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In a previous paper, I have presented a general theory of the optical pumping of atoms by
a polarized multimode~laser beam, in the presence of a magnetic field. Equations of motion,
valid at arbitrary laser intensities for the density matrix of the atomic system, have been
obtained. In this paper, these equations are exactly solved for a linearly o-polarized laser
and levels having small angular momenta. More precisely, I consider the laser transitions
Jy=1—d, =0, Jy=1—J,=1, and J,=1—J,=2. Two particular results are emphasized: (i)
For J=1-J=0 and J=1-J=1 transitions and for the J=2 level of a J=1-J=2 transition, the
laser-induced Hanle effects keep a Lorentzian shape, independent of the laser intensity.
For the J=1-J =1 transition, it is shown that the depolarizing relaxation processes play a
leading part in the coupling induced by the laser between the transverse alignments of the
two levels. On the other hand, the power broadenings of the Hanle effects are shown to be

similar.

For the J=1 level of a J=1-J=2 transition, the Hanle-effect shape presents a

departure from the Lorentzian one, owing to a coupling with the laser-induced hexadecapole
moment in the J=2 level. (ii) The populations of the levels exhibit a “zero-field saturation
resonance” which is due to the coupling with the Zeeman coherences. These resonances,
which reproduce the Hanle effects of the transition, can be observed on the m-polarized
fluorescence from the levels. In general, these resonances appear as a saturation effect,
i.e., they reduce the laser-induced fluorescence of the levels in zero magnetic field. How-
ever, for the J,=1—J,=2 transition, the J,=2—J;=2 7 fluorescence presents an anomalous
behavior; the saturation resonance increases the zero-field laser-induced fluorescence.

The theoretical study shows the prominent part played by the value of the J,=1 level lifetime
in the interpretation of this anomaly. Other results, such as the laser-induced depolariza-
tion of the fluorescence, are also obtained. All the theoretical predictions have been ex-
perimentally checked and will be presented in forthcoming papers.

1. INTRODUCTION

In a previous paper,' which will be referred to
as Iin the following, I have presented a general
theory of the optical pumping of atoms by a multi-
mode gas laser. Let us recall the principal as-
sumptions.

The laser is resonant for the b-a atomic transi-
tion (b upper level, a lower level). Every level
has a Zeeman structure completely determined by
its angular momentum J 4 and its Landé factor
gp(B=aor b). The atomic levels are populated by
a dc discharge which introduces a global population
only. The atoms are submitted to a dc magnetic
field H, parallel to the 0z axis. They are described
by means of their density matrix zp which is de-
veloped on an irreducible tensorial set;

=D b T . (1)
k,Q

The atomic relaxation is assumed to be isotropic;
there is one relaxation rate I' g(k) per tensorial
order.

In order to avoid the usual perturbation theory,
we have introduced in I the so-called “broad-line
approximation” (BLA). BLA is valid when the
width of the “Bennett hole”® created by one laser
mode in the velocity distribution of the excited
atoms is comparable to (or broader than) the spac-
ing between modes; in these conditions, the afom-
ic response does not depend on the velocity, and
the multimode-laser irradiation is equivalent to a
broad-line excitation. BLA leads to a set of equa-
tions coupling the velocity-averaged density-ma-
trix components and valid at arbitrary intensities
of the laser field. These equations depend on the
electric field through an unique parameter y which
is proportional to the laser intensity and which
can be interpreted as a laser-induced transition
probability [Eq.(I-46)].

In I, I have analyzed the nonlinear effects which
can be deduced from a perturbation development
for any values of the angular momenta, of the mag-
netic field, and of the laser polarization. In this
article, I present the exact calculations for a linear
o polarization (that we shall take parallel to Ox)
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and for small J values; more precisely, I com-
pletely calculate the nonlinear effects for the fol-
lowing transitions: 1-0, 1-1, and 1-2.

Moreover, condition (I-68) (I' ;<< Aw) is assumed
to be valid, and I consider the case of weak mag-
netic fields only, when the density -matrix modula-
tions are off resonance. Then, in the steady-state
operation, Eqgs. (I-50) and (I-51) are reduced to a
set of equations coupling the time-independent
components (8=a or b):

(FB(k)*‘iQwﬂ)ﬂpz:GB. ae(b’ a, k)bpho"'ﬂgz: (2)

where

r_ &’ , ’
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awbGr = e \/%' Ok
Z et (3.5 % 0 ool
+(=PR LGRS Pl @)

The geometrical coefficients G and © are defined
by (I-19) and (I-21). = is the laser-off populations
inversion (I-24). w, is the 8 Zeeman splitting,
and e, are the standard components of the laser
polarization. Let us remember that (a) p repre-
sents the laser-induced change of the densily ma-
tvix (the laser-off populations have been elimina-
ted), and (b) ,,c5 appeared in the source term of
the equation of motion of the optical coherence
Pl [see (1-28)]. %) is proportional to the am-
plitude of the optical k'-multipole moment created
by the laser between a and b.

When the laser modes are free running, Eqgs. (2)-
(4) are valid whatever the magnetic field may be.
On the other hand, when the modes are phase
locked and when the Landé factors are equal, the
results obtained in this paper may be easily ex-
tended to the strong fields case, with the help of
equations (I-83) and (I-84). By solving Egs. (2)-
(4), we shall study the quantities which can be ob-
tained in fluorescence measurements, in particu-
lar the following: (1) The density-matrix compon-
ents in zevo magnetic field. They appear in the
anisotropy degree of the zero-field fluorescence
[the exact definition of this anisotropy is given in
Sec. E of Ref. 3, in particular, Eq. (68)]. (2) The

transverse alignments p§. The variations of their
real part with the magnetic field give the Hanle
effect. (3) The longitudinal components (i.e., the
populations of the sublevels) which are observable
on the m-polarized fluorescence.

II. GENERAL WAY OF SOLVING THE
EQUATIONS OF MOTION

In order to solve the equations of motion, it is
important to point out that the density-matrix com-
ponents do not represent a set of independent vari-
ables. For instance, linear relations exist be-
tween the longitudinal components z%. The most
simple relation may be deduced from the fact that
832, +1)* 2= = £%2J,+1)}/2, This implies

[T5(0) = 75a) spg(2d5 +1)* /2 + T 4(0) 3(2J,, +1)* 2= 0.
(5)

Since the laser-induced population change of the 8
level is gp%(2J 4+1)/2, (5) expresses the conserva-
tion of the total population inside the a and b levels:
All the atoms leaving one of the two levels due to
the laser interaction must go into the other level.
The y,, term takes into account the excitation rate
of the a level by spontaneous emission from b.

The other relations between the longitudinal com-
ponents could be deduced from a detailed analysis
of the laser-induced exchange rate of the sublevel
populations for each set of Zeeman sublevels
coupled by the laser.

We shall see that, contrary to g}, the ;%
components represent a set of independent vari-
ables [i.e., they are not coupled by simple linear
relations similar to Eq. (5)]. That is the reason
why these components have been kept in (2) and
(3): They will be an important intermediate step
in the search of the solution.

A. Zero magnetic field

Taking the 0z axis along the laser polarization,
we can set @ =Q’'=Q’'=0 in (2)=(4). On the other
hand, as it has been shown in I, 2’ must be odd,
and & and 2’’ must be even. If we call o the density
matrix such as expressed in this quantization axis,
Egs. (3) and (4) become

FB(k) BOZ=5 B,ae(b) a, k):ﬂg*‘a@g, (6)
€5=2y D uGh ult, (7a)
kl
sk5==27 D 3G  wth (7o)
Rt
and
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Eliminating 40 between Egs. (6)~(8), we easily ob-
tain

2 MEY il = S, (9)
l'
where - i
G ' OaG ' QGk’kOGl'h
RV 5 42 (ba 00 b atC o0 apGgo
My Opryr +2y kz ———-———b(k) + I.(%)

! ~1'R
gthkgGl >

-0(b,a,k) T, (5T (k)

(10)

The solution is obtained by inversing matrix M,.*
As it has been mentioned in I, for J =1-J=0 and

J =1-J=1 transitions, &’ can be 1 only, and M,
has an unique matrix element M!'. In these cases,
all the density -matrix components are proportion-
al to y g5 and show the same variations with the
laser intensity. For a J=1-J=2 transition 4,3
exists in addition to ¢}, and M, is a 2xX2 matrix.
The various density -matrix components do not
undergo identical variations with the laser intensi-
ty. To come back to our ordinary framework (la-
ser polarized along the Ox axis), we must perform
the rotation which brings 0z on Ox. The transfor-
mation formulas are®

[(k+Q)!(k-Q)!]'2
(e +Q)/2]1[(k-@)/2]1 °

Ph(H =0)= ()M /2 o

(11)

B. Nonzero magnetic field

The standard components of a o, polarization are
given by

e,=0 and e, =¥1/V2. (12)

As it has been shown in I, owing to the symmetry
relations of the G coefficients and to (12), &, k', Q,
and @'’ must be even in (2)-(4). On the other hand,
for the optical coherences, @’ must be odd, and k&’
may take all the integer values between 1 and J,
+J,. Then, it is easy to show the following sym-
metry relation:

280 = () wih . (13)

With the help of (12) and (13), Egs. (3) and (4) be-
come

a§'5=7‘/7 E ("')k' Ggu Qab§Q+1
k'

— aGRE Qo)) (14)
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bgq Y‘[_ Z (baIGQ+1 Qab§0+1 béGQ—l anIO-l)

(15)
and
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kll

(16)
To solve Egs. (2) and (14)—(16), we shall eliminate
first the longitudinal components, which do not
precess in the magnetic field, in order to obtain
a set of equations only coupling the transverse
components which describe the evolution of the
Zeeman coherence owing to the magnetic field.

