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The Glauber theory for electron-atom collisions is extended to include the polarization effects. The
results for the diNerential and the total elastic-scattering cross sections are presented, and it is observed

that the agreement with the available data is improved with the inclusion of such effects.

I. INTRODUCTION

The Glauber approximation' has been used in
recent years with considerable success for pre-
dicting elastic and inelastic scattering of elec-
trons with atoms. ' Although this approximation
is more suited for high-energy scattering, it
yields good results in the intermediate energy
range where the other theories are either not good
or get very complicated. Applications of the
Glauber theory in the electron and proton scat-
tering from the hydrogen atom have been exten-
sive. Thomas and Gerjuoy' have obtained the
closed-form expressions of the scattering ampli-
tudes in hydrogen. An attempt to include the elec-
tron exchange was recently made by Tenny and
Yates, ' where the post and prior form of the Glau-
ber exchange amplitudes were reduced using
Bonham-Ochkur expansions. Extensions of the
Glauber theory to the electron scattering from
complex atoms have been reported. '-'

Byron' and Bransden and Coleman" have shown
the relationship of the Glauber approximation with
the close coupling and the impact-parameter
methods, respectively. Bransden and Col.eman
made an allowance for the states omitted in the
close-coupling method by constructing second-
order potential and using closure. The effective
energy parameter occurring in their calculations
was chosen such that in the adiabatic limit the
correct long-range interaction is obtained in the
incident channel. Such long-range polarization
effects are not included explicitly in the Glauber
approximation. The need for introducing the po-
larization effects and their importance in elec-
tron-atom scattering has long been recognized. ""
For electron-helium scattering Khare and Moi-
seiwitsch" and I aBahn and Callaway" have noted
a considerable improvement in the agreement of
the theoretical differential cross sections with
the experiment for low-scattering angles; and up
to high enough incident electron energies (= 400
eV) when the polarization effects were included.
Several attempts have been recently made to in-

elude polarization within the framework of the
first Born and the close-coupling approxima-
tions. '~ " One way of taking the polarization
effects explicitly into the Glauber theory, in a
simple way, is to treat the target eigenfunction
perturbed by the field of static charge. In this
payer we present the method of including per-
turbation effects in the Glauber theory for elas-
tic eLectron-hydrogen scattering, so that our
method will have the characteristics of the close-
coupling method (implicit in the Glauber theory')
and the polarized-orbital theory.

II. THEORY

The scattering amplitude for a collision between
a charged particle and an atom in the Glauber
approximation is given by

x 4, (r,}V(5, z„r,}e'~'2

'2
x exp — v(6, *,'; i, ) d s,'),

where ry s+zy and r2 =5+z, denote, respectively,
the position vectors of the target and incident
electrons. b is the impact-parameter vector and
s is the projection of r, on the plane of 5. 4& and

4z are the initial- and final-state wave functions
of the target atom and Sq is the momentum im-
parted by the incident electron of initial momen-
tum KK, . V(S, z„r,) is the potential seen by the
incident electron.

Considering the perturbation of the target atom
due to the field of the incident charge, the per-
turbed wave function in the initia1 state is given
by

4,'(r, ) =4,(r,)+C,(r„r,) . (2)

eo(r, ) =(w) "~' e "' is the ground-state wave func-
tion of the hydrogen atom. C „(r„r,} represents
the polarized part of the target wave function and,
in the dipole approximation, is expressed, follow-
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ing Temkin, "by

4 ) rr„r,) = a'-(r„r,)4,rr) (I/j, ')
x (j'g + 2I'g ) cos 8» )

cos8»=(r, j,),
where z(r„r,) is a unit step function introduced
to express the fact that polarization will be mean-
ingful only when r, &r„and so

f,(ij)=-()lie) Jdr, dr, l;(r, )

xc„,(r„r,)V(6, z, ;r,)e"'™
g2

we~[-(f/~, ) V{6,z,' r,)«,'],
where

I'(6, r, ) =1 —exp (- i/}i& ) V(6, z„r,) dz,
~oo

e(j"„j,) =
j if t'~ &f'g,

0 if r, &~, .

Duxler ef a/. "have made a detailed study of the
polarized-orbital method and investigated the ef-
fect of the unit step function z(j „rj)on the cross
sections. They have demonstxated that the results
obtained by performing the integrations in the full
range of x, do not differ appreciably from those
obtained by limiting the range of integration to
j,&r, . Similar remarks have been made by Stiney
and Callaway" and McIlveen. " The step function
can therefore be just ignored and taken equal to
unity in the whole region.

Thus in the prescription of polarized-orbital
approximation we replace the w'ave function 4&
in Eq. (1}by the pert'urbed wave function 4,' given
by equation (2). The elastic scattering amplitude
in the polarized Qlauber approximation is then
given by

Equation (5) has been obtained by writing

q ~ r, =q 6+q j, z, =q 6 (8)

and performing the integration over the z, coordi-
nate of the incident electron. The amplitude f,
has been evaluated by Franco' and yields

w/2

f,rq) = 2 j)j, sin'8cos8 (sin'8- jq'cos'8}

x (sin'8+ gq*cos*8)~

&& [1 —([cos28)/cos8)"" [cos28(

X,E,(j+ jin, 1+ jin;1; sin 28)1d8, (&)

where n = e'/gu, and e, is the velocity of incident
electron.

