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Compton profiles are calculated for L -shell electrons within the Born approximation by use of
nonrelativistic “exact” hydrogenic bound- and continuum-state wave functions. The wave functions are
expressed in parabolic coordinates and the resulting matrix elements are evaluated following the method
of F. Bloch (1934). Impulse-approximation profiles are calculated, and comparisons with the “exact”
profiles show that, as expected, the two profiles lie very close to one another for weak binding and
high incident photon energies. However, even when these conditions are not fulfilled, the two curves
have a tendency to cross one another in the neighborhood of the profile center. This tendency has been
observed in previous studies of K -shell profiles. However, unlike K -shell profiles, the 2§ Compton
profiles exhibit a secondary maximum. The secondary maxima occur at approximately the same region
in g, where the impulse-approximation profiles exhibit a plateau. The location of this plateau is shown
to be related to a node in the bound-state wave function and is around ¢ = Z /2 for the 2S profiles.
The impulse approximation, being a monotonic decreasing function in |g|, cannot exhibit the
secondary-maximum structure appearing in the “exact” hydrogenic profiles. The intensity of the
secondary maximum in the 2S profiles is reduced by over an order of magnitude from the central
peak. The 2P ©@ Compton profiles also exhibit structure, however, unlike the relatively small secondary
maximum in the 25, the two maxima in the 2P © profiles are of the same order of magnitude.
Integrated profiles (incoherent-scattering factors) are calculated and the impulse-approximation results
agree with the “exact” results over a wide range of binding energies owing to profile crossover near
the center. Waller-Hartree incoherent-scattering factors give a closer agreement with the “exact” results
than observed for K -shell electrons; however, for low-momentum transfer the Waller-Hartree results can
differ from “exact” results by more than 50%. In such regions, impulse-scattering factors represent a
considerable improvement over the Waller-Hartree factors.

I. INTRODUCTION

There has been over the last few years, and
especially in this last year, a resurgence of
Compton-scattering measurements of the momen-
tum distribution of atomic, molecular,!'?:3 and
solid-state systems.*"® These measurements,
analyzed in a consistent fashion using theoretical
core-electron Compton-profile calculations, can
be utilized to study the momentum distributions
of conduction-band electrons of conductors and
semiconductors, the position of Fermi levels in
these materials, the distribution of valence elec-
trons in ionic solids, and correlation effects in
free atoms and molecules. Simply stated, the
outer electrons give the greatest contribution in
the neighborhood of the Compton-profile center.
Thus Compton scattering is a good way to study
these electrons, which dominate most physical
properties in atoms, molecules, and solids. The
x-ray techniques themselves have acquired con-
siderable sophistication over the past five years
or so. Because of the large photoelectric absorp-
tion of Mo Ka x-rays, the profile measurements
have until recently been limited to systems with
Z <13. However, the development of Li-drifted
germanium proportional detectors, which analyze
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y-ray photons received, has led to a time gain of
at least 300 over present x-ray techniques In
addition, the higher energy of the y rays makes
some measurements on high-Z materials feasible,
which are completely impractical at x-ray ener-
gies. Eisenberger and Reed® have stated that,
“...all elements and their compounds can now be
studied by Compton scattering. ..” using the y-ray
technique. There have been few calculations other
than impulse-approximation calculations for ele-
ments with low Z, where many experimental
x-ray profiles have been obtained. It is desirable
to have accurate calculations for small atoms
that are not only valid for large-momentum trans-
fers but that are accurate for intermediate- and
small-momentum transfers also, so as to study
the domain of validity of the impulse approxima-
tion (IA). Hydrogenic one-electron calculations
have been found to give quite accurate results
for K- and L-shell photoelectric cross-section
calculations.!® One would expect that accurate
Compton-profile calculations could also be ob-
tained within this one-electron approximation for
inner-shell electrons where the Coulomb attrac-
tion of the nucleus dominates.

Monte Carlo codes for x-ray and y-ray penetra-
tion through materials are approaching the point
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where improved values of the inelastic cross sec-
tions are called for over a wide range of momen-
tum transfer. These codes have previously uti-
lized either the Klein-Nishina scattering cross
section (scattering from a free electron at rest)
or the Klein-Nishina scattering cross section
modified by the Waller-Hartree incoherent scatter-
ing factor. Since this factor is really an inte-
grated (over angle) Compton profile, improved
scattering factors can be obtained from more
accurate profiles. For hydrogenic systems analyt-
ic “exact” profiles within the Born approximation
have previously been obtained for K -shell elec-
trons by Eisenberger and Platzman!! and by
Weiss.!? Mendelsohn and Biggs'® have calculated
“exact” incoherent-scattering factors and impulse
incoherent-scattering factors for K-shell elec-
trons over a wide range of incident photon ener-
gies, scattering angles, and K-shell electron
binding energies. It was demonstrated by them
that the impulse-approximation K-shell scattering
factors were much improved over Waller-Hartree
results even for cases of strong binding and/or
low incident photon energies. In the present work,
a similar analysis for L-shell electrons shows
this to be the case again. In addition, one can
utilize the results and comparisons for both shells
to obtain estimates of the improvement in accu-
racy of impulse incoherent-scattering factors
over Waller-Hartree for real atoms. Addition-
ally, some estimates of the inaccuracy incurred
in using the Waller-Hartree factors in the present
codes can be given.

Dumond* in 1929, in considering an atom with
a momentum distribution of electrons, realized
that such a distribution would cause Doppler
broadening about the usual Compton-scattered
wavelength A). Considering the electrons to be
free (but moving) before and after the collision,
he found that the shift in scattered wavelength
away from A the profile center, depends on the
projection of p,, the original free-electron mo-
mentum before the collision, on the momentum
transfer k. He obtained the result:

A = A = (h/myc)[1 = cos(20)] - (W/myc)g, (1)

where

A* = (A, 1)/ % sing, (2)
and

-4 = (B, *k)/k. (3)

A, and A, describe the incident and scattered pho-
ton wavelengths, respectively, while 26 (rather
than 6) represents the scattering angle. If ¢=0
in Eq. (1), we have A, =23. For an atom with an

|©

isotropic momentum distribution, the intensity
of the profile at a distance ! from the center

L=2 =2 4)
should be proportional to the number of electrons
with momentum p,. This is under the assumption

that scattering is equally probable from all values
of momentum. Using this argument, Dumond

found
~ Jimp(d) = 5 f

where |x(p,)|? is the momentum probability distri-
bution in the atom. Dumond’s calculation is re-
ferred to as the impulse approximation (IA) and
Jimp(q) given by Eq. (5) is referred to as the Comp-
ton profile. The term “impulse” is used because
the interaction between the photon and electron is
assumed to take place so rapidly (large momen-
tum transfers) that the electron does not see a
variable potential during the interaction and can
be treated as a free particle both before and after
scattering. Calculations of Jimp(g) for atoms and
molecules with the use of hydrogenic and super-
position of hydrogenic wave functions were made
by Coulson and Duncanson.!®* More recently,
Weiss, et al.'® have calculated Jiny(q), using the
analytic Hartree-Fock wave functions of Clementi,
for free atoms up to Z =32. Mendelsohn, Biggs,
and Mann!” have recently calculated impulse
profiles for the rare gases and certain select
atoms through uranium using nonrelativistic and
relativistic numerical Hartree-Fock wave func-
tions. Also Benesch and Smith,'®* Brown and
Smith,'® and Eisenberger, Henneker and Cade,?°
have utilized more-accurate wave functions, in-
cluding correlation, to calculate J(g) for small
atoms and molecules. In Be it was found that

J(q) decreased at ¢ =0 by about 5% below the
Hartree-Fock result when a correlated wave func-
tion was used.

A more rigorous approach, considering the
nonrelativistic Schrodinger equation, utilizing
only the A% term in the perturbation (dropping
p‘A terms), and calculating the first-Born-ap-
proximation result, gives

snae ~ (), (2

- > 2
ik-r,-|¢¢)' O(es~ e -E),

(6)

where E,, E, are the incident and scattered x-ray
photon energies, respectively,

E=E, -E,=(e;-¢,;), (7
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e;, e, are the initial and final electron energy,
respectively; k is the momentum transfer

> >

k=k, -k,, (8a)

R* = k? + k2 — 2k, k, cOS26; (8b)

k,=E,/hc; p is the final electron momentum; and
¥; and ¥, are the initial and final electron wave
functions, respectively. The Thomson cross
section is given by

2 2
(—3—;—)1 = <720c_"’> % (1 +cos?24). 9)
The 6 function in Eq. (6) guarantees conservation
of energy. It is only for a hydrogenic one-electron
atom that Eq. (6) can be exactly evaluated analyt-
ically.

Considering a one-electron atom with nuclear
charge Z, we make two approximations to regain
the impulse approximation. First, the outgoing
electron wave function y, is taken to be a plane
wave, and we take e, = p*/2m,. Second, we take
the bound-state energy |e;|= pZ/2m,, the energy
associated with a freely moving electron. Choos-
ing i, as the usual hydrogenic bound-state wave
function, one regains the impulse approximation
in the form

(). /() i 2 5t
dQUAE /imp aQ ), Z 21.212 k E, LA

(10)
where » here is the principal quantum number of
the ith state and

k=(ka,/Z)n (11)

is a natural parameter for the problem. Equa-
tion (10) modifies Dumond’s result with the slowly
varying factor (n/k)(E,/E,). Still, such an ap-
proach does not shed much light on the accuracy
or lack of it in the impulse approximation. Eisen-
berger and Platzman!! used time-dependent opera-
tor perturbation theory, assuming violent inter-
actions (short interaction times), to obtain the
result of Eq. (10). In addition, comparing energy-
transfer moments at fixed-momentum transfer

of (E,/E,)(ds/dS dE) for the impulse and for the
exact hydrogenic atom, they showed that the first
three moments with E°, E', and E? agreed ex-
actly; the fourth moment with E® evaluated in the
impulse approximation differed from this moment
evaluated for the exact system by terms of order
k~*. Eisenberger and Platzman, using the ma-
trix-element evaluation for the hydrogenic ground-
state-to-continuum of Gummel and Lax,? have
evaluated Eq. (6) exactly for the one-electron
ground-state formulation. We refer to this as the
“exact” (hydrogenic, nonrelativistic, first Born,

P+ A terms dropped) one-electron result (EH).
Weiss!? has compared the EH result with a calcu-
lation of Eq. (6), taking y, as a plane wave. How-
ever, he treats ¢, to be the correct hydrogenic
bound-state wave function and e; to be the exact
binding energy. He finds poor agreement between
the two profiles for 17.4 keV photons scattered
through 160° with Z =2. The agreement becomes
much worse with increasing binding (larger Z).
He has also made some comparisons of impulse
and exact profiles and found good agreement for
Z =2 and 5 in the neighborhood of the profile
center. Thus it is the effect of the two approxi-
mations (taking the potential energy entering the
6 function to be zero, and assuming a plane wave
for the outgoing electron) that leads to good agree-
ment of the impulse with the “exact” one-electron
result.