1. Elimination of the longitudinal components

Using the symmetry relations of coefficients G
and introducing a quantity proportional to the real
part of ¢},

( )k'+1

T— (abg abgf'*) ) (17)
Eqgs. (2) and (14)—(16) become (for @ =0 and @' =1)

rul) =2y T (1 56t
kl

e(b a, k) R'E Rt
"ITL(ES— _m>x (18a)
Ty (k) o0 =2y Z pGUX, (18b)

and

4 n tpre " ' tpre
X' T2t = D LAGHE b + (<) AGH 8]

Rt

kl klhll k'l klkll k’l
‘Z[( l(’xz sz bG].2 aRz ]»

R
(19)
where R} is the real part of p;
oG = 2(a0f + b ) - (20)

Eliminating gof between Egs. (18) and (19), we ob-
tain

et n ' " "
Z m*x! =‘T§5k'1"2[( =) bfz('k'k N
ID

R

+aGht RE], (21)
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where
R'R 11k L~R'R 1 ~1'R R'R 1 1’k
W GG e @GR WG SG* 3G m)
M 6hll' +2')/ 2( Fb(k) +( ) r‘a (k) +( ) 9(b a, k) F (k)r',,(k) (22)

M is a square matrix of dimension J,+J,. As M, M is symmetrical when the b —~a spontaneous emission
is negligible. We suppose that we can calculate its inverse matrix, and we call it u/A, where A is the

determinant of M. Then, the solution of (21) is

Xn=_ A Z “n'u

17 R

A and p*"?

2. Equations of motion of the transverse components:

Using (2), (14)-(16), and the relation

‘I l "hl’ R
sz ubGlz

2

Rt

(23)

', taken as functions of y, are polynomials of degrees respectively equal to J,+J, and J, +J, = 1.

Hanle effects

(=PV2 ot} +Xx* = Z (=) paGh (05" = oRE") + G (05 = RE'], (24)

kll
we obtain the following equations of motion for ,o%:

kR

(Ty(k) +2iwp) 0t=y D

R'1,Q''=2

(b‘hzon opQ" _bhzo" sPQre

+y Z ( )klb:(’krk (Xkl+z [( kl 1(Jh:kangu akalkuuR;u}> ) (25)

R

To simplify the formulation, we have reintroduced
the geometrical coefficients hQQu, which are de-
fined by Eqs. (I-62) and (I-63). In the right-hand
side of (25), two different contributions appear:
The first contribution corresponds to the direct
laser-induced coupling between the {ransverse
components. This coupling is proportional to y.
The second term corresponds to an indirect cou-
pling petween the @ =2 transverse components
through the longitudinal quantities. Since these
quantities are real, this coupling involves the real
part of the transverse components only. The sec-
ond term also includes the source term, propor-
tional to the laser-off population inversion n.

For the a level, the coupling by spontaneous
emission from b to a must be added to these two
contributions. For @ = 4, Bp“q is not directly cou-
pled to the longitudinal components, and the second
term of (25) does not appear. The equations of mo-
tion are

[ra(k)+iwa] bpz =Y Z (bahao"apq" —bhokc;:’bpq"')

k’l'oll
(26)

(and similar equations for level a).

To obtain the expression of the transverse com-
ponents, Eqs. (25) and (26) must be solved simul-
taneously. For the J=1-J=0 and J =1-J=1 transi-
tions, the transverse alignments are the only

r

transverse components. In this case, Eq. (26) does
not exist, and Egs. (25) are reduced to one (1-0)

or two (1-1) equations. We shall see that an ana-
lytic solution may be obtained. For the J,=1-J,=2
transition, there are three Eqgs. (25) (2, ,03, and
»P2) and one Eq. (26) (,0%). The only way to solve
these equations, for all the magnetic field values,
is by means of a computer calculation.

The variations of the transverse components with
the magnetic field give the well-known Hanle ef-
fects. In the following, we shall use the notation
(for @ #0)

BRO(H) = BRQ(O) BL #). 27)

In zero magnetic field, BL (0) is equal to 1, and,
in strong fields, BLQ( ) vanishes. BLQ(H ) repre-
sents the “ normalized Hanle effect.” On the other
hand, since R? o(0) is defined in zero field, we may
calculate it by means of Egs. (6)-(11).

3. “Saturation resonances” of the sublevels
populations

When the transverse components have been cal-
culated, the longitudinal ones may be expressed by
means of (18) and (23). The longitudinal compon-
ents, i.e., the populations of the atomic sublevels,
exhibit variations in the zero magnetic field region
which are proportional to 4R5(H). These variations,
which appear from the fourth order in the laser
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field only, will be called “ saturation resonances.”
Let me point out that it is not necessary to solve
(25) and (26) to obtain the relative amplitude of the
saturation resonance. As it can be seen in Egs.

J

(18) and (23), it is sufficient to determine the p
matrix and to calculate the zero-field components
oR5(0). For instance, the amplitude of the satura-
tion resonance on level b is given by

\/—'z:k’l’k”ba -10“k’l [( )l' 1 llklIbR:Il 0) ,_G‘Iku kn(o]

505() = 5p(0) _
)

P (

C. Conclusion

In Sec. II, we have presented the way of solv-
ing the equations of motion. In Secs. III-V this will
be applied to J =1-J=0, J=1-J=1, and J=1-J=2
transitions, respectively. For each case, the geo-
metrical coefficients %Gy and ©(b, a, k) [Egs.
(I1-19) and (1-21)] will be calculated using the nu-
merical values of the 3-j and 6-j symbols which
may be found in tables.®*” Numerical applications
of the theory to the laser experiments in neon will
be performed with the help of the experimental val-
ues of the relaxation times of the neon levels.®~1°

IlI. TRANSITION J, =1-/,=0

For a 1-0 transition, the optical coherence is re-
duced to the electric dipole moment (k’=1). Then,
as it can be seen in Eq. (18), all the longitudinal
components of the density matrix are proportional,
independent of the laser intensity and of the mag-
netic field;

=T (0) 05 =V3T5(0) 05 =V'6T(2) wof = (2 /V3)X",

(29)
where

T'(0)=T,(0)[1 = v,,/TH(0)]". (30)

As it has been pointed out in Sec. II, the relation
between ,pJ and 05 expresses the conservation of
the total population during a laser-induced transi-
tion between levels a and . On the other hand, the
proportionality between the population and the
alignment of b comes from the fact that the m,=1
and m, = -1 sublevels are equally excited by the
laser, while the m, =0 sublevel is populated by the
depolarizing relaxation processes only. For in-
stance, if these processes do not exist [I',(0)
=T,(2)], relation ,p0=V2,0% may be easily obtained
from the fact that there is no laser-induced change
of the m =0 population.

Matrix M [Eq. (22)] is reduced to one element;

MY =14+7y/31,(2), (31)

where we have introduced a dimensionless param-
eter

=1 +2T,(2)/31,(0) +2I,(2)/T'X0) . (32)

nY pGlioh' ' (28)
kl

1

X' is given by [Eq. (21)]
MYUX'=—(n-,RHONSI. (33)

A. Hanle effect of the b level

The equation of motion of the transverse align-
ment is given by [Egs. (25) and (33)]

[T5(2) +2dwy | 403 = - % 402

Y Y
+3+ny/rl,<2)<"+" 3T, (@) K >
(34)

03 is calculated with the help of Eq. (34) and its
complex conjugate;

_ ny Fb(z)"*%Y -2iw
Wl D Aoreaes 0 Y
where
v5(2) =T(2)
S +9/3T0,2)][1 + (0 +1)y/3T,(2)] }
1+ny/3T,(2)
(36)

The Hanle effect, which is described by the varia-
tions of ,R% with w,, always keeps a Lorentzian
shape, independently of the laser intensity. This
has been experimentally verified very well.!' The
variations of its width with the pumping rate y are
shown on Fig. 1 for 1=4.75 and I',(2)=11 MHz.
For weak laser intensities, the power broadening,
which is equal to Ly [first term in the right-hand
side of (34)], is proportional to the laser-induced
transition probability. This corresponds to the
fourth-order contribution in a perturbation develop-
ment [see Eq. (I-77)]. For strong laser intensities,
the power broadening becomes lower than §y.
Since ,R? is equal to 3(;03+,0 %), the ,R2 term in
Eq. (34) implies a restitution of a part of the Zee-
man coherence. This restitution through the long-
itudinal components appears from the sixth order
in the laser field and involves a diminution of the
alignment relaxation rate compared with the fourth-
order relaxation rate.

The ,R2 term of (34) also implies a coupling be-
tween p2 and p2,. This laser-induced coupling of



1324 MARTIAL DUCLOY

»02 with the component precessing in the opposite
direction changes the phase of the Zeeman coher-
ence and shifts the frequency of evolution. In the
ordinary magnetic resonance, this kind of coupling
induces a resonance shift (Bloch-Siegert effect'?).
Here, since pZ and p?, are both resonant in zero
magnetic field, the resonance is not displaced.
But the phase shift changes the relative amplitude
of the real and imaginary parts of the coherence.
In the ordinary Hanle effect, the absorption curve
has the same amplitude as the dispersion curve.
Here, their ratio is equal to

[T4(2) +47]/%(2) . (37)
It becomes higher than one from the sixth order in
the laser electric field.
B. Saturation resonance of the populations

The sublevels populations are proportional to X*
(29). Using (33) and (35), we obtain

X‘=—M—ﬁ\7§ [1-s,L;@)], (38)
where
8 =y/[3T,2)+(+1)y] 39)

and ,L? is the normalized Hanle effect;

SL2H) ={1 +[2w,/v! @)} . (40)

As it has been experimentally observed,'! the pop-
ulations exhibit a resonance which has exactly the
same shape as the Hanle effect. The relative am-
plitude of this resonance, 8, is a homographic
function of y.!® At high laser intensities, 8 is equal
to @ +1)~* (0.17 in the conditions of Fig. 1).

