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An equation for the transport of resonance radiation at low and intermediate pressures is
derived and shown to be in reasonable agreement with an experiment conducted in parallel
with the theoretical development. Both dealt with the transport of 1048-A resonance photons
in argon in the pressure range 0.002-10 Torr. At pressures greater than 1 Torr where colli-
sions are frequent, the present transport equation is equivalent to that of Holstein and Biber-
man. In the pressure region from 0.002 to 0.5 Torr there is substantial disagreement (as
much as a factor of 3) between the present work and theory that assumes complete redistribu-
tion of frequency, i.e. , takes the emission profile to be equal to the absorption profile.

I. INTRODUCTION

After a monatomic gas is excited, photons are
soon emitted as a result of transitions between
excited states and the ground state. Such light is
emitted with a frequency profile centered about
some value v, and has a width determined by pres-
sure, atomic species present, atomic level, and
temperature. Absorption of the photons is stron-
gest at v, with the absorption profile dropping
sharply as

~
v —v, ~

is increased. In monatomic
gases, photons m'ith frequencies very near vo are
absorbed so strongly that hundreds or even
thousands of absorptions' ' and reemissions may
occur at typical temperatures and pressures
before the energy is either converted to another
form or escapes to the container mall. For many
years" such photons, i.e., ones emitted in tran-
sitions between excited states and the ground
state, have been called "resonance radiation. "

Holstein' and Biberman' treated the transport
of resonance radiation on the assumption that
there is no correlation between the frequency of
an absorbed photon and that of the photon emitted
subsequently. Holstein' gave rather convincing
arguments that this approximation leads to the
correct final results in two situations: (i) The
result was shown to be correct if the decay of the
autocorrelation function (p, (r) p, (t+7)) is almost
complete within a natural lifetime, i.e., y,/y» l.
(ii) The result of a transport theory which employs
such an approximation mas claimed to be approxi-
mately correct, at least at late times, even when

the pressure is so lom that collisions almost never
occur within a natural lifetime, and the wings of
the Voigt absorption profile produce little effect.
In the latter situation, homever, it is necessary
that the container dimensions be large enough so

that strong imprisonment of the resonance radia-
tion occurs, and yet if these dimensions are too
large, the "wings" on the absorption profile be-
come important. The work of Holstein predicted
the very-late-time behavior for the cases of in-
finite slab and infinitely long cylindrical geome-
tries. In addition, it concentrated on the limiting
cases of pure-Doppler and pure pressure-broad-
ened absorption profiles. Later workers' have
employed the Holstein-Biberman transport equa-
tion in order to extend the theory so that arbitrary
initial conditions can be used in predicting N(r, t),
the number of excited atoms per unit volume at
any time t. As in the older work, "the concen-
tration has been on the limiting cases of pure
Doppler and pressure-broadened absorption pro-
files. It should also be mentioned that a recent
Monte Carlo calculation' shows that in Holstein's
second situation (very low pressures where no

collisions occur and the wings of the absorption
profile play no part), the results of the Holstein
theory become valid within a fem natural lifetimes.
However, there are very large deviations from
the theory at times less than a fem natural life-
times if the gas is excited in a way that leads to
many of the first emitted photons being on the far
wings of the absorption profile. Many such photons
are reemitted on the far wings and escape the con-
tainer after one or two emissions.

The combined experimental and theoretical
study, which is partially reported here, was stim-
ulated by the important role played by resonance
trapping in determining the fate of energy depos-
ited by energetic charged particles in the inert
gases. Detailed models have been suggested to
describe energy pathways in helium and argon
excited by fast electrons and protons. These
models, due to Bartell, Hurst, and%agner' for
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helium and Thonnard and Hurst'0 for argon, are
being subjected to detailed checks concerning
predictions of time behavior of all radiation that
escapes from the system and concerning the bal-
ance of energy among the various components of
the emerging radiation.

An outline of the remainder of the present paper
follows.

Section D. In this section we derive a transport
equation that may represent with good accuracy
the transport of resonance radiation in a wide
range of laboratory situations if it is combined
with the results of a line-broadening theory that
is valid sufficiently far out on the line wings.

Section JJI. Very low' pressures are studied and
it is shown that the Holstein-Biberman equation
with a pure Doppler-broadened absorption profile
begins to give approximately the same results as
the present transport theory within a few natural
lifetimes, Thus, we demonstrate the results of
Klots and Anderson' analytically and establish
the time scale involved before complete redis-
tribution in frequency (even though not present in
individual absorption and reemission events} be-
comes almost correct when averaged over several
absorptions and reemissions or over space. All
that is needed is strong imprisonment of the pho-
tons.

Section IV. %'e investigate the properties of the
frequency redistribution function"'" and point out
what we believe to be the most accurate form
presently available. The discussion of how colli-
sions (either frequent or very infrequent} enter
into the frequency redistribution function hinges
heavily on previous work by Huber" and Zanstra, "
It is shown that for short natural lifetime v (i.e.,
y = v. ' a 10'/sec), large deviations from a theory
which employs the Holstein-Biberman equation
should occur. This occurs when P,s 0.7 (where
P, is the probability of at least one decorrelating
collision before emission), but at the same time
a sizeable fraction of the escaping photons are
far enough out on the wings of the absorption pro-
file for the I orentzian tail to be important. These
conditions exist only for short natural lifetime
a,tomic states.

Section V. We discuss a method for examining
the early-time escape (early enough so that most
of the energy remains in the system) of the photons
from the center of an infinite slab of thickness yo.
It is shown (except for a range of pressure that
can be determined from theory) that an approxi-
mation due to Jefferies and%hite" can be used on
the most complicated part of the redistribution
function and the resulting equation can be solved
analytically with good accuracy.

Section VJ. It is pointed out that the 1048-A

line of argon (v =—2.15&10 ' sec ") is well suited
for observing deviations from what would be ob-
tained by applying the Holstein-Biberman equa-
tion with emission profile P(x) = k(x)/v' 'k(0),
where k(x) is the Voigt profile version of the ab-
sorption coefficient which arises from combining
natural and pressure broadening w'ith Doppler
broadening.

An experiment is reported which has the follow-
ing features.

(a) High-purity (99.999@}argon is contained in a
long cylinder of radius 8 =1.1 cm.

(b) The gas is excited by bursts of protons of
energy 2.0 MeV and a pulse duration of 17-nsec
full width at half-maximum (FWHM). Time be-
tween pulses is long enough so that almost all ex-
cited atoms produced in one pulse have decayed
before the next pulse is incident.

(c) Light from a slablike region (centered on
the axis of the cylinder and having dimension y,
perpendicular to the cylinder's axis) can be seen
by the grating of a spectrometer set so that pho-
tons with wavelength ~ near 1048 A are detected
by a channeltron. Protons are time-analyzed by
triggering a time ramp with the beam pulse. At
very early times it is shown that the time decay
of the detected radiation should follow the time
decay of the number of photons within a slablike
region that can be seen by the detector. At late
times the time behavior of the observed radiation
is just that of Holstein's lowest eigenmode for
pressure regions where the Holstein-Biberman
equation holds (i.e., very low or relatively high
pressure). The slit length for entrance to the
spectrometer is set so that the slablike region
that can be seen by the spectrometer has a dimen-
sion yo perpendicular to the cylindrical axis of
such magnitude that at both very low and relatively
high pressure the late and early values of
-(d/dt) lnI, where I is the rate of photon detec-
tion, are nearly equal. In this way one hopes that
(d/dt) lnI does not change so rapidly that an esti-
mate for the early-time decay is difficult to mea-
sure. It is found that this experimental device
leads to almost constant values for (d/dt) lnI,
i.e., I decays exponentially with time.

The experimental data are compared with theory
for the pressure range 0.0014&P & 9 Torr. The
agreement with theory is reasonable except for
0.02&P &0.15 Torr, where one expects the
Jefferies and White approximation" to be poor. It
is argued that the discrepancy in the latter region
is less when one carries out a more complete
solution of the transport equation not employing
the Jefferies-White simplification. Better than
20 j~ agreement between theory and experiment
is difficult to obtain because of uncertainties in
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the natural lifetime, the geometry of observation,
and the initial excitation conditions.

