PHYSICAL REVIEW A

VOLUME 9,

NUMBER 2 FEBRUARY 1974

Density operator of unpolarized radiation
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A direct derivation of the forms of density operator and phase-space distribution functions for

unpolarized radiation is given.

The authors recently defined' the unpolarized
state of radiation as one which does not change on
introducing any phase shift in any polarized com-
ponent, and showed"? that its density operator has
the form,

p=EB,,E|r,n—r)(r,n—rl, (1)

where |7, s) =(r!s!)"%24,"3,74| 0, 0) is the state
having » and s photons in the transverse modes 1
and 2, respectively. Agarwal® recently gave an-
other derivation of the authors’ result®? and stud-
ied the phase-space distribution functions.* In the
present note, we give a simple and direct deriva-
tion of Eq. (1) and the functional forms of phase-
space distribution functions.

The above-mentioned definition of the unpolar-
ized state is equivalent' to the relation,

expli 6z az b exp[-idas az]1=p, (@)
where @:=€,a, +€,a, is the annihilation operator for
radiation polarized in the mode characterized by
the complex unit vector € =(¢,, €,) and 6 is the

arbitrary phase shift introduced in this mode.
Equation (2) is identical with

la:" @z, p)=0. (3)

Putting € =(1,0) and (0,1) in Eq. (3), we see that
p has a diagonal form. If we write

p=3 " Cplr,s)(r,s], )

substitution in Eq. (3) gives C,,=C,_, ,,,, the re-
peated use of which leads to

'=Cor+s=Br+s' (5)

Crszcr-ls-rx:' :

This reduces Eq. (4) to Eq. (1).

Using Eq. (5), it is very easily seen that p,(a, B)
=(a, B| | a, B) is a function of |a|? +|B|? only. In
the diagonal representation,®®

,3=fd’ad’ﬁp,,(a,f3)la,ﬁ><a,ﬁ|, ®)

the extension of Mehta’s result” to the case of two
modes, leads to

pN(a: B)=ﬂ'4fd3§dzn (-g’ —ﬂ'ﬁl Eyﬂ)

xexp(|al®+|B[*+|&]2+|n|?
+E*a+n*B - Ea* —nB*).
)

If we substitute £ =R cosf6e!®t, n =R singe’®7, and
use Eq. (1) for p, direct integration over 6, ¢,
and ¢, shows that p,(o, ) is a function of | a|?
+|B|? only.
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