From a semiclassical treatment®? it follows
that inelastic scattering of an x-ray photon with
energy E, into a scattering angle of 26 from an
atom in its ground state y, is described by the
free-atom incoherent-scattering factor

én=E;+eqy 2
E
- 2 : 22
5 <E1>

n>0

2

N
WD ey (12)
i=1

with e, , §, representing a state of the atom, the
sum including continuum terms; E, the energy of
the scattered photon, where, as before, E=E,

- E,=e,-¢, This factor S then enters the equa-
tion for the scattering cross section

do dao
3&7_5<E>ﬁ’ (13)
where (do/d2);, represents the scattering cross
section for a free electron at rest, which, at low
incident photon energies, is the Thomson cross
section. Further approximations are then made
in Eq. (12); setting E, =E,, taking e,=~, and
taking k#k(E,). Closure is then employed to give
the result??

S(K)= jZ; (Yol &% T yg) = | F(B)]?, (14)
with
F(R)= )j_‘_, (ol e ™ Tilyy), (15)

the coherent-scattering factor. The calculation
of S(K) is thus reduced via Eq. (14) to a ground-
state (two-particle) expectation value. Thomas-
Fermi calculations of S(k) given by Eq. (14) were
originally performed by Bewilogua according to
the formulation of Heisenberg. More recently,
S(k) has been calculated by utilization of numeri-
cal Hartree-Fock wave functions,?*?® the Thomas-
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Fermi-Dirac'® model, and an alternative statis-
tical model.?® However, for strong binding,
(E,/E,)* may be much less than 1, so that a more
reasonable approximation to Eq. (12) is given by
a suitable average of (E,/E,)* taken outside the
sum. Thus in the work of Currat, DeCicco, and
Weiss,® they define

S(WH) = (E3/E, S, (16)

where EJ is employed to designate the usual Comp-
ton-scattering energy of a photon scattering from
a free electron initially at rest, the (WH) rep-
resents Waller-Hartree. However, even Eq. (16)
may give a large overestimate of the scattering
in those cases where less than a half-profile re-
mains, i.e., when E, - ¢,, the largest possible
value of E, for Compton scattering, is less than
E?. To illustrate this we have utilized Eq. (14)
to evaluate incoherent-scattering factors S [and
S(WH)] for one-electron ions with arbitrary Z in
the form

S=1-|Fl, (17)
where F =F(W), and
W= (sin6/x,)(A™1); (18)

W represents the momentum transfer in a per-
fectly elastic collision. This is consistent in
utilizing Eq. (14) since E, is taken equal to E, in
deriving it.

In addition to using Eq. (14), an alternative and
direct method for finding the incoherent-scattering
factor is to integrate Eq. (6) or Eq. (10) over
energy

- (B _do do
5= J|eo| ( dQdE > dE/ (dﬂ >1‘

_ (B _dEn__[E,
N f[eo[ Z(217.212)« <E1 )J’ (19)

where it is understood that subscripts will be used
on the S and J to designate the impulse or the
“exact” quantities.

II. GENERAL BLOCH RESULT

F. Bloch?” in 1934, extending the theory of Went-
zel,?® used hydrogenic bound-state and continuum
wave functions expressed in parabolic coordinates
to evaluate the matrix elements in Eq. (6) for
scattering from any initial hydrogenic bound state.
The “exact” hydrogenic (EH) results were left in
terms of residue integrals and derivatives, which
were not evaluated because of their complexity.
Bloch, in this nonrelativistic calculation, chose
rather to approximate the general result at the
onset and he then used this approximation to cal-
culate the contribution to the Compton scattering

of electrons in the different K - and L-shell orbit-
als. However, the expansion in powers of (%Xa)™!
used by Bloch in deriving his approximate results,
where X is the final electron wave number and
a,=l%*mye?, has been observed not to be a very
good approximation for a 1S electron. As Eisen-
berger and Platzman have noted, under typical
experimental conditions (Xa)™! is not particularly
small. Furthermore, Bloch’s approximate K-
and L-results, of use since 1934, have been shown
by us and others to contain certain mathematical
errors. We choose to return to his “exact” gener-
al result [Eq. (26) in Ref. 27] and evaluate the
residue integrals, calculate the derivatives, and
perform the necessary mathematics to derive
analytic EH scattering formulas for the individual
K-and L-shell electrons. The K-shell derivation,
though yielding no new information, is presented
here as a guide to illustrate the procedure used
for obtaining the L-shell electronic results. We
had previously attempted to derive the L-shell
formulas by employing a procedure used by Gum-
mel and Lax?! to evaluate the K-shell matrix ele-
ments of Eq. (6), but the calculation proved too
cumbersome.

A. Exact derivation

For a hydrogenlike atom with a single electron
(N=1), and defining

(e / (), )

Eq. (6) becomes

1 E
I= W(ﬁ) fflellszzdp G(Qf —-€; ~-E),

(21)
where the scattering matrix has been defined as
| M2 = Kyl et Ty |2, (22)

Taking a slight change of variables, and writing
e; = p?/2m, for the final-electron energy, Eq. (21)
assumes the form

= () [ ao

x<(2m1;)1,2) d(z‘b;(’)G(zp;o —e,.—E). (23)

The 6-function properties may then be employed
to perform one of the integrations, yielding

m E.
1= st () il am, (24)
1

where

p =[2my(E +e,)]*/2. (25)
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We will express our results in terms of the final-
electron wave number X, thus writing p =7 X;
Eq. (24) then becomes

X (E
I- 2—’775?(-5&) [1my,17ag. (26)

Going to parabolic coordinates and writing the
final (continuum) wave function in terms of well-
known contour integrals, Eq. (26) becomes

E ©
I= ﬁ":ac (75‘1) f [€nia,em( B2 dm, 27
1 -0

where

nta,son(K)= 5 Usina Unsg € */2XE= P (E +m)dmd s (28)

Here the initial and final wave functions are given

(=1)p1*1 i-a
1) lim

R
qza(xym’k; t)=(7,5c) 2a 2I-a mea (

Ha—0

by U,;, and Uy,,,, respectively; a is the azimuthal
quantum number of the initial state; m is a para-
bolic quantum number related to the direction of
momentum of the recoil electron; and £,7n are the
usual parabolic coordinates.

The form of Eq. (27) is the same as Eq. (19) in
Bloch’s paper, except that he did not include the
factor E,/E,. Following Bloch, €,,, x.(k) can
be evaluated as

€nxa.:}:m(k) - 71'3/2(—1 )l 2—3-1(A"m)1/2

an-l-l

X =771 el e=0) (29)

where A,,, is the normalization constant related
to the bound-state wave function and defining
a=2Zmye*/nk® and B= Zmye%/2n*x%, we get

s < 9 9 >l+l-a-l
c;d[—+——
py—o0 §=0 j} Ay B,

3 2 \! o% a /148 =g\ (e-D/2+iB+m
X< o 1 2 [_( >_“l_l< >}
du, du,/ oujouz L4\1-t 9

o <1+t> ) k+x>j|(a-l)/2-i(e+m)[a 1”) ' k+x)](a—1)/2+i(ﬂ-m)
X[‘i‘ 1-¢ _lJ-l-l( 2 —4-<1—t,—“2+L( D)

a1+t (k=% (a-1)/2-i(B-m)
xh(lit)'“”l( 2 ﬂ , (30)

where Cy,, is the normalization constant of the continuum wave function and the quantities ¢ ; are certain

numbers defining the spherical harmonics P¢; thus

il-a

P%cos26) = (1 — cos?26)*/2 Z c; cos’26. (31)
i=o0
For purposes of completeness, the derivation of this result is detailed in Appendix B, together with
expressions for the constants A,,, and Cy,, .
B. “Exact’ K-shell derivation
For a 1S electron, n=1, =0, j=0, ¢,=1. Thus Eq. (30) becomes
_ 3 8 a o \"t/2-iBem
o3 710100 Cro ;;‘;‘3( (3 ) e 5)
o o \"l/ztiB-my/ o ap\-l/2tiB+m)
x(T'“Z”Ty> <T‘“l‘l T>
CEET @2
where
1/y=2(k+x)/a, v=(2/a)k-x%), (33)
and
Cxmo=27"""2%e™|T[3 +i(B+m)||IT(3 +i(B-m))|. (34)

Writing

I,= Ga)2(1 =) t/2riBemq g /y)-1/2-i(B ™y i/y)-l/z*i(ﬂ—ﬂn(l + iU)-l/z-i(B-'m’ (35)
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Eq. (32) becomes, after a little algebra,

[ =1=28v+2im -1+2 -%im
Goo(®, 7, k, 0) =Cemo L5 @) 1( 1B+v2 + = lj/ly/yz )

Inserting the expression for Cy,, and simplifying I;;, Eq. (36) becomes

2 -
qm(ac,m,k,o)=2—21§-ac’k<%> 311'3/"’ e™®| T[4 +i(B+m)IT[: +i(B-m)]|

-3/2-im Ny
x <2im—%>(1 +p2)3/2%im (1 +__;_2_> exp <-2ﬁltan'1 2(y + v)(1 =) )

4oy +(1 =v2)(2=1)

Thus inserting this value in Eq. (29) and taking the absolute value squared, we obtain

s xn( )7 = @2 A0 tag 2 (S ) 272 [T v i (8 em)* KL +i (8= m))?

><(1+vz)‘3<1+—:3>-3[4m2+<%>2]exp<—43tan“ 2 + ) - ) >

wy+(1 -vE)(*-1)
Using the relationship
|T( +iy)|? =n/coshmy
and
2,278
¢TI + i (Bem)I* TS+ i(B-m)]* = coshn(ﬁ+fn)ecoshrr(3- m)

_ 472
B (1 +e'2”5+"'))(1 +e'2”5'"'))

Eq. (38) becomes
-8 4 -3
l€100,xm(B)Z=167%4 <—%> ac‘*(%"—) kR2(1 + v2)"3 (1 + -}%)

» < 4m?® + (R/K)? >

~ 2 v)(1 -
a +e-21r(5+m))(1 +e-21r(H-m)) exp ('4Btan ! v+ 0)( ) )

‘ wy+ (1 =032 -1)
We now have to integrate this expression over m, and defining
leso0.a(BI?= | l€somn(R)*dm,
Eq. (27) becomes
I= ﬂn-(—@& 16724 <9£_>'°x4<21)“ K2 (1 + v?)3 (1 + —1—>_3
n%x \E, too} 2 VA 7?