IV. TRANSITION J,=1-/,=1

In this section, we shall use the following quan-
tities which have the dimension of a time:

1 1 ¥

= - Qﬂ__

0 T,0) 'T,0 r,0)r,(0) (41)
and

_ 1 1 Y
Ti_l",,(2)+r‘,,(2)+21“,‘(2)r‘b(2)’ (42a)
1 1 Yba
Tg_rb(2)+l“,,(2)'21‘,,(2313(2)) (42b)
.. 1 1 You
"1°T,@) TT,@) "2T,@)T, @)’ (42c)
e 1 A (424)

2°T,2) " T,@2) 2T,@2),@2)

These quantities will appear in the matrix elements
of Myand M.

|©

A. Zero magnetic field

In zero field, the laser creates an optical dipole
moment only (¢’ =1). As it has been shown in Sec.
IIA from Eqgs. (6)-(11), all the density-matrix
components are proportional to v,,¢L;

F(,(O) bP8= -2‘/—2_'1";,(2),,%

=4r\/,,_?(’g) o 2_31;;%, (43a)
TX(k) Py ==-T,Fk) 0, (43b)
where
My =1+1+{27(0) +7}]. (44)
T'*(0) is given by (30) and I'}(2) by
T#(2) =T, @)1 +7,,/2T,(2)]" . (45)

B. Hanle effects

When the magnetic field is different from zero,
the laser may create, in addition to the optical di-
pole moment, an optical quadrupole moment
(k' =2), which is connected to the apparition, for
high laser intensities, of the quantity X2 (17). The
M matrix (22) has four components:

L+y[37(0)+%71] %o}
M = ] (46)
-7} 1+yam}

and its determinant is given by

A=1 +y<2_‘r§(0_)+£+1§) Y2<T(0)T§+-—————l———).

3672 )18 2T,Q2)T,(2)
(47)
“(MH:) //
10} /
/

/

.| /
/
/

r A A y

0 20 40 GOMHz

FIG. 1. Power broadening of the ¥ Hanle effect for
a J,=1-J,=0 laser transition. Continuous curve: exact
power broadening, v} (2) — I, (2). Dashed line: fourth-
order broadening, 3y. The relaxation rates are, in MHz,
L,(0)=9, Iy(0)=3.7, and I'y(2)=11. This approximately
corresponds to 1 torr of neon for the 2s,~2p, neon transi-
tion (A\=1.52 p).
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The inversion of M is obvious, and we straight-
forwardly obtain for X*' [Eq. (23)]

1 1 _Z_Z 2” 2 2

X——m[ 1+)’4 (2n +,R3 = 4R3)
2

+-1Y—;* (,,R§+,.R§)] , (48a)

X?=- 1 Lr-é-(2n+ R2-,R2)
2A\[§ 12 bit2 T qil2

+(1 +y 279(0)

In zero magnetic field, gRZ is equal to zp% and is
given by Eqgs. (43). In this case, eliminating zR2
between (43) and (48b), we may verify that X2
vanishes, independently of the laser intensity. On
the other hand in strong fields, gRZ vanishes, and
X? is proportional to 71. The optical quadrupole
moment disappears when 7} =0, i.e., when

1
+y §é> GR2 +,R§)} . (48b)

1325

I,(2)=T*@2). (49)

This particular case will be considered in a de-

tailed way later on (Sec. IV D). The equations of
motion of the transverse alignments are given by
[Eq. 25)]

[T,(2) +2iw,] 402 = _l’émbpg -%GPZ

Y pa, Y g1y
+6"R2+2f3_( X' +X2), (50a)

Y
[T (@) + 2w, ] 0F = = F 403 +F ,RE+57= (K1 +X7).
(50b)

As it had been shown in I, there is no direct laser-
induced coupling between the transverse alignments
[5a#3%2=0, see Eq. (I-78)]. Eliminating the imagi-
nary parts of p2 between Eqs. (50) and their com-
plex conjugates, and using relations (48), we ob-
tain two coupled equations for ,RZ and ,RZ:

4w, w

(refxumrigy )t [ B (- rmdtmeen) | rias (o3 -4)] o

Yy p2 ( Yo o, 4w} z=_"_7[ 7 lé):,
gXaval2 + F»(2)+6Xbb+pb(2)+-§y Rz 6A L+y 1 12))°

where

A,y 1 2 Yo
Xaa =3 [ 1+g (T O+3r,® ' T~ 21“,,(2)1“,,(2))] ’

(52a)
i 1 1 Ysq
Xa» =g (T(O)‘rb<2)"ra(z)*r,,<2)r,(z)>’ (52b)
v 1 1 o
Xoa =gy (T O-£® ‘ra(z)*4r,(23r,,(2)> - (62)

X 1S obtained from x,, by permuting a and b.

In Eqs. (51), there are two different couplings
between the alignments: (i) the coupling induced
by the b - a spontaneous emission [y,, term in
(51a)] and (ii) the laser-induced coupling (yx,, and
YXg terms). Since I'g(2) is larger than I'g(0), Egs.
(52) show that generally x,, and x,, are positive.
The only way for x,, and x,, to be cancelled out is
that

Tg)=T30)=ys and y,,<yg. (53)

This particular case of a zero coupling will be
studied later. The existence of a coupling can be
interpreted with the help of the diagram of the tran-
gition (Fig. 2).

When condition (53) is fulfilled, the set of tran-

(51b)

r
sitions represented by the dashed lines of Fig. 2 is
not coupled to the set of continuous lines. The b
transverse alignment, which corresponds to the
Zeeman coherence between the m, =—1 and m, =+1
sublevels, is only coupled to the population of the
m,=0 sublevel, whatever the number of absorptions
or stimulated emissions of laser photons may be.
Then the alignments of b and a are not coupled, for
any laser intensity.

When depolarizing relaxation processes exist
[T4(2)>T4(0)], a coupling is induced in three steps:
(a) An interaction with a laser photon couples the
coherence between them ,=~1 and m,=+1 sub-
levels to the populations of these sublevels. (b)
These populations are transferred into the m, =0

b
\\ A

a
M=-1 0 1

FIG. 2. Diagram of a J=1-J=1 transition.
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sublevel by a relaxation-induced transition. (c)

A second interaction with the laser couples the

m, =0 sublevel to the Zeeman coherence of level a.
This coupling involves two interactions with the
laser; this is the reason why the first term in the

(Y@} +4w? L2H)

J

perturbation development of yy,, is proportional to
¥?. In order to study the quantitative importance

of this coupling, we introduce the normalized align-
ments LZH) [Eq. (27)] in (51). Using relations (43),
we obtain

r,@2)+4y 1"*(2)

14 L2(H)+[yg(2)] +4wb bLz(H) Mll [1+)’(£2'

“6Xe mx@) " T,@)+3y I,

where

r5@)={[T@)+47][T5@) +4yxssll/2.  (55)

It is possible to verify that, in zero magnetic field,
the solution of (54) is ,L2=,LZ=1

1. Coupling by spontaneous emission

This coupling is of the order of y,,/2T,(2) in zero
field and, in strong field, of the order of

Yoa 8a L) +3¥Xpm (56)
T2T,@) g, T,@)+3y °

To find (56), we have assumed that ,L2(=)=[y(2)/
2w, ]? [see later Eq. (59)]. In the experimental con-
ditions of the 6401-A neon line [see caption of Fig.
3: ¥,,=0.2 MHz and I',(2)=6.6 MHz], the coupling
in zero field or in strong field are nearly equal to
1.5%, independently of the laser intensity.

2. Laser-induced coupling

Neglecting the transfer by spontaneous emission
[744 =0 in (54a)] and introducing the following cou-
pling coefficients,

Y Xapd

o 8Ty @ MU TrCTIr5TD] (57a)

I
0.02} o

LS
0.01p
A y Py
0 10 20 30MHz

FIG. 3. Laser-induced couplings between the align-
ments of a J,=1-J, =1 transition. The relaxation rates
are, in MHz, [,(0)=8.4, I[,(2)=10.1, T,(0)=4.4, I,(2)
=6.6, and v,,=0.2. This approximately corresponds to
1 torr of a 10%-90% neon-helium mixture, for the 3s,-
2p, neon transition (A=6401 A)

(fo (-maaittem) o e o(3-0)] o

)

r

Y XpaB
76T, (2) MI[1+y G T2 -

€pa™ (5b)

12 2)] ’

we may reduce (54) to the compact shape (8, a=a
or b)

[1+<%)2}8L§W)=M. (58)

1+€44

Figure 3 shows the numerical importance of the

coupling coefficients for the 6401-A neon line. For

high laser intensities, the asymptotic values of

€, and €,, are equal to 2.3% and 4.2%, respectively.
Since the coupling is weak, we can neglect it, in

a first approximation. Then the Hanle effects have

a Lorentzian shape of half-width y§(2);

Or2@)=|1 (%‘iﬂ_)z}—l 59)
L = + .

prien=[1+( g, (
vL(2) is the effective relaxation rate of the trans-
verse alignment. If, in a second approximation,

we reintroduce the coupling, then the Hanle effects
no longer keep a Lorentzian shape

“_ (MHz)

Y

0 70 70

30MHz

FIG. 4. Difference between the Hanle-effects widths
for a J,=1-J,=1 transition. Continuous curve: I'}(2)
- I{(2). Dashed curve: y!(2)-v}(@) (experimental
conditions of Fig. 3 with, in addition, g,=g,).
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1+€,,QL2H)
2(g)=0y2 2T ap afpdl)
oL2H) =9 L2H) T+€ g (60)

Now, the half-height half-width is given by

I _ 1 a[gwe(Z]
rie=vie)(: RO +[g5~/a<z>]> - 61)

In general, the widths of the @ and b Hanle effects
are not very different. In fact, since the couplings
are weak, the deviations from a Lorentzian shape
cannot be observed; this has been verified in ex-
periments using the 6401 -A laser line of neon.!

