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The third-order Stark effect is re-examined using an operator method presented by
Schwinger. By observing an identity for the perturbed part of the Hamiltonian and by using
commutation relations, we are able to obtain the energy spectra of hydrogenic atoms in a
constant electric field without solving the Schrodinger equation. Our result confirms that

of Doi and El-Sherbini.

I. INTRODUCTION

The influence of an external electric field on
atomic spectra was discovered by Stark in 1913
and is known as the Stark effect. The theoretical
calculations of this effect were carried out almost
half a century ago, by solving the Schr8dinger
equation for the hydrogenic atom using the method
of separation of variables in parabolic coordi-
nates.! However, this method becomes quite in-
volved when one tries to calculate higher-order
perturbations to the energy spectra.!s?

A much simpler method, developed particularly
for this problem, was presented some years ago
by Schwinger® and was used to recalculate the
first- and second-order Stark effects. By making
use of the commutation relations among the gen-
erators of the symmetry group of the hydrogenic
atom and by observing an identity for the per-
turbed part of the Hamiltonian [Eq. (37)], he was
able to obtain the energy spectra of the system
without solving the Schrédinger equation. The
purpose of this paper is to first review Schwin-
ger’s method, which is nowhere available, and
then apply it (with slight modification) to calculate
the third-order Stark effect. Hopefully, this tech-
nique can be used to solve some other problems
in atomic and molecular physics.

II. UNPERTURBED HYDROGENIC ATOMS

The Hamiltonian for the hydrogenic atom is
H,=p?/2u - Zée*/r, (1)

where u is the reduced mass, r is the relative
distance, and p is the relative momentum. It is
well known that there are two constant operators
in this system: The orbital angular momentum

rL =Txp, (2)

and the axial vector

K=F/r- (i /uze®)s@xL -Lxp). (3)

|©

They obey the commutation relations

(Ly, L] =tieinLy, 4)

[Ly,A)=i€ A, (5)

[A;,A]= i€ (-2RH,/uZ%*) L, . (6)
Some of their properties are

AL=0, TL=0, (M

R2=1+(2k%H,/pn2%*) (T2 +1). (8)
The angular momenta*

TO=LT +(-pz%et/20%H,) 2R ], (9

IO =L - (- p2z%e*/20°H,)VR] (10)
obey the commutation relations

(09,7 @) =i€;;, J @, a=1or 2, (11)

(79,09 =0, (12)

which are the algebraic statement that hydrogenic
atoms possess the symmetry group O(4)=S0(3)
XS0(3). One also notes that the two angular mo-
menta have equal magnitudes since

02 =G24 (- pz%*/20%H, - 1) . (13)

The states of the system can be completely
specified by the quantum numbers j,m,, and m,,
which are eigenvalues of the operators (3(“))2,
JO and J?, respectively. That is, if |jmm,)
is the eigenstate, then we have

(3(9)2|jm1m2)= (3(2))2|jm1m2)=j (G +D|jmm,) ,

(14)
J@imm,) =m,|jmm,), a=1or 2, (15)
where
§=0,%1,% ..., my=—j,—j+1,...,5-1,5.
(16)

Another set of quantum numbers which are con-
ventionally used to solve the hydrogenic-atom
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problem are

n=2j+1, k,=3n-1)-m,, a=1lor?2, (17)
with

n=1,2,3,... and k,=0.1,2,...,n-1. (18)
Now Eqgs. (13) and (14) imply

4j(j+1)= —pnZ%*/2K°E, - 1
or

E,= -1 Z%* /2n?H % . (19)

This is the well-known Bohr formula for the ener-
gy levels of the hydrogenic atom. The eigenvalues
of L, and A, are

L =P +d?) =m +m,=m, (20)

A=Y -T =m —m,= ~(k, - k)= ~F.
(21)
We note that the bases |jm, m, ) or Ink k,) are not
eigenstates of the operators I_.2 and z(AXL,) How-

ever, their expectation values can be easily eval-
uated as

(D) =4 +m> - k> - 1), (22)

i{(AxL), =k/n. (23)

IIf. SCHWINGER’S APPROACH

In this section, we will review Schwinger’s meth-
od of calculating the first- and second-order
Stark effects.® In a constant electric field §, the
Hamiltonian of the system becomes

H=H,+H,, (24)
where
H =-e&F. (25)

In the usual perturbation approach, one introduces
a parameter A and considers the new Hamiltonian
Hy=H,+\H, . (26)