In the range 0.005 &P &0.25 Torr, the value of
P, = (d-/dt) lnI determined from a full solution of
the Holstein-Biberman equation with the absorp-
tion coefficient k(x) given by

k(x) = ', =k, ff(a, x), (1
ka " e ~dy

~n+ x —y

and the emission profile (emission and absorption
profiles are the same in a strict complete re-
distribution theory), given by

OCI

is everywhere larger than the experimental value
by at least a factor of 2. In the above,

A,
3gPfy g A y y

8g V g, '
4mVO y

ÃA.3=0.904~ ~ (Ref. 17),
y

'
g, 6m'

x = (c/V, v, )(v —v, ), V, = (2ksT/m)' ~',

where k~ is the Boltzmann constant, T is the ab-
solute temperature, c is the speed of light, I is
the atomic mass, N is the number of atoms per
unit volume, y is the reciprocal of the natural
lifetime for the resonance transition, ~0 is the
wavelength at the line center, v, is the frequency
at the line center, v is the frequency, and g, and

g, are the statistical weights of the upper and
lower levels, respectively.

II. TRANSPORT EQUATION

The transport equation which will now be derived
is based to a large extent on ideas that have been

used for steady-state situations in astrophysics for
several years. "'"'""'" In act an equation
that is equivalent to ours for the steady state has
been studied in several limiting cases by Hum-
mer. " However, the incorporation of time de-
pendence in the transport theory in the presence
of partially (or completely) coherent scattering
in the rest frame of the atom involves conceptnal
difficulties, and the resulting equation should be
considered with this in mind.

We define a version of the frequency redistribu-
tion function" '" R(x'. n', x, n) so that R(x', n'; x, n)
& dSA dxdO represents the probability of a photon
of frequency x' traveling in direction n' being
absorbed while traversing a distance dS and being
reemitted into solid angle dQ about n with fre-
quency in dx at x. Here k= f"„k(x)dx We a. lso
assume that the angular distribution of photons
from a volume element d V' is isotropic and that
the number of photons emitted in dx' at x' from
d V'at r' in time d t is given by d V' ydtN(r', x't )
xdx', where y is the reciprocal natural lifetime
of the excited state and N(r, x, t)dxdV is the
number of excited atoms in d V at r at time t
which will emit photons into dx at x. One expects
that the photons absorbed in a volume element
come nearly equally from all directions for strong
resonance trapping and, therefore, emission is
approximately isotropic. The assumption would
follow even more directly if 8 itself were rather
insensitive to the angle between n and n'. The
other assumptions, such as equating conceptually
scattering and absorption and the assumption that
dV'ydtN(r', x', t) dx' represents the number of
photons emitted in dt from dV into interval dx',
are intuitive and theoretical justification will
await a complete quantum-mechanical treatment
of the problem. Applying the definitions of R and
N and making use of the other assumptions, we
obtain

sN ", , N(r', x', t)R(', x)x(r, x, t) = -yN(r, x, t) -AN(r, x, t)+$(r, x, t)+yk dx' dV'
Bt

xexp{-(r —r'([k(x'}+t ']], (4)

where y is the reciprocal natural lifetime and A
is the rate constant for collisions that convert
the excitation energy to other forms; S(r, x, t) is
the number of excited atoms which will emit in
the unit interval at x per volume per time created
by processes other than absorption of photons from
other parts of the system; R(x'', x}= f dQ
XR(x', n'; x, n); and t is the mean free path for
photoabsorption by impurity atoms or by any pro-

cess that intercepts photons in flight and converts
the energy to another form.

We assume a very small concentration of ex-
cited atoms so that collisions between excited
atoms as well as stimulated emission can be ne-
glected. We have also assumed that the dimen-
sions of the container are of the order of a few
centimeters and that there is strong resonance
trapping so that a large fraction of the emitted
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photons have mean free paths considerably less
I cm. Thus, the average flight time is less than
10 "sec, and it is usually a good approximation
[as was done in Eq. (4)] to neglect the time of
flight compared with I/y. It was further assumed
that V is simply connected and that the bounding
surface is convex. It has been assumed that tem-
perature and density are such that interference
effects can be neglected. Further, the line must
be well isolated in frequency.

III. LOVf-PRESSURE LIMIT

Defining (x"& by

?V(0)(x"&= x"t)?(x, t)dx,
~ 40

we find from Eq. (8)

d(x"& n „n(n —I )
dt n+1 2(n+1)

2y-t)?(x, t) (8. )

In this section several limiting cases will be
considered. %'e begin with the case where the
dimensions of the system are so large that few
photons escape from the system during the first
several natural lifetimes. Let us assume that
A =0 and S =E(r, x)5(t). Neglecting escape from
V and integrating over V, we find

BN

Bt (x, t) = yX(x, -t)+ y dx'?)?(x', t)

~R(x', x) [y(x')] -',

dx'R(X', x) = y(x) (5)

for t&0. In Eq. (5), N(X, t) = f N(r, x, t)dV and
P(x') is the absorption profile. Note that iV(t)
= const = J I)?(x, t) dx, and that a steady-state solu-
tion to Eq. (5) is i)?(x, t) =t)?(0) P(x). If one does
indeed aPPxoach this steady state, Nen emission
(when averaged over several successive emis-
sions and absorptions or over space) has the same
profile as absorption. We have used

' d(x" ')
x +y(x" '& (10)

%e find

(x& =(x&(0)e "~',

&"&=!.[&"&(0}--.'].- '",

( '&=[& '&(0)-l( &&0)]

+& (x&(0}e ~'t', etc.

(11a)

(1lc}

Note that within a few natural lifetimes (unless the
initial moments are indeed large) all odd moments
decay to zero, while all even moments also decay
to those of n '~'e ' . Thus, the decay to the steady
state occurs very rapidly with most initial condi-
tions.

Now consider the case where one initially has
excited atoms at the center of a slab of thickness
y, . Further, take R(x', x) and P(x) to be given by
Eqs. (?a) and ('?b). Equation (4) with A =0 and
I =~ becomes, for general R(x', x) and )P(x) and
slab geometry (d =-,'y, ),

The last result is not dependent on the very low
pressure assumption, but is general.

At very low pressures, one has coherent scat-
tering in the rest frame of the atom and the wings
of the absorption profile are unimportant. In this
case, Unno" has shown that

BN

Bt (y, x, t) +yN(y, x, t)

4 oo

=-,'yk dy' dx'R(x', x)
~ oo

xE,(h(x')~y -y'~)N(y', x', t), (12)

R(x', x) =-,' erfc(max([x[, )x'[ ))

)t)(x) =e ' v '~', (?b)

where erfc(x) is the complement of the error func-
tion. The time scale over which one approaches
the steady-state solution N(x, t) ~ i))?(0)4)(x) will
now be established. Equation (5) when combined
with (?a) and (?1) is equivalent to the partial dif-
ferential equation

N(y, x, t)= (I)?, ytx},

=t)?, (y, x, t), [xi x,.
(14)

For ~x~&x, a photon has almost no chance of tra-

)) (a)=j due '"„

We choose x, so that E,[-,'b(x, )y,]&10 ', or x,
=[In(+k, y,)]'~'. Thus, if -', k, y, a 50, we can make
simplifications as follows. First, define N, (y,x, t)
and N, (y, x, t) as
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versing a sizeable fraction of &ye and hence con-
tributes little to the transport process .(Recall
that most of the transport occurs when photons
are emitted with rather large values of (x~ so that
they can make a large spatial hop. This part of
the low-pressure problem is expected to be very

similar to what is encountered in the Holstein-
Biberman theory, since for ~x~&x, one expects
that emission with a Gaussian profile is rather
accurate. ) Thus, we approximate for ~x'~&x„with
kk(x') E [k(x')ly -y'l]=5(y -y'), and find for
/x)«x„

', ' ()', x, ))= r)).(s, ~, )) ~ & J-~'))I', *)&.(&.*',)))AR')) '

oo d

+-,'y dx'()})(x')) 'erfc(x') E,(k(x')~y -y'~)N, (y', x', t)k(x')dy'.
Xy

For ~x~&x„Eq. (12) becomes

BN,' (y, x, t) =-yN, (y, x, t)+yerfc((x~)
*i N„(y, x', t)dx'

+y
~

dx' 2, E,(k(x')~y -y'()N, (y', x', t)k(x')dy',, erfc(x)

N, (y, x, t) =erfc(~x~)
"~ N~(y, x', t}dx'