3. Power-broadening of the Hanle effects

The fourth-order power broadening is obtained
from a perturbation development of (55);

Yh@)-T,R)~4y. (62)

This broadening, which is proportional to the
pumping rate, is the same for the two levels. As
a matter of fact, this equality between the power-
broadenings is nearly maintained in the exact
theory [Eqs. (55) and (61)]. Figure 4 shows the
difference between the Hanle-effects widths for the

practically independent of the laser intensity. Ex-
perimental equality of the power broadenings has
been already observed.!* Experimental tests of
Eq. (61) and subsequent measurements of y have
been performed and will be presented in a forth-
coming publication.'®

C. Saturation resonances

The longitudinal components are obtained by
means of Eqs. (18);

T',(0) 00 == TF(0) .05 =%7X", (63a)
.Y
T,2)p5= =375 &' -3X%), (63b)
2.8 Voa ) 21X Vae
Ta@ =375 (1 2rb(2)> *7‘2‘(_1 “zrb(2)> :
(63c)

Equations (63), combined with (48), show that the
populations of the levels exhibit zero-field reso-
nance, which is the sum of two contributions pro-
portional to the Hanle effect of the a level and of
the b level, respectively. For instance, for the b

6401-A line; /(2) —=¥(2) and I'/(2) - T(2) are level, we obtain
1+@GT2+272)y LiH) 1+G12-%7%)y L2H)
V)=~ 3a0 (1 Gy e re T rzf(z))’ (642)
__ny Y 1+[57(0)-1/6T,@)]y ,L3H) 1+[7(0)+1/T,@)[5y L H)
To@)P5=3,75 (1 Tt et @ M T:@) > (64b)

This resonance may be observed on the 7 compo-
nents of the fluorescent lines emitted by the laser
levels. For a fluorescent line b - g, the intensity
is proportional to®

Ly =405+ A, W03V 2, (65)

where A,=-1, 3, or —g5 if J,=0, 1, or 2, respec-
tively. The relative amplitude of the saturation
resonance, [L"(»)—L"(0)]/L"(«~), is given by

1-A,T,0)/2T,(2)
-A,[T,(0)/2T,@)][1 +v/2T,2)]"

(66)

Equations (64)-(66) show that, in general the shape
and the amplitude of the saturation resonance de-
pend on the fluorescence line, contrary to the case
of aJ=1-J=0 laser line. This is due to the fact
that population and longitudinal alignment are not
proportional. Experimental verifications of these
theoretical results will be published later.!®

Sue=1 =30 7507

D. Particular cases

There are two particular cases, for which the
Hanle effects are exactly Lorentzian.

-
1. Equality of the relaxation times of the two
alignments

Equation (48b) shows that, in strong magnetic
fields, X? is proportional to 7. The optical quad-
rupole moment has the same sign as I',(2) = T'*(2).
When I',(2) and T'}(2) are equal (49), this moment
vanishes. Then, in strong fields, all the longitud-
inal components of the density matrix are propor-
tional, independent of the laser intensity.

If, in addition, the Landé factors are equal, it
is possible to show that the two Hanle effects are
proportional. Indeed, when I'*(2)=T",(2) and w,
=w,, the exact solution of (54) is given by

=, L3={1 +[2w,/T}(2)]2} !, (67)
where
II@)=v1@2)1 +e,)/?
-[(r,@+4)

iy 1/2
X<F"(2)+1+%Y[T(0)+1/4Pb(2)]>] "
(68)
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The Hanle effects always keep a Lorentzian shape,
independently of the coupling of the transverse
alignments. Equation (67) involves the facts that

RIH)=- ,RZ(H), and subsequently that X? vanishes
whatever the magnetic field may be. All the longi-
tudinal components are proportional to X' and ex-
hibit a Lorentzian saturation resonance of shape
»L2 and of amplitude

g-—2220) EF(z“)[“zy(T(o)*r(z)ﬂ T 69)

n

In this case, the saturation resonance does not de-
pend on the fluorescence lines.

2. Two-vrelaxation-times model

When conditions (53) are fulfilled (one relaxation
time per level, and no coupling by spontaneous
emission), the transverse alignments are not cou-
pled. The Hanle effects are Lorentzian, and their
widths are given by ¥5(2) [Eq. (55)]. On the other
hand, the intensity of the 7 fluorescent line - g
is given by [Eqs. (63) and (48)]

n-,R:H)

0— 2=—
05 =2 o0} yf“ 3 Toky/yy+ 172y 0
if J,=0, and
2 Y
o, _ _ n +RIH)
ot 3 T T 29,3 TH I 1/v,+1/2y,)’ )

ifJ,=1.

These results can be interpreted with the dia-
gram of Fig. 2. If there is no relaxation-induced
transfer between the Zeeman sublevels, the set of
dashed lines of Fig. 2 and the set of solid lines are
decouple”. For each set, the diagram of the tran-
sitions is similar to the one of a J =1-J=0 line; in
the same way as it is for this line, the Hanle ef-
fects have a Lorentzian shape. Indeed it is easy
to show that, when (53) is fulfilled, Eq. (55) for
¥4(2) is exactly equivalent to Eq. (36), where $y
is replaced by 4y. On the other hand, the intensity
of the m-polarized fluorescent line b - g is propor-
tional to the population of the m, =0 sublevel, if
Jg=0, and to the populations of the m ,=+1 sub-
levels, if J,=1. Subsequently the J,=1-J,=0 fluor-
escence is connected to the Hanle effect of a only
(by the solid lines), and the J,=1-J, =1 fluores-
cence is connected to the & Hanle effect only (set
of dashed lines). This explains why the saturation
resonance is proportional to ,R2 in (70) and to
WRZin (71). For the fluorescence emitted by the
a level, the arguments are reversed.

V. TRANSITION J,=1-J,=2

Up to now, for J=1-J=0and J=1-J=1 transi-
tions, the laser irradiation induced population and

MARTIAL DUCLOY 9

alignment only in the excited levels. These quanti-
ties appeared in the second-order terms (“linear
response”). On the other hand, if the transition is
aJ,=1-J,=2 one, the laser may induce ,p4 com-
ponents in the atomic density matrix. These are
the components of an electric hexadecapole mo-
ment, which is created in the a level from the
fourth order in the laser field. There are four
quantities which precess in the magnetic field:
alignments of levels a (,03) and b (,03), and hex-
adecapole moment of a (,p3, ,0;). The equations

of motion are very complicated, and we shall be
obliged to introduce a great number of notations.
In order to simplify the presentation of the theory,
these notations have been put together in Appendix
A.m

A. Zero magnetic field: Anisotropy ratio
of the fluorescent lines

In Appendix A, we define the times 7(0), 7(4),
and 7/ [(A1)-(A4)]. Matrix M, may be expressed
as a function of these quantities (A5). The inver-
sion of this matrix is easily performed and leads
to the following values of the density-matrix com-
ponents [for a 7 polarization of the laser; Eqs.

6)-(10)]:

r30) 03= ~VF T,0),03

- 2 [1+(%2.85), |,

r"(?‘)”"g:flﬁ%{l %(rlts) rl(z)ﬂ (72b)

(72a)

2 _ "7‘/‘_
r'*2),02=- 154, [ (4) I‘,,(2) 'mYbaﬂ ’
(72¢c)
nyW2
1-.“(4) ,,03= 7510\/5_ ')/TJ (72d)

where A, is the determinant of M, [polynomial
quadratic in y, see Eq. (A6)]. I'X(0) is given by
(30) and T'X(2) by

T*2)=T,@2)[1 - 7,,/10T,(2)]" . (73)

The density matrix for a o-polarized laser in a
zero magnetic field is obtained from (11);

P3OWVE = - p§(0) = 303,
PHOWE = - p2(0)/VT0 = 2p2(0) =

(74a)
(74b)

These components may be analysed with the help
of the zero-field anisotropy of the laser-induced
change of the fluorescent lines. This anisotropy
is defined by the zero-field ratio between the
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anisotropic part of the fluorescent line, which

is connected to the transverse alignment, and the
isotropic part, connected to the population and to
the longitudinal alignment. (For a precise defini-

J

el 11 22\ a0
Rﬂa—(_) B+ Y 3) i:( ) Bpg(o)

Jg Jg Joff [ \3@Ig+1)

For J=1-J=0 and J=1-J=1 transitions, pj and

p2 are proportional, and the anisotropy does not
depend on the power of irradiation. For a J=1-

J =2 transition, owing to the fact that, in addition
to the electric dipole moment, an optical octopole
moment (,p%’) is created at high laser intensities,
p2 and pJ are not proportional. For each laser
level, pZ/pS exhibits homographic variations with
y. Subsequently R depends on the laser intensity,
the degree of polarization of the fluorescence de-
creases with increasing laser intensities.

For the a level. This depolarization of the fluo-
rescence is very weak because the ratio ,0%/,00
is not very dependent on y. Indeed, if I',(4)=T,(2),
then 2/, 05 is reduced 4% when y grows from zero
to infinity. Figure 5 shows the variations of the
anisotropy for J,~J,=2 and J,~J, =1 fluorescent
lines (experimental conditions of note'®). The
anisotropy is practically independent of the laser
intensity, as it has been observed experimentally
(Fig. 6 of Ref. 8).

