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Nonadiabatic holonomic quantum computation in decoherence-free subspaces with trapped ions
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Implementing nonadiabatic holonomic quantum computation in decoherence-free subspaces may consolidate
the advantages of both strategies and thus leads to suppression of both local and collective noises. In a recent
paper, Xu et al. [Phys. Rev. Lett. 109, 170501 (2012)] proposed an interesting implementation of such a scheme;
however, four-body interaction, which is hard to achieve in a realistic system, is required there. In this paper we
propose a simplified scheme to implement such single-qubit and two-qubit logical operations by utilizing only
two-body interactions, which is much easier to realize in a trapped ion system.
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I. INTRODUCTION

The physical implementation of quantum computation
presents an unprecedented challenge right now. The main
practical difficulties are the decoherence effect caused by
the control errors as well as the unwanted couplings with
environments. Usually, the sources of decoherence can be
divided into local and collective noises. Geometric phases
depend only on some global geometric features of the evolution
path and are largely insensitive to local noises. Therefore,
geometric phases have been used in quantum computation
[1–8] as well as other quantum manipulation [9] to robust
against local noises and fluctuations. Interestingly, high-
fidelity geometric quantum gates (which are realized with
pure geometric phases) have been experimentally realized
by several groups [10–12]. Quantum computation based on
geometric phases is usually classified into two categories
[1]. One is geometric quantum computation (GQC) [4–8],
where quantum gates are based on Abelian geometric phases.
The other one is holonomic quantum computation (HQC)
[2,3,13–16], which is based on degenerated non-Abelian
holonomy. Both categories of quantum computation have been
experimentally realized and provide promising approaches to
suppress the local fluctuations.

On the other hand, collective noises may be caused by the
interaction between a quantum system and its environment,
which possesses some symmetries. To suppress such collective
noises, schemes based on the decoherence-free subspaces
(DFSs) were proposed [17–19]. In addition, DFSs have been
experimentally realized in many physical systems [20–24].

To protect quantum information from both local and
collective errors, schemes combining GQC or HQC with DFSs
in an adiabatic scenario have been proposed [25,26]. However,
the adiabatic condition requires that the gate time must be
longer than a characterized time of the qubit system, which is
usually comparable with the coherence time [4,5]. In order
to avoid the dilemma between long run time and limited
coherence time in adiabatic HQC, nonadiabatic holonomic
quantum computation (NHQC) protocols have been proposed
[27,28]. Robust elementary gate operations have also been
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experimentally verified recently [11,12]. Very recently, in
order to avoid the long run-time requirement, Xu et al. [29]
proposed an interesting strategy by combining the NHQC
with a three-qubit encoding DFS to realize universal quan-
tum computation. However, the proposal requires four-body
interactions to achieve the effective quantum gate, which is
very challenging since there is no direct way to implement
such interactions in a realistic physical system.

In this paper, we use the trapped-ion system as a detailed
example to show that two-body pairwise effective exchange
interactions are sufficient to realize universal quantum compu-
tation with the combination of NHQC and DFSs. Meanwhile,
DFSs have also been tested with the trapped-ion system [30].
Therefore, our scheme provides a simplified implementation of
NHQC in DFSs, and in principle can be realized with trapped
ions, which is one of the leading candidates for quantum
computation [31].

The rest of this paper is arranged as follows. In Sec. II
we briefly describe the physical system of ion traps and the
effective exchange interactions in ion traps. In Sec. III, we
show how the effective exchange interactions can be used to
efficiently perform single-logical qubit holonomic gates using
a three-qubit encoding into a collective dephasing DFS. In
Sec. IV, we show how the effective exchange interactions can
be used to efficiently perform two-logical qubit holonomic
gates within the chosen DFS. In Sec. V, we present a
conclusion of our scheme.

II. EFFECTIVE INTERACTIONS

We consider a string of N two-level ions in a linear trap,
which can be individually addressed by bichromatic laser
fields. Each logical qubit consists of three ions. As shown
in Fig. 1(a), ions 1,2,3 (4,5,6) represent the logical qubit 1
(2). Two groups of lasers are utilized. As shown in Fig. 1(b),
the first group consists of two laser fields, with frequencies
ω0 + (ν + δ) (phase φi). Here ω0 is the resonant frequency
between the two energy states |1〉 and |0〉 of the ions; υ is the
frequency of vibrational mode and δ is an additional detuning;
i is the subscript labeling the ions.

