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Magnetic ordering of three-component ultracold fermionic mixtures in optical lattices
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We study finite-temperature magnetic phases of three-component mixtures of ultracold fermions with repulsive
interactions in optical lattices with simple cubic or square geometry by means of dynamical mean-field theory
(DMFT). We focus on the case of one particle per site (1/3 band filling) at moderate interaction strength, where
we observe a sequence of thermal phase transitions into two- and three-sublattice ordered states by means of
the unrestricted real-space generalization of DMFT. From our quantitative analysis we conclude that long-range
ordering in three-component mixtures should be observable at comparable temperatures as in two-component

mixtures.
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I. INTRODUCTION

Multicomponent mixtures of ultracold fermions in optical
lattices are novel and highly promising many-body systems
that draw our attention to fundamental open questions such as
collective excitations in the presence of high symmetries, color
superfluidity, high-spin magnetism, and nonmagnetic ground
states as well as effects of breaking particular symmetries in the
highly symmetric models. Due to the impressive experimental
progress made in the past few years, a number of interesting
phenomena peculiar to these systems have been already
observed [ 1-5]. For the purpose of observation of ground-state
magnetic properties in multicomponent mixtures, one requires
additional cooling in these systems. In this direction, important
progress was recently achieved towards understanding cool-
ing mechanisms [6-9] and observing short-range magnetic
correlations [10] in optical lattices. In order to combine the
progress in both directions and proceed further, quantitative
predictions are needed concerning magnetic phases in ul-
tracold mixtures of three and more components in optical
lattices.

A number of theoretical studies have been performed in
order to investigate ground-state phases in large-spin fermionic
mixtures; in particular, on three-component mixtures in the
context of color superfluidity and trionic phases [11-14]. For
repulsive interactions, a multitude of magnetic ground states
at different fillings has been predicted at zero temperature
both in the case of full [15] and broken [16] SU(3) symmetry
in the Hubbard Hamiltonian. At a filling of one particle per
site (1/3 band filling) and strong interactions these mixtures
can be described by the corresponding Heisenberg model.
As it was argued in Ref. [17], the system described by
an SU(3) Heisenberg model undergoes transitions between
different sublattice orderings in simple lattice geometries at
finite temperature.

As for higher-symmetry models, there is an ongoing
debate about the ground states of the SU(4) Hubbard and
corresponding Heisenberg models because of different and
sometimes controversial predictions [18-21]. As for SU(N >
5) models, most studies agree that long-range magnetic
order is suppressed even at zero temperature [18,22-25].
In this paper, we focus on finite-temperature magnetic-
ordering properties in three-component mixtures described
by the Fermi-Hubbard Hamiltonian at moderately strong
interactions.
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II. MODEL

Since the physics of three-component fermionic mixtures
is very rich, here we restrict ourselves to the tight-binding
approximation valid for sufficiently strong optical lattices
and low filling. In particular, we consider a Fermi-Hubbard
Hamiltonian of the following type
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where ¢, is the hopping amplitude of fermionic species o =
{a,b,c}, éja (Ciq) 1s the corresponding creation (annihilation)
operator of atoms « at the lattice site i, the notation (ij)
indicates a summation over nearest-neighbor sites, and Ugyg
is the magnitude of the on-site repulsive (Uyp > 0 V ,B)
interaction of the two different species with corresponding
densities A, and A (Aig = &1, ¢iy). In the last term, V; is
the external (e.g., harmonic) potential at lattice site i, and iy
is the chemical potential of species . Note that we have taken
the harmonic potential to be independent of the atomic species.
The Hamiltonian (1) implies a single-band approximation; in
other words, we consider the case of a sufficiently strong lattice
potential, Vi, = 5E,, where E, is the recoil energy of atoms.

By using the Schrieffer-Wolff transformation [26] in the
limit #, < Ugp close to 1/3 band filling, )", nio & 1, one can
map the Hamiltonian (1) to an effective spin model. For the
system under study, this transformation results in
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where S is the pseudospin projection operator [the generator
of the SU(3) group] to the kth axis in the effective eight-
dimensional spin space. It can be expressed through Gell-Mann
matrices [27] A = {Aq,...,Ag} in a way analogous to the
spin-1/2 case, S = %égkkaﬂéﬂ (see Appendix A for details).
The effective magnetic couplings are JDUﬂ =217 +15)/ Uap
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and J;B = 4t4t8/Uyp. Analogous to the spin-1/2 XXZ model,
these couplings determine the relative strength of the easy-
axis (Ising type, J!) or easy-plane (XY type, J+) magnetic
correlations that influence the choice of the corresponding
magnetic ground states in the system (see Appendices B and C
for details).