+ 2~, E,(k(x')ly -y'I)
x2

-a

xN, (y', x', t)k(x'}dy'. (17)

Using Eq. (17) we can easily solve for N, (y, x, t)
in terms of No(y, x, t). I.et the linear integral
operator I be defined so

E,(k(x')ly -y'I)

~ E(y', x') k(x') dy'.

where x = max(~x[, ~x'~). We expect that with the
assumed R(x', x) that a photon emitted with ~x( &x,
will be absorbed and reemitted with ~x~ &x, only
rarely and that two successive absorptions and
reemissions in this frequency range are even more
unlikely. If a photon is absorbed after being emit-
ted with ~x~&x» it will usually get reemitted at
~x'~&x, . Furthermore, the larger part of the
photons emitted at )x(&x, were absorbed at (x'[&x,
[as represented by the rather large erfc(~x()
x f, 'N, (y, x', t)dx'/P(x') term]. For the above
reasons the time behavior of N, (y, x, t) must be
very similar to that of N, (y, x, t) and thereby in
the large —,'k, y, limit, (BN, /Bt')««yN, Thus, a g. ood
approximation should be obtained by neglecting
BN, (y, x, f)/Bt in at least the lowest-order approxi-
mation. It should be noted, however, that without
the large source term involving N, (y, x, t) the
neglect of BN, /Bf could never be a good approxi-
mation. We obtain

Equation (17) becomes

N, =S~+JN~,

where

([ ~)
(» )

(19a)

(19b)

with the subsidiary conditions that the y and t
dependence be such that Eqs. (15) and (17) are
satisfied. In the case of Eq. (5) a solution to the
partial differential equation of Eq. (8) with the
proper initial conditions satisfies Eq. (5}also;
but in the case of Eq. (15) there is an x indepen-
dent term on the right-hand side, and only certain
solutions to Eq. (21) satisfy Eq. (15) with N, (y, x, t)
chosen through Eq. (20).

We know that in an infinite medium the frequency
dependence of N integrated over the spatial coor-
dinates approaches a Gaussian in a few natural
lifetimes (with the exact relaxation depending on
how the gas was initially excited). In the case of
a finite medium with —,'k, y, 100, we expect that
in an even shorter period of time the frequency

Then, an adequate solution to Eq. (17) for —,'k, y,
&100 (it is less accurate for —,'k, y, = 50 but is still
in the ball park) is

N, =(1 —L) 'So= (1+I +L )So.

From Eq. (15) we see that N, (y, x, f) satisfies
the partial differential equation
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dependence at lxl&x, will approach a form very
similar to that for an infinite medium. The time
scale is faster because in a finite medium photons
initially emitted on the far wings escape with a
high probability, whereas in an infinite medium
several emissions and absorptions are required
to reduce these photon frequencies to an almost
Gaussian emission profile. Thus, after " period
of time that is no more than a few natural life-
times (and may be zero for proper methods of
excitation), the rate of escape of photons from
the container becomes very slow and thus
laN(y, x, t)/atl«yN(y, x, t). At such "late" times
the solution of Eq. (21) corresponding to the above
situation is easily shown to be

Many properties of U(x, a) and related functions
are derived in the Appendix. By using these
properties, we can show that use of N~(y, x, t)
as defined by Eq. (22} causes all of the x depen-
dence in Eq. (15) to disappear, provided that
terms of the order of y 'a'E(y, t) /at' are ne-
glected.

The equation for E(y, t) which remains, once
Eqs. (22) and (19) are used in Eq. (15), is

BE tg(X, }(
, (y, t).rl „' lE(y, t)

Jt M(y, y')E(y', t)dy', (24)
xl -((

h;(y, x, t) =E(y, t)e-' v-'"+y-' „(y,t)

&&U(xol Ol, ~ +'() )))Bt'

where

U(x, &) = —— x e inc cos(2xe) dx.CX ~g

lT 0
(28)

1 2
g(x, ) = v '~'e *x -x, erfc(x, ),

h(x, ) =U(x„O)+g(x, )+-,'Vw 'e"~ erfc(x, )
2 BU(x„O)

M(y, y') =~(y, y', , ),

and W(y, y', x) satisfies

li'(y, y', x) =-,'h dx'erfc(x) E(&(x')ly -y'l }erfc(x')+-,'& &x' erfc(x) t Z(k(x')ly -y" l)ll'(y", y', x')(fy".
X x

(25)

As implied earlier [i.e., Eq. (19)], three terms
in an iterative solution of Eq. (25}are sufficient.
In arriving at Eq. (24} some rather complicated
looking terms which are linear in BE(y, t)/at have
been neglected. The terms in question can be
shown to be very small and, in fact, are little
larger than corrections which would arise due to
including the previously neglected BN, /at of Eq.
(16) as part of the next step in an iterative scheme.

Equation (24) does not involve the frequency
variable x except in the evaluation of M(y, y').
The elimination of x yields a considerable simpli-
fication over Eq. (12). We now present a simple
argument which, when coupled with work by Klots
and Anderson, ' Holstein, ' Hummer, "Jefferies
and %hite, "and others, makes it clear that for
large —,'k, y, the escape of resonance photons from
a slab can be calculated (except possibly at very
early times) on the basis of a complete redistri-
bution assumption. That is, the time behavior of
solutions of Eq. (24) are very similar to solutions
of the Holstein-Biberman equation.

Before going any further, it should be pointed
out that physically one expects the solution of Eq.

, (y, t)+r&(», t) =r &(ly -y'l)N(y', t)dy',
Bt -(I

(26)

)'(ll)'-v'I)= "j '"&,()'4')I)'-)"I)

where

x k(x') dx '

=«(x, )~(y -y')+T, (ly —y'l),

)', (l~ -v'I) = f "'8 *'~,()(*')Iv -~'I)

x k(x'}dx'.

Equation (25) becomes

(24) to be insensitive to the exact value chosen
for x, . Vfe also note that if one simply assumes
complete redistribution in frequency, the resulting
Holstein-Biberman equation can be put in a form
which is similar to Eq. (24). Thus, '
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+7 Ti(ly -y'l)N(y', t)dy'. (2'f)

Equation (2V) is obviously equivalent to Eq. (24}
in one physically unlikely case, that of very large
x, . In this limit,

g(x, )„, ', =erfc(x, )[1+O(x,')].
A~z/

Further,

2

In the subtracted equations the integral operator
term and the term in N(y, t) [or E(y, f) for Eq.
(24)] do not largely cancel each other as in the
case of Eq. (26}where the two terms on the right-
hand side are often equal to a few parts in a thou-
sand. For the latter reason, the O(1/xf) terms
can be neglected within a few percent accuracy
for xz & 4 or so. The result is that the equations
for E(y, f) and N(y, t) become the same. However,
situations with x, &4 are rare in the no collision
region, and further deviations from the R(x', x)
have become important in most cases long before
x, &4.

We will now carry out a rather simple calcula-
tion that will demonstrate the fact that solutions to
Eqs. (24} and (26) have very similar behavior as a
function of time. We simplify as follows: (i) As-
sume that the gas was excited in such a way that
Eq. (24) is valid from t =0; (ii) we restrict our-
selves to very early times so that as a rough
approximation we can take

P(X', t) 6(X')1"(t)

For —,'k, yo~ 100 there is a period of time of the
order of 30 natural lifetimes during which the 4-
function approximation of E(y', f) represents a
reasonably good approximation. With these simpli-
fying assumptions, Eq. (24) becomes

d, (f)=-P(f),

10
10 50 'l00 200 500 1000

ko yo
2

FIG. &. Early-time decay constant vs optical depth
at the center of the line in the low-pressure limit (P„
with complete redistribution, P without complete re-
distributioa).

with

P„=2yv '~' e * E,(&,y, 2e ")dx— (30)

Decay rates based on Eqs. (28) and (30) are within
4% for —,'k, y, & 50. Figure 1 shows the graphs of
P and P~ as functions of —,'kopp It should be noted
also that the Holstein approximation to P„ lies
almost 10% higher than is obtained by a more
precise evaluation of Eq. (30).