The corresponding Heisenberg equations of mo-
tion are

-

dr 1 (. -
u‘d7=i—ﬁ'[r,uf1x]=p, @7
d-» 1 " Z 2" —-
%:E[p, Hx]=-r—e31‘ +xeé. (28)

Now if {£,| is an eigenstate of H, with energy
eigenvalue E; , then we have

GeggxﬂE)'F(E;\le'Ex"} , (29)

which, by differentiating with respect to A, implies

oH,

aE ’ 1 - ”
O exon A =(gy | "";-‘[(’y H]lE\) (30)

where G is the generator of the parameter A de-
fined as
6<Exl=(Exl G/ )Gox . (31)

Since Eq. (30) is true for arbitrary states (£, |
and |£3), we obtain the identity®

8H) _3E;

1
Y)Y +i77—[c’ HyJ. (32)

The perturbation theory we will use here is as
follows. By expanding E A in the power series of
A,

EY\=E,+\EW + \2E® 4 }3E® 4 .+ (33)

we then identify

1 (9",
() - = [ 2=
E n!( ax") A<0 (34)

as the nth perturbation of the energy eigenvalue.
Also from Eq. (32), we have

3E _< BH)\>
ax N ax/,’ (35)
where

o=l elen) . (36)

The basic ingredient in Schwinger’s approach is
to observe the following identity:

oH) _ 32 d
o -ebz = i i, e8A +dtG+O()n) (37
where®

G=(—e8)[3x,p, %, - L (T D)z —s2(B+T) + 3iki (z - (2))]/H,
= (-e8)(1/Hy)3x:p.%; —5 (F* D)z
~-52@T)-3if (z - ()], (38)

and, without loss of generality, we have chosen

& to be in the z direction. The proof of this iden-

tity will be given in Appendix A. For the first-
order perturbation, we have [from Eqs. (34), (35),
and (37)]

8E 9 H,\
E<1)=(——)\‘> :<——)‘-
N2 SV A )x=o’
=3(Ze?/E,)e8A, ,

=3(na,/Z)ke§, (39)

where we have used Eqs. (19)—(21) and defined the
Bohr radius to be

a,=k%/ue’. (40)

For the second-order perturbation, we have



|©

E(z)_l<_°1_<a_ﬂ> )
T2\ \ o /1y /=’
=l£<[c 8_&]>

PY N S Y VAN

G, -e8z])

X=o0

(41)

We see that an explicit expression of G is required.
This can be achieved by comparing Eqs. (32) and

(37) at A=0; and one obtains
G=G+0G, (42)

in which 8G is an arbitrary function of constant
operators. One notes that

([sG, —eSz]))‘ . <[OG Eée—egA dG}>

"4 H, tat
<;t[oc G]>)‘=o=0, (43)
and
@/nX[G, -e2)), _ =[(8)/E,][3¢? ,_
) ~Ka) T,
(44)

which then imply
E‘(Z) = [(eg)z/ZEn] [%<22> A=0 +%<7'2) A=0" ((Z) A= o) 2] .

(45)

The remaining task is to compute (r* -, and
(2%),.,- The details of their evaluations will be
presented in Appendix B. Here we only quote the
results:

<r >)\_=o - (nao/Z)z

(D=0

n? - X2 =0 (46)

= (nay/Z)? (302 + KL oo -3m?+1)
(47)

where (I ,-, is given by Eq. (22). Substituting
Eqgs. (46) and (47) into Eq. (45), we obtain
E® =~ (na38%/162*)(1Tn® - 9m?® - 3k* +19), (48)

which is the same result as that obtained in Ref. 1.

IV. THIRD-ORDER STARK EFFECT

The extension of the method discussed in Sec.
III to the third-order Stark effect is not trivial.
We find it is more convenient to use a slightly
modified form of Eq. (37):

Me8)?

2 -
=== -e z=—;e8A,+ 8H,

d -
2 2 ’
(Tr®+3z )+——dtG s

(49)
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where

- reé dA

A=A, -5 50" =27, =0, (50)
and G’ is just Eq. (38) with H,~ H,. Again the

proof of Eq. (49) will be given in Appendix A. Now
if we choose the state (£}] to be an eigenstate of
both H, and A,, then from Egs. (35) and (49) we
obtain®

3_;; 3Ze 74 (eé)

™ aE, eSA + A (7r +3z%),, (51)
where

(LA, =(E{ AL, (52)

Equation (51) together with Eq. (34) is the basic
equation to apply our perturbation theory.