2(y+v)(1 - ) > re 4m? + (R/K)
B0+ (-0 -1)) ). TeeT @) 4 ey -

X exp <—4 Btan™!

Now

« dm —-4mB Yy~
J‘_‘, (1 +e-zw(5+m))(1+e-2ﬂ(ﬂ-m)) =26(1_e 4 B) !

and

© m?dm - -
f (1 +e-21r(5+m))(1 +e—21r(B-m)) = %B(l +4ﬁa)(1 - 4"5) l.

The detailed evaluation of these integrals is contained in Appendix C.

Defining «=nka,/Z and P =nXa,/Z, these quantities assume the values for K -shell electrons (z=1),

k=ka,/Z and P =Xa,/Z. Here A,, becomes
Ao =20%72,

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)
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where a@=2Z/a,, and thus Eq. (43) becomes, with these substitutions and definitions,

_ 256mpaik® (E, —21/P\-1 1+3«k% +P?
[=—3n7 <E1)“‘e ) [(1+~=—P2>2+4PZ]3‘”‘"<

This result is the same as derived by Eisenberger and Platzman'! using the matrix evaluation by Gummel
and Lax.*
We now go over to atomic units, whereby

myaZ/h?=1/27.212,

2 - 2P
) “®)

yielding

_ et _ 256k <£L> __-an/Py1 1+3k2+P? 2 .., 2P

[=05" = 5ogmetez7\5, ) O ¢ ) e prrsaps P -5 2 Tre o) S0
The Compton profile is given by

Jis" =(E,/E,)27.212kZ 1%, (48)
Thus Eq. (48) becomes

256 k3 1+ 3k +P? 2 2P
exact _ - p=2T/P)-1 —_— -1
T =T - e e exp( p tan 1+x2-P2>' )

III. DERIVATION OF “EXACT” L-SHELL PROFILES
A. 25 EH Compton profile
For this case =0, [=0, a=0, j=0 and Eq. (30) becomes, setting T=(1 +¢)/(1 = t),
Goo(0, 71, b, T) = Q) *Copg [ (1 + TI/ALL(T =) M2 EIm (T 4 )t /2= 4B ()=t /2mtc8 em)
X(T +i/y)2/2vi8=m)]

XUT =) =3 +i(B+m)) +(T =i /y) =3 =i(B+m)] +(T +iv)?

X[=z =i(B-m)+[-3 +i(B=m) (T +i/y) '} (50)
Defining
pi==z+i(B+m), w,=-3-i(B-m), p,=-3+i(B=-m), p,=-3-i(B+m), (51)
we obtain
Qoo (X, 7, R, T) = (GQ)°Coimo [ (1 + T4 (T —iv)*1(T +iv)#2(T =i /y)H4(T + i /y)*s]
XL (T =i0) +p (T =i /7)) (T +iv) o pg(T+i/y)7). (52)

Since we have set T =(1 +¢)/(1 —-¢), Eq. (29) becomes

- 9q,, (X, m,k, T
Ezoo.ac».(k)=113/22 2(Azoo)l/'z_qm(___;L____)

oT (53)

’
T=1

and we must therefore calculate 8¢g,,(X, m,k, T)/9T and then evaluate at T =1 (corresponding to ¢ =0).
Differentiating Eq. (52) with respect to T, we get

ﬂm(ﬁ;—?’—’fﬁ)— = (%a)-chmo<—1-+2-T—> [(T —i0)P1(T +iv) 2 <T -;4)“4 (T + —5)“3}

x % [H;(T —w) sy, (T _%>-1 +i,(T +d0)? +u3<T+ %>-l]
+<1 ;T> [-pLI(T—iv)'z-;.L4 <T ——:/-)q = (T +iw) = p, <T+ —é—>—2}

+<1—;1> [ﬁlx(T -iv)tap, <T - %)-l +o(T +30)7 4, <T + %yq % , (54)
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Now let
A=1+iv, B=1+0v2=AA* C=1+i/y, D=1+1/»*=CC*. (55)

At this point care must be taken to ensure that the constants used reflect their proper values for the 25
case. Thus in this case @ (n=2) has the value

a=Zme*nz. (56)
Consequently we now set
2a,k=k, 2a,X=P,
so that (57)
v=Kk-P, 1/y=k+P.
With these substitutions and some algebra, Eq. (54) becomes
8.0 (%, m, k, T) <a>‘3 s/2+impy-s/2- < - 2P_.>
00\ 770 Yy =(— 3/2+im 3/2=im - 1
5T I CxmeB D exp | -2ptan T7E_P°
‘ 1) Dy 5 (s - 48)]
X(ZZm[D B+4B(v+y> B(3 v+4BU)+D<3—y2_ >
. {—4m2 (% 4 % -2) —2(1+280) <-1 + %) -D(1+280)+B (-1 . —273)
2
+ —%—[1 —v2+4Bv + (1 +2Bv)%] + % [1 - % - —4;— + (—1 + %é) } }) . (58)
Cxma takes on the value,
Caemo = (PZ/4a,) 1%/2¢™®| T3 + (B +m)]||T(z +i(B=m)]]. (59)

Substituting Eqs. (58) and (59) into Eq. (53), and taking the square of the absolute value, leads to

ssoixn(FN? Ao ) Bl A" Tlh +4(B 4 m)I* (T3 + i (8= m]?

! 2
X )'mzR'f + [--Zm2 <% + % -2> +R2] } B 3D %exp <-4Btan"ﬁfzp;_},—z>, (60)

where we have defined

R,=D -B+48 <u+$—> —%(3—v2+4ﬁu)+—g-<3——;—2-—%6—>,
1 2 2
R,= E%—Z(l +2Bv)<—1+-;é) -D(1 +2Bv)+B<—1+—YE> 61)

+—§-[(1 +2Bv)* +4Bv +1 -vz]+% [(—IJ«%‘B‘)Z— “':‘/B—+ - '}13‘}} .

As in the 1S case we are interested in the integral of Eq. (60) over all m, thus
[€ano( )= [ lesgqmn(R)*dm

- 1 gy-e T2P?Z% s o3 (_ -1_?____>
= A3 @) T6a2 B~ 3D 3exp | -4Btan TP

© dm
X[Rgf.w (1+e72TETm)(1 4727 E=m)

D B hd m2dm
+(R? —4R2) <—B— + D —2) fm a T T BEm) T e T (B-m)

D B 2 e m*dm
+4 <'B—+F—2> ’[_w (1+e-z1r(3+m))(1+e-z1r(8-m)) ] (62)
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The first two integrals have been evaluated for the 1S case [see Eqgs. (44) and (45)], and the third integral

(see Appendix C for details) has the value

© m* dm _B (1 5@ > —amBy-1
f_.o A +e 2" ETMY) 1 472" Fm) T 5 (24 +Tg o +26) -
Going over to atomic units we arrive at the final result

28 E,
= jexact _ -3 3 -41\'/P -1
[SI = geoome < )B D31 - )

1 1+4/P2 [ D B 4/D B 2/ 7 5 2
xlop2z , 2 F3/L | p2 z2 2 (£ B _ L S
.2R2+ 5 LRl 4_R2<B+D 2>}+5<B+D 2> <24+3P2+P4)%

4 ., 2P
exp\ - p Ty e pr )

The Compton profile is then given by
Jie =(E,/E,;)13.606kZ 155" .

B. 2P EH Compton profile

For this case =2, =1, a=0 and from Eq. (31), ¢,=0 and ¢, =1, j=1. Thus Eq. (30) becomes

a 2] [°] 9 0
x,m,k,0)=-C —hm( + )( - >
fho( ) xmo "9 ty=0 ., L, A, A,
Hp—0
o k-x -1/2+i(B+m) / CR+X -1/2=i(B+m)
| (F - 555 (§-m-i5%)

o B +3 -1/2+i(B-m) [/ o k-% -1/2-i(B-m)
T ettt T TRt ’

while Eq. (29) becomes
€210.:lcrn( k) == 773/2 Z-Q(Azm)l/z qlo(x, m, k; 0)
Making use of
( 9 3 ) < 9 9 ) 92 92
+ - = 7 = 2
Oy By /) \BHy 9K, oy Ou;
and

v=(2/a)k-%), 1/v=(2/a)k+X),

(63)

(64)

(65)

(66)

(67)

with the definition in Eq. (56), we note, taking the limits u, — 0 and u,—~0, that Eq. (67) becomes, after

some lengthy algebra,

-4 2P .
qm(ac, m,k,0)==Cxmo (—%—) <%> B-t/z*timp-1/2-im exp (—2Btan“-l—:—;2—:—1;2—> [4le +i(R, +4m2R2)] s

(69)
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where
_280-v/m) 1 4, 1 [_2 ( 1
R, = BD +Bz[ B(I‘Uz)] D L y -B(1- )/2>:|’
_v+l/y v 1
B="%p ‘(’F* Dz)’

(10)
Ryx LN ) | 3 -4 - 400t -0+ o[ L 8- a0 (1- 1),

B=1+0% D=1+1/y

Substituting Eqs. (69) and (59) into Eq. (68), taking the square of the absolute value and integrating over
m, and making use of the integrals evaluated previously for the 2S case, the final result in atomic units

is
a 128 E 1 —an/Pv-1 | 8 7 5 2 2
I1=1I,pi0) = 37 91977 (E?)B_D-(l_e 4m /Py 1[-5—122 <E}_+—3F+ P“) 3 <1+ P2>(2Rf+R2R3)+R§}

Xexp (— —;— tan™! T+3’P_—P’> , (71)
R RS SR |

R,= (1+4/P;)’EU+1/7) +—B}T [v <3-— _13—2)_%(1'02):‘+%2—[_1;<3°—:>_2> +—415- <l —é—)]

The Compton profile is then given by
Iyt = (E,/E,)13.606k Z I 5i0) - (13)
c. 22"V EH Compton profile

The 2P*"’ and 2P‘~"’ give the same result and here we have n=2, I=1, a=1, ¢,=1, j=0. Thus Eq. (79)
becomes

6211.3€m( k) ==T 3/2 2-4(A211)1/2 qll(xi m’ k: 0)? (74)
while Eq. (30) takes on the value

P . 3 3 82
012, m, B, 0) = 0% Coem, ulllTo(a . " on, ) on, o, lasa;¢.6.0 (75)
uz=0

where

A= (AT =)' O™, A= (A = py) BT, = (T =), €= (C ) O, (76)