When two ions, i.e., ions 1 and 2, are interacting with the
above laser fields simultaneously, also assuming δ � ν, the
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FIG. 1. (Color online) Layout for logical qubits and laser config-
uration. (a) A schematic illustration of the logical qubits in trapped
ions. Each logical qubit consists of three ions. (b) Two lasers acting on
ion 1 (2) are tuned to frequencies ω0 + (ν + δ) with phase φ1 (φ2). (c)
Two lasers acting on ion 2 (3) are tuned to frequencies ω0 + (ν − δ)
with the same phase φ′

2 = φ3.

Hamiltonian is given by [32]

H 12 = νa†a + ω0

2∑
i=1

σ i
z

+
[
�12e

−iη(a+a†)ei(ω0+ν+δ)t
2∑

i=1

σie
iφi + H.c.

]
, (1)

where � = 1 is assumed, a† and a are the creation and
annihilation operators for the collective vibrational mode, �12

stands for the Rabi frequency of the two lasers acting on ions
1 and 2, η = k/

√
2νM is the Lamb-Dicke parameter, with k

being the wave vector along the trap axis and M the mass of
the ion collection, σ i

z = 1
2 (|1〉i〈1| − |0〉i〈0|), and σi = |0〉i〈1|

where |0〉 and |1〉 denote the ground and excited states of an ion,
respectively. In the interaction picture, under the rotating-wave
approximation, and also considering the Lamb-Dicke limit
η2(n + 1) � 1 with n being the phonon number, the effective
Hamiltonian takes the form of [6,32,33]

H 12 = −iη�12

2∑
i=1

σie
iφi a†e−iδt + H.c.. (2)

When δ � η�12, the effective Hamiltonian is given by

H 12 = η2�2
12

δ

2∑
j=1

(−a†a|0〉i〈0| + aa†|1〉i〈1|)

+ η2�2
12

δ
(eiϕ12σ1σ

+
2 + H.c.), (3)

where ϕ12 = φ1 − φ2. When the vibrational mode is initially
in the vacuum state, which has been realized in experiments
[34], the effective Hamiltonian reduces to

H 12 = η2�2
12

δ

2∑
j=1

|1〉i〈1| + η2�2
12

δ
(eiϕ12σ1σ

+
2 + H.c.). (4)

Applying another classical laser, the Stark shifts can be easily
compensated [35], and then the wanted effective Hamiltonian
is simplified as

H 12
XY = η2�2

12

δ
(eiϕ12σ1σ

+
2 + H.c.). (5)

With the laser configuration as shown in Fig. 1(c), two lasers
acting on ions 2 and 3 are tuned to frequencies ω0 + (ν − δ)
with the same phase φ3 = φ′

2. Similarly, the wanted effective
Hamiltonian H 23

XY can also be obtained as

H 23
XY = −η2�2

23

δ
(σ2σ

+
3 + H.c.). (6)

III. ONE-QUBIT HOLONOMIC GATES

Now we turn to the construction of universal single-logical
qubit operations for NHQC in DFSs. It is noted that a logical
qubit consisting of two physical qubits is not sufficient to
realize NHQC in DFSs for a dephasing environment [29]. So
we use three physical qubits to encode a logical qubit. For three
physical qubits interacting collectively with the dephasing
environment, described by the interaction Hamiltonian HI =
Sz

⊗
B, where Sz = ∑3

i=1 σ i
z is the collective dephasing

operator and B is an arbitrary environment operator, there
exists a three-dimensional DFS

SD1 := span{|100〉,|001〉,|010〉}, (7)

where the computational basis, i.e., the logical qubit states,
are denoted as |0〉L = |100〉 and |1〉L = |001〉. Meanwhile,
|001〉 is used as an ancillary state, denoted as |a1〉 = |010〉 for
convenience.

We now consider the implementation of single-logical qubit
operations. For ions 1 and 2, we apply H 12

XY for a duration of T1,
i.e., T1 is the entire operation time. Meanwhile, we also apply
H 23

XY on ions 2 and 3 for a time T1. Then, in the weak-field
regime {η�12,η�23} � δ, the effective Hamiltonian reads

H1 = λ1

(
sin

θ

2
eiϕ|a1〉L〈0| − cos

θ

2
|a1〉L〈1| + H.c.