The agreement between Eqs. (28) and (30) is
remarkable and to a certain extent accidental for
—,'k, y, as small as 50. In the complete redistribu-
tion in frequency approximation almost 10% more
photons are emitted at frequencies such that
—,'k(x)y, &1 [i.e., at tx~&(ln(-,'k,y, ))'~'=x~]. How-

ever, the resulting increase in P„over P is almost
exactly compensated for by the fact that when

txt&x~ and Eqs. (7) are obeyed, there is a proba-
bility (typically of the order of 10') that if the
photon is absorbed with tx~ &xz, it will again be
emitted with txt & x~ and hence stand an excellent
chance of escaping. Successive emissions at large
~xt almost never occur with complete redistribu
tion.

The early-time decay rate can also be calculated
on the basis of Eq. (26) with the result

(t) = p„nr(t), -

IV. FREQUENCY REDISTRIBUTION FUNCTION

Work by Zanstra, z4 Huber, "and others" suggests
that R(x', x) is of the form

R(x', x) RP, ( ',x) x(1+- )PR„( ',x),x(31)
where P, = y, /(y+ y,) is the probability that colli-
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sions will destroy the correlation between ab-
sorbed and emitted frequencies in the rest frame
of the atom.

In the case of resonance broadening, R, (x', x}
corresponds approximately to complete redistri-
bution. That is,

R, (x', x) = y(x') y(x),

where 4i(x) is the Voigt form of the absorption
profile. This R&(x', x) is not exact for resonance
broadening, but it, becomes more precise as P,
increases toward unity and the probability of non-
radiative transfer of the energy to another atom
(before emission) with an uncorrelated velocity
becomes close to unity. ' However, even for
smaller P, where the probability of the energy
hopping to another atom before reemission is
smaller (and correlations between absorbed and
emitted frequencies consequently exist), we still
obtain R, (x', x) ~ 4i(x') P(x) if either lx'I or lxl is
large enough for the wings of the Lorentzian to
dominate the Doppler effect.

For foreign-gas broadening, the resonance
hopping process described above does not occur,
and consequently x' and x are correlated to a
greater extent because photons of a particular
frequency are absorbed most strongly by atoms
which "see" the photon to have v = v, in the atom's
rest frame.

For small Ix'I, the absorbing atoms do not have
a Maxwellian distribution of velocities, and there
is a resulting correlation between. x' and x owing
to the Doppler effect. However, for large Ixl and
Ix'I the Doppler effect plays no part in absorption
and little part in emission and again R, (x', x}
= P(x') P(x}. At high pressures where the wings
dominate the transport process we can use
R, (x', x) = Q(x') P(x) for foreign-gas broadening.
In all subsequent parts of the present paper we will
use R, (x', x}=P(x')P(x). The reader should, how-
ever, keep in mind the limitations associated with
this approximation.

R„(x',x) is given by"

2R„(x',x}= v '~' du e '
l ~-~'i/2

x (tan-' W, —tan-' W, ),

with

W, =[u+min(x, x')]/a, W, =[max(x, x') —uj/a,

y,/y =0.904NX~(g, /g, )/6v' (Ref. IV).

The function R»(x', x) is the angle-averaged fre-
quency redistribution function which would corre-
spond to absorption with a Lorentzian profile in
the atom's rest frame with coherent reemission

in the rest frame.
Equation (31) suggests a picture of the scattering

process. Consider all photons absorbed at x';
for a fraction P, of these, collisions will occur
with the result that the reemitted photons are un-
correlated in frequency with the absorbed ones.
However, for a fraction 1 -P„no decorrelating
collisions occur before emission, and the emitted
photon has the absorbed frequency in the atom's
rest frame.

The only quantum-mechanical work on R(x', x)
is due to Huber. " The Huber theory is for for-
eign-gas broadening, but we believe that with our
modification of y, and of R, (x', x) a similar rela-
tion should hold for self-broadening. In any case,
Eq. (31) represents our best guess for a proper
R(x', x) at relatively low pressures.

In the limit P, =1 there is complete redistribu-
tion in frequency, and the Holstein-Biberman equa-
tion follows from Eq. (5). In the limit P, ~O and at
pressures such that the wings of the Voigt profile
are unimportant, the limiting case studied in Sec.
III is obtained. Vfe have seen that in both of these
limiting cases the Holstein-Biberman equation is
a good approximation. Thus, it is tempting to
guess that is is valid at intermediate pressures as
well. However, we will presently show that there
is an intermediate pressure region for gases with
very large y, fairly low temperature, and a re-
stricted range of container dimensions where the
approximation of complete redistribution in fre-
quency is extremely poor.

We begin by noting that R»(x', x) can be written
as follows"'" (see Ffig. 3):

R„(x',x}=-,'b(x', x}erfc(x)

+a(x' x)ib(x')v '~'e " *' (34)
-g2where x = max(lxl, Ix'I). Define x, by e "=av-'~'

xx, '. If lx'I«x„ then b(x', x}=I and a(x', x) ~0.
If Ix'I»x„we have b(x', x)=0 and a(x', x)=I. As
a function of lx'I, b(x', x) drops from near unity to
zero near x, with the rate of change depending
somewhat on Ixl. Correspondingly, a(x', x) rises
from near zero to unity for lx'I near x„ the rate
of rise depending somewhat on lxl. It should be
pointed out that at large lx'I, Eq. (34) with b(x', x)
=0 and a(x', x) = 1 is approximate in the sense that
the x dependence is peaked at x' but is slightly
skewed toward smaller lxl. However, the Gaussian
is a good approximation. For Ix'I considerably
less than x„redistribution occurs almost as if
there were no wings on the absorption profile.
With lx'I much greater than x„ the motion of the
atoms has little to do with the absorption process
since there are so few atoms with velocities large
enough to effect absorption appreciably by way of



1058 PAYNE, TAI. MAGE, HURST, AND WAGNER

0.4

05
' =~s/

! /

0.)

= f. (

[/

0

FIG. 2. Frequency redistribution function corresponding to absorption with a I.orentzian profile in the rest frame of
the atom followed by coherent emission (appropriate for the 1048-4 resonance line of argon at 293 K at pressure less
than 10 Torr).

the Doppler effect." Most of the absorption should
be due to the more plentiful low-velocity atoms
with the only mechanism for redistribution in fre-
quency being the rather slight Doppler shifts
occurring due to their motion. Thus, the x de-
pendence is the Gaussian about x =x'.

We note the following about the function R„(x',x).
(a) A photon absorbed with!x'I&x, and reemitted

without a decorrelating collision having occurred
gets redistributed almost uniformly over fre-
quencies -!x'!axeIx'!, and there is almost no

probability of emission with Ix!&!x'!+1.Thus,
there are no "wings" such as those present in the
emission profile P(x) when a decorrelating colli-
sion occurs. If I', is significantly less than unity,
but 2 &p yp ls so large that most of the photo ns that
escape must have Ix!zx„ the assumption of com-
plete frequency redistribution (so that emission
has a Voigt profile) leads to a much greater rate
of escape from the container than mould arise
from use of Eq. (31) in Eq. (4).

(b) Where P, is significantly less than unity, but
most of the escaping photons have Ixl+x„ there is
another important difference from the complete
redistribution case. This occurs because many
photons emitted with Ix!»x, get absorbed. If
they are reemitted before a decorrelating colli-
sion occurs, they will, with high probability, again
have Ix!»x,. Thus, a significant contribution to
the transport and escape of the radiation mill be
made by photons that make two or more successive
large spatial jumps. %Kith complete redistribution,
successive large spatial jumps are exceedingly
improbable.

W'e can now mrite a condition for large devia-
tions from a theory that assumes complete fre-
quency redistribution. The condition is that I',
= y,/(y+y, ) is significantly less than unity and yet

(note that large k, y, implies that few photons ever
escape with!x! &x~)x~ = (-,' ink, y, )'~' is large enough
so that the number of photons emitted with!xI&x~
is significantly less than mhat mould be emitted
with Ix!&x~ if there were complete redistribution
in frequency. We expect this condition to occur
if P, can be small and yet x~ be only slightly
smaller (or even larger) than x, . With complete
redistribution for!x!&xz, emission would be with
a Voigt profile = v '~'e * +a/wx', while with
coherent scattering in the atom's rest frame,
emission occurs without a wing term a/vx'. Thus,
escape will be much slower than mith complete
redistribution unless the area under the wing term
eyo"d x~ is much srnal er tha" the co responding

area under a Gaussian. Using the definition of
x~, me find that the conditions for large deviations
from complete redistribution are

I~& 0.7 and koyoa ~ 1

where 0o is the absorption coefficient at value line
center and a is the width parameter in the Voigt
profile, defined in Sec. I. Thus, very large values
of (y, /U, r)(X,/U, 7) are conducive to producing the
deviations in question. The effect is enhanced by
choosing large y„ low temperature, and short
natural Lifetimes.