A=za(l+iw), B=(1+v?), C=ta(l+i/y), D=(1+1/%).
Cyxms NOW has the value

Cxm =273/ 2%2e™°|T[i (B +m)]||T[i (8- m)]]. (n
Performing the lengthy calculation in Eq. (75) and using the additional definitions

2v 1 2 2v 1 v?
GIEI+7—?—, 9__U+_+y2’ ¢151+7-—Uz, ¢257-20—7, (78)

qll(.‘lc,m,k,O):a(%d)'a -3/2 wﬂ\l“[z(ﬁ+m)]“l"[z(3 m)]l_é?“—”‘—uzﬁf—‘"_exl)(zﬁtan_l"ﬁ‘f—f_-};?>

x {B(Gl - B6,) +D(¢, - B,) - (D* + B*) - BBD? <7’;- - ‘723) - BBD (2—1;) - Y_1D>

+im(B6,-D¢, +D2-Ba)i] . (79)
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We write the bracketed terms in this last equation as

R +im4. (80)
Substituting Eq. (76) into Eq. (77) and taking the square of its absolute value, we get finally
s (BN= [ lep ol BZdm
64qa 4 - 2P - (32 =m?)dm
= — —_— ) S 2
" BDZ exp( p an 1+x2-P2> (‘P‘ f_w A= T BTm)({ —g 27 B-m)
m?( 8% - m2)dm
+9? e (1 __e—zﬂﬂhm))(l _e—2ﬂ'(ﬂ-m)) . (81)
These integrals are evaluated in Appendix C, and have the values
© 2 — m?)dm - _
f_w (1 _e-21r((5+m))(1)_ e-z‘lr(B-m)) = 153(1 +452)(1 —-e ”e) 1, (32)
% m2( B2 —m?)dm _am By
/., - e,z,,(g(ﬁz,,,)(l _)e-zww-m)) = %B(l +5p%+4p)(1 - e™* B) ' (83)
As in the previous cases, going to atomic units Eq. (27) becomes
— pexact 128 _E_2_> -4 -4 -4m/Py-1
[=1pt0 = 15557 212 2%P7 <E, BTDTHL - e7tE)
4 5 4 ] 4, 2P >
2 — 2 — —_— —_— ) S
X[S(R <1+P2> +4 (1+P2+P4> exp( Ptan Te-p7) (84)
where
6 ¢> BD2< 2) B2D<2U 1)
= PN - 2] 2 2y L - =)o -
‘RB<91 P>+D<¢’1 p) DB - \F-35) "B \B ")
§=B6, -D¢, +D* - B?, (85)
v 1 2w 2v 1 v?
8151+7—_')/—2’ 925—U+7+-? s ¢151+7—-02, (1)257—20—7.
The Compton profile is then given by
Jypcs) = (E,/E,)13.606k Z [ ;a1 . (86)
—
IV. IMPULSE APPROXIMATION 1 © J d
Jimp(q)= ? Jl‘ | —'(_p;)—p“" . (89)
q 1

The impulse hydrogenic (IH) approximation
utilizes the hydrogenic momentum wave functions
x(D,) obtainable either from a Fourier transfor-
mation of the position wave functions §(T) or
directly as solution of the Schrédinger equation
in a momentum representation. We will use the
former method, thus

x(@):(2nﬁ)-3/2fe-f<31'?>/ﬁ W(F)dF. (87)
In terms of I(p,) where I(p,)dp, is the probabil-

ity that p, has a magnitude between p, and p, +dp,
and therefore that

[T10ap, =1, (88)

Jimp(q) in Eq. (5) can be written in the form

In terms of the momentum wave function x(p,),
I(p,) can be written as

1(p)= [IX(BIptdw, (90)

where dw is the solid angle subtended by p,. Dun-
canson and Coulson'® showed that

[ mp(a)da =1 (91)

per electron within an independent-particle ap-
proximation. IH Compton profiles can therefore
be evaluated for various electronic states from a
knowledge of the corresponding bound-state wave
functions. We proceed to perform this evaluation
for K- and L-shell Compton profiles.
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A. K-shell IH Compton profile

Starting with the spherically symmetric 1S
bound-state hydrogenic wave function

¢1s(7)= (Za/mg)x/z e—(r/ao)Z (92)

in Eq. (87), we calculate x(p,). Inserting this
value into Eq. (90), we find that

32p2 25

a5 (b2 + 27 %3)

[15(1)1):

Inserting this expression into Eq. (89), we arrive
at

82°

JimP O A 4
18 (q) 31raf’,(q2 +Zz/a§)3 s (94)
which on going over to atomic units (qa,—q)
finally becomes
imp, - 8
Jig(q) = (95)

3nZ(1 +¢/2%)° °
B. 2S5 IH Compton profile

Here we use the spherically symmetric 2S
bound-state hydrogenic wave function

1 /273\1/2 A b
s =1 (2| (2 -1) o0z, (a6)
28 4 \ nad 2a,

and following the same procedure as for the K-
shell, we get

64

70 7 (3 :

3(1 +49%/Z2%)° ~ (1 +4¢%/Z%)

TZ

4
"B +4q2/z=)5> : (97
C. 2P IH Compton profile

There are three cases for the 2P electrons de-
pending on the azimuthal quantum number m,
namely m =0, +1. However, all three cases yield
the same I(p,), i.e.,

4% 642 P}
Lap(p1) = 37 (1 +4p2)F -~

Finally substituting Eq. (97) into Eq. (89), we
arrive at the desired result
64 1 +20q% 22

J;T’p(q)= 15,”2 (1 +4qz/Zz)5 . (99)

(98)

V. COMPARISON OF EH AND IH
L-SHELL COMPTON PROFILES
A. Ratio of 25 IH and EH differential
cross sections at the profile center

Following the K -shell derivation of the IH and
EH differential cross sections at the profile center
given previously,? and using

2 [ n¥ag\? _ < n?E __1_)
P < Z >‘2 212z 2/’ (100)

from conservation of energy in the Exact formula-
tion, and also that
ka, \?
o (2
VA
_ 10-8 n?
T 0.51122%x217.212

(E%+E2-2E| E,co0s20),

(101)

we define P° and «° as the values of P and « at
the profile center. The left-hand sides of Eqs.
(100) and (101) are in atomic units, while E, and
E, are expressed in eV. Equation (3) may be
written as

nk KZ

9=37212kz ~2n ’ (102)

and at the profile center
(k¥ =1 + (P°). (103)

The evaluation of the IH profile at the profile
center is immediate; thus, setting ¢ =0 in Eq.
(97), we find that

JyP(0)=128/157Z. (104)

The evaluation of the EH profile at the profile
center requires that we expand the terms in the
exact profile for P° «° greater than 1. Thus Eq.
(66) becomes

128 < 1.205)( 1 )
exact 0 ~ -
I35 ()= 150z \1 = o ) U 3gep

128 0.705
T 1572 (1— (k%) > (105)

Finally, the desired ratio is given by
(szsp ) - 128/1512
Iy Je=o (128/157Z X1 -0.705/(x°)?)

~ <1 N %}%5) (106)

Making use of the definition of « [Eq. (101)],
Eq. (106) can be written as

JieP ) ( 0.176 )
‘exac =~ |1 5 |y 107
<st " =0 v (Koao/Z 35 ¥ a0

where k° is evaluated at ¢ =0 and ZJ is related
to the 2S binding energy. Previously, for the 1S
ratio®®

Jjmp ) < 0.145 >
A ) = |1+ ), 108
(). ey oe
with Z % related to the 1S binding energy, Z is
always greater than ZJ;. For the cases we have
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looked at IH is a better approximation to EH at
the profile center for the 2S case than for the
corresponding 1S case. For example, for the
case of boron we find

<J;‘;P > _ (1 , 0.696 )
J;)éact =0 (koao)z ’
<J;’;P ) - (1 . 2.000)

J:’g’“ q=0~ (koao)z .

B. 25 Compton profiles

(109)

Unlike the 1S curves, which exhibit a single
maximum in both the EH and IH profiles, the 2S
curves have structure, with the EH having a
secondary maximum (SM) and the IH having a
plateau.®® Figures 1-8 portray the EH and IH
differential cross sections for a 20000-eV inci-
dent photon scattered by materials having either
a Z of 2 or 5 and for selected scattering angles.
The IH curves are monotonic and symmetric
about ¢ =0, the profile center. The onset of the
SM in the EH is seen to coincide in all cases
with the plateau in the IH. This plateau will be
shown to occur around —q = Z /2 and is related
to a node in the momentum wave function. As
in the 1S case (Ref. 29), the two curves are seen
to cross near the profile center, and the ratio
of IH to EH at ¢ =0 is less than for K-shell elec-

2s
- Elé 20000 eV S(EX)= 0.966

20 = 40° S(IMP) =0.969
zZ =2

160k —— EXACT
HYDROGENIC
— — - IMPULSE

HYDROGENIC

/\'_
b|C}
©|o [
ARy
o L
sle
el
~— -4
10 |
r—
o 1 ! | 4 L

FIG. 1. Compton scattering from a 2S electron.

2s S(EX)= 0.960
E)* 20000 eV S(IMP)= 0.959
26 = s0°

z a2

EXACT HYDROGENIC
— — - IMPULSE HYDROGENIC

o,
T

da )
al /I
T T T T VT

£/

G

T T T T

o0 P S S S S R Loy L
- -2 -1 o] | 2 3

FIG. 2. Compton scattering from a 2S electron.

2s
E, = 20000 eV
28=180°

z =2

T T

(EW)
——— W)
=3
10 S(EX) = 0.862

S(IMP) = 0.862

T T T T TTTTT

0)/GE )
o,

T T T TTTTT

FIG. 3. Compton scattering from a 2S electron.



142 B. J. BLOCH AND L. B. MENDELSOHN

trons for the typical cases we have outlined be-
fore, indicating that the IH is improved over the
1S case.

As noted for the K-shell results, as the scat-
tering angle is decreased (and also therefore the
momentum transfer), the left-hand side of the
profile cuts off at larger values of g. For Z =2
and 20=60°, ¢ cutoff is at —2.6, while for 26=40°,
q cutoff is at 1.7, as can be seen by examining
Figs. 1 and 2. When Z =5, 26=60° (Fig. 5) the
curve cuts off so soon that the SM is not reached.
This occurs because for Z =5 the onset of the SM
begins at a ~|g| of about 2.5. When the incident
photon energy is decreased for fixed scattering
angles and binding energy, the profile width de-
creases and one can obtain less than one half a
profile. In the region about the secondary maxi-
mum the EH calculation naturally gives a large
correction to the IH calculation. For example,
for Z =5, 26=90° (Fig. 6) the SM occurs slightly
above the binding energy, and the difference be-
tween the TH and the EH at —¢ =2.35 is 400%! It
is in the region near the binding energy that the
IH is least correct, the rule of thumb being that
the IH is a reasonable approximation when the
energy transferred to the electron is at least
twice the binding energy. This case is further
complicated by the fact that near ionization thresh-
old the independent-particle model calculation

2s S(EX) = 0.834
E, = 20000 &V S(IMP)= 0.867
26= 40°

Z=5

o3

)/

do
dQdE

(

r
r
’
o5 L
-1

ol

FIG. 4. Compton scattering from a 2S electron.