)
, (8)

where the effective Rabi frequency λ1 = η2

δ

√
|�12|4 + |�23|4,

the phase ϕ = ϕ12, and the ratio |�12|2/|�23|2 = tan(θ/2)
should be kept as a constant during each pulse pair. This is
a so-called -like effective Hamiltonian, with |a1〉L at the top
and |0〉L,|1〉L at the bottom. In the dress state representation,
the two degenerate states with zero eigenvalue are

|d〉L = cos
θ

2
|0〉L + sin

θ

2
eiϕ |1〉L,

(9)

|b〉L = sin
θ

2
e−iϕ |0〉L − cos

θ

2
|1〉L.

The dark state |d〉L decouples from the bright state |b〉L and
the excited state |a1〉L; the bright state |b〉L couples from the
excited state |a1〉L with the effective Rabi frequency λ1. The
Hamiltonian H1 causes the dark state |d〉L and the bright state
|b〉L to evolve to the states

|ζ1(t)〉L = U1(t,0)|d〉L = |d〉L,
(10)

|ζ2(t)〉L = U1(t,0)|b〉L = cos(λ1t)|b〉L − i sin(λ1t)|a1〉L.
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If the pulse length T1 is chosen to satisfy the condition
of λ1T1 = π , the degenerate subspace {|ζ1(t)〉L, |ζ2(t)〉L}
undergoes a cyclic evolution:

|ζ1(T1)〉L〈ζ1(T1)| = |ζ1(0)〉L〈ζ1(0)|,
(11)

|ζ2(T1)〉L〈ζ2(T1)| = |ζ2(0)〉L〈ζ2(0)|.
The final time evolution operation on the initial degenerate
subspace {|d〉L,|b〉L} spanned by the computational basis
states |0〉L and |1〉L within the Hilbert space spanned by the
state vectors {|0〉L,|1〉L,|a1〉L} is written as

U1(T1,0) =
2∑

k,l=1

(
T ei

∫ T1
0 [A(t)−H (t)]dt

)
kl
|ζk(0)〉L〈ζl(0)|, (12)

where T is time ordering. Here, Akl(t) = i〈ζk(t)|L|ζ̇l(t)〉L,
Hkl(t) = 〈ζk(t)|LH (t)|ζl(t)〉L = 0, making the evolution sat-
isfy the parallel-transport condition and vanishing dynamic
contribution on the degenerate subspace {|ζ1(t)〉L,|ζ2(t)〉L}.
As a consequence, the operation is purely geometric. Thus,
the unitary on the initial degenerate subspace {|d〉L,|b〉L}

U1(C) = Pei
∮
C
A =

(
1 0
0 −1

)
(13)

is the holonomy matrix associated with a closed path C in
the base space G(3; 2), which is the set of two-dimensional
degenerate subspaces within the Hilbert space spanned by the
state vectors {|0〉L,|1〉L,|a1〉L}. Here P is path ordering and
A = A(t)dt is the connection one-form expressed as

A =
(

0 0
0 λ1dt

)
. (14)

In the computational space spanned by {|0〉L,|1〉L}, U1(C) is
the holonomic single-qubit gate

U1(θ,ϕ) = U1(C) =
(

cos θ sin θe−iϕ

sin θeiϕ − cos θ

)
, (15)

which can be used to realize a universal set of single-logical
qubit gates [27], i.e., any desired single-qubit gate can be
realized by the proper choosing of θ and ϕ. For example,
when θ = π

4 and ϕ = 0, a Hadamard gate is implemented.
Meanwhile one can combine U1(π

2 , π
4 )U1(π

2 ,0) to implement
a phase gate.

The main decoherence effect in our scheme is due to the
spontaneous emission from the excited states. In the following,
we numerically show how the spontaneous emission affects the
fidelity of the resulting gate. In principle, the implementation
of a master equation is justified when the dynamics of the
Liouvillian of the system is adiabatic compared to the corre-
lation time of the environment (see, for instance, Ref. [36]).
In the presence of the spontaneous emission, the evolution of
the system in the Markov approximation is governed by the
following Lindblad equation [37]:

dρ

dt
= −i[H1,ρ] + γ

(
LρL† − 1

2
ρL†L − 1

2
L†Lρ

)
, (16)