For the b level. The variations of pZ/pj with y
are shown in Fig. 6. Since ,p%/,0) is very small,
the anisotropy ratio R,, is fairly well proportional
to ,pa/,ps, independently of the fluorescent line
(J,=0, 1, or 2). Depolarization of the fluores-
cence, similar to the one predicted by Fig. 6, has
been observed experimentally®'” (for instance,

r' 3
IRa]

0.6}

Bz 2

04 Jy=1
0.2F

Y
N N
0 100 200MHz

FIG. 5. Zero-field anisotropy ratios of the Fluores-
cent lines from the a level, as functions of the pumping
rate [J, =1-J, =2 laser transition; experimental condi-
tions of note (Ref. 16)].

tion of the anisotropy ratio, and the way of mea-
suring it, see Refs. 3 and 8-10.) Using (74a), we
obtain for the anisotropy of the B~ « fluorescence
[Eq. (5) of Ref. 10]

! ZH (B=a or b). (75)

(_)JB+J°(+1j 1
JB JB Joz

+

r

see Fig. 4 of Ref. 9). At strong laser intensities,
»P4/ 405 becomes proportional to I',(2)-T(4) [see
(72b)]. In particular, in the case when I',(4) > T (2),
the anisotropy is reversed, at high intensities.
Since the anisotropy is very sensitive to the dif-
ference between the quadrupole and hexadecapole
relaxation rates of the a level, the study of the
variations of R,, with the laser intensity must allow
the measurement of I' (4) [I',(2) may be obtained
from the width of the a Hanle effect]. Experiments
on this point, using the 6328 -A neon line, are in
progress.’®

B. Hanle effects: Laser-induced hexadecapole
moment in the a level

When the magnetic field is different from zero,
we must use Egs. (25) and (26). Quantities X*
verify the matrix equation (21):

1 — L 4.-%”122 —- ﬂ 2
X V3 10v¥3 10 o
Al
M X? = é% —6—\/;— aR§ s (76)
2 2
s oy _ Ry V3 s
X 575 ~15v7 " 277 o
o.o:: P
X0
0.02
. LY
° 100 200MHz

FIG. 6. Alignment to population ratio for the b level
in zero magnetic field [J, =1-dJ, =2 transition; experi-
mental conditions of note (Ref. 16)].
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where matrix M is given by Eq. (A7). Then, X*' is obtained with the help of the inverse matrix u/a [(A8),
(A9)] and, when replaced in (25), leads to the following equations of motion for the transverse components

of the density matrix:

2y

B L9 V21
(F"(Z) +Z;_ +21wa> G (W 10 7bn> oP3 +3my P2

ayWT , 23y

“"i0/3 Xe*a10

Y o Y
_ﬁap§+(rb(2)+§6 +22wb>bp§—5—yﬁ apg+§apj

_ny

14 2 _ Y 2 & . 4 __7 4
3573 o2 "5/ P2 T (F"(4) 35 +2""ﬂ>"p2 10V7 o

ny 4, Y
15V7 X« T7073

Y 4
5V31 aPa
Y Y
= Xao) oR ~ 5737 (1 = Xoa) oRE +i5 75 (1~ Xao) B2, (772)
=30 %~ 57T (1= X3 B3 + 35 (1= X&) RS — T (1~ X&) (R, (T7b)
30 b 5‘/'2_T ab 2730 bb/ brv2 10\/7 ab 29
3
(1= oS - Jo7r (L —x30) RS +58 (1= X3 RS, (TTc)
(77d)

Y .
~5r o e - i (T o i) wi=o,

where the coefficients y are given by (A10) and
(A11).

In the left-hand side of these equations, we have
put together the effects of the relaxation proces-
ses, of the magnetic field, of the spontaneous
transfer of alignment from b to a, and of the direct
laser-induced coupling between the transverse
components. The right-hand side contains the
excitation term (with ») and the indirect coupling
through the sublevels populations (R terms). We
shall note that (77a)-(77d) correspond to the equa-
tions of motion of 3, ,p%, ,ps, and ,oi, respective-
ly; indeed, at weak laser intensities, when the
laser-induced couplings are small, each of the
equations determine the corresponding density-
matrix component.

In general, it is not possible to find the analytic
solution of Eqs. (77).!° First we shall calculate
an approximate solution which gives a straight-
forward physical interpretation of the observed
effects. Second, an exact computer calculation
will be presented, and its results will be compared
with the approximate solution.

1. Approximale solution

a. Hanle effect of a. An important point is that
the alignment of b is much smaller than the align-
ment of a (this is the well-known fact that the
optical pumping of aJ=1 level using a J=1-J=2
transition is not very efficient).®'® This may be
verified in zero magnetic field by means of Eqgs.
(72). On the other hand, the hexadecapole mo-
ment (,p;, ,0;) is also small compared to the align-
ment of a. Subsequently, in Eq. (77a), the laser-

—
induced couplings of ,p3, 3, and p} with 2 are
weak. For instance, we can define the importance
of the zero-field coupling ,p3—~ 03 by the ratio

2y /5v21 +V21y,,/10 »p3(0)
T,(2) +3y £30)

This ratio may be evaluated using (72)-(74). With
conditions of note,'® it has a maximum value of
3.3%, when y is equal to 40 MHz. The o} and

P2 couplings are maxima when y is infinite, and
are respectively equal to 2% and 7%. In the same
way, we can neglect the couplings with ,R3 and
.R3, which are of the same order of magnitude,
and (77a) is reduced to

(78)

(ra(z) +Z—; +2iwd> ©p2

V7 ., .23
- T (L= X RS (19)

This equation and its complex conjugate lead to
a Lorentzian shape for the ¢ Hanle effect;

©OR2(s) = _npT[T2) +gy g

1073 [1(2)F +4w? (60a)
©,2() = ©p2 _ 2w )
YpsH) ="VR3(H) (1 Fm . (80b)

The width is given by
57)( 23y _l:x__>’ (81)
I - a8 it &
71(2) (r,(2)+ o) ()

The variations of y/(2) with y are shown in Fig. 7
(continuous curve) for the experimental situation
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Y
10 R N N >
0 50 100 150MHz

FIG. 7. Power broadening of the a Hanle effect (J,=1-
J, =2 transition; experimental conditions of note (Ref.
16)]. Continuous curve: approximate solution 75(2)
(coupling-free Hanle effect). Dashed curve: exact com-
puter calculation.

of note.'* However, we must point out that Egs.
(80) fail at strong laser intensities. Indeed the
zero-field value of (80) is

_nVT Xa
10V3 T,(2) +y —gar (L — 20’

a

©p2(0) = (82)

while the exact value is [Eqgs. (72)-(74)]

P30)=

(83)

As a matter of fact, ©p2(0) goes to zero at strong
laser intensities, while the exact solution does
not vanish. This is due to the fact that x2 vanishes
when v is infinite. Subsequently, at very high
intensities, the couplings with ,p2, pi, and ,p;
are not negligible compared to the source term
nx2 (though these couplings are weak compared to
3. In order to study the magnitude of the ne-
glected terms, we can consider [,p2(0) - ©p2(0)]/
ap§(0). In the conditions of Ref. 16, this quantity
is equal to 3% and 8%, when y is equal to 100 and
200 MHz, raspectively. For these values of y,
the approximations are fairly valid. Assuming
that the Hanle-effect shape given by (80a) is cor-
rect, we can “renormalize” its amplitude with

FIG. 8. Diagram of a J=1-J=2 transition, with the
relative transition probabilities.

-fo—l‘n—%;:)%ﬁ [1 +§% <I‘.,1(4) +Fb(2)1—1%mﬂ '

the exact zero-field solution. (80a) is then re-
placed by

OR2(H) = ,02(0)VL:H) , (84)

where ,p3(0) is the exact zero-field solution (83)
and where

O12(H)={1 +[2wa/¥ ()]} . (85)

b. Lasev-induced hexadecapole moment in
level a. Equation (77d) shows that a Am =4 Zee-
man coherence (p}) is created by the laser in the
a level. This process can be understood with the
help of the diagram of the transition (Fig. 8). For
instance, the stimulated emission of a linearly
o-polarized photon creates coherence between the
m, =12 sublevels from the Zeeman coherence be-
tween the m, =+1 sublevels (through the transitions
represented by solid lines in Fig. 8). This cor-
responds to the creation of pj from ,pi. In the
same way, from the Am =2 coherence in level
a(,p5 and ,p3), the absorption of a laser photon in-
duces Am =4 coherence (for instance, by adding
coherence m =0 «—m_ = -2 to coherence m =0 —
m,=2).

To solve (77d), we shall neglect the pj and ,p3
terms. Indeed, on the one hand, the ,pj contribu-
tion is never more than 10% of the p? contribu-
tion. On the other hand, o} is important at high
intensities only, because it appears from the
fourth order in the laser field. Since ,p3(0) goes
to zero for strong intensities [see Eq. (72b) and
Fig. 8], we neglect it compared with ,p2. Then
(72d) is reduced to

(r.@ % i, ) Opllh) = s T 30). (B6)

10 Gawss H
i 2
_— \

— ——

FIG. 9. Variations with the magnetic field of the real
part of the hexadecapole moment induced by the laser in
the a level (J,=1-J,=2 transition; experimental condi-
tions of note (Ref. 16); pumping rate y=100 MHz]. Con-
tinuous curve: approximate solution. Dashed curve:
exact computer solution.
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Obviously, since the approximations leading to
(86) are rather crude, (86) is no longer verified
by the zero-field solution (72). However, as it
has been done for 3, (86) may be “renormalized”
by replacing y/5V21 by [T (4) ++v],03(0)/ ,0%(0).
where ,p3(0) and 3(0) are the exact zero-field
solutions. Using (80b) and (84), we finally obtain

(o) oi(H) = o 0) - 2w /[I‘,,(Z) "'327] (o)Lz

1 +4iw,/[T (4) +3v]
(87)

The variations of ©R}(H) with the magnetic field
have been represented in Fig. 9 (solid curve) when
the pumping rate y is equal to 100 MHz. In the
same figure, the dashed curve gives the exact
solution as obtained by a computer calculation
(see Sec. VB2).

c. Hanle effect of b. In order to obtain the shape
of the b Hanle effect, we must solve the equations
of motion of the b transverse alignment, (77b).
The principal difficulty comes from the fact that
this alignment is very small at high laser intensi-
ties [see Eq. (72b) and Fig. 6]. Consequently, in
(7o), we cannot neglect the various couplings with
the 2, .3, and o} components; their contribu-
tions are as large as the direct excitation. Since
.Pi and 0% have been previously calculated, the
only component to determine is pj.