- 2s
L E, » 20000 &V

S(EX) = 0.934
S(IMP)= 0.918

-2 -1 o ! 2 3 4 5

FIG. 5. Compton scattering from a 2S electron.

)
2s S(EX) =0.902
S(MP) = 0.904

1073

)/

do
dQdE

(

1074

q

FIG. 6. Compton scattering from a 2S electron.
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of the ionization process is not a very accurate
description. Looking at a typical SM we see that
in order for it to be observed, an energy resolu-
tion exceeding a Ag of 3 a.u. is called for. In
addition the secondary maximum structure may
only be seen if the intensity of the source is in-
creased to show cross-section profiles that are
more than one order of magnitude down from the
center of the profile. As g at cutoff increases in
magnitude, the impulse approximation gets pro-
gressively worse, and cannot be used to deter-
mine profile structure.

C. 2P Compton profiles

The IA does not distinguish between the 2P ¢*!
and 2P® states, but the EH evaluation results
in two markedly distinct profiles. Figures 9-12
show the differential cross sections for an inci-
dent 20 000-eV photon and for Z =2 and Z =5 with
scattering angles of 30° and 180°. Like the 2S
state, the 2P? profile exhibits structure; how-
ever, unlike the relatively small peak in the 2S,
the two maxima in the 2P‘® profiles are of the
same order of magnitude. The same cutoff con-
ditions apply for the 2P profiles, as we demon-

strated in the 1S and 2S cases. We see from Fig.

11 that the low-scattering-angle higher-Z mate-
rial at the cutoff results in slightly more than
one half a profile with the absence of a SM. The
IH profiles in Figs. 9-12 seem to average the

S(EX)= 0.879
SimP)= 0.881

L 2s
E, = 20000 &V
I 26=120°

Z=5

074

FIG. 7. Compton scattering from a 2S electron.
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| €,:20000ev
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Z =5
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=== (IH)

S(EX)= 0854
S(IMP) = 0.855

T T T TTT]

—
8/e
~ 5*
%
sic
-l
N—
vV
102 | I I | L
-5 -4 -3 -2 ~1 0 | 2
qQ—
FIG. 8. Compton scattering from a 2S electron.
& S(EX)qy = 0.971 |
o S(IMP) =0.968
| 2pl®
EXACT
-3
10 E  mputse—"/ ;
&+ f :
b‘d +
vio
— B
DN
ofg |
°|g
o
~ . 2p
10 E, = 20000 eV
o 28 = 30°
C z=2
+ (EH)
L - (IH)
-
|6° 1 1 1 1
-3 -2 | o 2 3 4

FIG. 9. Compton scattering from a 2 P electron.
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2P *1) and 2P ‘9 results. Since there are two
electrons in the 2P‘*!) state and one electron in
the 2P'®  we will always use an averaged EH

2P value. Figure 13 shows a comparison of the
IH and averaged EH 2P profiles for E, =20000 eV,
Z =5 and 26=180°. The EH 2P (unless otherwise
specified when we refer to the EH 2P results,

we will mean the averaged 2P ‘@, 2P‘*" values)
is seen to peak to the right of the profile center.
Again the tendency for the IH and EH profiles

to cross, as seen in the 1S and 2S cases, is also
observed for the 2P case. The relative sharp
peak in the single maximum 2P‘*'’ when averaged
with the 2P(® profile appears to result in a very
flat region at ¢ =0. This flatness is observed in
both the IH and in Weiss’s impulse Hartree-Fock
(IHF) Clementi free-atom profiles.

VI. SECONDARY MAXIMUM ANALYSIS

A. Relation to momentum wave function

We now want to examine the additional feature
contained in the EH and IH 2S and 2P‘® Compton
profiles. Starting with Eq. (89) and integrating
over the directions of the initial electron momen-
tum, we obtain

102
F
F
2P S(EX)qg, = 0.862
[ E=20000ev S(IMP) = 0.862
| 28-180°
z=2
F (EH)
—— — (")
10° L
b
- T
P
sk
A-2h-]

e/
E
T T T TTT17T T T T 17T T7T7TTT

T

16‘ 1 {

FIG. 10. Compton scattering from a 2P electron.

Jimp (4) =27 jl | x(BI%py dpy. (110)
q
One can invert Eq. (110) to obtain |x(D,)|?; thus
1 dJ;
B2 G<imp.
[x(B,)| 21q  dq ‘ (111)

Two properties of Jimy(q) are discernible from a
study of Eq. (111). The first is that J;,,(q) is a
symmetric function in g; the second is that J,,(q)
is a monotonic decreasing function with increasing
lgl. From Eq. (111) we note that when |x(5,)|? is
zero, ddi,,/dq is also zero for finite |¢|. There-
fore, combined with the second property, a zero
in the momentum wave function x(p,) will produce
a flat region in the Ji,,(q) profile. We will exam-
ine the 2S and 2P IH profile to determine the
values of g that correspond to a flat region in
Jimp(q)-

For the 2S IH profile, Ji®(q) is given by Eq.
(97)

Jimp( )_ﬁ( 1 - 1
2\ =27\ 30 + 49727 ~ [ +4q7/Z°)

4
B0 +4q2/22)5>'

Taking the derivative with respect to g, we obtain

dJiP(q)  8x64 < -1 4
dg a1z® N\W+aq72°7F * A +4q7/2%F

- __:4.____)
(1 +49%2%)° )"
(112)

T TTTTT)

2P
E,= 20000eV

268=30°
Z:5

T T T TTTTT

S(EX)y, = 0568
S(IMP) = 0.561

do
\aa,
T

-4

.IS 10
o
A

(EH)
————— )

T T 7T T

FIG. 11. Compton scattering from a 2P electron.
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Setting Eq. (111) equal to zero and solving for
q, i.e.,

1 dJie(q) -0,

q dq

we obtain
4q%/7%=1. (113)

Thus the JITP(q) profile will have a flat region at
q=+Z/2. This corresponds to the value of mo-
mentum where the 25 momentum wave function
has a node.

Following the same procedure for Jiz“},"(q), and
using Eq. (99), namely,

64 1 +20¢%/Z2
151Z (1 +49%/Z2%)°°

Jyq) =
we calculate that the plateau will occur at g =0.

B. Nodal behavior in momentum and
spatial wave functions

The functional relationship between nodes in
momentum and configuration space may be studied
via the Fourier transformation. Thus in atomic
units

= 1 RPN e
X(pl)=W f_,, W(T)e *P1'T dT, (114)

which for spherically symmetric states becomes

1073

1074
-
b|
33
\
5
IS 2P
© E,= 20000ev
10-5H -
26 =180°
z:-5
S(EX)av = 0.86l
S(IMP) = 0.861
10-6
Rl 2 a 0 [ 2 3

q

FIG. 12. Compton scattering from a 2P electron.

x(p,) = _(E',leﬁi)? f: sin(p,7) () dr. (115)

To be physically meaningful, we demand that y(7)
be quadratically integrable, and, since we are
interested in bound-state wave functions, use
¥(7) in the form

Y(r)=f(r)e®, a>0. (116)

We now take f(7) to be a polynomial in », thus
providing flexibility in the number of zeros in
Y¥(7), and at the same time ensuring convergence
of the Fourier integral. Equation (115) therefore
assumes the form for this y(7)

KB [ X (20./@n )
X (r™*tsin(p,r)e " dr), (117)
having written f(7) as
f(r)= Z:, b,r™, (118)
where the b, are constants. Now the summation

over m in Eq. (117) commutes with the integral
sign, and making use of the integral identity

fw " e~ sin(p,r)dr
o]

_inll@=ip, )" - (a+ip))*]
- 2(a® +p3)"™! ’

(119)

where a>0, Eq. (117) becomes

5 2b 1)! 1 sinf(m +2
W= Y et L Sl 2l a0y

T T T TT

2p
E, - 200006V
260:180°

Z=5

2P EXACT
| (AVERAGED)

10
— R
blc‘ S(EX)y, = 0.86!
o|° S(IMP) = 0.86l
A 2P IMPULSE
—
ol
~Ig ——— (EH) AVERAGED
—

-=—— (IH)
|0 i 1 1 1 L 1 i 1 1 1 1 1 1

FIG. 13. Averaged exact vs impulse Compton scat-
tering from a 2F electron.
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where
p=tan"*(p,/a). (121)

x(p,) is a polynomial of order s in p2. Thus we
have a one-to-one correspondence of the nodes

in the configuration wave function to the nodes in
the momentum wave function. For bound systems
that have eigenvalues that can be ordered, cor-
responding to orthogonal eigenfunctions with uni-
formly increasing number of nodes, the compli-
mentary momentum space, preserving this eigen-
function orthogonality, will therefore exhibit the
same nodal behavior.

One can readily calculate the product of the
widths (distance from the origin) of the nodes in
configuration space and momentum space for
hydrogenic 2S bound-state wave functions. We
find Ap =Z /2 and A¥=2/Z in a.u., which gives
the product AvAp =1. For higher-lying hydro-
genic states » with one node ({=n-1), one ob-
serves AvAp =n—1. These results follow the
expected pattern that as Z increases the spatial
wave function (electron density) is pulled in and
the momentum density is pushed out. This effect
is exhibited in the Compton profile as a zero-
slope region in the IH profile.

Our hydrogenic calculations show that the EH
profile has a secondary maximum at the same
approximate value of —|g| at which the IH exhibits
its plateau. For the 2S EH profile, the secondary
maximum is down by more than an order of mag-
nitude from the primary central maximum. From
the foregoing analysis the secondary maximum
appears to be related to the structure of the elec-
tron density in the original wave function. Since
Hartree-Fock wave functions exhibit the same
type of nodal structure as the hydrogenic wave
functions, we expect secondary maxima to occur
when Hartree-Fock calculations are performed.

When the change in the photon energy E is small,
the time spent in probing the electronic structure
is large (since EAt~7 from the uncertainty prin-
ciple), and therefore the exact Compton profile
would show greater structure than when the change
in photon energy is large. This indeed appears
to be the case, as the secondary maximum is only
found on the low-momentum transfer —|q| side of
the profile. This too is the side of the profile
where qualitatively we would expect a larger
deviation of the EH from the IH profile, since the
impulse approximation explicitly assumes small
interaction times and large values of E.