In cases mhere x &x —0.5 a.nd ~koyo&30, the
photons that are escaping have frequencies such
that the wings of the absorption profile play no

part. Further, almost all of the photons that are
emitted have!x!&x, so that the entire transport
process i"- independent of the presence of the
wings on the absorption profile. In such a case
we can simply use

R(x', x)=-,'(1-P,) rf (e) cPx, v+'e '* '*' '

and obtain correct results. Thus, while complete
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redistribution in the strict sense [i.e., using
R(x', x) = 4)(x)(j)(X')] is not valid, we still get cor-
rect results with it for x~&x, —0.5 if the wings are
omitted on the absorption profile and as the re-
sults of Sec. III would suggest that —,

' erfc(x) can
(g2+ t2)be replaced by e " '" )/x. Therefore, we have

as an approximation that leads to accurate escape
rates, R(x', x) =e '" '"")/w. Escape rates calcu-
lated from this form of R(x', x) are just those of
the Holstein-Biberman theory for pure Doppler
broadening.

V. EARLY- TIME DECAY OF

RESONANCE RADIATION

In this section we restrict ourselves to the prob-
lem of calculating the rate of escape of resonance
radiation from a slab. We assume that at t =0 all
of the excited atoms are spread uniformly over the
midplane and that the excitation is carried out
in such a way that very few of the initially excited
atoms emit photons with ~x(&x~. In this case we
can use Eq. (12) along with Eqs. (31) and (34):

Z, (k(x')iy y'i)Z-(y', x', i)b(x') (36)

In Eq. (36) the slab thickness is 2y, .
In two cases we ean calculate the early-time

escape rate from the region between -&yo&y &-,'yo,
where —,'y, «y, . These are the following.

P) x~ &x, -0.5. In this case the discussions of
Secs. III and IV lead us to believe that while com-
plete redistribution in its strictest sense may re-
sult in large errors, nevertheless the results of
the Holstein-Biberman theory for pure Doppler
broadening are correct.

(ii) Define xx by 2k(xx}yo=l. If xs&x, +3 and
also P, &0.3, we will presently see that great
simplifications occur. In case (ii) the photons
which dominate the transport process (i.e. , have
~x~a xz) almost always have one of the following
properties: (a) a decorrelating collision occurred
before emission of the photon: (b) the photon ab-
sorbed before emission had ~x'~&x, +2. Now a
photon that is emitted with ~x(& xs can either es-
cape or be absorbed. If it is absorbed and no de-
correlating collision occurs before emission,
Eq. (34) shows that it will almost always be emit-
ted with ~x -x'~& 1. However, if it is absorbed
and a collision does occur, the emitted photon has
high probability of having ~x~ &x, —1. It is unlikely
with our restrictions on P, and x~ that more than
three or four absorptions and reemissions will
occur for a photon originally having ~x(&xx before
the energy either escapes or a collision occurs,
returning the photon to a frequency with ~x~&x, -l
on the next emission. Further, k(x) varies slowly
with x at Ixl& x, . Thus, the accumulated change
in frequency of a quantum while being absorbed
and reemitted with ~x~ & x, + 3 is small so that the
same absorption coefficient can be used for all
successive emissions with (x~&x, . In cases where

decorrelating collisions occur, the spectrum of
emitted photons having (x)&xs falls off very slowly
with ~x~ so that many of the photons which contrib-
ute to the transport process are emitted with (x~

considerably greater than x~. We expect, then,
that the transport process is described properly
by replacing Eq. (34) with

R„(x',x) =-,'b (x', x) erfc(x) + a(x', x)

x 4 (x')&(x -x'). (37)

(39)

are the important features of R„(x',x) (as far as
correctly describing the transport process is
concerned), we can take

b(x', x) =1 —a(x', x) = x 'i'e * /(j)(x'), (40)

and still retain qualitatively the right balance be-
tween completely coherent and completely inco-
herent scattering and satisfy the sum rule exactly.
We will presently show that when R«(x', x) is
simplified as described above, it becomes possible
to determine the rate of escape of photon& at small
t with a minimum of difficulty.

In the region where b(x', x) is of significant mag-
nitude we expect that we have complete redistri-
bution (for ~x~«xz the presence of the boundary
does not effect the distribution of emitted fre-
quencies greatly), and we can take

R„(x',x}=b(x',x)(j)(x') v x/2e *

+a(x', x}y(x')6(x -x'). (36)

Since the approach of R«(x', x}to (j)(x')6(x -x'} at
~x~z xs together with the sum rule
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Thus, we will use the following form of R„(x',x)
in describing the early time escape of resonance
photons from the region --,'yo&y & ~y, (Ref. 15):

R„(x',x) =s-&*"*")/x+[y(x')—x-"s *]1}( -x').

(41)

It should be noted further that when x~ &x, —0.5,
escape rates calculated while using the R«(x', x)
of Etl. (41) yield correct results. The reason is
that )t)(x}—x 't'e ' is very small for lxl&x, —0.5,

and consequently the term involving t)(x -x') plays
no significant part in this limiting case. Since
Eq. (41) is expected to lead to correct escape
rates at both low and relatively high pressures,
we will carry out a calculation which uses it at
all pressures. The region where the results shouM
be accurate can then be estimated by using the
above restrictions. The results will also be cor-
rect, of course, at pressures where P, is so close
to unity that approximations in R«(x', x) do not
matter.

Combining Eqs. (S6) and (41}, we obtain

eN

pent(

~00

(y, x, t)+yN(y, x, t)=yes(x) I dy' dx' ,'Z(h(x'-)ly-y'l)N(y'x' t)h(x'}+y(1-p) v '~'e '
Q«y( Q «eo

x ( dy' dx' ab(x')E, (h(x')ly -y'l)N(y', x', t}k(x')
« lO

+y(1 -a,)s(x) dy'kE, (h(x)iy -y'l)N(y', x, t) h(x). (42)

integrating both sides of Eq. (38) over x and y gives

dN (t}=-r
dt

dy' dx'[t}(y -y') -kE, (h(x')ly -y'l)h(x')lN(y', x', t), (42)

where

We need to determine a form of N(y', x', t) which
has the correct y' and x' dependence at very early
times for those photons which have large lxl and
hence contribute to changing N(t) Such a N(y. ',x', t)
can be used directly on the right-hand side of Eq.
(43) for all y' and x' since little contribution to
dN(t)/dt will occur at lx'l&xs —1.

Note that those photons with lxl somewhat greater
than xs seldom get reemitted with lxl&xs more than
four times so that in the limit of strong imprison-
ment the time dependence of N(y, x, t) for lxl&xz
must follow that for lxl&xs. There is essentially
an instantaneous balance between absorption of
photons emitted at lxl &xz by the very plentiful
atoms that absorbed at lxl&xz but underwent a
decorrelating collision and escaped to the walls
along with incoherent emission. %e evaluate Eq.
(42) at lxlz xs and note that all of the other terms
are large compared with sN(y, x, t)/st in the strong
trapping limit. Further, most of the contribution
to the integrals in the terms representing complete
redistribution come from small x so that at very
early times

oo

dy' dx'E, (k(x')ly -y'l)N(y', x', t) k(x')
y Q «oo

=N(t)t}(y)

x N(y', x, t) h(x) (44)

The "picture" associated with Eq. (44) is that at
very early times most of the excited atoms re-
main near y =0. Vfhen a photon is emitted that can
traverse a significant distance without absorption,
it either escapes or, if absorbed, is reemitted
at the same frequency with a probability
(1 -P,) a(x), and again can either escape or be
absorbed, etc. The process continues for a small
time untO escape occurs or the photon undergoes

1 (x'}dx'S, (h(x')ly -y'l) N(y', x', t) a(x')

= N( t)t}(y).