where ρ is the density operator, γ is the spontaneous emission
rate, and L = σ+ ⊗ I ⊗ I + I ⊗ σ+ ⊗ I + I ⊗ I ⊗ σ+ is the
Lindblad operator with σ+ = |1〉〈0| and I being the lower

and identity operators of a physical qubit (ion). Taking the
Hadamard gate for example, the fidelity of which is defined
as f = [tr(ρaρb)]1/2 with ρa(ρb) being the density operator
of the system in the case with (without) decay. Based on the
Lindblad equation (16), f is numerically calculated based on
the Hamiltonian (8). We choose the experimentally achievable
parameters as the following: η = 0.044, δ = 2π × 20 kHz,
�12 = 2π × 35.4 kHz, �23 = 2π × 55 kHz, and γ = 0.8 Hz
(lifetime 1.2 s) [38,39]. These parameters apparently meet the
conditions mentioned above. Our numerical simulation shows
that the infidelity (1 − f ) due to the spontaneous emission in
a single cyclic evolution is less than 0.001. Moreover, when
the control over the operation time is not exact, e.g., T1 =
1.05π/λ1, there will be a small infidelity of the gate operation,
which is about 0.005. This is because once the area of the
pulses deviates from π , the state cannot completely return
to the computational subspace {|0〉L,|1〉L}, i.e., the final state
will have a nonzero population in the ancillary state |a1〉L.
Similar infidelity will be introduced with imperfect control
over the relative amplitudes and phases of the two driving
fields. Therefore, accurate control over these parameters is of
crucial importance to maintain the ultrahigh gate operation.

IV. TWO-QUBIT HOLONOMIC GATES

We next proceed to the implementation of the two-qubit
controlled-phase gate. Providing the implemented arbitrary
single-qubit gate, universal quantum computation can be
realized. For two logical qubits interacting collectively with
the dephasing environment, there exists a six-dimensional DFS
[17–19]:

SD2 : = span{|100100〉,|100001〉,|001100〉,
|001001〉,|101000〉,|000101〉}. (17)

We use the same encoding of the logical qubit states
as that of the single-qubit case, i.e., |00〉L = |100100〉,
|01〉L = |100001〉, |10〉L = |001100〉, and |11〉L = |001001〉.
However, the remaining vectors |a2〉 = |101000〉 and |a3〉 =
|000101〉 both used as ancillary states, are not the combination
of the single-qubit basis. Giving the fact that single-logical
qubit operations will not affect |a2〉 and |a3〉, single-qubit
operations will not introduce additional error with this six-
dimensional DFS for two-qubit operations.

Two lasers acting on ions 3 and 4 are tuned to frequencies
ω0 + (ν + δ) with phase φ′

3 and phase φ4, respectively. We
apply H 34

XY for a time T2. T2 is the operation time. At the same
time, two lasers acting on ions 3 and 6 are tuned to frequencies
ω0 + (ν − δ) with the same phase φ6. We also apply H 36

XY for
a time T2. The effective Hamiltonian then reads

H2 = λ2

{
sin

ϑ

2
eiξ (|a2〉L〈00| + |a3〉L〈11|)

− cos
ϑ

2
(|a2〉L〈01| + |a3〉L〈10|) + H.c.

}
, (18)

where the effective Rabi frequency λ2 = η2

δ

√
|�34|4 + |�36|4,

the phase ξ = ϕ34 = φ′
3 − φ4, and the ratio |�34|2/|�36|2 =

tan(ϑ/2) should be kept as a constant during each pulse pair.
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The Hamiltonian H2 can be decomposed as

H2 = λ2(H (0) + H (1)). (19)

The two terms are

H (0) = sin
ϑ

2
eiξ |a2〉L〈00| − cos

ϑ

2
|a2〉L〈01| + H.c.,

(20)

H (1) = sin
ϑ

2
eiξ |a3〉L〈11| − cos

ϑ

2
|a3〉L〈10| + H.c.,

and they are commutative, which implies that

e−i
∫ T2

0 H2dt = e−iπH (0)
e−iπH (1)

(21)

under the π pulse criterion λ2T2 = π . The factor e−iπH (0)

and e−iπH (1)
of the time-evolution operator in (21) acts

nontrivially on the computational subspaces {|00〉L,|01〉L}
and {|10〉L,|11〉L}, respectively. Thus, H2 effectively reduces
to two -like Hamiltonians: one with |a2〉L at the top and
|00〉L,|01〉L at the bottom and the other with |a3〉L at the top
and |10〉L,|11〉L at the bottom. The holonomic two-logical
qubit gate in the subspace {|00〉L,|01〉L,|10〉L,|11〉L} reads as