When T',(4) is equal to T',(2), ;@) and ,pi(H),
both corresponding to a Am =2 Zeeman coherence
in the a level, exhibit similar variations with the
magnetic field for weak laser intensities. We shall
assume that p;(H) and ,03(H) are proportional,
whatever the intensity may be. On the other hand,
X2 and 2 have close values [we shall see later
that they are exactly equal when there is no de-
polarizing processes; I'g(k)=vyg]. Then assuming
X’z = X% and introducing the following parameter,

€=3V3,p3(0)/,030), (88)
Eq. (77b) becomes?

H
1
20Gauss

L

-20 -10 6 10

FIG. 10. Hanle effect of level b, in the same conditions
as those of Fig. 9. Continuous curve: approximate solu-
tion. Dashed curve: exact solution.

( (2)+ +21wb>bp2 ‘/—(1 ) 05+ 5ap4

RY 2 Y 4 22y p2 2
30 Xb+30 (1 xbb) DR 5\/— (1 xa )(1 +€) R

(89)

Using Eq. (80b) and eliminating the imaginary part
of ,p3 between (89) and its complex conjugate, we
obtain

s S

r,) +ay

_ny Y __ 2w, >4 } (1+e€
Re{(l T2 oy ) | V5T

=30 X "5
8wLw
X 22 _ aWh > 2
(10 [T,@) 5/ T, @ 1] ) « 2
(90)
where

()= (204 12) (1 - LK)

@)= (r@+3x) (1-55 rara) - e
When the p} and p? terms are neglected in (90),
, R5 has a Lorentzian shape of width y/(2). This
‘“uncoupled” Hanle effect is strongly power broad-
ened by the laser; for y =100 MHz, the power
broadening of b is 3 times that of level @. This is
due to the strong probability of the transitions
issued from the m, =1 sublevels on the one hand,
and on the other hand to the weakness of the co-
herence restitution through the sublevels popula-
tions [,R: term in (89)]; here, this is possible
through the m,=0 —m, =1 transitions only, and
the relative transition probability is 1 (see Fig.
8).

The Am =4 coherence of « is transferred to the
b level through the m =12 ~m, =+1 transitions.
This transfer involves the second term of the
right-hand side of (90). Since j(0) is negative,
this contribution has the same sign as the direct
excitation. The resonance induced by this coupling
is very narrow, because ,p} evolves at 4 times the
Larmor frequency.

The Am =2 coherence in level a (03, ,03) is trans-
ferred to b through either the ¢* transitions (7,
=-2-m,=-1and m_ =0~m,=1), or the ¢~ transi-
tions. This coupling has the same sign as 3(0),
which is negative [last term of (90)]. The cor-
responding resonance will appear as a dip in the
Hanle effect.

By putting (84), (85), and (87) in (90), we obtain
the approximate shape of the Hanle effect. This
is shown in Fig. 10 for y =100 MHz (continuous
curve). On the broad uncoupled Hanle effect, a
narrow central resonance appears because of the
Am =4 coherence of a, and a broader dip because



of the Am =2 coherence of a. The exact solution,
obtained by a computer calculation, exhibits the
expected shape but the contrast of the resonance
is smoothed (dashed curve of Fig. 10).

2. Computer calculation

The previous calculation has allowed us to ex-
hibit the principal features of the solution, and
to analyze its physical interpretation. But we have
obtained results which are essentially qualitative.
A quantitative comparison between theory and ex-
periments is possible with the exact solution of
(77) only. This solution has been obtained by
means of a computer calculation. With the help
of the 4x4 matrices I', 2, x [Eqs. (A13)-(A15)]
and of the column vectors p, R, and A (A16)-(A17),
Eqs. (77) may be written as a compact expression

(C+iQ)p=nA +xR . (92)

Y=130 MH1
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(92) is equivalent to two sets of coupled equations:
TR -QIm(p)=nA +xR, T'Im(p)+QR=0, (93)

where Im(p) is the imaginary part of p. Then the
formal solution of (93) is

R=n(T —x+QI'Q)"'A . (94)

The inversion of matrices I and (I" - x +QI'"'Q)
have been performed by a computer for each value
of y and of the magnetic field. Let us analyze the
results concerning the Hanle effect.

a. Hanle effect of a. The computer solution
shows that the couplings of ,03, ,03, and ,p5 with
P> are too small for implying any important de-
viations of the Hanle-effect shape from a Lorent-
zian one. When y =100 MHz, the deviations are
lower than 1% of the total amplitude of the Hanle
effect. This result agrees with the fact that the

FIG. 11. Shape of the &
Hanle effect, for different
values of the pumping rate

Y =50 MKz

[J,=1-J, =2 transition;
conditions of note (Ref. 16)].
The vertical scale is the
same for the different
curves. The zero-field
alignment of b, ,p3(0), is
maximum for y=13.2 MHz,
and vanishes at high laser
intensities (see Fig. 6).

Y=10MNz

(1)

il

This explains why the Hanle
effect amplitude decreases
with increasing v.

H

o}

- 40 -20 20

40 Gauss
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experiments have always shown a Lorentzian
shape for the Hanle effect of a /=2 level optically
pumped by means of a J=1-J=2 transition (see
Refs. 8, 9, and 17 for the 6328-A and 1.15-p neon
transitions). Nevertheless, the couplings induce
a change in the Hanle-effect width. The power
broadening is reduced, and the apparent relaxa-
tion rate of the transverse alignment, I'/(2), such
as obtained from the exact solution, is smaller
than the one deduced when the couplings are ne-
glected, y!(2) (see dashed curve of Fig. 7).%

b. Hanle effect of b. The results of the com-
puter calculation are shown in Fig. 11. At very
low laser intensities, the couplings are vanishing,
and the Hanle effect approximately has a Lorent-
zian shape (curve 1, y=10 MHz). When the laser
intensity grows, the couplings with o and o}
become important. At first, the o} coupling is
the only one visible and implies a narrow central
peak on the top of the Hanle effect (curve 2, y =50
MHz). The ,p3 coupling cannot be observed be-
cause the Hanle effects of levels a and b have near-
ly the same widths. Afterwards, when the b
Hanle effect is more power broadened than the
Hanle effect of a, a dip appears because of the
o2 coupling (curve 3, =70 MHz). The dip be-
comes deeper and deeper with increasing laser
intensities (curve 4, y =130 MHz). This behavior
of the Hanle-effect shape has been observed in
recent experiments.?

C. Saturation resonances: Anomalous behavior
of the J,=2 - J,=2 m-polarized fluorescence

Using (18) and (76), we obtain the following ex-
pressions for the longitudinal components of the
density matrix:

T,(0) 0= —%r:m),p‘)

2y £’
_3A( 7=£ +1o0v3 o

_____ 20,R2 2‘/_ 5 R‘21>’

(95a)
J2 22
i G (e
2 6V3 ., .,
e )
(95b)
ra(z)ap():—)/:;oA ( ﬁg g Rz
L3t 2V3 >
7J‘ aRz 7\/_ ‘gaa aR‘
(95c)

where coefficients ¢ are polynomial functions of
y [see Eqs. (A18)-(A20)]. The populations of the
levels exhibit resonant variations in zero field
which are connected to the real parts of ,p3, .3,
and ,p;. These saturation resonances may be ob-
served on the 7 fluorescence of the levels. For
the b level, the intensity of the fluorescence is
given by (65). For level ¢, the intensity of the
fluorescence a —f is proportional to

L = o+ Ay 0oVE, (96)

where A, =-1,1,0or -%if J,=1,2, or 3. The varia-
tions of the ¢ —f fluorescence with the magnetic
field are proportional to

1-8%2, L2(H) -82 L3H) - 8% ,LiH),

where L%(H) is the “normalized Hanle effect”
[Eq. (27)] and coefficients 8 are determined with
the help of the zero-field components [(72)-(74)]:

§o2 = Y ®—A/I*0)/T,(2)]¢52
@ ~300T (2)5 +5A, [T X(0)T, (2)] &2
L+dy[1/T44) -1/T,2)|
A, ’
iz __1r___ ke —A/[DH0)/ D265
¥ T100TX2) £° +5A,[TX(0)/T,(2)]£
« LR {1/Ta(@) +1/[1,(2)
A0
2y EX +3ATH0)/Ta(2)]E2 v
700T ,(4) £°+5A4,[T*(0)/T,(2)]2 A,

(97c)

(97a)

1
- m‘)’ba]} , (97b)

ad = _
8¢ =

85 gives the amplitude of the ,R% contribution to
the saturation resonance, relative to the laser-
induced change of the fluorescence in strong mag-

A

3 o) —
at

FIG. 12. Amplitude of the saturation resonance on the
J,=2—~J;=1 fluorescent line for a J,=1-J,=2 laser
transition [conditions of note (Ref. 16)]. The continuous
curve gives the total amplitude. The dashed curves rep-
resent the relative contributions of apg (curve 1), ap%
(curve 2), and ,p3 (curve 3).
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-0.08

=0.10

Al

netic field. The total amplitude of the saturation
resonance is

8, =822 +8% +877 . (98)

When § , is positive, the saturation resonance is
in the opposite direction to the laser-induced
change of the fluorescence and reduces it in zero
field. This is the result obtained for the laser-
induced fluorescence, in the case of a J,=1-J,=0
orad, =1-J,=1 laser pumping. Here, it is also
verified for the J =2 —~J, =1 fluorescence. As

it is shown in Fig. 12, 8, is always positive (solid
curve). The dashed curves 1, 2, and 3 give the
relative contributions of ,R3, ,R3, and ,R3, respec-
tively. Since the alignment of level a is much
larger than the alignment of level b and the hex-
adecapole moment of level a, ,R2 provides the

0.08f :‘fb,

FIG. 13. Amplitude of
the saturation resonance
on the J,=2 —J; =2 fluo-
rescent line (same nota-
tions as those of Fig. 12).

leading contribution, and the saturation resonance
practically has the same shape as the Hanle effect
of a.

