of ~1) .
Let

(41)

r l~)=e-'* ' '"' '" * "'
)

s . z (~ q n ty-
sz, (z, -z )'(z„—x)

~. ~z (z +&2 »r)-
+sz (z -z )'(z -x}

where

g=A3 —3%.

x(x+n, , -iy, )

(x -z, )'(x-z )' (43)

(44)

Let N„be the total number of atoms contained in
a volume V„=IA, where A is the cross section
perpendicular to the direction of k. The probabili-
ty of the third-harmonic production is found by
summing (33) over the position of atoms j, taking
the absolute square of the resultant amplitude,
and summing over the (&u„k,) photon final state:

Oo A 2

P, (t) = V(3~)' dx dQ-„, g C~'l (t) . (45)
00 j=I

The third-harmonic intensity is given by

3~ dP, (t)
A dt (46)

Since y, is one order higher than e'I~) {~)~, one
expects that e'1~$(u&)~» y~, if I is not too big.
Furthermore, if e'I~)(~)~t«1, then (46) has the
form

I3i.=4 8'r'l3 )'lkl &4(»ll* . ,&l l,)
4e'I'~ g ((u) }'

l~l ~ 48'&ll(l ll'l') ' (47)

C = dQ„p '(3k- ) R A.
j=1

(483

It must be pointed out that, in (45), the x integra-
tion is only effective in the integrand containing
the function ~E(t) ~', which can be calculated from
(43). This function is essentially proportional to
5(x}because of energy conservation. Thus the
magnitude of k, appearing in (48) is proportional
to 3~ if a normal dispersion relation is used,

z, = ,'(iy, —-a, + [(a, -ty, }'+4e'I')&((u)(']'~"I,

(43)

then (35) becomes

which is applicable in the present case. The phase
factor defined in (48) has a value appreciably dif-
ferent from zero only when a suitable phase match-
ing is satisfied. A detailed quantitative analysis
of such a phase-matching condition using a buffer
gas has been given by Miles and Harris. "

The simple result (47) rests on the approxima-
tion which may be summarized as follows:

1»e'I ~) (~)~t» y, t» xt .

Here we note that y~~e'I' and v~e'I', as men-
tioned before. The last two inequalities of (49) are
justifiable if I is not sufficiently large. The first
inequality of (49) can be satisfied if the effective
interaction time t is small. This means that a
shorter pulse would be better.

We may study I, of (47) as a function of I and ur,

the laser intensity and frequency. For a given in-
tensity, the only sensitive frequency dependence
is through n, , defined in (41); the variation of
~t'(~)( can be neglected when n.,= 0. The maximum
of I, is at exact resonance, namely ~2 =0. This
situation can happen even when E, -E —2~ w 0,
for the intensity-dependent shift of E, and E, can
make F-, -E, —2~ =-b,

2 =0, with a certain range of
I. %e also find that at exact resonance, the third-
harmonic intensity is linearly proportional to laser
intensity instead of its cubic dependence. This
situation is similar to the resonant ionization
treated in Sec. II. In the semiclassical treatment
of Bloembergen" a dependence of I' is always
present. It is clear that near resonance, the
Bloembergen method is inapplicable. Off-reso-
nance and in the weak-field limit, (47) agrees with
Bloembergen's approach" as expected. The reso-
nance effect demonstrated here can be used as an
effective method of producing the third-harmonic
radiation where the incoming laser intensity can
be relatively low. The experimental advantage is
thus quite obvious, and need not be elaborated any
further.

The situation involved in resonant third-harmon-
ic production is similar to that in resonant multi-
photon ionization; only the last step is different.
Here, it is a spontaneous transition to the ground
state; there, it was an induced transition to the
continuum. The appearance of the phase-matching
factor is important for the collective production of
third harmonic by many atoms necessary for ef-
ficient conversion. " This factor contains k and
k . If there exists either a one-photon or a three-
photon resonance, the propagation of the incident
beam or of the third-harmonic beam will be atten-
uated, a large imaginary part of the index of re-
fraction being present. In the case examined here,
this does not happen because only many-photon
resonances occur.
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V. DISCUSSION

The work reported in this paper differs from
other treatments of multiphoton ionization" and
resonant harmonic production. In the Cs problem
the renormalization of the electron propagator is
important while the energy level shifts produced
by the radiation field are not large at the intensi-
ties used. This renormalization has not been
taken into account in any semiclassica'i calculation
known to us. Also the effect of the fine structure
on the symmetry of the resonance has not been
appreciated in earlier work. The agreement be-
tween the asymmetry calculated on the basis of inter-
ference between the J =& and J = —,' resonances and
the observations of Held et al.' is very satisfacto-
ry,

In the H-atom ionization problem the intensities
used are high enough to produce significant level
shifts, and the resonance occurs between shifted
levels. The idea here is quite similar to that of
Davydkin et al. ,

"who calculated the "quadratic
Stark effect" on the atomic levels produced by the
incident radiation. The actual calculation of the
shifts is quite different, however, and here again
the renormalization of the electron propagator
plays an essential role. The experimental results'
to date are not extensive enough to affirm or to
contradict the predicted intensity dependence of
the resonant effect. The existence of a maximum
resonance effect for finite intensity is predicted,
of course, by any theory involving an intensity
dependence of the resonant level.

The question of the influence of the statistics of
the radiation field on the transition probability is
an involved one. In the simplest approximation
the probability can be expressed as proportional
to the sixth-order field correlation function' and
this can differ from the sixth power of the intensity
by a factor as large as 6 & if the light is Qaussian.
%hen more accurate calculations are made, the
simple proportion between the transition probabil-
ity and the correlation function is no longer found.
The intensity enters the level shifts and the re-
normalization constants, and any averaging over
an ensemble must involve the entire expression

for the transition probability, not just the factor
I' appearing overall. The high-intensity peaks
contributing so much to the correlation function
for a Qaussian ensemble do not produce resonance
of the intensity-dependent levels and do not, there-
fore, contribute as much to the transition proba-
bility as might have been expected if no resonances
played an essential part. The same thing is true
in the Cs case, although here only a factor of at
most 4 ~ =24 is involved. Because the level shifts
are not important, the high peaks contributing to
I' will not cause detuning, but again at resonance
the transition probability is proportional to P, and
one should expect at most a factor 2 f =2 to appear
if Qaussian light is used.

The harmonic generation calculated in Sec. IV
involves features not present in the usual treat-
ments. " The most striking difference with other
calculations is the intensity dependence of the
width term in {47). This has the important effect
of producing saturation at high intensity wherever
the ~', in that expression is smaller than the width
term. The closer one is to resonance, the lower
the intensity required to produce saturation. If an
intensity-independent width is used, the third-
harmonic generation remains proportional to I',
and the conversion efficiency proportional to I'.
In a related process involving parametric ampli-
fication via the third-order susceptibility, satura-
tion has been observed. "

The resonance invoived in {47) is described by
the energy levels in the presence of the incident
field; so the resonant frequency itself may be de-
pendent on the intensity. In Cs this effect will be
small, because the intensity used must be less than
that which produces much four-photon ionization,
and even in the calculation of this in Sec. II the en-
ergy shifts produced by the incident field are negli-
gible.
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