U2(ϑ,ξ )

=

⎛
⎜⎜⎝

cos ϑ sin ϑe−iξ 0 0
sin ϑeiξ − cos ϑ 0 0

0 0 − cos ϑ sin ϑeiξ

0 0 sin ϑe−iξ cos ϑ

⎞
⎟⎟⎠ ,

(22)

following the analogy of the single-qubit gate above.
In the following, we prove that U2(ϑ,ξ ) acts as an entangling

gate within the DFS. We combine single- and two-qubit logical
gates to implement the entangling controlled-U gate within the
chosen DFS. First, we act U2(ϑ,ξ ) on logical qubits 1 and 2.
Secondly, we act U1(θ,ϕ) on logical qubit 1 with θ = ϑ and
ϕ = ξ . Then, an entangling controlled-U gate is implemented,
which is

Uc(ϑ,ξ ) = |0〉L1〈0|
⊗

IL2 + |1〉L1〈1|
⊗

U (ϑ,ξ ), (23)

where U (ϑ,ξ ) has a matrix representation of

U (ϑ,ξ ) =
(

sin2 ϑe2iξ − cos2 ϑ − sin 2ϑ cos ξ

sin 2ϑ cos ξ sin2 ϑe−2iξ − cos2 ϑ

)
.

(24)

When ϑ = π
2 , the entangling controlled-phase-shift gate

UCP(ξ ) (ξ 	= kπ/2, k = 0,1, . . .) with matrix representation

UCP(ξ ) =

⎛
⎜⎝

1 0 0 0
0 1 0 0
0 0 e2iξ 0
0 0 0 e−2iξ

⎞
⎟⎠ (25)

is implemented within the chosen DFS (see Fig. 2).
In the following, we numerically show how the spontaneous

emission affects the fidelity of the entangling controlled-phase
gate UCP(π/4), which is implemented by the combination
of U2(π/2,π/4) and U1(π/2,π/4). The fidelity of a single
logical qubit gate has been estimated at the end of Sec. III, and
thus we just simulate the fidelity of the holonomic two-logical
qubit gate U2(π/2,π/4) under the spontaneous emission. The

2 ( , )
2

U
1( , )
2

U1

2

1
2
3
4
5
6

physical qubits

logical qubits(a)

(b)

FIG. 2. (Color online) Pulse sequence to realize a controlled-
phase gate UCP(ξ ) within the DFS. (a) The logical pulse sequence. (b)
The operations on the physical qubits. The arrows represent the HXY

interaction between two physical qubits U2( π

2 ,ξ ). Acting on logical
qubits 1 and 2 requires ion 3 to interact with ion 4 and ion 3 to
interact with ion 6 simultaneously. U1( π

2 ,ξ ) acting on logical qubit 1
requires ion 1 to interact with ion 2 and ion 2 to interact with ion 3
simultaneously.

fidelity of the U2(π/2,π/4) is defined as f ′ = [tr(ρ ′
aρ

′
b)]1/2

with ρ ′
a (ρ ′

b) being the density operator of the system in
the case with (without) spontaneous emission. Based on the
Lindblad master equation similar to Eq. (16) but in the case
of two logical qubits, the fidelity of the U2(π/2,π/4) gate,
f ′, is numerically simulated based on the Hamiltonian (18).
With the same parameters as in the single-qubit gate case,
our simulation shows that the infidelity (1 − f ′) due to the
spontaneous emission in a single cyclic evolution is less than
0.002.

V. CONCLUSION

In summary, we have proposed a scheme for implementing
NHQC in DFSs with trapped ions, and have shown how to
realize universal quantum computation by using two-body
pairwise effective exchange interactions only. In comparison
to the previous scheme [29], our proposal seems easier to
physically implement under current technology in ion traps
[30,38]. Based on the fact that universal quantum computation
in DFSs has been realized with trapped ions very recently [30],
our scheme seems promising in experimental implementation
with high fidelities, by combining the resilience of the DFSs
approach against collective noises and the robustness of NHQC
against local noises.
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