III. METHOD

We use dynamical mean-field theory (DMFT) [28] and its
real-space generalization (R-DMFT) [29,30] to study magnetic
ordering properties in the system under consideration. DMFT
maps the lattice problem to an impurity problem, thus
substituting the full action with an effective one. Despite
the fact that it is a nonperturbative approach, it is still an
approximate method, since it treats the lattice self-energy as a
local quantity, thus neglecting nonlocal quantum fluctuations.
DMFT becomes exact in the limit of infinite spatial dimen-
sionality, d = oo (i.e., large coordination number z > 1).
Although it is not an exact method in the case of square
and cubic lattice geometries (z = 4 and z = 6, respectively),
results obtained by DMFT are a reference point both for
experiments and for more sophisticated methods, such as
quantum Monte Carlo simulations, which are computationally
rather demanding due to the generic presence of a sign
problem for fermionic mixtures with an odd number of spin
components [31].

For solving the effective quantum impurity problem we
choose the continuous-time Monte Carlo hybridization ex-
pansion solver (CT-HYB) [32,33], since it allows a rather
straightforward generalization to the case of an arbitrary
number of spin components in the system. Here we restrict
ourselves to measuring observables that are diagonal in spin
space, but the approach can be generalized to off-diagonal
quantities as well.

Since we are interested in predictions for experimentally
relevant lattice geometries (e.g., square or cubic), after solving
the impurity problem it is necessary to express all relevant
quantities in Matsubara-frequency space (this procedure can
be avoided only for the infinite-dimensional Bethe lattice due
to its loopless structure [34]). To reduce the noise in the
self-energy, we use a Legendre-polynomial representation [35]
and calculate both two- and four-point Green’s functions [36].
Then, one can generalize the expression for the self-energy
[36,37] and write it as follows

Salion) =Y UnpFoplion)/ Gulion), 3)

B>a

where Fyg(iw,) is the Fourier transform of the cor-
responding four-point Green’s function Fug(r —1') =
—(Trea(T)E(T)Ap(T")).

Within R-DMFT, the obtained self-energies are input into
the real-space matrix (lattice Dyson equation)

(G;l)ij = (iwy + o — Vi — Z0i)bij + Laij » 4
where 1,,; is the hopping matrix element (i and j are site
indices). Inversion of Eq. (4) results in a matrix containing the
local lattice Green’s functions along the main diagonal. Then,
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we use the local Dyson equation
Gl i) = G M iw,) + ailio), )

where G,; is the Weiss function (i.e., the dynamical mean
field) of the effective impurity model at site i, and express
the corresponding hybridization function for the new DMFT
iteration

.

— Gy (iwy). (6)
To reduce the error in the new hybridization function on
the imaginary-time axis I'(t) originating from the numerical
inverse Fourier transformation (IFT), we use the knowledge
about its asymptotic behavior at large frequencies [34]

. (€?) (€2)
|:Fai(_la)n) - io i| E} |:Fai(f) + Ti| (7)

Fai(_iwn) =iw, + Mo

The quantity (€?) can be obtained by using the noninteracting
density of states D(e) for the considered lattice geometry,
(€%) = [ D(e)ede.

IV. RESULTS

In our studies we focus on the case of 1/3 band filling.
It should be mentioned that there is no exact expression for
the chemical potential value as for the case of half filling. For
the SU(N)-symmetric mixture at half filling one can derive a
general relation pu = %(N — 1), which is due to the particle-
hole symmetry in the Hubbard Hamiltonian. Evidently, for
other fillings there is no such symmetry, and effects originating
from Pauli blocking can have a strong impact. In particular,
from Fig. 1 we conclude that the approximate condition pu =
U /2 guarantees occupation of one particle per site only deep
inside the insulator region. At weak and moderate interaction
strength, the chemical potentials must be additionally adjusted
in order to have a proper filling in the system.