(R also provides the leading contribution to the
saturation resonance of the J =2 ~J, =2 fluores-
cence (Fig. 13). However § , exhibits a curious
behavior as a function of the laser intensity. 8 ,,
which is positive at weak laser intensities, be-
comes negative when the laser intensity grows.
We obtain the surprising result that the saturation
resonance increases the laser-induced change of
the J =2—J, =2 fluorescence in zero magnetic
field. This anomalous behavior of the saturation
has been experimentally observed on the 6328 A
and 1.15-u neon laser lines.?®* We shall see in
Sec. VD, that this anomaly, which is due to high-
er-order nonlinear effects, is closely connected

0.04

FIG. 14. Amplitude of
the saturation resonance
on the fluorescence from
level b [conditions of note
(Ref. 16)].

v

A
° 200

400 MHz
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to the transit time of the atom in the b level.

For the J,=2~J,=3 fluorescence line and for
the fluorescence emitted from the b level (J, =1
-dJ,=0,1, or 2), the behavior of the saturation
resonance is similar to that of the J ,=2~J,=1
fluorescence; 8 is also positive and the shape of
the resonance is practically the same as that of
the Hanle effect of «. However, the saturation
amplitude is rather smaller for these lines than
for the J,=2~J,=1 line (see Fig. 14).>*%

D. Two-relaxation - times model

When there is one relaxation rate for every level
[T 4(k) =y;] and no spontaneous emission (y,,=0),
the equations may be simplified. In this case, the
set of transitions represented in Fig. 8 by continu-
ous lines is not coupled to the set of dashed lines,
and each set may be solved separately.

1. Hanle effects

The coherence between the m = z:1 sublevels is
given by

Pr,-1= (V3 03 =2 o3) VT . (99)

(We define the Zeeman coherence between sub-
levels m and m’ by the usual notation p,,,,-).

The equation of motion of p, _, is deduced from
(77a) and (77c). Using the symmetry relations
of the y coefficients [Appendix A, Egs. (21)-(23)],
we obtain

—nYX o YL =X ) R1-1s
(100)

(vq +1oY+2iw,) 01 -1 =

where R, _, is the real part of p, _,.

As it was evident in Fig. 8, p, _,, which is con-
nected to the set of dashed lines only, is not cou-.
pled to the other Zeeman coherences. The cou-
pling diagram is similar to that of a J=1-J=0
transition, and, subsequently, R, _, exhibits
Lorentzian variations with the magnetic field. In-
troducing the mean coherence between the m =0
and m =12 sublevels,

1 2 03 +V3 03
pzzﬁ(apo.-z"'apz,o):%_ﬂ, (101)

we find the following equations of motion for the
Zeeman coherences coupled by the continuous
lines of Fig. 8:

2__V 4
( 15 +2“"¢) P2 =575 P =TT o

ny X,

= ‘/3_ i (1 Xaa) &2 = 10}\//-3 (1—Xb¢)bR§,

(102a)

9
Y 7_‘}_1 2 2 Z 4
“5/3 aP2 t 7b+30 taiw, bp2+5 aPs
ny Y
=50 % ~To73 (1 ~Xe) e +3g (1130 oRE,
(102b)
—ﬁ_gap2+25/- bp§+<‘ya +)5i +4iwa> ap:=0, (1020)

where coefficients y are defined by (A22). The
equations of motion are reduced to a set of three
equations, but it is not much easier to find the
solution of (102) than that of (77). The only inter-
est of (102) lies in its straightforward physical
interpretation, since ,0,, ,03, and ,pj are associ-
ated with clearly defined Zeeman coherences:

P2 With the coherence between the m =0 and m
=12 sublevels, ,p2 with the coherence between

the m, =1 sublevels, and p; with the coherence
between the m =12 sublevels. Then each coupling
term of (102) is straightforwardly associated with
some of the transitions represented by continuous
lines on Fig. 8. For instance, two simultaneous
o* (or ¢7) transitions involve a coupling between
the am =2 coherences of levels a and b (0, — ,02),
and so on.

2. Saturation resonances

For the 7 fluorescence emitted from the b level,
elementary arguments lead to simplifying the re-
sults. For instance, the intensity of the 7 com-
ponent of the J,=1-J,=0 fluorescence is propor-
tional to the population of the m, =0 sublevel. Since
this sublevel is coupled to the m =+1 sublevels
only (dashed lines of Fig. 8), the saturation reso-
nance is associated with the coherence between
these sublevels. Indeed, using (65), (95), and the
symmetry relations of coefficients £ (A24), we
show easily that the intensity of this fluorescent
line, ,p) - ,p2V2, is proportional ton + R, _(H).
Then the saturation resonance has the same Lo-
rentzian shape as ,R, _,. On the other hand, the
intensity of the J,=1~J, =1 fluorescence, ,pg
+,02/VZ, is proportional to the population of the
m, =21 sublevels, and subsequently is coupled,
by the continuous lines of Fig. 8, to the Zeeman
coherence of b (,R3) and to the Zeeman coherence
between the m ,=0 and m =2 sublevels of a (,R,).
For the fluorescence from level a, these kinds of
arguments are no longer possible, and every
saturation resonance is associated with all the
Am =2 Zeeman coherences, R, _,, ,R,, and
»Ra-

In order to determine the physical origin of the
anomalous behavior of the saturation of the J, =2
—~dJ, =2 fluorescence, we have looked for what
happens with this anomalous behavior in the two-
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relaxation-times model. Figure 15 shows the vari-
ations of the amplitude of the saturation resonance,
8, as a function of y/y,, for different values of
ratio y,/y,. The zero laser intensity slope of the
curves (11y/270y,) represents the 8 value such

as obtained from the fourth-order perturbation
calculation. At high intensities, the asymptotic
value of 8 , is positive or negative accordingly

as v,/v, is higher or smaller than §(v41 -1)~1.35.
Subsequently, two cases are possible:

(i) If y, is higher than 1.35y,, 8, keeps the
sign of the fourth-order contribution, independent
of the laser intensity; the zero-field saturation
resonance always reduces the laser-induced change
of the fluorescence intensity.

(ii) If y, is smaller than 1.35y,, §,,, positive
at weak laser intensities, becomes negative when
the laser intensity grows. This reversal of the
saturation resonance increases with decreasing
v,/7, ratios. Subsequently, the anomalous behavior
of the saturation seems to be closely connected
to the mean lifetime of the b level, i.e., to the
transit time of the atom in this level.

This effect may be interpreted by using the
diagram of Fig. 8 and pointing out that the popula-
tion of the m =12 sublevels plays a leading part
in the intensity of the J, =2 ~J, =2 fluorescence.
Indeed the m =2 —m, =2 transition is 4 times more
probable than the m,=1-m,=1 transition, and the
m,=0-~m,=0 transition is forbidden.

Let us analyze the processes leading to the sat-
uration resonance in the m =2 sublevel. The stim-
ulated emission of a o-polarized photon by an atom
in the m, =1 sublevel creates coherence between
sublevels m, =0 and m =2 (second-order contribu-
tion in a perturbation expansion in the laser field).
A new interaction with the laser (now a photon
absorption) couples this coherence with the popula-
tions of sublevels m =0, m,=1, and m =2, and

3., V’/Y.: -

01F

FIG. 15. Amplitude of the saturation resonance on
the J, =2 —J,; =2 fluorescent line, for various ratios of
the relaxation rates (J,=1-J,=2 transition; model with
two relaxation rates vy, and v,).

produces in these sublevels a saturation resonance
which reduces, in zero magnetic field, the laser-
induced populations changes (fourth-order term).
To the sixth order, the stimulated emission of
a o~ laser photon brings back a part of the m, =1
population into the m =2 sublevel. Since the
laser-induced populations changes of these two
sublevels are reversed, the latter process sets
the saturation resonance of sublevel m, =1 over
against that of m =2 and tends to an increasing
of the zero-field population change of m =2. This
effect is important because the m,=1-m =2
transition is 6 times more probable than the m,
=1-m_ =0 transition. On the other hand, this
effect increases when the laser intensity is strong,
and when the population lifetime of level b becomes
longer than that of level a (then, the contribution
of the m, =1 population grows relatively to that
of m,=2).

These considerations explain the behavior of
8, such as shown by Fig. 15. Such a behavior has
been experimentally observed.?® The other sub-
levels do not exhibit the same behavior as that of
m,=2, because of the weak values of the involved
transition probabilities. Subsequently, the other
fluorescence lines from levels b and a do not show
the same anomalous character as the one of the
J,=2~J,=2 line, since the m =42 sublevels do
not bring a leading contribution to these lines any
more.