Assuming that strong-intensity x-ray sources
become available to accurately experimentally
probe this region of the profile, we would expect
the SM phenomena to be most easily demonstrated
for small angle scattering from lithium and beryl-

lium in its gaseous form. We specify small
angles because if the 1S state was also excited,
the 1S profile would tend to dominate at g values
corresponding to the SM and wash out the effect.
We note that Cohen and Alexandropoulos® have
performed small angle scattering from lithium

in crystal form and have observed resonances in
their valence electron profile. These resonances
are usually associated with either Raman transi-
tions or plasmon excitations. In certain cases
the position of the resonance agrees with our
calculated values but the intensity observed by
them is much larger than we would calculate.
Their SM intensity appears almost as large as
the intensity at the profile center. No normalized
values of their results are given, however. In
addition, in the solid, orbital angular momentum
is no longer a good quantum number, although
one would expect the 2S state to play an important
role in any atomic-orbital expansion of the Bloch
wave describing the valence electron. Thus one
would expect our atomic results to be somewhat
washed out, rather than enhanced in the solid.

We feel that our SM have not yet been experi-
mentally observed, but may well prove an impor-
tant test on the accuracy of atomic wave functions
because they are intimately related to the nodal
structure in the atomic wave functions.

VII. INCOHERENT SCATTERING FACTORS

A. Waller-Hartree calculation

Starting with Eq. (15) we calculate the coherent-
scattering factor F, where

F(k) =47 f " o(») [ (sinkr)/kr) r2 ar, (122)

and p(7) denotes the electron density |y(7)|2.

1S state
Here

p(7) = (Za/mg) e-—(zr/ao)zy

and Eq. (122) becomes

F(k)=(1 +k%/42%)2. (123)
Since k=W/0.1504, Eq. (123) becomes
) W\ 1 ]-2
Rs(W)= [1 +<0.1504> iz7| - (124)
2S slate

Here we use the p(7) corresponding to the 2S
case and Eq. (122) becomes

r0=(ar) [ (%)

X e~ /92 gin(kr)dr. (125)
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This integral can be evaluated by making use of
the integral identity (119), and since k=W/0.1504,
we arrive at

E,g(W)=[1+(w/0.1504 2)?|"*
x[1 - 3(W/0.1504 2 )? +2(W/0.1504 Z )] .

(126)
2P state

Equation (15) when evaluated for this case be-
comes

Fypoy(W)=[1+ (W/0.1504 Z)?] -+

x[1 -5(w/0.1504 Z %] . (127)
2P D state
Here the evaluation of Eq. (15) leads to
Epcen(W)=[1+(W/0.1504 2] -3, (128)

The Waller-Hartree incoherent-scattering fac-
tors S(WH) for the 1S and 2S electron states can
now be evaluated by substituting Eq. (17) into Eq.
(16), yielding

S(WH) = (E3/E,*(1 - | F|?), (129)

and then replacing F in the equation by the ap-
propriate F from Egs. (124) and (126)-(128). We
note that Bonham?® has considered corrections to
the Waller-Hartree result.

B. Comparison of EH, IH, and Waller-Hartree
incoherent-scattering factors

Incoherent-scattering factors are calculated,
for incident photon energies of 5000 to 60 000 eV
(Z =5) and scattering angles of 30°~180°. These
factors are calculated for the 25, 2P®, and 2pP‘*V
electrons. We call S(EX) and S(IMP) the values
for the incoherent-scattering factors calculated
using Eq. (19) in the EH and IH formulations,
respectively.

The 2S scattering factors for Z =5, variable

TABLE I, Compton scattering—variable energy.

TABLE II, 2S Compton scattering—variable energy.

Z=5; 26=60°

E,(eV) S(IMP) S (EX) S—(Ilw—;)(%g(ﬂl %)
5000 0.052 0.073 —28.8

10000 0.573 0.492 +16.5

15000 0.890 0.994 +0.68

20000 0.918 0.934 -1.71

30000 0.925 0.923 +0.217

40000 0.921 0.920 +0.109

50000 0.910 0.910 e

60000 0.896 0.896

incident photon energy, and variable angles are
given in Tables I-1V, for S(EX) and S(IMP). One
sees that for energies E, greater than 30000 eV,
S(IMP) is a good approximation to S(EX), the
relative difference being less than 0.2%. As the
scattering angle increases, the relative difference
for fixed E, > 5000 eV improves as expected, owing
to the greater momentum transfer. However,
when E, is fixed at 5000 eV we observe that
S(IMP) at first gets worse and then improves with
increasing angle. The reason is that the Compton-
profile cutoff varies with angle, and since the EH
and IH curves cross at a number of points, the
values of S obtained by integrating the Compton
profiles over energy vary in a nonuniform fashion.
Thus when one might expect S (IMP) to get worse,
it can actually improve. A glance at Table V
reveals this property, observed at fixed E,
=17374 eV, 26=170° and for varying Z* chosen
by matching the experimental binding energies
with a hydrogenic model. As Z* increases,
S(IMP)/S(EX) tends to meander about 1, finally
becoming 1.12 for Cr. Thus, even at this rela-
tively large binding, the impulse approximation
differs from the exact factor by only 12%.
Throughout the lower binding energies the ratio
S(IMP)/S(EX) is never far from 1. However, the

TABLE III. 2S Compton scattering—variable energy.

Z=5; 26=40 Z=5; 26=90°
E(eV)  SAMP)  S(EX) ——-)—JS(IM;) (E‘XS)(EX ) E,(eV) S(MP) sEx) ~ SAMP)-S(EX) (IM;)E'XS)(EX) %)
5000 0.029 0.030 -3.3 5000 0.168 0.186 -9.68
10000 0.151 0.176 -14.2 10000 0.861 0.838 +2.,74
15000 0.613 0.578 +6.0 15000 0.903 0.915 -1.31
20000 0.867 0.834 +3.96 20000 0.904 0.902 +0.22
30000 0.931 0.945 -1.48 30000 0.889 0.888 e
40000 0.940 0.939 +0.106 40000 0.863 0.863
50 000 0.944 0.942 +0.21 50 000 0.835 0.836
60 000 0.943 0.942 +0.106 60 000 0.809 0.809
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Waller-Hartree S(WH)/S(EX) ratio, although close
to 1 over most of the range, is seen to become
progressively worse for large binding. Thus for
Cr the Waller-Hartree incoherent scattering fac-
tor differs from the exact by over 50%. That the
Waller-Hartree results give poorer agreement
with exact ones as the binding increases is, for
the most part, caused by the fact that, when there
is only a half-profile or less, it is quite clear?®
that using (EJ/E,)? as the appropriate average
outside the sum in Eq. (12) will give a large over-
estimate to the scattering. Any E, in the partial
profile is less than EJ. Therefore, using E2 as
the average value must give a too-large value of
S(WH).

Thus for 2S scattering, the IA is a good rep-
resentation for Z* up to vanadium (Z*=13.58),
and even the Waller-Hartree factors are closer
than for the 1S case (see Ref. 29). We therefore
see the importance of the binding energy on the
validity of the impulse and Waller-Hartree ap-
proximations.

It follows that S, given by Eq. (17) in the in-
coherent-scattering-factor approximation [Eq.
(14)], is only a function of W=sin6/x,. Now S
[Eq. (17))=(E,/E2)*S(WH). Thus, to test this
against the exact results, we have computed
(E,/E%)*S(EX). Tables VII-X show various E,
for Z =5 and sing/1,=0.2; 0.4; 0.8; and 1.2 A1,
(E,/E%?S(WH) is nearly constant for all of these
cases, varying from 0.987 for 0.4 A™! to 0.998
for 1.2 A1, (E,/E3)*S(EX) is also fairly con-
stant, being 0.971 for 0.8 A~! and 0.977 for 1.2
A", However, for sin6/x, =0.4 A", (E,/E2)*S(EX)
=0.49, while (E,/E3)?S(WH)=0.99, a difference
of 100%; at sin6/x, =0.2, the difference is over
700%. Thus Waller-Hartree 2S calculations are
more accurate than for the 1S case, but are still
quite poor for small momentum transfers.

The 2P incoherent-scattering factors for the
EH and Waller-Hartree calculations both yield
different values for 2P‘® and 2P¢*'’. This dis-

TABLE IV, 2S Compton scattering—variable energy.

tinction is not present in the IH or IHF results.
We will therefore use the statistically weighted
average S(--+),, given by

S(.u.)avg%[s(...)2P(o)+2s(---)zp(u)], (130)

where we insert either EH or WH in the paren-
theses to denote the particular calculation, and
where S(++<),pt0 and S(+++),p(x1) are the 2P
and 2P‘*1) incoherent scattering factors, re-
spectively.

Table VI lists the 2P incoherent scattering fac-
tors for EH, IH, and WH with £, =17374 eV, 26
=170° and variable binding. A comparison with
Table V for the 2S incoherent-scattering factors
reveals that with increasing binding the 2P state
S(IMP) and S(WH),, values are closer to S(EX),,
than are the corresponding 2S state values.
Tables XI-XIII show S(IMP) and S(EX),, for E,
from 5000 to 60000 eV; 26=230° 90°, and 180°;
and Z =5. As the scattering angle increases, the
IH gets better over a larger range in E,. Thus
for 26=30°, S(IMP) is close to S(EX),, for E,
> 40000 eV; while for 26=180°, S(IMP)~S(EX),,
for E, = 20000 eV. In general, the S(IMP) for
the 2P state is closer to S(EX),, than S(IMP) is
to S(EX) for the 2S case. Figure 14 summarizes
these results, and we see that as E, increases,
all of the incoherent scattering factors (1S, 2S
and 2P factors) approach (EJ/E, ).

VIII. CONCLUSIONS

Analytic results for “exact” hydrogenic (EH)
L -shell Compton profiles have been obtained.
Impulse approximation hydrogenic (IH) profiles
were also calculated and comparisons with the EH
profiles show that the two profiles lie very close

TABLE V. 2S Compton scattering—variable binding.

Z=5; 20=180°
S (IMP) —S (EX)

E(eV) S(IMP) S (EX) S (EX) ©%)

5000 0.553 0.473 +16.9
10000 0.882 0.898 -1.78
15000 0.874 0.871 +0.34
20000 0.855 0.854 ce
30000 0.804 0.804
40000 0.754 0.754
50000 0.708 0.708

60000 0.667 0.667

E;=17374 eV; 26=170°

VA S(EX) S(IMP)/S(EX) S(WH)/S(EX)
Li 1.25 0.879 0.999 0.998
Be 1.57 0.879 0.999 0,998
B 1.99  0.879 0.999 0.998
C 2.38 0.879 0.999 0.998
(€] 2.64 0.878 0.999 0.998
Ne 3.64 0.875 1.00 1.00
Na 4.32 0.870 1.00 1.00
Mg 5.13 0.863 1.00 1.01
Al 5.88 0.856 1.00 1.02
5i 6.61 0.851 0.999 1.02
Ar 9.70  0.843 0.980 1.04
v 13.58 0.663 1.08 1.32
Cr 14.85 0.568 1.12 1.54
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TABLE VI. 2P Compton scattering—variable binding.