To resolve different sublattice orderings in a three-
component mixture at low temperatures, as was argued in
Ref. [17] for the Heisenberg model, we apply the R-DMFT
method for the system described by Eq. (1). We use periodic
boundary conditions, which enter our numerical analysis
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FIG. 1. (Color online) Dependence of the filling per site on the
chemical potential for an SU(3)-symmetric mixture in the cubic lattice
at U = 10f and T = 0.5¢ (paramagnetic region). (Inset) Dependence
of the chemical potential /U on the interaction strength U/t at
filling n = 1 for different temperatures, which shows that the shift is
proportional to ¢/ U.
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FIG. 2. (Color online) Sketch of two types of sublattice ordering
(above) and the corresponding three types of magnetic phases (below)
observed in our R-DMFT analysis at 1/3 band filling for a three-
component fermionic mixture. The depicted main two-sublattice
ordered states (right) can be understood in the following way:
CDW2-“1” and “2” team up against “3”, CSAF-“3” is left out of
AF correlations.

through the matrix elements f#,;; in Eq. (4), and system
sizes with numbers of sites in each direction that are integer
multiples of spatial periods of the ordering structure in the
system, e.g., 6° and 12% sites. Depending on the Hubbard
parameters and temperature, we observe several magnetic
ground states, which are sketched in Fig. 2 (here and below we
use numbers for the spin indices). We identify three-sublattice
order corresponding to the color density wave (CDW1) with
the ordering wave vector Q = (£27/3, +2x/3, £ 27/3) (all
= signs are independent of each other) and two-sublattice order
characterized by Q = (;r,7,7) with two distinct antiferromag-
netic states: a second type of color density wave (CDW2) or
color-selective antiferromagnet (CSAF).

To study transitions between these states, we perform calcu-
lations at different temperatures. We analyze the hybridization
functions (6) on each lattice site i for every DMFT iteration and
in case of successful convergence of the program we collect
output data from the impurity solver, in particular, expectation
values of the number operator (1;,) for each spin component
«. The spatial periodicity and values of these quantities allow
us to directly identify the phases sketched in Fig. 2 and the
corresponding critical temperatures. In Fig. 3 we show the
observed magnetic phases both in the presence of the full
SU(3) symmetry and in the case of broken symmetry due to
different interspecies interactions.

From Fig. 3 one can analyze critical temperatures for
different sublattice orderings. It shows, in particular, that the
ordering phenomenon should be observed at moderate tem-
peratures of the order of the superexchange amplitude 1>/ U as
in the spin-1/2 case. As we see, the two-sublattice phases
(CDW2 and CSAF) are preferred by thermal fluctuations,
while three-sublattice order (CDW1) is preferred by quantum
fluctuations, which is in perfect agreement with the reasoning
in [17] based on a semiclassical analysis. Note that we also
performed the R-DMFT analysis for the square lattice, which
shows the same structure of the phases as shown in Fig. 3 with
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FIG. 3. (Color online) Transitions between sublattice orderings
at finite temperature obtained by R-DMFT for a cubic lattice (12°
sites). Parameters are U, =U + Ap, U3 =Upn =U — Ap/2,
U =12t.

lower numerical values for all critical temperatures due to the
lower coordination number of the square lattice.

We can also make some important statements about
magnetic phases in the presence of different interspecies
interactions that can be realized in alkali atoms by means
of Feshbach resonances. First, it should be mentioned that
this asymmetry in interaction removes the degeneracy in the
two-sublattice ground states in the same way as in the case
of half filling studied in Ref. [16] (here, the choice of the
particular ground state is determined by the ratio between

different magnetic couplings Joltlﬁ). Second, the observed
suppression of critical temperatures for magnetic ordering can
be explained from the analysis of the effective spin model
described by Eq. (2). Note that the CDW1 order involves all
three magnetic couplings Jolllﬁ, thus the critical temperature
strongly depends on the minimal magnetic coupling, which
in the asymmetric cases shown in Fig. 3 is lower than in
the SU(3)-symmetric case. The additional suppression of
the two-sublattice phases in the asymmetric regimes can be
explained by energetic arguments based on the analysis of the
term ﬂU =) Zﬁ>a Uqpfiiafiig in Eq. (1). In fact, the change
of the interaction asymmetry by tuning only the parameter A |,
as in Fig. 3 leaves the eigenvalues of 7y unchanged in the
paramagnetic region independent of the A, value (assuming
that all the resulting U, remain positive). But in the ordered
region (CDW?2 or CSAF), the eigenvalues of 7y are different
for different values of Aj,. In particular, the state CDW2
becomes energetically penalized with an increase of Aj; > 0
and the state CSAF becomes less energetically favorable with
a decrease of Ajp < 0.