Thus, at large lxl with strong imprisonment

N(y, x, t) =[a,4 ()+x(1 -P,) x-"e-")
x N(t)t}(y)

+(1 -&.)s(x} dy'lE, (&( )lyx-y'I)
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x x(t) V(~, ~), (45)

where ~ =k(x')y, g
' =k(x')y', ~„=k(»')y„

=k(x')y„and A=a(x')(I P,) W-e ca. n then show
that

V(w, z) =5(~)+-,'z z, ((v -7'~) V(~', z)d~'

Defining P by

„,(t) =-pv(t),

and using Eq. (45) on the right-hand side of Eq.
(43), we obtain

P=y, dx'[P, P(x')+(I P,)v '~'e-*']

'0'
x X+(I —X)E~(2y ) —(1 —x)X ' g(7, X)dy

- Vp/S

g(v, ~) =V(~, ~) -5(~) —x-,'z, ((~().

Equation (48) is rather general, holding for any

7, ~-,'vp subject to the restrictions specified earlier.
However, we shall see in Sec. VI that the special
case where v, »-,'vp is of particular importance in
connection with the experiment concerning the
1048-A resonance line of argon. %hen v, & ~vp

and A, &0.7 for the larger portion of the escaping
photons, we can let v, -~. Then, using the method
of Fourier transforms,

an incoherent emission which leads with a yroba-
bility of nearly unity to an emitted photon with
~x~«xz. In the latter case many natural lifetimes
pass (for —,'k, y, & 50) before an emission with ~x~

& x~ occurs again. Vfhile we can hardly ever
neglect spatial transport before escape for photons
absorbed at ~x~&x» we can, for a short period of
time, neglect the spatial spread of atoms emitting
photons with ~x~&»z since at least two nonsucces-
sive emissions at large ~x( must become probable
before the corrections become important. It
should also be pointed out that Eq. (44) assumes
that N(y, x, t) changes very little at any y or x
during the time a photon remains at ~x~zxs. Thus,
again the requirement is that we must have strong
imprisonment.

In dealing with Eq. (44) it is convenient to define
V(7, ~) by

X(y, »', t)=k(»')[P, y(X')+(1 P)v '-"s "-]-

where

P ~p/2 eo

g(7, ~)d~ = —
I P-'[Z(P)]'J-. i20

x[1 —XB(P)] ' sin( —,'Pv' )dP,

(49)

In this section an experiment is reported which
examines the time behavior of the resonance
trapping of the 1048-A photons in argon. Argon
atoms in a gas are excited along a nearly straight
line by a pulsed beam of 2-MeV protons and the
'P, state serve as a source of resonance photons.
The gas is contained in a narrow cylinder, and the
distribution in time of escaping 1048-A photons is
examined over the pressure raxge 0.0015 to 10
Torr. The results are in substantial disagreement
with values obtained by a direct application of the
Holstein-Biberman theory, assuming strict corn-
plete redistribution in frequency (i.e., emission
profile equals absorption profile).

Excitation of atomic levels by fast-charged par-
ticles provides an excellent method to study vac-
uum ultraviolet emission from noble gases. By
this method Hurst and co-workers'0'" have been
able to obtain emission spectra which are quite
reproducible. A beam of protons can be used to
produce a clearly defined, initial spatial distribu-
tion of excited states, and it can be terminated
after a few nanoseconds so that t =0 is well de-
fined. %'ell-defined initial conditions are essential
for studies of the transport of resonance yhotons
if critical comparisons with theory are to be made.

The 1048-A emission of argon was chosen for
this study for the following reasons: (i) The
associated 'P, atomic level is easily excited by
fast-charged particles owing to its large oscil-
lator strength; (ii) the level has no complicated
fine structure; (iii) the level is isolated in energy
from other excited states; and (iv) the emitted
1048-A photons are transmitted by a lithium-
flouride window so that differential pumping is
not required.

Applying the conditions P, &O.V and kpppQ+ 1

R(P) =[tan-'(P)]!P.

Thus, we have been able to reduce the calculation
of the early time P to quadrature for the special
case of v, -~. It should be pointed out also that
Eq. (46) is a much studied equation and is readily
solved for finite v, .

In Sec. VI we combine Eqs. (48) and (49) in order
to compare the theory with an experiment on the
1048-A line of argon.
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FIG. 3. Reaction cell and environs.

(see Sec. 1V} to this resonance line in the present
geometry (with y, =0.714 cm), one obtains a pres-
sure region 0.005&P & 2 Torr where the complete
redistribution assumption should cause large
errors. This wide pressure region is the result
of the short natural lifetime (=2x10 ' sec) of the
'P, level. The much studied level in mercury

0
aohich decays by emission at 253' A has an aP-
preciabty longer lifetime (1 &&10 ' sec), accounting
for the tack of a similar Pressure region.

The apparatus used in this experiment is shown
in Fig. 3. Argon gas flows continuously through
the reaction cell. Bursts of 2-MeV protons (less
than 20 nsec full width at half-maximum in dura-
tion) from a 8-MeV van de Graaff accelerator pass
through a 3-mm collimating aperture, then enter
the reaction cell through a 0.0001-in. Havar foil.
The reaction cell is a stainless-steel cylinder 7
cm long with a radius of 1.11 cm. The protons
are stopped by the back plate of the cylinder.

The resonance radiation which escapes to the
walls of the cylinder may enter the dispersing
monochromator via a 0.714-cm-diam cylindrical
aperture halfway down the length of the cell. To
prevent argon from flowing into the monochroma-
tor chamber, a lithium-flouride disk (about 1 mm
thick} was placed across the aperture flush with
the walls of the reaction cell. This precaution is
not trivial, because pressure gradients along the
escaping photon path would greatly complicate
interpretation. Additional apertures were present

in the cell to facilitate gas flow and pressure mea-
surements. To measure the proton current, it
was necessary to electrically isolate the cell from
the surrounding hardware.

The repetition period of the proton pulses was
kept low enough to allow the effects of previous
pulses to dissipate. Typically, this repetition
period was 64 p, sec, resulting in an average proton
current of 0.06 p, A.

Photons, on passing through the lithium-flouride
window, were dispersed by a 50-cm McPherson
model 235 scanning monochromator which employs
a Seya-Namioka geometrical arrangement. En-
trance and exit slits were 1 cm high. The mono-
chromator chamber was maintained at a pressure
of less than 10"' Torr during the experiment. A
Bendix spiraltron electron multiplier (SEM model
4219X), mounted directly behind the exit slit, was
used to detect the photons. The cone of the SEM
had a base diameter of 1.1 cm.

Pressure measurements in the reaction cell
were made with an MES baratron capacitance
manometer (head type 7VH-10). The lower pres-
sure measurements should be accurate to ~0.5
g m. High-purity (99.999%) argon was used; the
gas was allowed to flow to maintain purity.

A block diagram of the electronics is shown in
Fig. 4. The time distribution of escaping reso-
nance photons was determined by a single-photon
counting technique as follows. A proton pulse, in
passing through a time pick-off cylinder, induced
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a signal which was amplified and used as an input
to the time-to-pulse-height converter (TPHC).
Some of the photons, which escaped from the
reaction cell into the proper solid angle and with
the selected wavelength, triggered the SEM de-
tector. These signals were then amplified and
used as a second input for the TPHC. In the ex-
periment, the ratio of photons detected to incident
photon pulses ranged from 1:20 to 1:2000, so that
the detection of a photon for any given proton
burst was a rare event. The output signals from
the TPHC were analyzed and stored by a multi-
channel analyzer. The number of counts plotted
versus channel number gave the time distribution
of the emitted photons relative to the time of inci-
dence of a proton pulse. Figure 5 shows, on a ln
scale, typical curves obtained after the SEM back-
ground count has been removed. The solid line
represents an exponential function obtained by
fitting to the early-time data. Additional informa-
tion on, the experimental apparatus and procedure
is given in Hef. 20.