E=17374 eV; 26=170°

2u S(EX) S (WH)/S (EX) SEX) S(IMP) S (WH),
2P®  op@D 2pP®  op@1 ¥ S(EX), S(EX),y
Li 1.25  0.879  0.879  0.998  0.998  0.879 1.00 0.998
Be 1.57  0.879  0.879  0.998  0.998  0.879 1.00 0.998
B 1.99  0.879  0.879  0.998  0.998  0.879 1.00 0.998
c 2.38  0.879  0.879  0.998  0.998  0.879 1.00 0.998
o 2.64  0.879  0.879  0.998  0.998  0.879 1.00 0.998
Ne 3.64  0.878  0.879  0.999  0.998  0.879 1.00 0.998
Na  4.32  0.875  0.879  1.00 0.998  0.878 1.00 0.999
Mg 5.13  0.865  0.879  1.01 0.998  0.875 1.00 1.00
Al 5.88  0.849  0.878  1.03 0.999  0.869 1.00 1.01
si 6.61  0.826  0.876  1.05 1.00 0.860 1.00 1.01
Ar 9.70  0.685  0.831  1.19 1.03 0.782 0.994 1.08
v 13.58  0.572  0.640  1.41 1.23 0.618 0.959 1.28
Cr 14.85  0.541  0.559  1.52 1.35 0.553 0.966 1.40

to one another for weak-binding and high-incident
photon energies. The ratio of the EH to IH 2S
profile intensity at the unperturbed profile center
is found, and it is observed that corrections to
the IH profile are of the order of [Z/momentum
transfer)]?, where Z is the effective nuclear
charge, at the profile center. This is similar
to the analogous result for K-shell scattering ob-
tained previously. As in the 1S case, the IH 2S
profile always lies above the EH 2S profile at the
center. No such generalization holds for 2P states.
The EH 2S Compton profile is observed to exhib-
it a secondary maximum (SM) on the low-energy
transfer side. However, the intensity of this SM
is reduced by an order of magnitude or more from
the central peak. We discuss why we feel that
these resonances have not been observed experi-
mentally as yet, and a possible experiment to
demonstrate this phenomenon is suggested. We
have recently been informed that such L-shell
resonance phenomenon has also been predicted
in the ion-atom-scattering calculations of Niko-
laev and Kruglova.?® The position in an experi-
mental Compton profile of such resonances can
give important information on the electron spatial

TABLE VII, 2S Compton scattering with W fixed.

wave function of the atom.

We find that even when an impulse-profile cal-
culation is done in a regime for which the impulse
approximation is not really valid, the IH and EH
profiles for L-shell electrons tend to cross one
another in the neighborhood of the profile maxi-
mum. This leads to a strong cancellation of errors
when calculating integrated Compton profiles (in-
coherent scattering factors). Thus we find that
IH incoherent-scattering factors are observed to
be extremely accurate when compared to EH in-
coherent-scattering factors over a wide range of
incident photon energies, scattering angles, and
binding energies. In cases of relatively low mo-
mentum transfer, IH incoherent-scattering factors
represent a considerable improvement over con-
ventional Waller-Hartree incoherent-scattering
factors. A discussion of the errors inherent in
the Waller-Hartree method of calculation is given.
It is observed that when the EH incoherent-scat-
tering factor is of the order of 0.5 or less, the
Waller-Hartree result is too high by a factor of
50% or more. The L-shell calculations, as well
as the earlier K-shell results, indicate that much-
more-accurate incoherent-scattering factors can

TABLE VII. 2S Compton scattering with W fixed.

(sind)/A,=1.2 A~1; Z=5 (sinf)/A,=0.8 A™'; z=5
E(eV) 20 (E1/E})*S (EX) E(eV) 26 (E,/EY?S (EX)
10000 e 10000 165.4° 0.970
15000 163.8° 0.976 15000 82.79° 0.970
30000 58.5° 0.977 30000 38.61° 0.971
40000 43.7° 0.977 40000 28.70° 0.971
60 000 28.7° 0.978 60 000 19.03° 0.971

(E,/E$)S(WH)=0.998

(E;/E)?*S (WH) =0.999




150 B. J. BLOCH AND L. B. MENDELSOHN 9
TABLE IX. 2S Compton scattering with W fixed. TABLE XI. 2P Compton scattering.
(sind)/A;=0.4 A°1; Z=5 Z=5; 20=30°
E(eV) 20 (E{/E9)*S (EX) E((eV) S(@IMP) S(EX);p() S(EX)pp@n)  S(EX),,
10000 58.5° 0.492 5000  4.2(=3) 0.019 0.012 0.012
15000 38.6° 0.499 10000  0.125 0.143 0.087 0.106
30000 19.0° 0.498 15000  0.367 0.401 0.286 0.324
40000 14.2° 0.498 20000 0,561 0.603 0.550 0.568
60000 9.4° 0.497 30000 0.817 0.737 0.881 0.833
40000  0.924 0.847 0.961 0.923
o 2 = . . . .
(E1/E)°S(WH) =0.987 50000  0.957 0.918 0.972 0.954
60000  0.964 0.948 0.970 0.963

be obtained for complex atoms at intermediate
momentum transfers by direct integration of the
impulse Compton profiles, rather than by using
the Waller-Hartree scheme.

APPENDIX A

Symbols, definitions and abbreviations

n Planck’s constant divided by
27.

m, Electron mass.

e Electron charge.

VA Atomic number.

Z*(0) Effective atomic number ob-

tained by matching the impulse
hydrogenic J(0) and the im-
pulse Hartree-Fock J(0).
Effective atomic number ob-
tained by matching experi-
mental binding energy using a
hydrogenic model.

In atomic units: a,=1.

Z*(e)

26 Scattering angle.
Photon
k, k, Incident and scattered photon

wave numbers, respectively.

k=K, -k, Scattering vector.

k Scattering vector magnitude.

EE Incident and scattered photon
1 2

energies, respectively.

TABLE X. 2S Compton scattering with W fixed.

w=0.24"%; z=5

Difference in incident and scat-
tered photon energies.
In atomic units:

_ 1078 n2
T 0.51122x27.212

E=E, -E,
k=nkay/Z

K2 (E?+E,-2E, E,c0s820).

Electron

[ Initial- and final-electron mo-
menta.

e, e Initial- and final-electron en-
ergies.

X Final-electron wave number.

by s ¥ Initial- and final-electron wave

functions.

In atomic units:

2
- "E_____l_]
P‘2[27.212Kz 2

Projection of initial-electron
momentum on the scattering
vector. g is related to the dis-
tance from the Compton line for
scattering by a free electron.

In atomic units:

___N"E_ __KZ
T 21.212kZ T 2n

k°, P° The values of « and P at ¢ =0.

q

TABLE XII. 2P Compton scattering.

E,(eV) 26 (E{/E})*S (EX)
10 000 28.8° 0.074
15000 19.0° 0.076
30000 9.4° 0.078
40000 7.2° 0.080
60 000 4.8° 0.065

(E{/E})*S(WH) =0.63

Z=5; 20=90°

E{eV) S(MP) S(EX),p@® S(EX)pen) S(EX),,

5000  0.292 0.314 0.211 0.245
10000  0.741 0.685 0.803 0.764
15000  0.895 0.821 0.929 0.893
20000  0.916 0.890 0.926 0.914
30000  0.894 0.892 0.895 0.894
40000  0.864 0.864 0.865 0.864
50000  0.836 0.836 0.836 0.836
60000  0.809 0.809 0.809 0.809
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Comparison of F. Bloch and our notation

F. Bloch In This Work
a a-2Z/na,
1/y 1/y~k+P
v v—-K-P
i B—~n/2P
Abbreviations
EH “Exact” hydrogenic.
1A Impulse approximation.
IH Impulse hydrogenic.
IHF Impulse Hartree-Fock.
APPENDIX B

Detailed derivation of general Bloch result

We will work in the parabolic coordinates
(&, 1, @), where

£=7(1 +cos26), n=7(1 -cos26)

and the azimuth ¢ is measured around an axis
in the direction of the scattering vector k. Thus
kT in Eq. (22) becomes

K-T=krcos26=1k(t -7). (B1)

The initial state (1, [, a) and the final state
(3, m, a) will be written as

1$:)=Unia(E, m) €™ 42¢ (B2)
and
194)=Ugma(§,me™*¢ (B3)
Now Ug,, can be written in the form
Ustma(8; 1) = Coma(EN*/2(0%)™2 it ma(£) Gxemal),
(B4)

where we will use the well-known integrals,

_ 1 - ix (a=1)/2+i(B+m)
f:;cma(&)‘ 2”1 fel <t1+ 2 >

] (a~1)/2-i(B+m)
X <z1_ %) at,, (B5)

TABLE XIII. 2P Compton scattering.