V1. CONCLUSION

In this article, we have analyzed the laser pump-
ing of atoms by means of a nonperturbative meth-
od, valid at arbitrary laser intensities. The prin-
cipal predictions are the following:

(1) For aJ,=1-J,=0 transition, the Hanle ef-
fect of b always keeps a Lorentzian shape and
the populations of the levels exhibit a zero-field
saturation resonance proportional to the Hanle
effect.

(2) For a J,=1-J,=1 transition, the Hanle
effects of both levels also have a Lorentzian shape
with a good approximation, and their power broad-
enings are similar. The saturation resonances
come from both the Hanle effects of ¢ and b.

(3) For a J,=1-J,=2 transition, while the Hanle
effect of level ¢ is Lorentzian for all the obtain-
able laser intensities, the one of level b presents
a departure from the Lorentzian shape which is
due to the couplings with the quadrupole and hex-
adecapole moments of level ¢. The saturation
resonances come mainly from the Hanle effect
of a. The amplitude of the saturation resonance
of the J,=2~J, =2 fluorescence exhibits an anom-
alous behavior because of higher-order effects.
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Most of these theoretical predictions have been
experimentally observed. A comprehensive study
of the experimental verifications will be presented
in a forthcoming paper.

The comparison of the exact theory with the
fourth-order perturbation calculation''?® shows
that, for J=1-J=0 and J=1-J =1 transitions,
the perturbation calculation deviates from the
exact one in a quantitative way only. The physical
phenomena are the same in the two theories. For
a J=1-J =2 transition, the differences are much
more spectacular because of the existence of
typically higher-order effects (sixth order and
more), in particular the creation of high-order
multipole moments in the excited levels. This
latter effect is one of the most interesting features
of the optical pumping using a laser source. De-
comps and Dumont®'® have shown that the study
of the atomic linear response leads to the deter-
mination of the relaxation rates of the population,
r'(0), and of the alignment I'(2) of excited levels
having a nonzero angular momentum. In the par-
ticular case of a J=1-J=1 transition, all the
atomic parameters can be deduced from the linear
response (obtained by extrapolation at zero laser
intensity). Then the experimental fit of the non-
linear effects only implies the determination of
the pumping rate y. On the other hand, the analy-
sis of the nonlinear effects in a J=1-J=0 transi-
tion must lead to the measurement of the relaxa-
tion rate of the population of the J=0 level. This
kind of measurement is interesting, but there are
other experimental methods (for instance, the
study of the level decay by the delayed coincidence
method?”). More original is the possibility of
measuring the hexadecapole relaxation rate from

an analysis of the nonlinear effects ina J=1-J=2
transition. Pressure broadening of this relaxation
rate and subsequent measurements of the collisions
cross section are of interest for the study of the
multipole expansion of the interaction involved

in depolarizing atomic collisions.

APPENDIX
Notations for the J=1-J=2 transition

In Sec. V, we use the following quantities which
have the dimension of a time:

1 3 3Vpa
7(0)= 716 *3T,00) " 5T 0150’ @
1
T(4)=r—a(4—) s (A2)
(P, q,7)= d r b (A3)

b<2) r,(2) 10 T,(2)r,2)’
where p, g, and 7 are any real numbers. We also
introduce matrix 7} (i,7 =1, 2, 3) with the help of
particular 7(p, q,7);
‘1, 1,1) 7, 1,3) 7(1,1,21)
(h=| 7¢,1,1) 7¢,1,3) (1,7 |, (A4)
7(1,1,1) (1,4 1) 7(1,5,1)

where i is the column index and j the row index.
Matrix M, [Eq. (10)] is given by

1+27(0)y +&7ly -7%VB 73
M,= 9 7571 ) 75 817 , (A5)
-E=V6 iy 1+ 5Ty +3:T(4)y

and its determinant by

_ (27(0) Tt} 673 87(4) 20 2717(4) 8
Ao—1+Y<_9 +—,—7—51+—§§3+ 35> 5 (T(O)T3+ 7(0)7(4) + 5 +21ra(2)rb(2)> (A6)

Matrix M [Eq. (22)] is given by

27(0) Tl T2 73

/ a3 1 - 1 21

=57 7+300” ~sovs” e

Tl 772 T3

M= - 172 -

v 6075 1+%507 5v5 "
T3 T2 67(4)
757 -5 1t

Its determinant is

A=1 +y< 27(0)

32 1(0) 1 T(4)

+——<—'r(0)'r( TZ+

100 *105 T,2),2) ©

225 T,(2)T,(2)

(AT)

61'(4)> 72< 4 @) (23 % )
19 a1 57 21
9 3oT 5,3, 16) + == ) + 1o\ e TOT (L8, )+ 57701 (@) + 55757, 3. 8) * 35T

25 "\21’ 2(2)T5(2)

(A8)
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The inverse of M is /A, where . is defined by the following matrix elements, u*"’ (¢’ for the row and
1' for the column);

noy .y (T, 8% 67(4)) f( __48__)
H 1+10< 6 5 7 100\ Bren,e /)

, M 32 ) 72 73 4y
12 - 1 2 1B _ 1 .4 A—
’ 6075”(”‘4) 21T, (2)T,(2)/ 100v5 * ¥ 757 1500, (2)T,(2) ’

ut= L Y+ 717(4)+-—-——-—-——-—32 ) L
60v5 2 21T (2)T,(2)/ 1005

27(0) 7} 4r3 61(4)) ( 4 Tir(4) 32 > ¥?
22 -1, 73 —_ 71 B
o “( 9 *300° 25 70 )7\ 2T Ot g TOT@) Y 5= g T, @) 10

- 1 1_ 4')’
'f’”’* <T(°)72 151‘,(2)1‘,(2))’ wes 75“’ 1500T, @)T,@)°

1 _ 27(0) Tt 713\ v 1
—f““ T< (075 + 151*,,(2)1*,,(2)), “33‘1“”’( 9 "300" so> 27o<7(°)72 5or,,(2)r,,(2)>' (49)

In the equations of motion of the transverse components, the following coefficients are introduced
[A is defined by (A8)]:

AX,21=1+_-[T(15’ 3)60 +61’(4)]+_'(T(4)T("‘f’§_’ 1)+ - (24)rb(2))5
(A10)
Ax»-1+‘<7(2’ 56 +— ) 50 \"WT & 1L 2+ g RTNAT 50T ,(2)T,(2)
for the source-terms, and
Ax2=1+ m(l;f?séT(o)-'.LT (325 14, 50)+—T(4))
Z§o< TO)TE, £,5) + 27O () + @G £, 2) + 3r,(2§r,(2>>’
13 4 10 i T
o '1%(‘9‘ ©0)+2 T%,%,%“37(4))*'163(-’(0*’(1’5’3)“‘—97(0)7(4)* 71(5)7@9’2’5“31',,(2)1*,,(2))’
Ty(20_ 7|, __1___)
BXoq= 30(2 70+, L, 10)) 30 \TO76 5 9+ E (2)I‘b(2)

8l~<

13 4 Y 10 r4) 5
( 7(0)+ 2 ‘r( 2,7)+51—(4)> 100< T(0)7(5, 1, 7)+ ‘r(O) (4) + 5 T(ﬁ»2,4)+3ra(2)rb(2)>,

ne1v (2104725, 6+ 5 7(4)> 100(41’(0)1’(1,7,3)+:—(1)T )1(4)+§f(4)r(%,1,2)+m>,
a b
Ax:g 1+ [27’(0)+T(m,2, 5)]+—yi<1’(0¥r(1 1, 7)+T6F—(—ZITP—.(_2—)>’
2 7 1
Ax2=1+—+ (2—17(0)+T(§%, 1, 4)) Yz(T(O)’T(,,s, m>,

Axt=1+X[27(0)+7(& ]+——<‘r(0)-r(1 1, 3)+————1—)

. 9 10,5 5) 10T, (2)T,(2) /°

=14 17 (100 e N S
Axia=1+ 150< 7(0) +7(&, 3, 8)) 270(1’(0)’1’2 501",(2)1“,,(2)> (A11)

for the coupling terms. The equations of motion of the transverse components of the density matrix
may be written in a compact shape,

(F+iQ)p=nA +XR, (A12)

if we introduce the 4X4 matrices
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S5y 2y V21 ) Y Y
Td2)+3 <5F 7)) FWE 5731
2 Ty Y Y
5v21 T2+ 30 THT 5
r= y y gy , (A13)
- ¥y __Y_
35V3 5T Ta#)+ 35 107
4 Y __Y Y
5v31 5 T Fe@+3
w, 0 0 0
0 wy 0 O
Q=2 o 0w 0 | (A14)
0 0 0 2w,
_2_:2_ _ 22 22 1 42
510! Xaa) ‘/-—(1 Xi2) 7w3—(1—xm) 0
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and the column vectors R is the real part of p. The following coefficients
VI are used in the saturation resonances of the pop-
a ulations:
2
A=_7’_ Xb , (A16) P=p 520=H13
L P
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and
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Two -relaxation -times model

For the two-relaxation-times model, the ma-
trix of the x coefficients is symmetrical

X = xRk (A21)

We use the following coefficients for the study of
the Zeeman coherence

(G LT (2 58)7
aa 49 A’ 210\ y, v,/

T10T,(2)

(A20)
14 / 37Da >]
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_2 10
15 I'(2) "
1 y(5 6
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. L1 (A22)
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Xbb A'l: +5 Yb Ya
where
Yy (1 8) y? (3 z)
A'=1+——-<———+—-— + ==+ ). A23
30\7, 7, 150 v,\7, 7, ( )
Coefficients £ [Eq. (A20)] verify the following
relations:
=g
and
10£0 — £2 20 22
59 £ .15 ;25u=g:§-%ggo=N . (A24)
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