Here, we note one more experimentally relevant effect
originating from the asymmetry in the interaction strengths
Ugp. The above-mentioned breaking of SU(3) symmetry by
means of Feshbach resonances can lead to a strong separation
of spin components in a harmonic trap. In Fig. 4 we show
this effect for a range of temperatures and asymmetries higher
than considered above. This choice is motivated by the current
experimental possibilities for the temperatures achievable in
ultracold fermionic mixtures. Furthermore, it allows us to
exclude any effects based on the superexchange processes.
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FIG. 4. (Color online) Real-space total density and spin density
profiles obtained by DMFT in a cubic lattice for anisotropic interac-
tion strengths. Parameters are T = 4¢, V; = 0.04¢(r; /a)?, where a is
the lattice spacing; (a)—(b): U, = Uz = 20¢t, Uz = 40¢, ) = 45t,
M2 = p3 = 60t; (c)—(d): U = Uz =40t, Uy =20z, py = 60t,
M2 = p3 = 45¢.

Naturally, the mentioned spin separation also takes place at
lower temperatures with an even more pronounced separation
effect.

The asymmetry in the interaction strengths effectively
results in an additional spin-dependent trapping potential. Due
to this mechanism, colorful Mott-shell structures consisting
of a single or multiple components arise. These structures
are also interesting with respect to spin-dependent dynamical
properties and possible applications to many-body cooling,
since they contain significantly less entropy per particle
than in the SU(3)-symmetric case [6,8]. The latter fact, in
particular, could help in experiments to reach and observe the
ground-state magnetic phases described above.

V. CONCLUSIONS

We studied finite-temperature properties of magnetic long-
range order in three-component mixtures of ultracold fermions
with repulsive interactions in optical lattices by means of
real-space dynamical mean-field theory. We showed that at 1 /3
band filling with increasing temperature the system undergoes
a sequence of thermal phase transitions between different
sublattice orderings, which agrees in the limit U > ¢ with
previous predictions for the SU(3) Heisenberg model. We also
studied magnetic ordering in three-component mixtures with
different interspecies interactions that can be realized in alkali
atoms by means of Feshbach resonances. It is shown that an
asymmetric interaction of this type removes degeneracy in
two-sublattice orderings and leads to a suppression of critical
temperatures for both two- and three-sublattice ordering.
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APPENDIX A: GELL-MANN MATRICES AND
SU(3) GENERATORS

The Gell-Mann matrices introduced in the main part of the
paper are defined as follows:

01 0 0 —i 0
=11 0 o], =i o ol.
0 0 0 0 0 0
00 1 0 0 —i
=10 0o o] a=lo o o],
1 0 0 i 0 0
00 0 00 0
=0 o 1], x=[0 o =i].
0 1 0 0 i 0
1 0 o0 L1 0 0
m=lo =1 o], x=—1[0 1 o0
0 0 0 V3lo 0 =2

Therefore, the introduced pseudospin operators Sy =
—c' Aka,gc,g can be considered as the generators of the SU(3)
group, since the operator

= exp ( Z¢k5k>

performs special (detl/ = 1) unitary rotations in the corre-
sponding space (¢ are real numbers).
The pseudospin operators obey the commutation relations

8
[5:,85,1=i Z RSy,
k=1

where the structure constants f/* are completely antisymmet-
ric in the three indices and have values

f123 — 1’ \/_/2
f147 — f165 — f246 — f257 f345 f376 /

458 _ po78
f

while all other /¥ not related to these by permutation are
ZEero.

APPENDIX B: EFFECTIVE PSEUDOSPIN HAMILTONIAN

The effective pseudospin Hamiltonian given by Eq. (2)
provides important information about possible ground-state
magnetic phases in the system. For example, from the first
term with JO‘Jﬂ we note that in order to minimize the energy,
the system prefers to have nearest-neighbor sites occupied by
different components (this corresponds to easy-axis antifer-
romagnetic ordering). For completeness, here we show the
form of this Hamiltonian solely in terms of the pseudospin
operators Sj.