After many proton pulses, the number of counts

stored in the jth channel of the analyzer is given
by

t(t~)at=N~&r t J~~ dx dV yN(r, x, t~)
AQ

W

xT(r, x}, (51)

where yN(r, x, t&}dxdV is the rate at time t& at
which photons with frequency between x and x+ dr
are emitted from the volume element dV at r;
T(r, x) is the transmission factor, the probability
that a photon of frequency x w'ill traverse the dis-
tance from dV to the window (measured in the di-
rection toward the detector) without being ab-
sorbed; and aQ/4v is the probability of this photon
being emitted into the proper solid angle to reach
the detector. Isotropic emission is assumed from
each volume element. The SEM detector (1 cm
high, 1 m away} subtends a very small solid angle
at any volume element dV in the cell. The entire
detector (as seen through the monochromator exit
slit) is visible to each dV in Vr, enabling one to
use the same solid angle for each.
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N~ is a number proportional to the number of
excited atoms produced per cm of track length
during a given experiment; c is the combination
of transmission efficiency of window, reflection
efficiency of grating, and detection efficiency of
the SEM detector, evaluated at the line center;
and V~ is the volume of the reaction cell "visible"
to the SEM detector. The spatial integral in Eq.
(51) is always carried out over V»; the frequency
integration is performed over the entire profile
of the 1046-][ line. The volume of the reaction
cell V~ viewed by the SEN detector is determined
in the horizontal plane by the monochromator en-
trance-slit width z, and in the vertical plane by
the diameter y of the cylindrical aperture to the
reaction ceil [see Fig. 6(a)] .

The fairly small value of y, (0.'f14 cm) compared
to the reaction-cell diameter (2R =2.22 cm) is
important at early times (measured from the
proton pulse) for two reasons: (i) With y, /2R « I,
the escape of resonance photons from V~ is deter-
mined almost entirely by those photons which
escape across the boundary of a region between
two infinite parallel planes separated by the dis-
tance y„(ii) escape from this "slab" region is
consistent with the assumptions used in the analy-
sis of Secs. HX and V. Vfe now consider these
points in more detail.

For a limited time after the proton pulse has

traveled through the cylinder, a dominant frac-
tion of the 'P, states is confined to a small region
near the axis. Most of the photons are emitted
with a frequency near the core of the resonance
line and in the strong trapping limit (-,'k, y, & 50)
are absorbed and reemitted many times before
traversing a distance comparable with —,'y, . Pho-
tons which escape from V~ generally, then, have
been emitted from near the axis with frequency
such that IxI&xz, . Escape from Vr in the z direc-
tion [see Fig. 6(b)] is not important owing to the
cylindrical symmetry of N(r, x, f) about the proton
beam. Further, there is a much larger probability
for photons to escape across the sides of V~ paral-
lel to the xz plane than through the ends [partially
indicated by shaded area in Fig. 3(b)]. For pur-
poses of calculating the number of excited atoms
that can be seen, the volume of V~ can thus be ex-
tended to infinity in the positive and negative x
and z directions with very little error introduced
in evaluating Eq. (51). This error is estimated to
be about 2% in the high- and low-pressure limits.

In Secs. III and V, photons emitted at frequencies
less than some critical value x, (x, in Sec. III,
x, in Sec. V) are treated as if they were emitted
and reabsorbed at y =0. In the analysis it is as-
sumed that the fraction of the number of excited
states which will emit photons with IxI &x, is small
compared to the fraction which will emit at IxI&x,.
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E F F E C T OF CQ RRE LATIONS BET%'E EN AB SO RHEO AND. . .

Escape from the slab can occur only for those
photons with lxl& lx, l. »oto~ which are absorbed
with lx'I&x, are allowed to move from y =0, and,
as there is (depending on the pressure) an appre-
ciable probability of being reemitted with )x( &x„
the analysis treats escape by correlated jumps in
a realistic way. However, if after absorption at
jx'~ &x, the excited atom undergoes a decorrelating
collision so that emission will most probably occur
with ~x~&x„ this latter emission will be treated as
if it occurred at y =0. Hence, a subsequent emis-
sion at ~x( &xo will be assigned an improper spatial
location. This error is minimized if one considers
only short enough times after the proton pulse
that nonsuccessive emissions at (x(&x, are im-
probable (early times).

Then, at low pressures, X,(y, x, t} from Eg. (22)
with time dependence described by Eq. (28) can
be used to approximate N(r, x, I) in Eq. (51). Sim-
ilarly, at intermediate pressures, Eels. (44) and

(48}can be applied. Within the early-time re-
striction, these substitutions into Etl. (51) should
give accurate values for the time dependence of
I(t)nt. To evaluate the actual magnitude of
I(t)ht, one needs to redefine the transmission
factor T(r, x) in terms of a function T, (R,x) which
allows for escape to the window from the axis by
successive emissions with (x(&xo. The accuracy
of the time dependence obtained under these con-
ditions will be discussed further in the analysis
of the data.

The experimental data for the time distribution

of escaping 1048-A radiation were obtained over
the pressure range 0.0015-9.3 Torr. This range
is divided into three general regions determined
by the dominant trapping process at that pressure.
As mentioned earlier in this section, there should
be a pressure range 0.0005 &P &2 Torr where the
complete redistribution in frequency assumption
fails. Figure 7 shows a plot of the quantities x„
x~, x~ versus pressure for slab geometry with

y, =0.714 cm (see Secs. IV and V for definitions).
Note, for this experiment, ~koy0=12. 1&&10'P
and P, =1.74P/(I +I 74P.}, where P is the argon
pressure in Torr.

Below I' =0.01 Torr, the condition x~ ~x, —0.5
is satisfied so the analysis of Sec. IH applies at
early times. Emission and absorption are de-
scribed by Egs. (7). However, the strong trapping
requirement is only marginally satisfied at 0.0014
Torr.

In the intermediate pressure region (0.005 &P
& 2 Torr), the analysis of Sec. V applies at early
times. As discussed in Sec. V, one should expect
good agreement between the calculated values and
the experimental values in two situations: (i) x~
&x, —0.5; (ii) xs &x +3 and P, &0.3. From Fig. 7,
condition (i) is satisfied below 0.01 Torr, and
condition (ii) is satisfied above 0.28 Torr. In
the pressure region 0.01 &P & 0.28 Torr, one ex-
pects the approximation used in the analysis of
Sec. V to predict photon escape rates which are too
small, but the error is difficult to estimate.

At early times, most of the light emitted from

/"

2
(o-3 2 5

PRESSURE (Tof r)

FIG. 7. Reduced frequency parameters vs pressure for the argon 1048-A resonance line in the present geoxnetry.
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p./p, =o 34(»ly..) (52)

In this experiment yc/2R =0.322, so the early-
time escape rate should only be about 5%I faster
than the late-time rate. One expects by interpola-
tion that the escape rate at intermediate times
will join these two smoothly, and one should be

the cell comes from near the cylinder axis, and
one can consider the transport problem in terms
of resonance photons escaping from a slab geom-
etry. At late times, however, the population of
each volume element of the cylinder is such that
the spatial profile remains constant (at least in
the high- and low-pressure limits where a com-
plete redistribution in frequency theory is appro-
priate); each volume element dV emits with the
same frequency profile; the total number of ex-
cited states in each dV is decreasing exponen-
tially. In general, the early-time and late-time
escape rates will differ measurably. However,
the ratio of -d(lnf)/dt at early and late times,
with I(t) defined by Eq. (51), is dependent on the
parameter ye/2R and one can, in principle, choose
this parameter so that at one pressure the ratio
is unity.

To obtain an estimate of the appropriate value of
y, /2R, consider the low-pressure limits. We
have shown that the assumption of complete re-
distribution in frequency gives nearly correct
results. Only Doppler broadening is important,
and the early-time value of -d(lnf)/dt can be
equated to P„as given in Eq. (30). The late-time
decay rate P~ is determined by the fundamental
mode of the eigenfunction expansion developed by
Holstein. ' 'Ne use the cylindrical geometry re-
sults of Payne and Cook' and find belorv 0.010
Tol rs

TABLE E. Early-time decay rate as a function of
pressure.

Pressure
(To rr)

Measured decay rate at
early times

(psec ')

9.35
5.25
5.18
1.94
1.07
0.86
0.57
0.50
0.41
0.184
0.135
0.093
0.069
0.042
0.0206
0.0147
0.0100
0.0015

0.377
0.358
0.363
0.361
0.354
0.339
0.340
0 344'
0.330
0.293
0,319a

0.283
0,316 a

0.310
0.382 a

0.468
0 620
54a

a See text for comment on this later experiment.

(53)

Thus, at high pressures the ratio is again near

able over an extended period of time to examine
the escaping photons as an exponential decay with
a single effective decay constant.