To illustrate the advantage of this modification,
consider the second-order effect. Differentiating
Eq. (51) once with respect to X and then setting

A =0, we obtain
EW 3Ze ( >
e8 Y

EZ

2E® = Sie < )eSA '

(e8)?
+ —8?"—(772 +322>)\=0,

or

ED =[(e8)/2E,)[3(2%) r=0 + 30" r=0 = ((0)2=0))°

(53)

which is just Eq. (45). However, we are able to
obtain this result here without using the explicit
form of G.

The third-order perturbation can be obtained
by differentiating Eq. (51) twice with respect to
A and then setting A=0:

31ED =[3(e8)°/E2)(2) 1= o[22 sm 0~ (@)1 o) P

+[(e87/8E,) G /R X[G, 117* +92°]) \=, .
(54)

Here as in Sec. III, we need an explicit form of

G at A =0, which has the form of Eq. (42). In
order to determine 6G, we observe that the eigen-
value equation for A, [Eq. (52)] is quite similar

to that for H, [Eq. (29)]. By following closely to
the arguments given there, we can easily show
that>® [cf. Eq. (32)]

(55)

or at A=0,
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ﬁ[A"G]"<ax 3/ a=¢

= —(e8/22e)r* - 2%) = ((r* = 2%) \=0] .

(56)
By using Eq. (38), we can easily show that
‘38 2 __q_<3 2 2 >-eLS
ﬁ[A.,G] 577 =2 =52\ GLi - Li+1 i
(67)

Therefore, from Egs. (56) and (57), we infer the
following condition for 6G (Ref. 5):

3eb
2Ze?

L[Ag ’ 6G]= ( > (L2 <_I:z> A=0 ) ’ (58)

3

which implies

2 .
—-GG e&——-( ) i(KXf),Jr—z—GG’, (59)

/] 4Z¢* /]
since
[A,,i(AxL),]= - @/WXL? -(@-p) . (60)

Note that Eq. (58) cannot determine terms that
commute with A,, and 3G’ is an arbitrary func-
tion of A, and L,, which is diagonal and does
not contribute to our calculation here.

Now it is straightforward to show that

(G, 117? +922])\o o =ik €8/E,)
X [%('rzz> A=0 +§'<23> A=0

-1 1<z> AE o<7'2) A=0
- 9@ -2V r=0] »  (61)

h_ [GG r ])x— = g%(n; >3n(z)x=o<f2>x=o»

(62)

(66, 2°]) re = =e8

z
(83)

Substituting Eqs. (61)-(63) into Eq. (54), we ob-
tain

(3) = _!‘_(88)3 2 2
E¥= - 32?[17(’7 Z) )\=o+3<z3> A=0 " 18(2) x=o<z >X=o

— 8= {2 r=0 +16((2r=0)°]

(e8) 1 (nag\® -
Y 4E, Z& ( Z ) n(2)x= oL 2= - (64)

Here we only have to calculate (#°z) -, and (2% -,.

Their evaluation will be presented in Appendix B.
The results are

EI?(%> 2@ e o T reo.

3
(r?z)r=0= %(1‘50) nAl (12 = (LD -, +5), (65)

VA
3
(z%) x=0=%<n—gﬂ> nAL TR+ L))o — 3m% +8).
(66)

Therefore, we obtain the final result for the
third-order Stark effect:
E® =3(n"a38%/Z"e)k[23n% +11m? - K* +39] , (67)

which agrees with the result of Ref. 2. However,
it appears that we obtain this result in a much
simpler way than that of Ref. 2.
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APPENDIX A

In this appendix, we wish to prove the identities,
Egs. (37) and (49). Consider

T
a?u[(r-p)r +r(p'r)—x;pr]

=pT +Tp* - r+u7\e[2(8-r)r &

=21 (H,T +?Hx) +3;LZe2; +ure[6(&T)F -8r?]

(A1)

by using Heisenberg’s equations of motior_xz Eqgs.
(27) and (28). Now from the definition of A, Eq.
(3), we have

2,1
uze” 2

1

“9Z& 2dt(2x,px, FpF-T(pT)) .