Using the expressions for the number operators at filling
n=7y ,ny=1 (1/3 band filling) at given lattice site i
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(a,b,c are the spin indices)
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we can write Eq. (2) in the form
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(i)
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where Joltllf3 = 2(t§ + t§)/ U,p and J;B = 41418/ Uyp. From here
we note that the asymmetry in interactions can additionally
induce the effective magnetic field in the system under
study. This situation differs from two-component mixtures,
where the effective magnetic field can be induced only by a
finite chemical potential difference. In numerical calculations
for asymmetric cases, in order to have balanced average
occupation by each spin component (i, = 1/3 V «), we
compensate the magnetic field induced in this way by the
corresponding difference in chemical potentials.

In the case of complete SU(3) symmetry (t, =1, Uyp = U,
e = 1Y a,B) it is easy to verify that the above Hamiltonian
reduces to the SU(3) Heisenberg model

8

Hetr = J Z Z Syi Skja

(ij) k=1

(B2)

with positive (antiferromagnetic) exchange coupling J =
42/U.

APPENDIX C: EXPERIMENTAL POSSIBILITIES AND
SYMMETRY BREAKING IN THE HAMILTONIAN

From the effective Hamiltonians (2), (B1), and (B2) we
can draw several important conclusions about symmetries
that are present or can be broken if one introduces different
interspecies interactions, imbalances in hopping amplitudes,
or chemical potentials.

In the case of complete SU(3) symmetry one arrives at
the Heisenberg model without anisotropies in the magnetic
couplings or effective magnetic fields induced by differences
in chemical potentials. The spontaneous symmetry breaking,
which corresponds to the transition to a magnetically ordered
(antiferromagnetic) state, gives rise to six Goldstone modes
in the system. With the three-component mixtures of ultracold
fermions in optical lattices one can reduce the SU(3) symmetry
in the Hamiltonian (thus suppressing the number of gapless
excitations) by three different mechanisms that can be applied
independently or in a combination, if necessary.

U
x

[N
oo

5= %)

2
V3
1

+ [(a — 1) — L = 31y /3] Z S5 + ﬁ[wa + oy —2u0) — (24} — Jb —a)) /3] Z Sgi
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Ay — A =285,
ﬁa —ﬁc = ‘/538 =+ §3,

Ap — e = /38 — 83,

2
3

2 A A
%531‘5'8/‘)

SSiSSj) + Jblc(gsi S()j + 8 §7j>:|

Sgiggj +

(BI)

(

First, if one introduces different chemical potentials p, 7#
ng ¥V a,B, but keeps all other parameters symmetric, the
system may prefer a canted configuration: the net (nonstag-
gered) magnetizations point along the directions A3 and Asg.
The easy-axis antiferromagnetic correlations [described by
the terms J‘ﬂﬁ in Egs. (2) and (B1)] are thus suppressed
and the system develops antiferromagnetic order along other
quantization axes. There are in general two gapless excitations
[two continuous symmetries U(1) x U(1) generated by 33
and 3'8] in this state. Note that in the special case when
one effective magnetic field is zero, e.g., U, = Up F# U,
there are four continuous symmetries [the corresponding
group SU(2) x U(1) generated by S, S, 33, and S‘g] in the
Hamiltonian.

Second, the initial symmetry of the model can be broken by
different hopping amplitudes #, # 7z V «,f (“complete mass
imbalance”). This reduces the symmetry of the Hamiltonian
in the same way as different chemical potentials, leaving two
(or four in the case of f, = tg # t,,) continuous symmetries.
Here, the important difference is in the ground states, since
in the case of absence or sufficiently weak effective magnetic
fields the system prefers easy-axis (‘“natural color”) antiferro-
magnetic order (note that Jultlﬁ > J(j;g due to mass imbalance
and the interaction strengths are assumed symmetric, U, g =
U V «,pB). These states may have significant advantages at
finite temperatures [38,39], since in the case of complete mass
imbalance they have no gapless long-wave excitations.

Third, the interaction strengths Ug can be tuned by
Feshbach resonances or (and) using mixtures of different
atoms, isotopes, or metastable excited states of the same atom.
The symmetry breaking caused by asymmetric interactions
reduces the initial symmetry of the Hamiltonian to the same
continuous groups as in the above cases (here we consider
Mo = g ¥V o, B). Note that the asymmetry in interactions
generates additional effective magnetic fields [see Eq. (B1)].
Therefore, to make the easy-axis antiferromagnetic correla-
tions dominating (in the case JO‘Jﬁ > Jojg) or, at least, the same

(in the case Jolllﬂ = Jo}ﬂ)’ these fields must be compensated for
by the corresponding differences in chemical potentials.
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