At pressures above 2 Torr, Doppler broadening
plays no part in the transport process, and one
calculates the ratio of early- to late-time escape
rates Pz/PA, using only the wing term of the pro-
file,

p, /p, = 0.52(2 ft/y, )".

10

~ THEORY, ASSUMING COMPLETE REDISTRIBUTION
IN FREQUENCY ( T= 2.15 &10 9 seC)
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FIG. 8. Experimental and theoretical early-time escape rates for argon 1048-A. resonance radiation. At pressures
between 0.01 and Oe28 Torr the theory should give results that are two small owing to an approximation made in solving
the transport theory.



unity with the early-time escape rate approximate-
ly 10% faster. The evaluation of C(P, yo, R) and
hence the computation of the time-integrated count
(intensity) will not be pursued further in this paper.

Typical data curves, plotting l(t) b, t versus
time on a logarithmic scale, are shown in Fig. 5.
To compare the data with the theoretical calcula-
tions, the early-time slope was determined by a
least-squares fit giving additional weight to the
counts in earlier time channels. Experimental
and theoretical values of p are given in Table I
and in Fig. 8. The natural lifetime 7 = I/y of the
'P, argon state is somewhat uncertain. Two rea-
sonable values are 2.15X10 ' sec" and 1.8X10 '
sec." Curves representing both values are shown
in Fig. 8. A measurably different slope was ob-
served at late times at pressures above 0.5 Torr.
This slope is found to have a constant value of
0.32x10' sec '. Using the expression for P~
implied from Eg. (52) (for the late-time escape
rate from cylindrical geometry'), this value is in
good agreement with the 1.8x10 '-sec natural
lifetime. In addition, the results obtained by
applying the Holstein-Biberman equation at early
times with the complete redistribution assumption
is shown. [This is obtained from E|I. (48) with

P, set equal to unity. ] The errors on the slope
measurements are estimated to be less than
~8% except for the data point at 0.0015 Torr which
is %0%.

The data points marked w'ith an C in Fig. 8 and
indicated by footnote a in Table I were taken at a
later time and under different vacuum pumping
conditions than the rest of the data. In this later
set of experiments, an impurity was present which
would tend to increase the observed escape rate
of the resonance photons from the container. These
later data fall on a smooth curve which below 0.3
Torr lie approximately 0.03 p, sec ' above the data
determined in the earlier experiments w'here the
impurity was not present. At pressures above
0.3 Torr, the earlier and later experimental points
are the same within experimental error, suggesting
that in the process of flowing the argon gas, vis-
cous flow is sweeping out this impurity. At lower
pressures, Knudsen flow would not appreciably
effect the partial pressure of the impurity.

Several experimental and theoretical factors
can cause a difference between calculated and ob-
served escape rates. In general, all these factors
tend to cause the measured escape rate to be
faster than that determined from the theory. Some
of these effects [i.e., ones such as (4) below which
cap be reduced by considering sufficiently early
times after the proton pulse], ho&eever, are nol
so critical here osuing lo the selected value of
yz//28 which tends to extend in time the early-time

sloPe.
(a) The imtial source function is not confined

rigorously to the cylinder axis as the diameter
of the proton beam is about 0.3 cm. In addition,
~ rays produced in the proton-argon collisions
may cause further spreading. Recombination of
ionized argon atoms could possibly serve as a
source function of 'P, excited atoms which would
be spread out in time and space, but experimental
data taken indicate that this is an unimportant
effect below 10 Torr.

(b) The initial 'P, excited states produced by the
proton beam, either directly or by cascade, will
have wings on the first emission even at lower
pressures. The emission spectrum will not be
quite a Voigt profile owing to the impulse given
the argon atoms by the protons. Those photons
emitted on the far wings in this first emission
should escape without further trapping. However,
no large initial burst of photons is observed in the
first few lifetimes (channel 1 of the analyzer).
The analysis of Sec. III shows that small deviations
initially present in the Doppler core of the profile
will not be retained for more than a few natural
lifetimes at low pressures. The emission profile
quickly approaches distribution which falls off a
bit more quickly than a Gaussian on the wings
where the effects of finite boundaries become
important.

(c) The value given for y, is obtained by mea-
suring the aperture diameter of the reaction cell.
Several factors may give a slightly smaller ef-
fective yo: (i) the intrinsic lack of focus in the
vertical plane of the Seya-Namioka geometry and

(ii) the possibility of a slight misalignment of the
SEM detector with respect to the exit slit. With a
smaller y„ the measured escape rate at early
times would appear faster.

(d) In the slab geometry treatment, those photons
emitted with (x( &x, are not allowed to contribute to
the transport process, but are immediately re-
absorbed at y =0. Only those photons with ~x(&x,
can escape from the slab. Thus, except for the
choice of y, /2R so as to make late and early rates
of decay equal, we would obtain an underestimate
of escape rate from the slab at late-enough times.

(e}An appreciable error at intermediate pres-
sures arises when the conditions listed after Eq.
(86}are not met. In particular, at pressures less
than 0.3 Torr, "diffusion in frequency space*'
can occur for yhotons emitted on the wing. This
tendency of photons emitted and absorbed many
successive times on the w'ings violates the strict
coherence required in Sec. V. Owing to the greater
number of photons emitted with frequency nearer
the core, this "diffusion" mill carry the average
photon frequency further from the core with each
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successive emission, hence increasing the actual
escape rate. At pressures below 0.01 Torr, this
effect is not important because the wings are not
required for escape.

(f) The extension of the gas volume to infinity in
evaluating Eq. (48) will introduce a small error,
again causing one to underestimate the rate of
escape.

(g) At low pressures there will be errors due to
the assumption of isotropic emission in deriving
Eg. (4). Further, the R(x', x) used in the theory
is not by any means exact.

In carrying out the computations for the escape
rates, two computer codes have been developed,
one for evaluating P from Eq. (48) for an arbitrary
gas and cell parameter (i.e., y,}and one for
evaluating M(y, y'} of Eq. (24}.

U(x, a) = — (x, n).
BV

{A2)

The function U(x, &) is related to the Kummer
function. '2 However, since a tabulation of its
properties does not seem to be readily available,
we will list some of them here.

Relations involving U(x, a) can be determined
from those involving V(x, a), where a) -1,

oo

V{x, &) = — y"e icos(2xy)dy
ff go

=I'[-.'(I+a)] lr-'M[-,'(I+ ), —,', -x']

=I'[2(1+ o')1 v 'e ' M(--,'n, —,', x'). (A1)

M(a, &,Z) is Kummer's function. " Obviously,

TABLE D. Tabulation Of U(x, 0).

U(x, 0)

0
0.1
0.2
0.3
0 4
0.5
0.6
0.8
1.0
1.2
1.4
1,6
1.8
2.0
2.1
2.2
2.3
2.4
2.5
2.6
2.7
2,8

2.9
3.0

0.5539
0.5540
0.5542
0.5541
0.5532
0,5510
0,5469
0.5311
0.5037
0.4461
0.4219
0.3760
0.3324
0.2936
0.2765
0.2608
0.2466
0.2337
0.2221
0.2115
0.2020
0.1933
0.1854
0.1782

Using (A2) we can evaluate fe" U(x, n)dx and
fc* er«(x)U(x, n) dx. The latter integrals are
needed in showing that Eci. (22) satisfies Eq. (15)
up to terms of order y Rs'E(y, t)/sf2.

Of particular interest here is U(x, 0). ~e find
from (A2) and the properties of the Kummer func-
tion

From (Al) we find U{x, 0)=w '~'e ' 2y+ln2

&V 8V
Bx Bx, +2x +2(1+n)V=0.

Thus,

(A3) (&2x)'""
2n+ 2

1
1 8 5 (2n ~ 1))'

e" V(x, u)dx =--,'(I+a) 'e* ' +C(a)l , „a sV(x, o)

{A4)

where y is Euler's constant and equals
0.5772156649. . . . Also,

BU
(x, 0) = -2xU(x, 0) +erf(x).

e" erfc (x}V (x, a) dx = --,' (1 + a) 'e' erfc, ,2 sV(x, a)
Bx

x'~'( +-aI) 'V(x, n)+C'(&}.

(A5)

At large x,

U(x, 0) =-',x '+I/(4x')+O(x ')

-e "'v '~'[inx —-'x '+0(x ')] .

A tabulation of U(x, 0) is given in Table II.
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