(A2)
Substituting Eq. (A2) into Eq. (A1), and noting
that
Hx-f +-1.‘H)\=2H)‘? +Zh_%
dar
d bl

=2'1"H)\-ih'—-l7 (A3)



9 THIRD-ORDER STARK EFFECT:

we obtain
- _ SLLZ Ae ".-» > B 2
= - m38r)r+2&']

+ 2 By - § DI
(Ad)

In terms of
A=A, - (\e8/2Ze*)(r* - 2°), (A5)

we obtain Eq. (49). The extra term, 3:%(z2), in
Eq. (38) is added in order to guarantee that G is
a unitary operator. It can also be inferred from
the condition® [letting A =0 in Eq. (32)]

7
;[Ho, Gl - (ah{x aEx>
=0

aX oA (A86)

or

G /) H,y, Gl = - e8(z - (2)) . Aan)

APPENDIX B: EVALUATION OF EXPECTATION
VALUES

In this Appendix, we will demonstrate how to
evaluate expectation values of operators without
using the wave functions. We will denote by
(©) the expectation value of an operator © between
the unperturbed states |nk,k,) .

(i) From Eq. (A4), we have (letting A=0)

- 3uzé+ d(_l_-.>

==~ Ara\gX) (B1)
where

X=1ixpx -s @ P)F -sT(*T) - 34k T,

=3rp - §@P)T - $iAT. (B2)

Therefore, we obtain immediately

(2)= -(3uZze®/AE A= 3(na,/Z)k, (B3)
by using Eqs. (19)-(21). ~

(ii) From the definition of A, we have
(r)=(F+R) +(ag/ZXL? - G/B)FD) |
~(32¢/4E XA +(a,/ZX(T?) +3),
=(a,/22)(3n° -(L?), (B4)

where we have used Eq. (8)

@=1-1/n* - 1/n?XT?, (B5)

and

(FB)= <‘; a3 m>-zzﬁ (B6)

-5T(@-F) - 3in?)] .
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(iii) From Eq. (B 1), we have

(Fy=- %2R B - (R B)
e
(B RGP - 4T )
(B7)

By using Eqs. (B 4) and (B 5) and the identities

(F-PR=r2p?+ift-p-h2L2, (B8)

(r2p?) =2uE (v ) +2uZeXr) , (B9)
we obtain

(= (") (- 3T 1) - (B10)

(iv) To evaluate (22), we pick up the 2 component
of Eq. (B 1) and multiply it by 2 and obtain
3Ze
(‘32>= E -(Ag2) - <X,P.)

3ze2\2
=( 4E,,>A2

}En [3¢r2p2) - 5¢20%)
+3h2(L2) = m? +4)]
(") g (D -y, 1)

by using the following identities
22p,(F.P)=22p*+72p2+ih (TP ~2p,) - B3 (L2 -L7),

(B12)
(r2p2) =20 E2%) +2uZeX2) A} +hB*(L?) -m?+1)
(B13)
(2%p%) == SRE(2®) - K7 ?p2) + §H2( L) -m? - 3) .
(B 14)

(v) From the identities

RAXL),=(2/r)F.D)-rp, + (BL2/uZe?)p, ,

(B15)

(rbe) == (Z/nay) (2T - ) +TiHA, (B16)

(i(AxL),) =-A4, , (B17)
one obtains

(2T .p) =2i0(2) . (B18)

(vi) From the consideration of
(23/r) =(2*[ A+ (1/n2e®)(zp? - p,T-B)])  (B19)

and the observation that
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(b, F-B) = <(3 = mu) - 9)

= - 5(2%?) + 3u Ze*(2%/r) - 20%(z2) ,
(B20)

we obtain

(23/7) =(Z/m*a)(2%) - 1(2%) AL~ 3a,/Z(z) .
(B21)

(vii) To evaluate (z%), one considers
(%)= ~(3ZE/AE,)( A 2%) - (1/BE.)(2X, 2b, - thX,)

= - 3(nay/ZY k(1% + 3( L?) - 3m? +8)
(B22)

by using Eqs. (B 18) and (B 21).
(viii) Finally, to evaluate (¥?2z) and (rz), we con-
sider

3Ze? - .
iE, (A-r

()22

(r22) = -

X . F)p, + (X P)2)

Loy -(kin-3) @] -

(B23)
On the other hand, by considering
(F2) Al=(rlz = (1/uze*w(zp? - p, 7. D))
(B24)
one obtains
= é. 2 4 fl_ Z 2
(r2) = =3 (") Auvg o (r2) =522
(B25)
Combining Eqs. (B 23) and (B 25), we have
(r2z) = —3(na,/Zyk[m? - 3(L?) +5] , (B26)
(r2) = (nay/ZPA, 37 - 5(L?%) +3] . (B27)
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