To evaluate the polarized part of the total scat-
tering amplitude we differentiate Eq. (6) twice
with respect to q:

with

f, (t)) =(ia, l)'w') fe "' ()i,S)e"' d'-I di,

TABLE I. Differential cross-section for the elastic
scattex'ing of electrons with hydrogen atoms ~

e-")(j,+ 2r', ) (q r ,)'"
x e' '('j cos8»V(6, z „r,)

~ g
x exp -— ) ((i, *,', r, )cg,'dF, dr, ).

kg

(10}

Using Eq. (S) and performing the z, integration
in the integral on the right-hand side, we get

Momentum
transferred squared

q 2{g 2)

Differential cross-section
do

dQ
—(ju fj)

TABLE D. Total cross section for the elastic scatter-
ing of electrons arith hydrogen.

1,-3
5 -3
1j 2

5, -2
1j 1
5, -1
1,0
5, 0
1,1

50 eV
17 1
7.8, 0
5.4, 0
2.1, 0
1.3, 0
3.6, -1
1.8, -1
1.8, -2
5.4, -3

100 eV
1.4, 1
6.5, 0
4.5, 0
1.8, 0
1.2, 0
3.6, -1
1.9, -1
2.5, -2
7.6, -3

200 eV
13 1
5.7, 0
4.0, 0
1.6, 0
1.0, 0
3.5, -1
2.0, -1
3.0 -2
9.1,-3

Energy of the incident
electron {eV)

5
10
20
50
80

100
200

Total cross-section

7.5, 0s
3.8, 0
2.0, 0
8.3, -1
5.3, -1
4,3, -1
2.2, -1

Notation: a, b =ex10 . ~Notation: u, b =ax10 .
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FIG. 1. Differential elastic scattering cross sections
for electrons on hydrogen atoms. Solid line: present
calculations using the polarized Glauber approximation;
dashed line: unpolarized Glauber calculations.

incident Energy {eV)

FIG. 2. Total elastic scattering cross sections for
electrons on hydrogen atoms. Q: Experimental data,
Brackman et aE. (Ref. 27); Curve 1: Experimental data,
Neynaber eP al. (Ref. 26); Curve 2: First Born approxi-
mation calculations iRef. 2); Curve, '3; present calcula-
tions using the polarized Glauber approximation; Curve
4: unpolarized Glauber-approximation calcul. ations of
Franco (Ref. 2).

for A, =2.
Expressing cos&„=cos(P,—Q, ) and integrating

over dp„dp» and dz„respectively, we get

dp, cosp, (1 —y cos p, )'"

8'f, ik(
&A. 2 A.

where

(12) y = 2bs/(b'+ s') .

J„andK„arethe Bessel and the modified Bessel
functions, respectively. Following Tai et al. ,

'
N is expressed in an analytic form

I = [Z,(qb) —J',(qb)]E,(zs) bs'(2s/by)'"N db ds, X = —inlay(1 —y')'"' i,E,(~is+1, zin+ z;2;y') .

with Performing the integration in I we get

g2f n/2

sin'8cos8[sin 8+~~q'cos 8] [25sin'8- 5Vq cos 8sin'8 —,eq cos 8sin 8+~»q'cos'8]

x sin28i cos28(((cos28i/cos8)"", E,(~~ in+1, +in+~2;2;sin'28)d8.
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The differential cross section for elastic scat-
tering is defined as

—(q) =l&(&(q) I'
dQ

and the total elastic scattering cross section is

2 'do
q &—(q) dq (va, ') .

0
(18)

Equations (17) and (18) have been used to evalu-
ate the differential and total cross sections for
electron-hydrogen elastic scattering. The in-
homogeneous differential equation (16) has been
solved using Numerov's method" and with the
following boundary conditions

f.(q) =o,

f,'(q) =o,
(19)

The solution of Eq. (16) is therefore started from
a large value of q and continued inwards.

IIL RESULTS AND DISCUSSION

The results for the differential and the total
cross sections are given in Tables I and II. As
a check to our calculations we have reproduced
the results of Franco' using Eq. (9).

In Fig. 1 we show a plot of the differential cross
sections with respect to the momentum transfer
squared for three incident energies 50, 100, and
200 eV. The essential features for all the three
energies are seen to be similar. We observe that
the inclusion of polarization effects in Eq. (1)
causes a large increase in the differential cross
sections at low values of the momentum transfer.
Beyond a value of q =2a, ", the two curves with and

without the polarization tend to merge. The rela-
tive differential cross sections for the elastic
scattering of hydrogen were measured by Tai
et al." and compared with the theory. -4 Recent-
ly, absolute differential cross sections have been
measured by Teubner et al."at 50-eV energy.
The experimental data of Teubner et al. are sub-
ject to a +85% error and are shown in Fig. 1. We

note that in the range of angles in which the data
are available the present calculations are in better
agreement with the data compared to the Qlauber-
approximation calculation without the polarization
included. A better comparison would be possible
if the data are obtained at lower values of the scat-
tering angles. However, the rise in differential
cross sections at low-scattering angles with the
inclusion of polarization effects is consistent with
the other theoretical predictions for hydrogen and
helium

The total integrated elastic scattering cross sec-
tions are shown in Fig. 2. The Born calculations
and the experimental data of Neynaber eg al .~'

and Brackman et al."are also plotted. We ob-
serve that the present polarized-orbital Qlauber
calculations are in better agreement with the data
compared to the ordinary Qlauber calculations,
in the range of energies in which the data are
available. At high energies (not shown in the Fig.
8) the two Glauber calculations merge showing that
the polarization effects become less important
when the incident energy is very large.
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