Z=5; 26=180°

E((eV) SAMP) S(EX),p©0 S(EX)p@n  S(EX),,
5000  0.510 0.551 0.488 0.510
10000  0.862 0.779 0.903 0.862
15000  0.885 0.866 0.893 0.884
20000  0.861 0.858 0.862 0.861
30000  0.805 0.805 0.805 0.805
40000  0.754 0.754 0.754 0.754
50000  0.708 0.708 0.708 0.708
60000  0.667 0.667 0.667 0.667

and
1 i% (a=1)/2+i(B=m)
gxma(n)z —2]”- § etal <tz +—2—>

; (a=1)/2~i(B=-m)
x <t2—l—2x-> at,, (B6)

with Cyn, given by
Cama=27"%2%* 1 e |T1(1 —=a)/2 +i(B+m)|
XTIl -a)/2+i(B-m)], (B7)
where 3 is defined by
B=Zm,e*/2n %K. (B8)

The usual representation of the continuum state
is in spherical coordinates and can be written as

|¢f)=(27rZ/3Cao)l/2(1 _ e—zvz/scﬂo)—uzei?-T
XFGZ /%ay; 1;i(®r -k T)). (B9)

The representation in parabolic coordinates
results in a different normalization factor, which
is a function of & given by Cy,,. This can be seen
most easily by noting that

|T(3 +i(Bxm)]|2=n/coshn(B+m), (B10)
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10000 20000 30000 40000 50000 60000
ENERGY (eV)

FIG. 14. Incoherent-scattering factors—variable
energy.
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or that
C,cm=(5€/1lm)[(l +e-21r(ﬂ+rn))(1 +e-zﬂ(8-m))]-1/z_
(B11)

Thus when we integrate |Uy |2 over the domain
of the parabolic quantum number m (-, +) we
will get a factor X%/7. Therefore Eq. (26) becomes

I =7’”;g-c—<-%-> |7 lnesnt?am. (B12)

In polar coordinates the initial state can be
written as

Unta=Cria € */?(ar) Pi(cos26) L} (ar), (B13)
where

a=2Zm,e*/ni?®. (B14)
Thus Eq. (28) becomes

Enxa.xm(k)=é1rf J' dn (& +7) er/2XE= g
1] [\
XUxma(E,"l)anae'a'/’(ar)‘

X P%(cos26) L2} (ar). (B15)
If we define q,,(x, m, &, t) as

J

|©

2 < € 1)
=L —=nig,Xm\*/_ yn-1-1,
q,.(X, m, k,t) p n-é:l Coste D) t ;  (B16)

then using the expression

n-1-1 (_1)2“’1

21+1 —
2 L en) Gy = o e

—art/(1-t)
’

(B17)
in Eq. (B16), and substituting this into Eq. (B15),
one gets

q1,(%, m, k, t)=f d&f dn Uy, (€, 1) P(cos206)
[} [}

Gr/2xE=1) gyt (1P
Xe n (ar) (].——W

x e-ar/z-art/(l—t)’ (B18)

where the associated Legendre polynomials
P%(cos26) can be written as follows:

i-a
P%(cos26) = (1 - cos?26)*/2 E c;cos’26. (B19)
=0
Substituting Eqs. (B4) and (B19) into Eq. (B18),
and noting that 7 = (£ +1)/2 and cos26= (& ~n)/
(£ +7n), we obtain

(ix)2 o (-1)2'+ i-a I w .
0100, m R, )= =+ Cxtna e, ["at ["an(geny iz
la 472 21 a YX (1 - t)21+2 jzo i o o n

x €= menrexp[ 2 (6 -m- & (1) (g
) ; >(a-n/z—i(e+m>dt
1~ "9 1

-t
i% (a=1)/2+i(B+m ix
X§6‘1§<l1+—2——> 2
ix (a=1)/2+i(B=m) i (a=1)/2=i(B=-m)
x § eten <t2+—2—> b= o at,. (B20)

Now one can show that

a1+t

(gent* =it —np(em*exn [ & (- - 5 (12L) (g

lim< ) 3 >l+l-a-i< 3 3 )i 2a (ex {E[t ik a <1 + t) }(
= —_— — —_— - —_— + - +
o \OHL Bk, oy, ou,/ oufapl P L] 4\1-7/)*H §

pg—o ’

ot 3 ()]} oo

Thus Eq. (B20) can be written as

ine ) I-a +l-a-j j 2a
(%) o (1)1 < 3 9 )1 ( ) ) )f )
x, m, k, t)=— — C lim c, + — - _—
T1a(%, . &, 1) 4n?  2PTe TEma (1Pt L, fT; \op,  8u, 8K,  BW,/ Bufdp;
Ha—0

© ik af1+t ] ige\tam1) /244 (B+m) iz \(@-1)/2-iB+m)
X @ dt f dEexp{ﬁ[t +—-————<—————)+u]} (t +——) b=
f 1 o | 1 2 4 1-t¢ 1 1 2 1 2

w ik afl+t ig\(@-1)/2+i(B-m) i \@-1)/2-iB-m)
xfdt f dnexp{n[t —3———<——)+u]} <t +—) (t ———-)
*Jy 22 4 \1-¢ Nzt 2 22

(B22)
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|©

The integrals over £ and n can be evaluated immediately, leaving two contour integrals over {, and ¢,,
respectively. Each of the remaining integrals has first-order poles at

itk a1+t
‘1-'7+T(1_t)‘“v (B23)
and at
ik a 1+t
bt () - (B24)
and since these functions are analytic, they yield the values
T ik a1+t igen/ziEEm r e o <1 + t) isc]‘“‘”/z""ﬂ“’"’
27”[“2 * 4(1-t)'“1+'§"] ['"2"*7 1-¢) M™% (B25)
and
Tik a/1+t in (a-l)/zﬂ(ﬁ-m)’:ik o <1+t> i e-1/2=i(B=m)
2’”[‘2’*'4'(14)'“2* 2 ] 2 T a\1- '“2"2—] (B26)
Substituting these values into Eq. (B22), we get finally that
. o! (=1)21 S 8 9 \*imemd
4., m, R, 1) = (iR)2® = Cyema lim c.< + )
1 2i-a X (1 _t)21+2 -0 FZO i BIJ'], 3“_2
Hp—0
9 oy 8 fa 14t : (k—sc))‘“"’/”“s*’"’
x<au1 - auz> aujous <T 1-t M7t
a 1+t ) (k+x)>(a-1)/2-i(ﬂ+m)<a 14+t ] (k+x)>(a-1)/2+i(ﬂ—m)
<’4‘ 1-¢t M7 4 1ot HettT
a 1+t C(k-%) (a=1)/2-i(B=-m)
X<4 1t Mt T ) (B27)
' n=1-
Evaluation of 4,,, Enrasem(k) = % m+1)1C,, 9493, alt("af;_fil, k,t) ’
The initial wave function is given by t=o
B33
Iwi>=Unla eia(’:Rnl(’r) Yla(zey (10)’ (BZB) ( )
where Enla.xm(k)=(—l)l 7’3/2 23-X(Anla)1/2
n=1=-1
R, ()= ﬁiﬁ:l-_l)!>”2 ~ar/a SR (B34)
==\ Twn° ) € 8 =0
x (ar) L2} (a), (B29) then finally equating Eqs. (B33) and (B34) we get
@ =1-1)1@L+1)(I = |a])!
and Ape= 272 12y )1 (0 +a|)! (B35)
21+1 (L—|a|)! )1/2 Typical values of A,,, are: A,,,=2a¥7%; A
Y, (26 =< P4(cos28)e'??. nla + 41100 » “ta00
la( y‘p) 4T (l+ a|)| l( )e =a3/2172; A210=2a3/71'2; A211 =a3/1r2,

(B30)

APPENDIX C
Thus we write Eq. (B28) as

Consider the integral

b zfdz ,
(B31) | Gty (1)

Upia =C e €™ " %(@r)! Pi(cos26) L2} (a),

nla

where . . .
where a is a constant and g is an integer. The

c _[a_3 n-1-1)! (2[+1> (l—\al)!]‘/2 integrand has simple poles at
matlon [m+D)!]°\ 4n ) (L+]a])!

z=a+im(1 +2n), and z=-a+in(l +2n), (c2)

B32
(B32) where =0, 1, 2 ... .

From Eq. (B16) We choose the rectangular path in Fig. 15 to
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evaluate the integral in the complex plane en-
closing the poles at a +¢7 and at —a +i7. The con-
tour integral around the complete rectangular
path consists of the four straight-path integrals:
Jy, J,, J,, and J,.

Writing z =x +¢v and allowing J, to go from
x==R to x =R, we have for the integrals J, and
J

3

z2¢dz
f,l (1 +e®°)(1 +e™(2*9)
(R+iy)¥idy

2m
=J; (1+e""‘“’)(l + o (R¥a*iv)

(C3)

and

f zfdz
s, T re o)

0 (=R +iy¥iay
= _LW 1+ e B0 D)(1 4 g~ -RFatin) (C4)

Taking lim|g|_«|J,| and lim|gz|_.|J,|, both of
these integrals go to zero. We are left with inte-
grals J, and J,, and allowing |R|-«~ we find
(writing x for R)

B = (x+2mi)¥ax
Jz"—f_m (1 +ex-a)(1 +e-(z+a)) (CS)
and
w £
J,= s (ce)

e A YA re Dy

Evaluating the integrals at the poles, we make
use of the residue theorem to obtain

x+2mi)¥dx

j‘ao xtdx fm
e M+ 1 +e"CFD) T ) T +e )1 +e =19

=2mi(1 —e" ) (=g +inkf = (a+in¥]. (CT)
To go over to the constants in Eqgs. (44) and (63)
x=2mm and a=2nB. (Cc8)

After some manipulating, and dividing through
by (27¥*!, we get the desired result

fw [m& = (m +i)) dm

- (1 +e-2ﬂ'(5+m))(1 +e-21r(B-m))

=i(l = "By [(=B+3)F = (B+2)F]; (C9)

when g is odd the value of the integral is zero,
since the cosh function is even.

We may evaluate this integral by starting from
£=1 and going to larger values of g. Thus for
g=1,

9
i
2m| J
€ 2
- i .
Y of! 4 asim AJi
Jg
-
¢ -1+ .
FIG. 15. Integration path to evaluate integral (C1).
” am i )
J:-ec (e 27 BFm)({ 4 g-27 (B-m) =28(1 -e am8) 1
(C10)

g=3,

° m?dm
./:ao (1 +e 2" BFm)(1 4 g~2" (B-m)

=L @aapa-emiy, c1n)

g£=5,

© m*dm
o (1 +e 2™ BFmyq | pm2m(B-m)

_B( 1 58
’5( )

+234) 1 =-e"4"B)1 (C12)

We now want to evaluate integrals of the type

© z2¢dz
‘/._w (- @D){ —g @) » (C13)

where again, a is a constant and g is an integer.
Using the results of the integral (C9), we now
make the transformation z -z —in. Then

14+t 1 L p-(zta)
1
resulting in

J‘” (z=inf=(z+in)f

v (I =g @) — g~ @ D) az

=27i(1 =2 (=g +in)f - (@+in)¥]. (C14)

We are now in a position to evaluate the integrals
in Eqs. (82) and (83). Again setting a =273 and
z =2mm, we are led finally to the desired integrals

© am —4mBy-
f..., =y = gy =281 = e Byt

(C15)
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° 2dm
-58(1-28%)(1 -

f“" mdm
ce (1= 2TEFMY(1 ¢

- 15 A1 +1082 - 68%)(1 - e™*").  (C17)
It is then just a matter of algebra to get finally

e 4"By 1 (C16)

—ZW(B-m))

b (B2 = m®)dm
j:'n (1 _e-Z‘K(B+m))(1 _ e—z'rr(s-m))
=161 +48%)(1 - e"4"8)1 (C18)
b m?(B2% —m?)dm
_[_m (1 _e"21l’(5+m))(1 _e—zw(s-m))

=581 +58%+48%)(1 - *"8) L. (C19)
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